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The questions of compact removability for Laplace equation is studied
by Carleson [1]. The uniform elliptic equation of the second order of divergent
structure is studied by E.l.Moiseev [2]. The compact removability for elliptic
and parabolic equations of nondivergent structure is considered by E.M.Landis
[3]. T.S.Gadjiev, V.A.Mamedova [4]. The removability condition of compact
in the space of continuous functions is constructed in the papers Harvey,
Polking [5], T.Kilpelainen [6]. The different questions of qualitative properties
of solutions of uniformly degenerated elliptic equations are studied by
S.Chanillo, R.Z. Wreeden [7]. The uniform elliptic operator of the second
order of divergent structure is considered in the paper [8].

Let E, be n dimensional Euclidean space of the points x = (x,,..., X ).

Denote by R>0 for B,(x}) the ball {x:‘x—x°‘< R}, and by QF(x) the
cylinder B (x°)u(0,T). Further let for x° € E,, R>0 and k>0 &, ,(x°) be

n _ 0 2
an ellipsoid {X:ZMJKR)Z}. Let D be an bounded domain E,
i=1 !

with the domain 6D,0e D. ¢ is a such kind of ellipsoid that D  &,B(s) is a

set of all functions, satisfying in & the uniform Lipschitz condition and having
zero near the o¢.

Denote by & and (e, ,..., 2, ) the vector (&) = a,.... .
Denote by W, (D) the Banach space of the functions u(x) given on
D with the finite norm
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ui :a—Xi,I :1,..,n- Ai(x):qx|l)al’|x|“ :;|Xi|2+ai ’

O<a <—— 1)

Further, let WZQ(D) be a degenerated set of all functions from C;(D) by the
norm of the space W, (D). Denote by M(D) the set of all bounded in D
functions.

Let Ec D be some compact. Denote by A.(D) the totality of all
functions u(x)eCw(B), each of which there exists some neighbourhood of
the compact E , in which u(x)=0.

The compact E is called the removable relative to the first boundary
value problem for the operator L in the space M(D), if all generalized solu-

tion of the equation Lu =0 in ¢/E formed in zero on 6D and belonging to the
space M(D), identically equal to zero. We’ll say that the function

o 1 o l
u(x) eW2.(g) is non-negative on the set H c &, in sense Wa.(e), if there
exists the sequence of the functions {u(m)(x)},m:l,z,.., such that

u,(x)eB(e), u,(x)>0 for xeH and IimHu(m) —uuwl =0
2,a\¢

m—oo

The function u(x)eW,, (D) is non-negative and oD in sense

W, (D), if there exists the sequence of the functions {u,(x)hm=1.2,.., such,

that U, (x)e C'(D).u,(x)=0 for xeaD and lim|u, —ul , =0 Itis
2,a ¢

m—oo

easy to determine the inequalities u(x)> const, u(x)>v(x), u(x)<0, and also

o1

equality u(x)=1 on the set H in sense W2.(g), if at the same time u(x)>1
o1

and u(x)<1 on H, insense W2, (s).

Let w(x) be measurable function in D, finite and positive for a.e.
X € D. Denote by Lp,w(D) the Banach space of the functions given on D,
with the norm
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1/p
”U”prw(D) - (J(w(x))p/2|u|deJ , 1< p<oo.

D
Let W, (D) be a Banach space of the functions given on u(x), with
the finite norm D .

n 1p
||u||W$ Ok [I(|u|p +>(4 (x))”’2|ui|pjdxj ,1<p<ow
' D i=1

1 1

Analogously to W, (D), it is introduced the subspace W (D) for

o 1 w1
1< p <. The space, conjugated to W , (D) we’ll denote by W (D).
We’ll consider the elliptic operator in the bounded domain D c E,

0 0
L= — a.(x)—
FERRS (a” (X)axj]

In assumption, that Haij (x)ﬂ is a real symmetric matrix with measurable in D
elements, moreover forall £ € E, and a.e. x e D the condition

72& (X)fiz < Zaij (X)gigj < 7712/7% (X)é:iz 2
i=1 i.j=L i=1
Here y €(0,1] is a constant.

The function u(x)eW,, (D) is called the generalized solution of the

L1
equation Lu= f(x) in D, if for any function 7(x)eW..(D) the integral
identity
| 28y (x)u, m, o= [ )
Di,j=1 D
be fulfilled.
Here f(x) is a given function from L,(D).

Let E = D be some compact. The function u(x)eW,, (D \E) is called
generalized solution of the equation Lu = f(x) in D\E, vanishing on aD , if
integral identity (3) is fulfilled for any function 7(x) e A (D).

