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Systematic investigations of multidimentional singular integrals generated by generalized
shift operator begin from the appropriate papers where for these integrals, Privalov type theorems
were proved. In the given paper these integrals, that depend on the pole are studied in Holder

weight spaces H Z[ﬁ . Sufficient conditions for a, f, y providing their invariance, were found.
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1. Singular integral generated by a generalized shift operator.
Let R, be Euclidean space of dimension m (m>2),

R ={(xynx, ,X,) ER, :x, >0}s" = {x eR; :|x = 1} T"
be a generalized shift operator (briefly GSO0) ([5]), which acts according to the law

Tu(x)=C,[u(x —s'33/x2 —2x,s, cosa +52 )sin®~ adex (1)
0
where

v>0 x=(x,x,),s=(s,s,),x,s €R, ,c, =F(v+;)/r(;)l"(v)

It is known that this shift is closely connected with the Bessel differential
o> 2w 0

2 T
ox, x, Ox,

operator B! =

The singular integral

Au(x) = V.p.j J(x,0)

v [T a2 ds = limA.u() @

£+

S

where



Au(x)= | S (x.0) [T“u(x)lsffds, O=sl|s

m+2v
S

, €>0, xeR’

{seR ‘ ‘>£

is called a singular integral depends on a pole (briefty SI) generated by GSO T° ([1]).
Let a and b be arbitrary numbers such that 0 <a<b < +oo. Then for any

point x € R, the following equality holds
jf()}c,s/|s|)|s|_m_2v [Tsu(x)lyivds =

{SER; :a<|s|<b

1. jf(x 0}) U Y+ vl

2 {}ER 1 +1:4<I%y, -

3)

2v-1

m+1

where

x=(x,x,,0,y=(, ym,ymﬂ) dy = dy,,....,dy, )

0 (x v \/(x—y)

m+1 ), ro=|x— y‘

r : xy

If we assume in (3) u (x) =1 (then T“u(x) =1 =1) and pass to the
polar coordinates, we obtain

[0 d5©) =5, [ D).

2v-1

ds(6),

(4)

Sm+1 = {y € Rm+1 :|y| = 1}
Later on ”C” is a constant; its exact value is not essential for us;
a(x) < b(x) means that a(x) <cb(x), where ¢ doesn’t depend on x.

In the case when a(x) <b(x) and b(x) < a(x) we will write a(x) ~ b(x)

2. Holder space with weight /] ,(R,)

Let y> 0, o> 0, B be a real number, p(x)=x (1 +‘x‘)ﬁ “,x€ R’ By de-
finition ([3]) u € H] ,(R,) if hmu(x)p(x) = hmu(x)p(x) 0 and the norm

g, = sup (u(x)p()~u(y)p(ld ™ ()

is finite, where
d(x,y) =[x = y(1+ DA+
If the contrary is not stipulated, then later on we will assume that
O0<y<l, 0<a-y<,0<fB+y<m. (5)

Let x € R, denote
+ X ~ ~ X
o ={seR’ :]s—x\<7’"}, o, ={yeR :|x—y!<7’”},

v, (x)=x(+ | x )" = pt (x)(x, 1+ | x )7



The spaces H, can be determined in terms of inequalities. The

following lemma is valid.
Lemma 2. ([4]). Let 0 <y<a, B +y>0ue H), if

a)AC,(u),Vx e R, Ju(x) < C,(w)¥ .,
b)3C,(u),Vx e R} ,Vy € .,

|u(x) =u(») £ C,[)p™ (0d (x, ).
Moreover,

(min C, (1) + min C, () ~ |u].
We cite the important corollary to this lemma.
Corollary 1. If u € H]; then

@) |40y 32+ 3 RJ 32 1+ 3 IV LD~ 3 D3 1 3, 413,00

D) VeeR W eas |uly [y +32, ) -u <)o (o @)~ (ol Ty e
Suppose u=(y+ )+ (1+y—«a). By virtue of (5) x> 0. Taking into account
that m+2v+[=(-1)+ x+2v, we obtain from the latter:

LA [y2tdy, [0, +y..) dy, [(z]4x,+y, +y,.)" " dz<y, (x),(|x 21
0 0 R,,,,]

