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In this paper we consider the nondivergent degenerate elliptic equations of the second
order with minor terms. The sufficient condition of removability of compact with respect to
these equations in the weight space of Holder functions was found.
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The aim of the given paper is finding sufficient condition of removability
of compact with respect to the equation in the space C’(D). This problem has

been investigated by many degenerate elliptic researchers. For the Laplace eq-
uation the corresponding result was found by L . Carleson [1]. Concerning the
second order elliptic equations of divergent structure, we show in this direc-
tion the papers [2], [3]. For a class of non-divergent elliptic equations of the
second order with discontinuous coefficients of removability condition for a
compact in the space C*(D)was found in [4]. Mention also papers [5-7], in
which the conditions of removability for a compact in the space of continuous
functions have been obtained. The removable sets of solutions of the second
order elliptic and parabolic equations in nondivergent form was considered in
[10]-[12]. In [13], T. Kilpelainen and X . Zhong have studied the divergent
quasilinear equation without minor members proved the removability of com-
pact. Removable sets for pointwise solutions of elliptic partial differential equ-
ations was found by J. Diederich [14]. Removable singularities of solutions
of linear partial differential equations was considered in R.Harvey, J.Polking
[15]. On removable sets at the boundary for subharmonic functions has been
investigated by B. Dahlberg [16].

Let D be a bounded domain situated in n dimensional Euclidean space
E,of points x =(x,..,x ), n>3, oD be its boundary. Consider in D the fol-

lowing elliptic equation
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L = Z a,(x)u, + Z b(x)u +c(x)u=0 (1)

in supposition that Haij (X)H is a real symmetric matrix, moreover @(X) be a
positive measurable function satisfying the doubling condition: for concentric
balls B or R and 2R radius, there exists such a constant y

(B, )2 yo(B,,),
where for the measurable sets Ew(E) means | w(y)dy

7/|§|2 o(x) < éay(x)§i§f < )/’la)(x)|‘§|2 ; ¢eE, xeD, 2
a,(x) eC;(B); i,j,1,...n, 3
b,(x)<by —b,<c(x)<0; i=l..m xeD. 4)
Here u = ﬁ, ou_. i,j=1...n; ye(0,1] and b, >0are constants.

ox " axax
Besides we'll suppose that the lower coefficients of the operator L are measur-
able functions in D. Let A e (0,1) be a number. Denote by C°*(D) a Banach
space of the functions u(x) defined in D with the finite norm.

”u”!',},;(m = supa)(x) U(X) + sup M

! x,yeD| K

A

The compact E ¢ Dis called removable with respect to the equation (1) in
the space C/ (D) if from
L =0, xeD\E; u
it follows that u(x) =0Qin D.
Denote by B, (z)and S, (z) the ball {x :|x—z| < R} and the sphere
{x:|x— z]= Rjof radius Rwith the center at the point z e E, respectively.

We'll need the following generalization of mean value theorem belonging to
E.M. Landis and M.L. Gerver [8] in weight case.
Lemma. Let the domain G be situated between the spheres S, (0)and

S, (0) , moreover the intersection 6G n{x: R <|x|< 2R} be a smooth surface.

0;  u(x)eC)(D) (5)

OD\E

Further, let in G the uniformly positive determined matrix “aij (x)”; I j=1..,n
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and the function wu(x) ECZ(G)(\C;(E) be given. Then there exists the piece-
wise smooth surface > dividing in G the spheres S, (0)and S, (0) such that

ou w(G)
—ds < Koscu‘?

w
I@v G

z

. . . ou .
Here K >0is a constant, depending only on matrix |« (x)[and n, and a_u is a
v

derivative by conormals determined by the equality

X _ 5 4 0029 cosimx Y
ov = 0x !
where cos(ﬁ,xj); j =1,...,n-are directing cosine of unit external normal vec-
torto 2.
Denote by W, (D)the Banach space of the functions u(x) defined in D
with the finite norm

il o =( e+ S |
and let 3., (D)be a completion C (D) by the norm of the space W}, (D).

By m;, (A)we'll denote the Hausdorff measure of the set Aof orders >0.
Further everywhere the notation C(...) means, that the positive constant C de-
pends only on content of brackets.

