BAKI| UNIiVERSITETININ XOBORLORI
MNoj Fizika-riyaziyyat elmlori seriyast 2012

RIYAZIYYAT

UOT 517.984

ON THE CONVERGENCE OF AN ITERATIVE PROCESS FOR AN
INFINITE FAMILY OF BOUNDED LINEAR OPERATORS WITH
APPLICATION

A.M.AKHMEDOV, R.M.BABAYEV
Baku State University
akhmedovali@rambler.ru, babayevrauf55@mail.ru

In this paper, we consider an iterative process for an infinite family of bounded linear op-
erators on a Banach space. Boundedness and convergence of the considered iterative process
are established in the framework of Banach spaces. We also apply the main result presented
in this paper for certain problem in summability theory.
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1. Introduction
Throughout this paper, we assume that X is a real or complex Banach space.
The symbol F(T) stands for the set of fixed points of T (for a single valued

mapping T : X — X , x eX iscalled a fixed point of T if and only if T (x) =x ).
The Banach algebra of all bounded linear operators on X is denoted by B (X ).
By N we denote the set of all nonnegative integers, i.e., N ={0,1,2,...} . We shall
write ¢ and c, for the spaces of all convergent and null sequences, respective-
ly. Also by I, and bv , we denote the space of all p-absolutely summable se-

quences and p-bounded variation sequences, respectively.

Recall that a linear operator T on a Banach space X is said to be nonexpan-
sive if [Tx -Ty|<|x —y|, forall x,y eX .

A linear operator T on a Banach space X is called a contraction if |T | <1.
Obviously, due to its linearity, T is contraction if and only if it is nonexpansive.
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A linear operator T on a Banach space X is called a strictly contractive if
[T | <1. Obviously, the unique fixed point of a strictly contractive linear operator
is 0. Then a bounded linear operator T eB (X ) that has a nonzero fixed point

cannot be strictly contractive.

Many authors have investigated some iteration processes for a finite family
of nonexpansive operators [12,13,16].

This paper is motivated by some problems in the study of the spectrum and
the fine spectrum of some linear operators defined by some particular limitation
matrices (cf. [4,14,15]). In [4], the authors have established the following Lem-
ma.

Lemma 1.1. Let (c,) and (d,) be two sequences of complex numbers such

that limc, =c and [c|<1. Define the sequence (z,) of complex numbers such

n—oo

that z,, =c, ,z, +d, .. Then we have:
(i) If (d,) is bounded, then (z,) is bounded,
(i) If (d,) is convergent, then (z,) is convergent,
(i) If (d,) is null sequence, then (z ) is null sequence.

In this paper we consider the following iterative process for an infinite
family of bounded linear operators:
z,eX, z,,=T,z,+y,, neN, (1.1)
where T, :X — X is a bounded linear operator on X, for each neN , and
(y,) is asequence in X.

The purpose of this paper is to study the boundedness and the convergence
of the sequence (z,) which is generated by the iterative process (1.1) for an

infinite family of bounded linear operators on an arbitrary real or complex Ba-
nach space. More precisely, we prove under conditions that the sequence (z,)

is bounded if and only if the sequence (y,) is bounded. Also, we prove under
conditions that the sequence (z,) converges to a unique fixed point of a linear
operator W which is defined by Wz =Tz +y, z eX, where y, >y, as n—>w»
and T, »T uniformly on X. The result presented in this paper may be applied
to certain problems in summability theory.
2. Main Results

In this section, we are going to prove the following main result
Theorem 2.1. Let X be a real or complex Banach space and T, B (X ), for
each neN , and (y,) is any sequence in X. Also, (z,) be a sequence gener-
ated by (1.1). If T, >T uniformly on X and T is a strictly contractive opera-
tor, then we have the following:

(1) The sequence (z,) is bounded if and only if (y,) is bounded.



(2) If (y,) isconvergentand limy =y, then the sequence (z,) con-

verges to unique fixed point x e F@W ), where W is given by
Wz =Tz +vy, zeX

and x has the form x =iT "y .
n=0

In order to prove this result, we need the following lemma.
Lemma 2.2 Let T eB(X) be a strictly contractive operator on a Banach

space X, and y eX. Then the sequence (x,) which is generated by
X,a=TX, +Y, converges to the limit

Xx=>T"y
n=0
and the limit x is the unique fixed point of the operator W which is given by
Wz =Tz +vy , zeX.
Proof. Itis clear that W is a contractive operator. Indeed, if z, and z, are any
elements of X, then

Wz, -Wz,|=[Tz, -Tz,|<[T ||z, -z,

and the operator W has unique fixed point x e X , and also x =limx, .

n—oo

Since
X =T "X+ (1 +T +..+T ")y,
we have

x=§ﬁ“y.
n=0
This completes the proof of the lemma.