We’ll assume that the coefficients of the operator L continued in
E,\ D with saving condition (1), (2). For this, it is sufficient, for example,

let’s assume a;(x)=5;4(x) for xeE \D, i,j=1..,n, where &; is a
Croneker symbol.
Let h(x)eW,, (D), f°(x)eh,(D), f'(x)eL (D) i=12,.,n, area

2,/
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given functions. Let’s consider the first boundary value problem

Lu= f°(x)+zn:%(x), xeD ()

i=1 i

L1
(u(x)-h(x)) eW.(D) (5)
The function u(x)eW,, (D) we’ll call generalized solution of problem (4)- (5)

if for any function n(x)eWZa( ) the integral identity

!ana., U, 7, dx = I[ fn+Zf nxjdx

i,j=1

is fulfilled.
Our aim to get the necessary and sufficient condition of compact
removability E in the class of bounded functions.

Preliminaries statements.

At first, we introduce some auxiliary statements.

Lemma 1. If relative to the coefficients of the operator L, condition
(1), (2) be fulfilled, then the first boundary value problem (4)-(5) has a unique

generalized solution u(x) at any h(x)eW,, (D), f°(x)eh,(D) f'(x)eL, ,(D)

i=1,2,..n,. At this there exists P,(a,n) such that, if p> p,, h(x)eW; (D)
f°(x)eh, (D), f'(x)eL (D) i=12.,n, D eC’, then solution u(x) is

continuous in D.

Lemma 2. Let relative to the coefficients of the operator L conditions
(1), (2) be fulfilled. Then any generalized solution of the equation Lu=0 in
D is continuous by Holder at each strictly internal domain 0.

Lemma 3. Let relative to the coefficients of the operator L, conditions

(1), (2) be fulfilled and a < D. Then for any positive generalized solution
u(x) the equation Lu =0 in D the Harnack inequality is true
sup u<C,(7,a, n) Inf u (6)

‘R 0)
If at this y € de,,(0) and &,,(0)c D, then the inequality of form (6) is true
in ellipsoid & ,(y).

Lemma 4. Let relative to the coefficients of the operator L conditions
(1), (2) be fulfilled, and u(x) be generalized solution of the first boundary-

value problem (4), (5) at f'(x)=0,i=0,.,n. Then if h(x) is bounded on 6D
in sense W, (D), then for solution u(x) the following maximum principle is
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true

|nf h< |nfu <sup <suph,
oD

where |ng1c h(sup hj is an exact lower (upper) bound those numbers @, for
oD

which h(x)>a (h(x)<a) on oD insense W, (D).

These lemmas are proved analogously to paper [7]. Therefore, we
don’t give the proof of these lemmas.
Let Hce be some compact, V, be a set of all functions

o1 o1
@(X) €W 24(g), such that o(x)>1 on H, in sense W.(s). Let’s consider the
functional

Iza., Joip,dx, o(x) eV,

el j=1
L is a H compact capacity relative to ellipsoid & is called the value
inf J,(u) and denoted by cap{*)(H). In case & = E,, the corresponding value
PEVY

is called L capacity of the compact H and denoted by capL(H).
.1
Lemma 5. There exists the unique function u(x)eW .. (g) such that

o1

u(x)=1 on H in sense W2.(s) and cap®’(H)=J_(u). Moreover, u(x)=1
o1

on H insense Wo.(s).

o 1
Proof. It is easy to see that V,, is convex closed set in W, (). From

L1
the fact that W..(g) is a Hilbert space, it follows the existence of unique
function u(x)eV,, , which achieved an exact lower bound of the functional

J (). Let’s next {u(x)}' = {U(X) if u(x)<1

1ifu(x)>1

L1
It is clear, that {u(x)' €W2.(g). Moreover, {u(x)} eV, . Denote by
A" ={x:x e&,u(x)>1}. We have

i< ] JJZa., pho= | Saluos o

At aat bl aathi=l

On the other side, according to (1)
IZa“ u;u;dx >0 (8)

A+Ijl

22



From (7) and (8) we conclude
30 )< 3, (0)= inf 3,(o)

ie., JL{u(x)l}: J,(u). From unigueness extreme function it follows, that
{u(x)f" = u(x), and lemma is proved.

The function u(x), which achieved an exact lower bound of the
functional JL((/)) on the set V,, is called L capacity of the compact potential
H relative to the ellipsoid ¢ .

Lemma 6. L be a capacity potential u(x) of the compact H relative
to ¢ is a generalized solution of the equation Lu =0 in &\ H ,vanishing on 0
and d¢ in 1 on 6H sense W, (¢).