Theorem 1. Let D be a bounded domain in £, Ec Dbe a compact. If

with respect to the coefficients of the operator L the conditions (1)-(3) are ful-
filled, then for removability of the compact E with respect to the equation (5)

in the space C (D) it sufficies that
m:"(E)=0 (6)

Proof. At first we show that without loss of generality we can suppose the

condition 6D e C* to be fulfilled. Suppose, that the condition (6) provides the
removability of the compact E for the domains, whose boundary is the sur-

face of the class C', but 6D e C*and by fulfilling (6) the compact E is not
removable. Then the problem (5) has non-trivial solution u(x), moreover

u| = f(x) and f(x)=0. We always can suppose the lowest coefficients of

the operator L to be infinitely differentiable in D. Moreover, without loss of
generality, we'll suppose that the coefficients of the operator L are extended to

a ball B > Dwith saving the conditions (2)-(4). Let f*(x)=max{f(x)0},
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f (x)= min{f (x),O} and u*(x)be generalized by Wiener (see [8]) solutions
of the boundary value problems
L,*=0 xeD\E; u*

aD\EZO; Ui_ :fi.

E
Evidently, by wu(x)=u'(x)+u (x). Further, let D -be such a domain, that

oD C', DcD, D c B, and v* (x) be solutions of the problems

Lv'=0,xeD \E; v’ =[5 v (x)eC(D).

=0;
oD

By the maximum principle for x e D
0<u (x)<v(x), v(¥x)<u (x)<0.
But according to our supposition v*(x)=v (x) =0. Hence, it follows, that

u(x) =0. So, we'll suppose, that oD € C*. Now, let u(x) be a solution of the

problem (5), and the condition (6) be fulfilled. Give an arbitrary ¢ >0. Then
there exists a sufficiently small positive number & and a system of the balls

{B,(x"}, k=12,.,suchthat r, <5, Ec OB’_k(xk»)and

z n 2+/1 7)

Consider a system of the spheres {BZ,k( )} and let D =DnB_(x')k=12,....,.
Without loss of generality we can suppose, that the cover { B, (x )} has a fi-
nite multiplicity a, (n) . By the Landis-Gerver theorem for every k there exists
a piece-wise smooth surface Yk dividing in D, the spheres S, (x*)and
S,n (X*), such that

ou (D
| o—ds < koscu (2/() .
Z" ov Dk I
Since u(x) e C2 (D), there exists a constant H, >0, depending only on the
function u(x), such that

(8)

oscuw < H (2r,)" 9)
Besides
o(D)<mes B, (x")=Q2"r"; k=12,.., (10)

where Q= mes, B, (0). Using (9)-(10) in (8) we get

5
] a)a—udsSClrk”’M; k=12,.., (11)
2 @

where C, = KH, 2",
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Let D, be an open set situated in D \ E , whose boundary consists of unifica-
tion of Zand Twhere =¥, T=ap\UD , D, isa part of D, remain-

ing after the removing of points situated between Xand S, (x"); k=1,2,....

Denote by D, the arbitrary connected component D,, and by M we denote
the ellipitic operator of divergent structure

M= — —
Z o a ,(x ) J
According to Green formula for any functions z(x)and W (x) pertaining to

the intersection C*(D, ~C'(D: we have

[ (:Mp-pMz) d j( = az)ds. (12)

0% o av

As is known 0D e C'then u(x)eCl( )mcl( ) (see [9]). From (12)
choosing the functions z =1, 8 = wu®we have

ou
JM(a)u )dx 2f oul ds + [ o uds

Dy oDy v oDz

But |u(x) <M < for x e D. Let's put the condition:
@y <Cw *)

By virtue of condition (*) and Imuzds <C;M_ subject to (11) and (7) we
oDy
conclude

) M(a)u )dx<2MaZfa)—ds+ f ou’dx <

oDy, k=lzp v DZ

<2Ma,C, > T+ eMe, < Cie, (13)
wC, =2Ma,C, here .
On the other side
M(a)uz) = 6ua)M(u) +

oa.
+2Za)auu +(2u+1)2au o, +Z—ua) +Zaua) -

ij=1 ij=1 ,1ax ij=1

and besides,
M, =L +¥d(x)u - c(x)u,

where
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d(x)= z 4, () ~b(x), i=1..n.