Let |x|<1 and y € B_. Then for |y|21 |y~ y|+1~ y|+1+]| x| and also

for [y|<l (+|y)~Land [x=y|~|yl+x, ~y [+]|y, |+]y,.|+x,.
Therefore

2v-1

(|ym |+|ym+ |)77a |ym+ |
: : )m+2v+l dy+

{yeRy1:lyI<1} (‘ y' | + ’ ym ’ + | ym+l ‘ + ’ xm ’

(| ym | + | ym+ |)y7a | ym+ |2‘/71 y—a 1
1 m+2v+11 dy = (x;" + Py ) < W;/ (x)
(veRypiyl21} ([ y[+1+]x]) (I+]x])

i,(x;B,)<c

(6)

The validity of estimate (10) for 7,(x;C) is proved by analogous reasonings.
Thus, we proved that i,(x; R, \ @) <y, (x) and |i,(x) |< HuHHfH‘Py (x) (7
So, the absolute convergence of integrals i (x), 7,(x) is proved.

Theorem 1. Let u € H];u and (5) be full filled. If f(x,0), xeR,,0€S,
is bounded and

[ £(x,0)6;"ds0)=0 (*)

S
then at each point x € R, there exists SI Au(x) generated by GSI 7, and the
following equality holds



Au(x)=v.p.[ f(x,0)| S| [T u(x)]S. ds =

Ry,

1 o -~ —-m=2v ! V-
=S C ST =y [ @Oy +70) —u(@) 7, [ dy+
1 ~ ~ —m=2v r v-1
+5CU [fGO X =y [ a5 Yo + ) | Y, [ .
Ry i1\
Proof. From (4) by virtue of (*) we obtain
[f(x.0)16,, " dS@©)=0 (**)
S+t
Let ueH],, x=(x,x,)eR ,0< g<x7’”

Then from (3) we obtain

Au(x) = %CV (S [f(x0)10,, " dS@)[u(x)]in

X 1 . \ .
2" + ECJI (v o, (&) +1,(x),

where

o ={yeR :5<|)7—y|<x?’"}

-
Now taking into account (**) and the absolute convergence of integrals
i,(x;m,) and i,(x), passing to the limit as € — +0, we prove the theorem
3. Boundedness in H],.
C,: f(x.0)€C ;sup| f(x.0)~ f(1.0) < K,(f)-9,(x,y), 0<5<]
where
¢, (x,y) = (x=y|/max(|x—y|l+min{| x ;| y})', V& € (0;5]

-5

a)xed, UB Va,, ¢,(x,y)sx-y| (1+]|y])

b)xeC,, ¢,(x,y)sx-y[’ (+]x])".
Theorem 2. Let f satisfy condition (*) and
| f(x,0)) = f(x,0,) < Cr 16,6, ", f(x,0)eCs(R,)

If O<y<oLl0<a—-y<l,f+y<m, O<y<u,O0<u<l.
where C, is aconstant, xe R, 6,,0, €S,

then SI operator generated by GSO T :

A:u— Au(x)=v.p. j F,0)| s[> [TSu(x)1S2 ds
R,

is bounded in H,
Proof. By virtue of theorem 1 from (7) we obtain

Aux) < C.C (x50 |+, D < A, (0, ®)
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By virtue of lemma 2, to prove the theorem it suffices to show that Vx e R’
and |h[<x, /8
| Au(x)— Au(x+h) < clulp™ )1+ [ x )" | R ]" )

where ¢ is independent of x and 4.
Suppose

0,(x)= (X, 2| h]),  @,(x)=wo(x+h,3| k), ws(x>=w(xlh,%m—|h|>,

obviously @, (x) C @,(x) C @,(x) C o,
Subject to (*) and (4) one can prove that

Au(x)— Au(x +h) :iZSIZJi(x;h) (10)

where

J () = ( [+ jK(y,x)(uxy)—u(x)) [V [ dy

Ty =~ K 4 1 () ) v,

J,(x;h) = —%{K D x+ 1, ()] y,., [ dy

JAs = [(K G0~ K+ s () - | v, [ d

Jy(xh) = w'r\f}(K(y,x) ~ Kt () |y, [ dy
where o

K(y.X)=f(x.0)/r"", r =X=yl, y,())=u(y' [y, + )

