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1.Introduction

A wide class of practical problems are reduced to the inverse problem with
respect to domain. As an example we can show problems of elasticity theory,
diffusion problems, the problems arising in hydrodynamics. Papers concerning
inverse problems usually deal with inverse problems for an unknown function
(coefficients and functions occurring in the boundary and initial conditions).
But in our case, a domain is sought and the investigation of considered
problems is related with some strong difficulties. In order to avoid these
difficulties and for investigation of such problems for the first time the
considered inverse problem is reduced to variational statement. As the
obtained variational problem is a domain dependent variantal problem, the
investigation of such problems encountered some difficulties. Here, we give
an effective solution algorithm for solving such problems.

2. Statement of the problem
Let D be I -dimensional domain, i.e. DcR" and X =(X1,X2 - Xr) eD.

Denote by S, the boundary of the domain D, S, =0D. Assume that the

boundary S, is in the space C*.
Let’s consider the following inverse problem
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—~Au+a(xu= f(x), xeD, (1)

ux)=0 ,xeSp. 2)
ou(x)
=0,
N XeS, 3)

where the functions @ and f are continuously differentiable functions in R’
and a(x) > O for all(x € D). Denote by K the set of convex domains set with

a boundary from C*.
Our goal is to find a pair (D,u)e KxC?(D) such that the function
u= u(x) satisfies equation (1) and boundary conditions (2), (3) in the domain

D. As it is seen, condition (2) is a Dirichlet condition and condition (3) is a
Neumann condition. At first we consider the following unkown domain
variational problem for solving inverse problem (1)-(3),

J(D,u):IF(x,u(x),uX(x))dx—>min, DeK, u eCZ(D), (4)
D

ux)=0, xeS,. (5)
We assume that F(X,U, p) isa continuously differentiable function on

own variables in DxRxR".
If boundary condition is satisfied for D€ K, ueC?(D) ,the pair

(D, U) is said to be a possible pair. Denote by M all possible pairs set. The

pair (D*, u*)e M is called an optimal pair if it gives a minimum to functional

(4) in the set M.
Give the following theorem which is obtained in [7].

Theorem 1. Let the pair (D",u") € M be an optimal pair for variation-
nal problem (4), (5). Then the function U =U"(X) is a solution of the
following Euler equation in the domain D’

F06U00,0,(00)~ £, (RURLU(0) =0, XeD' (g
i=1 UX;

and moreover, in the boundary S ., the condition

36



F(x,u"‘(xxui(x»—ﬁ1 Uy OOF, (xU" 00U, (0) =0, xeSy-  (7)

is satisfied.

As it is seen, this theorem is proved for convex domains. But one can
obtain a similar result for doubly connected domain D with internal and
external boundaries S, and S, . For that, we must use the expansion

[Fdx = [ Fdx — [ Fdx _

D D, D,

where D, and D, are convex domains bounded by the boundaries S, and S,.
Now, take the function F(X,U, P) in the following form

ux\z +a(xu’ —2f(x)u, )

F(x,u,u,) =

where

2
+

2
+....+

2

u,|” =|u

u

u

X ‘ X, X, X,

As the functions @ and f are continuously differentiable functions in R", the

function FXWP) is also a continuously differentiable function on DxRxR".
Apply the theorem mentioned above to this function. It is clear that

F,=2axu-2f(x), F, =2u,.

Hence

s 9e o
_— — u.
i—1 dX; i

So, from condition (6), we see that the function U =u’ (X) satisfies equation

(1) in the domain D". From condition (7) we get the following boundary
condition:

w2
| =0, XeS,.

*2+au*2—2f(x)u*—2

X

u

u

If we take into account the condition U (X) =0, X & SD* , we get

*

u

=0, xeS_.,

X

or

u,(x)=0, xeS_..
ou(x)

From the equation of the derivative with respect to the normal on we get

that function (3) satisfies the boundary condition as well. Thus, we proved the
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following theorem.
Theorem 2. Let the pair (D',uU")e M be an optimal pair for problem

(4), (5). Then it is a solution of problem (1)-(3) as well.
This theorem shows that if instead of the inverse problem (1)-(3) we take

the function F(X,U, P) in the form (8), we can investigate the variational
problem (4), (5). Notice that the inverse of this fact is not true in general.
Though the functional J(D,uU) is convex with respect to the functional U,
this functional is not convex with respect to D in general.

3. Algorithm for numerical solution
Using obtained results, for numerical solution of the problem (4)-(5) the
following methods is proposed.

Let the system of the functions {(Dk (X)}, k =1,2,... form a basis in the space
C?*(D). Then function U =U(X) may be expanded by this basis

u :iak%(x).

We take this into account in problem (4), (5) and get:

1(D,a) = jcp(x,a)dx —min, DeK, a=(a,a,,a,,.), ©)
D

> 2 (x)=0, xeS,. (10)
i=1

where
0P, (X)
OX

Dx,@)=F (%Y 0, (0.3, ).