Proof. It is sufficient to show the truthiness of the first part of assertion

o1 o1
of lemma. Let 7(x) eW2.(g) and 77(x)>0 on H in sense W2.(g). Then for
any £>0 (u(x)+en(x)) eV, . Therefore

I (u+en)=J (u).
Thus
I (W)+23 (n)+ ZgIZaij (xuiz7,0x > 3, (u),
Si=l
i.e.

J (u)+ Zgjzn:aij(x)uinjdx >0,

el j=1
Tending & to zero, we conclude
IZaij (X)u;7;dx > 0. 9)
S
It is easy to see as 7(x) in (9) we can take any function from Cl(E) with
compact support in £\ H . Then
j > a; (x)um,dx > 0.
g\Hi,j=1
Substituting 7(x) on -7(x), we arrive to the equality

j Zn:aij (x)u77,0x =0

e\Hi,j=1
Lemma is proved.
Let x be a charge of bounded variation, given on &. We’ll say, that

the function u(x) e L,(¢) is a weak solution of the equation Lu = — , equaling
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o 1 (_
to zero on e, if for any function (x)eW 2. (&) C(g) the integral identity
IuL¢dx = .[gudy.
is fulfilled.

According to lemma 1 (at h=0) there exists the continuous linear

, 1 .1
operator H from Wo..(s) in Wa.(g), such that for any functional

x 1 o 1
T €W . (), the function u = H(T) is unique in W .. (&) generalized solution
of the equation Lu=T .
The operator H is called Green operator.
.1 _

By lemma 1 this operator at p > p, we transform W, (¢) to C(g). It
is easy to see, that the function u(x) is weak solution of the equation
Lu = —u, equaling to zero on de, iff for any function z//(x) € C(E) the integral
identity

ju wdx = j H (y )d . (10)
is fulfilled.

By analogy with [8] we can show that for each measure x on & there

exists the unique weak solution of the equation Lu = —x equaling to zero on
o€.

L1
Let’s say, that the charge ueWo..(g) if there exists the vector
F(0)=(F (%) F2(X). £°(0)) F2(x)eny(e) F'(X)ely, (e) i=12..n, for

.1 .
any function ¢(x)eW 2. ()N C(g) the integral identity

plp)= - !(w—gfkoijdx.

Is true.
At this, it is evident that

Jodu <c.(Fely -

Lemma 7. The weak solution u(x) of the equation Lu = —x, equaling

o1 L1
to zero on d¢, belongs to W (&), iff €W 24(e).
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1
Proof. At first, we’ll show that if the function ¢(x)eW .. (&) satisfies
the integral identity

_[_Zn:aij (X)injdx = _J(Ddﬂ (11)

o 1 .
for any function (p(x)eWz,a(g)mC(e), then it is weak solution of the
equation Lu=—u, equaling to zero on O¢. Really, assuming ¢ = H(W),
w(x) e Cle) we obtain

IH )du = j(ﬂdﬂ——jZ&u UgojdX—

2, j=1

Iu U ¢’1 dx = juL¢dx Iu«;;dx

e L1

and now it is sufficient to use the identity (10). We’ll show that yeWza(g)
)

For this, it is sufficient to prove, that if f'( Zau ), then f/(x )eL (g
i=12..,n,. Assume in condition (11) 51 Z=&L =60 = =§n:o,
&=t
AR
We’ll obtain
a,(x) L.
<Ly =100 12
<507 I n (12)
Let i=j. Assuming & =0 at k=] and k=i ¢ = ! :
2 (x
& S we’ll obtain
A )
2y < |i(x)+ajj(x)+ 2a(x) <oyt
(x) ﬂ’j(x) \/ﬁ,,(x)ﬂ,j(x)
Using (12), we conclude
S P o
— <y =y =100 # ] (13)
£(x)2;(x)

From (12) and (13) it follows that
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Mqﬂ-i j=1,..n (14)
ﬁ“i(x)ﬂ’j(x)_ o o

Thus, from (14) take out for j=1,...,n

L "Zx:L X<y7%n JuZdx < &
[0 g Bntob s 08 aton

g7 £ i=lg
o 1
So, 1eWaq(e). Inversely, if u(x) is a weak solution of the equation

o1
Lu = —u, vanishing on d¢, then there exists z €W ».(g), such that

(f °¢—if igoijdx = jq)dy = juL(pdx =

Iu a ( (pl dx = jZa“ Juip;dx

e L=l ghj=l
for any function ¢(x) W, 2¢(£)N C(E),qu(x) € C(E).

J1
Then, from lemma 1 we obtain that u(x)eW,.(g). The lemma is

proved.
Let now &(x) be Dirac measure, concentrated at the point 0, y is an

arbitrary fixed point & .

The weak solution g(x,y) of the equation Ly = —5(x—y), vanishing
on Og¢ is called Green function of the operator L in ¢.

