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In this paper we study the analytic properties of the resolvent of a polynomial opera-
tor pencil of third-order. The distinguishing feature of the investigated pencil is that its prin-
cipal part has multiple characteristics.
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Let H be a separable Hilbert space and consider a polynomial opera-
tor pencil of third order in H

P(A)= (= AE + A)JE + AY + S 2°A., M

where E is the identity operator, A, A, s=1,2, are linear operators in H .
Denote by

P

0

2
(1)=(-AE + A)(AE + A, P(4)= glﬁSAs .
The following theorem holds.

Theorem 1. Suppose that A is a self-adjoint positive-definite operator,
A A”,s=12, are bounded operators in H, and the following inequality
holds:

<1,

AN

2
a=2.2,
s=1
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2
where a, =4, :ﬁ. Then the resolvent of the pencil P(/’t) exists on the

imaginary axis and the following estimation holds
ZH ATAIP(A)| < const. 2)

Proof. Let A=i¢, { € R (—00,490) . Since by the condition of the

theorem, A is a self-adjoint positive-definite operator in H , it is obvious
that for A = i¢ the operator pencil P,(1) is invertible in H , and
P'(1)=(UE+A)"(-AE+A)', 1=i¢, {eR.
Therefore for 4 =1¢ operator pencil (1) is represented in the form
P(2)=(E+R(2)R*(2)R.(2). (3)

It is clear that P,(1)P,*(4) can be written as
2
PR (A) =2 A AATAR(4).
s=1
Then by the boundedness of the operators A A™,s=1,2

LOINOIE: AR @

Further we will estimate the norm H AEAP, H s=12, for A=1,

¢ € R. First consider the case s=1. Taklng into account the spectral de-
composition of the operator A, we obtain:

(4+af(|§+a):

2 2 ~4 %
= SUp —Gé/ Su ( o é’ j
oeo( ( + 0 ) oeo( (é/ + O )

4/2

where O'(A) is the spectrum of the operator A. Denoting 77 = ~—, We have
o

2 \%
2 —1 77
e )<l s )

| 2AR(2)| = sup
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i 5 takes its maximum value at the point

(7+1)

n,=2,ie f_ = f(no):%. Therefore

Note that the function f (77):

| 22 AP (4)] < Vel (5)

Proceeding in a similar way, in the case S =2 we have
ilo? B
(ig+o)(-ig+o)|
<o’ ( Siot ]y
= Sup ﬁ: Sup ﬁ .
ool (2402 ) oee\ (P +07)

2
Using the notation 77 ==, we have
o

| 2A%R(2)| = sup

a(A)

b
2p-1 ’7
| 2A%P, (&)HSS’YQ(P(—(UJrl)gJ .

The function g(n): 4 5 takes its maximum value at the point 77, :E,
(7+1) 2
ie. 0, = g(ﬂo):%- Therefore
2
AP HA)|<—==a,. 6
e (1)< 75 =, ®

Thus, if we take into account (5) and (6) in (4), we get:
2
RGP ()] <3 A"

Then for 1 =i, £ €R, the operator E + P,(1)P,*(1) is invertible and
from (3) we obtain that on the imaginary axis there exists the resol-
ventP*(1):

=a<1.

-1

P(4)=P (A)E + R()P(A)".

Now we prove inequality (2). Since

> |27 AP (2)]| =
=0

95



2T APHA)E + PR (A) <

i
j=
2

wa P( HH E+P(1)P(1))

-1

and as above, it was proved that

|2 AR (A)| <A, :i\/_, s=12,

it is necessary to estimate the norm H AP (/I)H For A=id, {eR,

P _Su| (ic)
HﬂL H p‘(§+o_)(

‘3

1§ + G)
'S
= sup ————-<1.
cea(A) (412 =+ 0'2 )A

Consequently, for A =1, £ € R, we have

ZHf IAPH(A)|<@+a, +a,): %:const.
o

The theorem is proved.
Remark 1. From the proof of Theorem 1, it is clear that for 4 =1i¢,

¢ € R, we have
|A*P(2)|<const|4]"", 0<q<3, 1=0. (7
We now estimate the resolvent of pencil (1) on some sectors adjoining
to the imaginary axis.

Theorem 2. Let the conditions of Theorem 1 be fulfilled. Then for suf-
ficiently small ¢ > 0 on the sectors

r _{i:ﬁ,_re{zwj,wo}, r. —{l:i—rei[zwj,wo}

2 ? 2 ?

the operator pencil P(A) is invertible, and estimation (2) holds.

i| Z+p
Proof. LetA €’ . Thenford = .{e[z j 0< B <@, wehave

4

P(2)= (Iée'ﬁ) P(i¢)-(i¢) (e -1)E -
—(ig Y (e —1)A+ig(e” —1)A* +
+(i0) (e -1)A +ig(e” -1)A,. ®)
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By Theorem 1 operator pencil (1) is invertible on the imaginary axis, and es-
timation (2) holds. Then (8) can be written as

h P(1)=Plice”)=(E +Q(5:¢))P(i£).

