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In the paper, the completeness of the system of elementary solutions of a class of fourth
order homogeneous operator-differential equations in the space of all the solutions from

W24 (R+; H) is proved. Notice that the found completeness conditions are expressed by the
operator coefficients of the equation under consideration.
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In the Hilbert space H consider the polynomial operator pencil

P(1)=(AE - A) (ZE + A)+ Y 27A (1)

=
where E is a unit operator, A, A, J =1,2,3 are linear operators, moreover

A is a self-adjoint positive-definite operator with domain of definition
D(A), the operators A, A™’, j=1,2,3 are bounded in H.

Denote by H, the scale of Hilbert spaces generated by the operator
A, ie. H,=D(A?), 620, (x,y), =(A"X, A’y), x,y € D(A’). For
0 =0 weassume that H, = H , (X,y), =(X,y), X,yeH.

Following the book [1, chp.1], define the space of the vector-functions

W:(R ;H ):{u(t):u(t) c Lz(R+;H4),d4u(t) c LZ(R+;H)}

dt*
with the norm
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dul’ -

4
dt L (R, :H)
where L,(R,;H) denotes the Hilbert space of all the vector functions f (t)

determined in R, = [0,+oo) with values from H that have the finite norm

P!
= I ]

Here and in sequel, the derivatives are understood in the sense of
distributions theory [1].

Under Gw(H) we’ll understand the set of completely continuous

Jull

S(R,:H) H Ly (R, :H,)

operators acting in H . It is known that if B € Gw(H ), then (B*B)% is a

completely continuous self-adjoint operator in H . The eigen values of the
operator (B* B)% will be called the S-numbers of the operator B :
s, (B)=,((B'B)*), k=12,.....

We’ll numerate the non-zero S-numbers of the operator B in descending
order with regard to their multiplicity. Denote

:{B:Beaw(H); 3 Skp(B)<oo}, 0<p<oo.
k=1

It is well known that theories appear while considering concrete model
problems. Many problems of mechanics urge on the matter of the
completeness of elementary solutions of boundary value problems for
operator-differential equations. Note that we can meet the equation considered
below while solving the stability problems of plates made of plastic material

[2].
In the given paper we prove a theorem on the completeness of
descending elementary solutions of the equation

3 aj
P(d/dt)u(t)z(i_ j (E j u(t)+ ZA d “(t) =0, teR, (@
dt dt
with the boundary condition
u0)=p, @eH,, 3)
in the corresponding space of solutions of problem (2), (3) assuming that
A'le o, . In this case, pencil (1) has a discrete spectrum.

Let A (Re A < 0), N=12,... be the eigen values of pencil (1),
{l,//o,n,l/ll,n ,...,y/m,n} be the system of eigen and adjoint vectors responding to
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the eigen value A :

P(/In )l/jo,n = 0’ P(/In )l//l,n + P’(/In )l//(),n = O’

, P(4
P, + P, oy, =0,
, P” ﬂ/n P”V in
R O A
, P” ﬂ/n P”V in
P(ﬂ’n )l//k,n + P (ﬂ’n )'//kfl,n + ;' )'/Ikz,n + §' )l//k3,n + l//k—4,n = 0’

k=4,35,..m.

Then the vector-functions
k

t t
uk,n(t):elnt[v/k,n +ﬁl//k—l,n +"‘+EWO,nj’ k :()717"'7m’

belong to W24(R+;H), satisfy equation (2) and are called elementary

solutions of homogeneous equation (2). Obviously, the elementary solutions
U, (t) satisfy the following boundary conditions:

u,.(0)=y,,, k=01..m.

In the paper [3] it is determined that problem (2), (3) has a unique
solution from the space W24(R+; H) for any @ € H, . The set of all such
solutions denote by W(P) It is clear from the theorems on intermediate
derivatives and on traces [1, chp.1] that the set W(P) is a closed subspace of
the space W' (R+; H )

The question is: when the elementary solutions of equation (2) are
complete in W (P)?