Using easy calculations, one can prove that for xeR, yeR \@ and |h<x /8

as!

ro~r (11)
yx yx+h
~ - h “ —(m+2v
|K(y,x)—K(y,x+h)|<c_,.(¢5<x,x+h)+ﬁ>r: . (12)

Not let us majorize J,(x;h|, i=1,5

Taking into account b) of corollary 1 and also (11), we obtain

J1<x;h)=c[f v J—'f &) pl(x)(—y "‘] [ P dy <

@ o \w; | y—x |m+2u 1+ | x |2

—<cfp'(x)(1+|x|)z{f + IJ Lo I <c,p )+ [x ) AT

|Gt )=y [
The following expression is proved analogously

() o, \wy
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Jy(xshy<e p  ()(A+ | x )7 | A

y-a 2v-1
J3(x;h)=ccfHuH j (y, | +1Y) l‘ymn ‘20-1 dy'<HfHH”H\Py(x) J‘ | Y | dy

m+2v i m+2v
o\, ry 5 (1+ | y |) o \wy
x+n

hl} Sw, and
2

x:rh
Taking into account that A={yeR  :x I y< x—z’" +

passing to the polar coordinates, we obtain
2v-1 2v-1
| h
r r x

,\w; Y- A\wy m

x+h x;h
Hence
| TG ) < | ¥, () [ R, <[ fllulp™ )+ x D [ kI
Let us majorize J,(x;h) . Taking into account (9) and (11), we obtain

|)—2y J' (|h|6 (1‘|‘|x|)_§'|'|h|'u|)C—y|_'“j|)c—y|7"’”‘2"|merl |2v—1 dy<

@\,

| SR = fup™ )+ x

=< lup O+ X)) | A

Let us majorize |J S (x;h)|. Subject to (12) and (11) we obtain
| sy < Jul( 717 A+ [x )+ A1 X, )i (R
<G, +|DURI/x,) v, < (e, +|fulo @0+ x| kI

\w,) <

m+1

Thus, theorem 2 is completely proved.
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UMUMILOSMi$ SURUSM® OPERATORUNUN DOGURDUGU SINQULYAR
INTEQRALLAR UCUN COKILIi HOLDER QiYMOTLONDIRMOLORI

S.K.ABDULLAYEYV, F.A.ISAYEV
XULASO

Isdo H Zﬁ ¢okili Holder fozalarinda iimumilogmis siirlismo ilo polyusdan asili xarakte-

ristikali sinqulyar inteqralin mohdudlugu ii¢iin «, £, y parametrlori vo xarakteristikanin doyi-
sonlora gora hamarliq tertiblori izorins kafi qadar genis sortlor tapilmigdir.

Acar sozlor: imumilosmis siirlismo, sinqulyar inteqral, niivonin xarakteristikasi, Hol-
der fozasi, ¢okili qiymatlondirmolor.

BECOBBIE T'EJIBJAEPOBBIE OLIEHKH JJIsS1 CHHI'YJIAPHBIX HTHTEI'PAJIOB,
NOPOXKIAEHHBIX OIIEPATOPOM OBOBIIEHHOI'O CABUI'A

C.K.ABYJUUIAEB, ®.A.UCAEB
PE3IOME

B pabote HaliieHbI TOCTaTOYHBIE YCIOBHA HA «, [, ¥ ¥ Ha CTEINIEHH IIAAKOCTH IIO TIe-
PEMEHHBIM XapaKTEePHCTUKH, 00ECTIeUYNBAIONINE OTPAHUICHHOCTh B MIPOCTpaHcTBax I 'enpaepa

H Zlﬂ C BECOM CHHTYJIIPHBIX HHTETPAJIOB ¢ OOOOIICHHBIM CIBIIOM XapaKTEPHCTHKOM, 3aBUCS-

IIeH OT IOJIIoCA.

KnioueBsie ciioBa: 0000LICHHBII CIABHUT, CHHTYJIIPHBIA MHTETPajl, XapaKTepUCTHKA sIIpa,
MpOCTpaHCTBO [ enbaepa, BECOBIE OLCHKH.
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