In case ¢ =E, the corresponding function is called the fundamental

solution of the operator L and denoted by G(x,y).
According to above proved, if w(x) is an arbitrary function from C(E),

L1
then the generalized solution @(x)eW .. (g) of the equation Ly = —y can be
introduced in the following from

= [g(x, )y (x)ax.

We can show, that g(x,y) is non-negative in &xe&, moreover,
g(x,y)=9g(y.x).

3. Removability criterion of the compact in the space M (D).

Theorem 1. Let relative to the coefficients of the operator L,
conditions (1)-(2) be fulfilled. Then for removability of the compact E < D
relative to the first boundary value problem for the operator L in the space

26



M(D) it is necessary and sufficient, that

cap (E)=0 (15)
Proof. Let the ellipsoid ¢ has the same sense, that above. It is easy to
see that if condition (15) be fulfilled, then
cap”/(E)=0
Not losing generality, we can limited with case, when the coefficients of the
operator L is continuously differentiable in . Let’s fixed an arbitrary & >0

and x° < D\E. By virtue of (15) there exists the neighbourhood H of the
compact E, such that

cap{")(ﬁ)< P (16)
At this, we can assume that & is such small, that
dist(x°, H)> %dist(xo E) (17)

Denote by V,,(x) and 4, the L -capacity potential of the compact H relative

to the ellipsoid & and [-capacity of the distribution H, respectively.
According to above proved

Vy (X) = J-g(x, Y)d,uH (y),

moreover the function V,,(x) is generalized solution of the equation LV, =0

in ¢\ H, vanishing on 0 and in d¢ on 1 in &H sense W, (). Let now,

u(x)eM(D) is an arbitrary solution of the equation Lu=0 in D\E,

vanishingon oD, M = sup|u| It is easy to see, that the function V,,(x) is non-
D

negative on oD, in sense W, (D). Hence, it follows, that the function

u(x)— MV, (x) is generalized solution of the equation Lu=0 in D\H, is
non-positive on a(D\ﬁ). According to lemma 4 u(x)-MV,(x)<0 and
D\H in particular

u(xo)s MV,, (xo)s M sup g(xo,y)uH (ﬁ): M sup g(xo,y)capfg)(ﬁ) (18)
yeoH yeoH

By virtue of continuity of the function g(x, y) at x =y and inequality (17) we
obtain
sup g(xo,y)g Ce(y,a,n,xo, E)
yedH
Thus, from (16) and (18) we conclude
u(xo)ﬁ MC,e (19)
Using an arbitrariness & , we lead to the inequality
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u(x°)<o0 (20)
Making analogous considerations with the function u(x)+ MV, (x), we obtain

u(x°)=0 (21)
From (19)-(20) and an arbitrariness of the point x° it follows, that u(x)z 0 in
D\ E. Thereby, the sufficiency of condition (28) is proved. Let’s prove its
necessarily. Let’s assume that cap_(E)>0. Denote by & the ellipsoid, such

that ¢ S, Ece . Assume D =g. Further, let u (x) be V.-L capacity

potential of the compact E relative to the ellipsoid & and L -capacity
distribution E, respectively. Following to [10], we can give the equivalent
definition of Vallee-Poussin type of L -capacity of the compact E, relative to

the ellipsoid &. Let g(x,y) be a Green function of the operator L in & . Let’s
call the measure ¢ on E, L -admissible, if 4z c E and

Vi (x)= Jalx y)du(y) <1 for x<sup pu (22)

The value sup u(E)= capEg )(E) where an exact upper boundary is taken on
all L -admissible measures, is called L -capacity of the compact E, relative to
the ellipsoid ¢ .

Analogously, the L -capacity cap_(E) is determined. At this by the
standard method we show, that there exists the unique measure, on which an
exact upper boundary of the functional w(E) is reached, by the set of all L -
admissible measures . This measure is L -capacity distribution of the
compact E.

According to the above proved, the function u.(x) is generalized

solution of the equation Lu. =0 in & \E, equaling to zero on o¢ . Besides,
from (21) and maximum principle it follows that ug (x)e M(g'). On the other
side u.(x)#0, as V,,(E)> 0. Theorem is proved.
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CIRLASAN ELLIPTIK TONLIKLORIN ARADAN QALDIRILA BILON
COXLUQLARI
Q.Y.MEHDIYEVA, T. HACIYEV, N. BAYRAMOVA
XULASO
Moqalados kompaktin aradan qaldirila bilmasi ti¢iin zoruri vo kafi sort alinmisdir.
Acar sozlar: elliptik tonliklor, aradan qaldirila bilon ¢oxluglar, Qrin operatoru,
Hilbert fozasu.
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