The following theorem is valid.

Theorem. Let A be a self-adjoint positive-definite operator, A, A

J =1,2,3 are bounded operators in H and

AN, ra”

AN, <1
where f3, is the solution of the equation B° +2° —398 —140=0 from
the interval (0,16),

4 : %o %
a=—3%(9+\/§)[2-34+(9+\/§) +4.3%(9+457) }

KT .
?HAlA IHHAH +ﬂ04
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and one of the following conditions is fulfilled:

a) Al eo, (O< pSl);

b) Al eo, (0<p <oo), AjA’j co,(H ), j=123.
Then the system of elementary solutions of problem (2), (3) is complete in
W(P).

Proof. From the uniqueness of the solution of problem (2), (3) (see [3])
and the theorem on traces [1, chp.1] it follows that

C el <o <2l

: 4
"4 "4
According to the theorem conditions, the system {l//k,n} is complete in the
space H% (see [3]). Then for any & >0 there exists the number N and the

numbers C"  such that

k,n

N
H("—chﬂn'//k,n <e€. (5)
n=l k H
%
By virtue of i, =U, ('[)Lzo and @ = U(txtzo for the solution

N

u0)-F¥ctu,. )

=1

from (4) we get

N N
~ N N
Cl ¢_zzck,nl/lkn - u(t)_zzck,nukn(t* S
n=l k Hy n=1 k W' (R, 3H)
N
~ N
SCZ (D_ZZCk,nl//kn (6)
n=1 k H%
Now, taking into account inequality (5), from (6) we have:
N
N ~
u(t)_zzck,nuk,n(t)‘ <C28:£1,
n=l K W (R.:H)

that means the system of the elementary solutions of problem (2), (3) is
complete in the space W (P) The theorem is proved.
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BiR SiNiF DORDTORTIBLI OPERATOR-DiFEl%ENSiAL TONLIKLORIN
ELEMENTAR HOLLORININ TAMLIGI HAQQINDA

A.R.OLIYEV, A.SSMOHAMED

XULASO

Mogalada W24 (R L3 H ) -dan olan biitiin hallor fozasinda bir sinif bircins dordtortibli

operator-diferensial tonliklorin elementar hollorinin tamligi isbat edilmisdir. Qeyd edok ki,
tamliq {iglin tapilan sortlor todqiq edilon tonliyin operator omsallari ilo ifads olunubdur.

Acar sozlor: operator-diferensial tonlik, elementar holl, 6z-6ziino qosma operator,
Hilbert fozas:.

O MOJIHOTE 3JEMEHTAPHBIX PEHIEHUM OTHOI'O KJIACCA OIIEPATOP-
HO-IU®PEPEHIMAJIBHbLIX YPABHEHU YETBEPTOI'O IOPSIJIKA

A.P.AJIMEB, A.C.MYXAME]]
PE3IOME

B crathe noka3aHa MOJHOTA CUCTEMBI 2JIEMEHTApHBIX PEILICHUI OJHOrO Kiacca On-
HOPOJIHBIX onepaTtopHo-auddepeHInaIbHbIX YpaBHEHHIH Y€TBEPTOrO MOPsIKa B IIPOCTPAHCT-

. 4 "
Be Beex pewenuit uz W, (R Lo H ) OTMeTuM, YTO HaWJCHHBIE YCIOBUS MOJHOTHI BHIPAKESHBI

ornepaTopHbIMK KO3 (UIIMEHTAMH UCCIIEAYEeMOTO YPaBHEHHSI.

KaioueBble cioBa: onepaTopHO-nudQepeHranbHoe ypaBHEHUE, 3JIeMEeHTapHOe
pelieHre, CaMOCOIIPSHKEHHBIH ONepaTop, rHiIL0EPTOBO MPOCTPAHCTBO.
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