ox,
It is evident, that by vistue of conditions (2)-(3) |di (x)| <d, <o; i=1..n.
Thus from (13) we obtain
6 ua)idi(x)uidx—6j we(x)dx+2 | Y o(x )al_jul_ujdx+

’l/l
Dy Dy

+(2u+1) | Zaua) dx+ | Z—ua) dx+|Vu| dx +

D'El/l l'zl lax

+ Z auo, dx<C,,
5 . :
Hence for any o > 0 it follows that
2y | a)|Vu|2 dx <6d, | a)|u||u[|dx +6 ] wo(x)+(2u+1)] au o dx+

Dy Dy Dy, Dy

+d, [ uwldx+ [ auo  +C, <6— ] || dx + |V dx +

Dy Dy Dz Dz

d
+(2n+1) [ uwdx +d, | uwdx+yC, <6—Mmes D+
' &

Dy Dy

+wmesnD +d Mao(D)+yC,Mwo(D)+C,e
&

If we'll take into account that
< C4a)(x),

Xl'.\j

then from here we have that
| o |Vu|2 dx < C,
Dy
C .
where C, =(6d, +(2M +1)) Mmes D +(d,M + yC,M)»(D)+—. Without loss
Y
of generality we assume that & <1. Hence we have
o' |Vl dx <C,

Thus u(x) ew, (D). From the boundary condition and mes, , (6D NE)=0 we

get u(x)eW..(D). Now, let o be a number, which will be chosen later,
D; = {x :x €D, u(x)> 0} . Without loss of generality, we suppose, that the set

z

D, isn't empty. Supposing in (12) z=1, = wu’ We get
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| M (a)u") =0 (wu" +ou” ?}ds <

Dy ong v

0
<M | wds+oM" | il

ant ant
r,DE r,DE

ds < C, (aO,M,a,Cl)g

Vv
But, on the other hand
n 0 0

=1 OX, Y ox,
o) g o, ar))
% a)kau J =1 0x, k v ox, -

\ n 6( 8u\

a,00u’ 1—J+Z— a,cu’ a)x—)

j=1 x
= oau’'M (u)+ Jwi(aij u

ox,

Il
5
Q)|Q)
—_—

o-1 -1

ou ) ou )
a—x/J+0u xkaa)— + =

o ou)

La — | +owa,u, (a—l)ua’zuv +
ox, I

=oou’'M (u)+0'a)u B

=ou”' o, a— +ou’ wi( ﬁ\+ﬁ—
L J Ox, 8x

=3oau”M (u)+o(c-1)a, uxu u” o+ ou”u au +p=
=od(x) u, uedx — o(o-1) | wa(x)e(x)dx+
o D3

+o(o-1) | > u”o(x)a, uu dx +

+ =1
by

+(2u+1) | Za wo N

¥ o=l
Hence, we conclude
O'(O'—l) 2 J 2

Dy

Vu| dx <

o-1 o-1

“dx (15)

2 o3 )
Let D" ={x:x eD,u(x)>0}, D, D be an arbitrary connected component of
D". Subject to the arbitrariness of € from (15) we get

74



n
o-1

(0—1)7/] ou’”

+ +
by Dy

: |dx.
1

Thus, forany x>0

d,
(c-1)y | ou” fa)u”(2|u|) cl’)c+2 | ou’dx <
of ,uDl
d
S (lﬂn J' a]l/lc 2 (16)
of ,uD;r

But, on the other hand
I——GZ [ xou™ 1uabc——z ) xa)( )_dx:nj ou'dx ,

i=l 4+ i=1 +
by of by

and besides, for any g>0
_op [ r a)u”dx+—f u o’ |Vu| dx
20 5

of f

Then

b Poudt+—— | o |Vu|2 u”dx,

TDI 26,
(D

where r =|x|. Denote by &

I<

) the quantity sup|x|. Without loss of generality,
we'll suppose, that k(D) =1. Then