In our case, as F(X,U, P) is in the form (8)

iak(ﬁk(x)

c 0P,
Zak OX

k=1

D(X, ) = +a(x) —2f(x)iak¢k(><). (11)

For solving problem (9)-(10), calculate the first variation of functional (9). It is
clear that

ol :J‘GCD(X,OZ) Serdlx
5 :

da ¢ Oa
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Calculate the first variation of the functional 1(D,a) with respect to the
domain D. In [5,7] the functional of the form

G(D):jg(x)dx

is considered and for its first variation the formula
36(D) = [9(x)P, (N(x)ds,
S
is obtained. Here, the function g(X) is a continuously differentiable function

in R", n(x) is external normal to the surface S, at the point X and P, (X)
is support function of the domain D and is determined as follows:
P, (x)=sup(l,x), xeR".
leD
We take into account this formula and get

A(D,a)= [ D(x,a)3P, (n(x))ds +| %&Mx a2
(04

So D
It is seen from this formula that the numbers & &, ,5,... are found from the
system of equations

ob(X,
I 0D(x, &) dx = 0
oa

(13)

D
In our case, as (X, @) is in the form (11), the system of equations (13) will

be a system of linear equations.

The set K may satisfy some additional restrictions as well. For
example, the volume K may be the mentioned domains set with the given
area of surface. In another case, the domains set K may be given as
D, =D c D, as well, where D,,D, and R" are the given domains. For

practical problems, the set K may be given in the form of integral restrictions

'g(x)dx:c
D
'g(x)dxsc_
D

In general, assume that there is a domain G — R" such that for arbitrary
D € K contained in the set K D c G. We can state this condition in a
simpler from as follows: we know that the optimal domain is contained in a
certain domain G .
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The obtained relations (12), (13) enable to solve problem (9), (10)
approximately. For that we give the following algorithm.

Step 1. Take arbitrary domain D' € K and the basis functions
P (0fk =1.2,....
Step 2. Solving the system of equations
o0D(X, o
(—) dx=0 ’

NG oa

0 0 0 _0

we find the convergence a? = (051 s O, yeer) .
Step 3. Minimizing the linear functional

jcp(x,am))PD(x)ds —> min, D eK (14)

sp®

we find the convex function P(x).
Step 4. The intermediate domain D" is found as a subdifferential of the
function P(X) at the point X =0 [8]. In other words,

D” =aP(0)= {l eR";P(x)>(1,x), VX R} .

Step 5. A new domain D™ is found as follows:
DO =(1-)D"” + D, 0<u<l.
Here, the domain £ may be choosen in different ways [7, 9].
If a new found domain D" satisfies definite exactness conditions, the

iteration process is completed. On the contrary, for a new domain DY the
iteration begins from the first step. The exactness condition may be given in
different ways. For example,

‘I (D(k+1) a(k+1)) _ I(D(k) a(k))‘ <g
Here, £ > 0 is said to be accuracy order of the method. Now, give some rules
for choosing the quantity g, .
1) In general, the numbers g, may be chosen from the following condition
f ()= 1((1- 1)D® + 1, 0%, @) —» min, pe[0.1].
2) The quantity £, may be given as a sequence satisfying the following conditions:

0< g <1, limpy =0, > =0

k—o k=0
For example,

1
=——,k=12,3..
Hy K
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3) The another method is to take g, =1 and verity that the value of the
functional decreases. If the value of the functional doesn’t decrease, then the
value of x4, decreases twice.

As we have noted above, we can get the similar result also for a
doubly-connected domain with integral and external boundaries S, S, . In this

case we’ll consider the following problem:

~Au+au=f(x), xeD, (15)
u(x)=p(x), Xes,, (16)
au—(x):o, XeS,, (17)

on
ux)=0 , xes,. (18)
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OBLASTA GORO TORS MOSOLONIN VARIASIONAL
QOYULUSA GOTIRILMOSi VO ONUN ToDQIQi

A.ANIFTIYEV, KM.MOCiDZADO
XULASO
Isdo oblasta goro tors mosaloya baxilir. Yeni yanasma totbiq edilorok, baxilan mosalo
ona ekvivalent olan variyasiya masalasine gatirilir. Daha sonra, alinan variyasiya masalasini

hall etmoak iiciin hall alqoritmi toklif olunur.

Acar sozlar: tors mosolo, dayaq funksiyasi, elliptik tonlik, variasiya mosolosi, ododi
iisul, bazis funksiyalari.
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IPUBEJIEHUE OBPATHOM 3AJIAYU K BAPUAIIMOHHOM
IIOCTAHOBKE U ETO HCCJIEJOBAHUE

AAHUDPTHUEB, KM.MAJIKUI-3A/IE
PE3IOME
B pabote paccMmaTpuBaeTcst 0OpaTHAs 3aa4a OTHOCHTENBHO oOnactd. [TpuMenss HO-
BBII NIOJIXOJ, 3Ta 3a/1a4a NPUBOIUTCS K BapUAallMOHHOM NocTaHoBKe. Jlanee, npejaraeTcst a-

TOPUTM IJISl pEIICHUs] BapHAIlMOHHOW 3a7a4M.

KnroueBsbie cioBa: oOpaTHast 3aaya, onopHas QyHKIMSA, HUIUNTHYECKOS ypaBHEHHE,
BapHallMOHHAA 3aJa4a, YUCICHHBIH MeTOA, 0a3uCHbIC (DYHKIIHH.
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