We are now ready to prove Theorem 2.1.
Proof of Theorem 2.1. (1) Since | |<1, then there exist a real number

n,eN, suchthat T [<q <1 forall n>n,.From (1.1), we have
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forall n>n,.If (y,) isabounded sequence, then there exists a real number K
such that ly,[<K , forall neN . Then,
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for all n>n,. This implies that the sequence (z,) is bounded. The reverse of

the assertion is obvious.
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(2) Consider the sequence (x,) which is generated by
X =TX, +VY,
where y =limy_ . In Lemma 2.2, we have shown that the sequence (x,) con-

verges to the element
x=>T"y.
n=0
In order to show that (z,) is convergent sequence with the limit x, it is suf-

ficient to prove that
lim|z, —x,||=0.
Indeed,
" n+l n+1|| ”T ntYa _TXn _y”:

_|rl'n =Tz, 4Tz, -Tx, +y, —y||s
<o =Tz o+ 2o =xo |+ ]y -y ]<
<MT =T+ [z, =%, [+ ]y, = y].
where M =sup(|z,[) (the boundedness of (z,) follows from the first asser-

tion).
From the conditions of the theorem, it follows that

lim (M [T, =T +]y, - y[)=0

Then for any ¢ >0, there is a number n_ such that
MT, =T |+ly, -y]<e,
forall n>n_ . Therefore

22 =Xl [T 20 o]+ &

forall n>n_. Then it is easy to see that

N T R

-n, &
< TR

forall nzn,.But [T ™" -0 as n —o. So, we have

lim|z, -x,[=0,

n—ow

and so,

n n,

lim|z, -x|=0.

n—ow

This completes the proof of the theorem.
Remark 2.3 The results in Theorem 2.1 are generalization of the results in
Lemma 1.1.



3. Application

In this section we apply Theorem 2.1 for certain problem in summability
theory.

It is known that the infinite real matrices as operators acting on sequence
spaces play main role in summability theory, among them the difference oper-
ator-matrices and their generalizations (cf. [1-11,14,15]).

Now, let (a, ) be either constant or strictly decreasing sequence of positive
real numbers such that

lima, =a>0

n—w

and
sup(a, )< 2a.
k

It is easy to see that sup(a, ) =a,.
k

In [14], the authors introduced new generalized difference operator

a 0 0
Aa:_aoa’lo

0 - g

and investigated the spectrum of the operator A, over the sequence space c, .
In order to determine the spectrum of the operator A, , it is required to study
the resolvent operator (A, — A1), where | is the identity operator on the Banach
space c, .
If |2—a|>a, then (A, —Al) is triangle and hence (A, — A1) exists. Calcu-
lating (A, — A1), we get
1

0 0
(ao - A)
a, 1
(A, =AD" =6y)=| (&-A@-4) @ -4)
e & 1
@ - -@,-4) @-4)(@,-1) (@-4)

In order to prove the boundedness of the resolvent (A, —A1)™ on ¢, it is ne-

cessary to establish the boundedness of the sequence

S, = e B Fot s + L , (3.1)
lag — 2|8, = 4|-..[a, = 4| la, . —4la, -4 |2, -4

[14]. Suppose that




a a
=i <1. 2
it (3.2)

It is easy to show that

1 B
II1Ln?°|a -1 a (33)
and also,
— % _1 4
S, |an—/1|S”’1+|an—A|' (3.4
Denote
a 1
f =—nd = N
A S TA T

From (3.2) and (3.3), it follows that the sequences (f ) and (g,) belong to c.
Let us introduce the following operators
T,x=fx, neN
where x ec . From (3.2), we have

. a
||an =T, ”T ||=M<1

n—ow

Now, by applying Theorem 2.1, we get that the sequence (S,) in (3.4) is

bounded.
Thus we have proved the following theorem.
Theorem 3.1. Suppose that |1 —a|>a. Then, the following assertions are true

(1) The sequence (S,) is bounded if and only if the sequence [ﬁ} IS

bounded.
(2) The sequence (S,) is convergent if the sequence [ﬁ} is convergent.
@) If limS, =s , then s =— ~
n—o |/’L — a| —

Remark 3.2. Note that, in [14], the authors used the convergence of the se-
quence (S,) without proof.
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XOTTIi MOHDUD OPERATORLARIN SONSUZ AILOSI UCUN BIR ITERATIV
PROSESIN YIGILMASI VO TOTBIQi HAQQINDA

9.M.OHMODOV, RM.BABAYEV
XULASO
Bu moqalads Banax fazasinda xoatti mohdud operatorlarin sonsuz ailasi U¢lin bir iterativ
prosesin yigilmasma baxilmigdir. Homin iterativ prosesin Banax fazasinda mohdudlugu ve
yigilmast Oyronilmisdir. Maqalonin asas naticesi comloms nazeriyyesinin bir mosslosinin

hallins totbiq olunmusdur.

Acar sozlar: iterativ proses, yigilma, mohdud xatti operator, Banax fozasi

11



0 CXOAMMOCTHU OJHOI'O UTEPATUBHOTI'O NPOHECCA BECKOHEYHOI'O
CEMEVCTBA OIT'PAHUYEHHBIX TUHEMHBIX OIIEPATOPOB
C IPUJIO’KEHUEM

AM.AXMEJOB, P.M.BAGAEB
PE3IOME
B pabore paccmarpuBaeTcsi CXOJUMOCTh HTEPATHBHOTO TpOIiecca OAHOTO OECKOHEYHO-
rO cCeMeWCTBa OrpaHMYEHHBIX JIMHEHHBIX OmepaTopoB. M3ydeHbl OrpaHHuEHHOCTh U CXOMU-
MOCTb PaccMaTpHBAEMOI0 UTEPATHUBHOTO Ipoliecca B OaHaxoBOM mpocTpaHcTBe. OCHOBHOU
pe3ynbTar paboThl ObUT MPUMEHEH UIA PEIICHUS OJHOW 3aJadd W3 TEOPHH CyMMHPOBAHUS

PAIOB.

KuiroueBble €j10Ba: WTEPATUBHBIN TPOIECC, CXOIUMOCTh, OTPAHUYCHHBIN JIMHEHHBIN
oneparop, npocTpaicTBo banaxa.
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