Q(p:¢)=-(¢ ([ -1)P(i¢)- (<) (6™ —1)AP™ (i) +
+ig(e” ~1)AP(i¢)+ (i) (€ —~1)AP(ig)+ig (6" ~1)AP(i¢)

It is easy to note that
|Q(B:0)|<[e” —1||(¢)P(ig)|+[e -1]| (¢ ) AP (ig) |+
+]e” -1[igAP(i¢)| +]e™ - AP‘l(i;)ﬂ+
+|e” 1| A,A7 | igaTP (i ).

Since 0 < < ¢ and if we take into account Theorem 1, then we have:

[USIRCRIE
-a
H(i;)“Aipl(ig)\sLaj, j=1.2,

l-«a

‘ek” 1‘<23|n kZ(D, k=12,3.

Therefore, for sufficiently small ¢ and for { € R we obtain that

|Q(B;¢ )| < const max|e™” —1/ <

k=1,2,3
< const max(Zsm k—(pj <a, <1
k=1,2,3 2

Then E + Q(,B;é’) is invertible for small ¢ (0 <p< (p) and { € R. Con-
sequently,

P1(2)=P(i¢)(E+Q(B;¢))*

and

i |7 AP (1) =
ice” ) AP ()E +Q(B:2)) | <

3:lie
<3 lic

i) AP0 | E + QUBc) <
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<(l+a +a)-L-L:const.
Y l-a 1-a

The other cases are proved similarly. The theorem is proved.
Remark 2. Note that on the sectors I'"_  and I" | estimation (7) also

= +
i 54

holds.
Remark 3. When obtaining the results of theorems 1 and 2 we did not

require a compact operator A™.

We denote by o, (H ) the space of compact operators acting in H .

If besides the above mentioned conditions on the operator coefficients
of pencil (1) we assume that A™ e O'm(H ) then it is easy to show that this

operator pencil has a discrete spectrum with a unique limit point at infinity.
Indeed, taking into account the conditions on the operator coefficients, we can
rewrite pencil (1) in the form

2
P(1)=-AE-2A+ A + A+ 1A =
s=1

2
= (— BAS—2A7 + AT +E+ Y AAACA ) A =
s=1

=(E+K(1))A°,
where

2
K(A)=-LA° - LPA? + AT+ DY L AAA®,
s=1

This shows that K(4)e o, (H) for any1eC, where C is the complex
plane, and E + K(O): E is invertible. Then by the M.V.Keldysh Lemma [1]
E+ K(/I) is invertible everywhere except at the isolated points, that are the
eigen values of the pencil E + K(ﬂ) and have a limit point only at infinity.
And from the representation P(4)=(E + K(4))A® it follows that operator

pencil (1) also has this property.

Note that the questions involved in this paper, for polynomial operator
pencils of fourth order, whose principal part has multiple characteristics were
studied, for example, in the papers [2], [3].
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TOKRARLANAN XARAKTERISTIiKALI UCTORTIBLI POLINOMIAL OPERATOR
DOSTONIN REZOLVENTASININ XASSOLORI HAQQINDA

A.L.ELBABLI
XULASO
Isdo bir iictortibli polinomial operator destenin rezolventasinin analitik xassolori dyro-
nilmigdir. Tadqiq olunan dastonin farqlondirici xiisusiyyati odur ki, onun bas hissasi tokrar-
lanan xarakteristikaya malikdir.
Acar sozlor: polinomial operator dosts, rezolventa, diskret spektr, 6z-6ziino qosma
operator, tamam kasilmaz operator.

O CBOMCTBAX PE30JIbBEHTBI HOJIMHOMHUAJBHOI'O OIEPATOPHOI'O
MYYKA TPETBEI'O NNOPSAJKA C KPATHOM XAPAKTEPUCTUKOM
AJLDJbBABJIA
PE3IOME

B pa60Te N3Yy4YCHBI aHATUTUICCKUC CBOIiCTBa PE30JLBECHTBI OJJHOT'O MMOJIMHOMUAJIBHOTO
OIEPaTOPHOro My4yKa TPEThero nopsaka. OTIMIUTETIBHON YepTOl UCCIIeyeMOTro MyyKa SIBIIsl-

€TCA TO, YTO €0 INiaBHad 4aCTb UMECT KPATHYIO XapaKTCPUCTUKY.

KiroueBble cjioBa: mOJMHOMUAIBHBIN OHepaTOpHBIﬁ Iy40K, pE30JIbBEHTA, NUCKPCT-
HBIA CIICKTp, CaMOCOHpSI)KeHHBIﬁ OIepaTrop, BIIOJIHE HerepLIBHLIﬁ Ooreparop.
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