== | ou dx+—f o'u””’ Vurdx
2ﬁn Zﬁ 1)1+
Thus,
(n_a_ﬂ) | a)u"dx+—j o'u”’ Vur dx
2 of 2ﬂ of
Now, choosing 3= ” we finnaly obtain
O
(o2 2 e 2
| ouwdx<— [ v |Vu| dx a7
nfr n nfr
Subject to (17) in (16), we conclude
d d o’
(o- 1)7/] 'u” |Vl dx <LER 002 WVl dx - (18)
o 2 2en o
Now choose u such that
d do’
(o-1)y >0, 47 (19)
2 2un

Then from (17)-(19) it will follow that u(x) =0in D,", and thus u(x)=0
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(0'—1)7/

in D . Suppose, that u= .Then (19) is equivalent to the condition

(5 (%) @
n>[%gz (21)

Let's choose and fix such big o > 2, that by fulfilling (21) the inequality (20)
was true. Thus the theorem is proved, if with respect to the condition (21) is
fulfilled. Show, that it is true for any n>3. For this, at first, note, that if
k(D) =1, then condition (21) will take the form

At first, suppose, that

(2)
Y
Now, let the condition (21) be not fulfilled. Denote by k the least natural num-
ber, for which
d 2
n+k>[4g
y (22)
Consider (n + k) dimensional semi-cylinder D'= D x(=35,,5,) x...x, x(~5,,5),

where the number &, >0 will be chosen later. Since, a)(D)=1 then
o(D")<1+5,\k . Let's choose and  fix5, such small, that along with the

condition (22) the condition
ks (442 (29

4

was fulfilled too.
Let

Consider on the domain D the equation

=éak( x)9, +2—9+;b( )9 +c(x)9=0  (24)

=l x ;
It is easy to see, that the function 9(y )_ u(x) is a solution of the equation
(24) in D\E'. Besides, m"* > (E")=(25,) m.>*(E) =0, the function (y)
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o' n+i 0°

_ (
vanishes on LaD x[-6,,5,]

k times

\
x[—do,ﬁo]J\E’ and 220 i —ig

0 . L .
where ;IS a derivative by the conormal, generated by the operator L . Not-
v

ing, that »(L')=»(L). d,(L')=d, (L) and subject to the condition (23), from

0

the proved above we conclude, that 9(y)=0, i.e. D". The theorem is proved.

Remark. As is seen from the proof, the assertion of the theorem remains va-
lid, if instead of the condition (2) it is required, that the coefficients
a,(x)(i.j=1,...n) have to satisfy in domain D the uniform Lipschitz condi-

tion.
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ASAGI TORTIBLi HODLORO MALIK CIRLASAN ELLiPTiK TONLIiYIN
HOLLORININ ARADAN QALDIRILA BILON COXLUQLARI
O.S.OLIYEV
XULAS®

Moagalods agag tortibli hadlora malik cirlasan divergent olmayan ikinci tortib elliptik
tonliklore baxilir. Cakili Holder fozalarinda bu tanliklora nazoran kompaktin aradan qaldiril-
mas1 Ugun kafi sartlor alinmigdir.

Acar sozlar: aradan qaldirilan, hall, cirlasan, tonlik.

Ob YCTPAHUMBIX MHO){(ECTBAX BBIPOKIAIOHNINUXCA SJJIMIITUYECKUX
YPABHEHUU C YWIEHAMMUW MEHBUIEI'O ITOPSIIKA
0.C.AJIUEB
PE3IOME

B crartbe paccMaTpuBarOTCsl HEAUBEPTEHTHBIE BBIPOXKAAIOIIMECS SJUIUIITUYECKUE YpaB-
HEHUS BTOPOT'O MOPsIAKa. HOHy‘IeHBI JAOCTATOYHBIC YCJIOBUA AJIs1 YCTPAHUMOCTHU KOMITaKTa OT-
HOCHUTEJIBHOTO 3TUX YPaBHEHUU B BECOBBIX MpocTpaHcTBax ['enbaepa.

KiroueBble cjioBa: ycTpaHUMbIE OCOOEHHOCTH, PEIlIeHNE, BEIPOXKIAIOIINICS, YpaBHEHHUE.

Hocmynuna 6 peoaxyuro: 12.08.2012 e.
Tloonucano k newamu: 20.10.2012 2.
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