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Cxema ooKnaaa

OcobeHHble Teopumn

[AaMUNBTOHOB POpPMannU3IMm

CBA3un

Teopun co cBA3AMM BTOPOTro poaa
Teopumn co cBA3IMM NepBOro poaa
KBaHTOBaHuMe Oupaka ( K/ )
KBaHTOBaHue MMTmaHa-TiotuHa ( KI'T)
ANnbTepHATMBHbLIN Nnoaxoa, K KIT
Pestome



OcobeHHble Teopun

 OOWEN3BECTHO, KBAHMOBAHUEM Ha3bIBAae€TCA MOCTPOEHUE
KBAHTOBON TEOPUM HEKOTOPOM CUCTEMbI MO COOTBETCTBYIOLLEN
KNaCCMYECKOW  TeopuKu, KOTOpaA  CXeMaTUYeCKM  BbIMNAAUT
cneayownm obpasom:

* a) Ctpoutca rammnibToHOBa GOPMYIMPOBKA KNAaCCUYECKOM
MEXaHUKMU PacCMATPMUBAEMOMN CUCTEMDI, T.€.,

nepexoa, K oNUCaHUIO CUCTEMbI B TEPMUHAX NEePEMEHHbIX
HEeKoToporo $a3oBOro NPOCTPaHCTBa 0O60OLEHHbIX KOOPAMHAT
g% U UMNYNbCOBp® g = 1, ..., n, FA€ n —4mncno cren. ceoboapbl,
npryem Takum obpasom, 4Tobbl ypaBHEHUA ABUKEHUA ANAG U P
OblAM raMuAbTOHOBbIMM, §% =1g%,H}, P, =1p.. H) c
HEKOTOPbIM FamMuabTOHMaHOM H = H{g,p), Npu 3TOM Bce
dUn3nyeckme BeIMYMHbI MOTYT ObITb BbiparkeHbl B BUAE GYHKLUUN
OT 0606LLEeHHbIX KoopANHAT U umnyabcos A = Alg,p)



ﬁ J
e 6) CocToAHME KBAHTOBOM CUCTEMbI ONPEeaEenaeTca BEKTOPOM

HeKkoToporo abcrtpakTHOro rmabbeprtoBa npocTpaHcTea ¥4 .

B) Kaxaon pmnsnyeckom sennymHe, 3aJaHHOM B K1aCCUYECKOM
Teopuun pyHKUMEN 4 = Alg,p), B KBAHTOBOW TEOPMM COMNOCTAaBNAETCH
onpeaesieHHbIN onepaTtop 4 = A(g,#), AENCTBYIOLWNIN B
npoctpaHcTee ¥ *), Npy 3TOM AO/IXKHbI BbINONHATCA Caeaytoume
KaHOHUYECKMEe KOMMYTALMOHHbIE COOTHOLWIEHUA :

3%65] =187 [§2,8%] = [Ba,By] = O

3'E:]l B obuiem cayyae npuHLUMN COOTBETCTBUA HE NO3BO/IAET OAHO3HAYHbIM

06pa3om BOCCTaHOBUTL OmnepaTopHyto GyHKuMIo A = A(§,$) No Knaccmyeckol
byHKuMn 4 = A(g,p)

cm. : .A. bepe3uH, YOH, 1980, 132, 497.



* T) BONOUMA COCTOSAHNA  COEBPEMEHEM OMMUCbIBAETCA
ypaBHeHunem LLpeanHrepa:

-

rae onepaTtop H - KBAHTOBOW raMUIbTOHMAH — COOTBETCTBYET
KNaCcCUYECKOMY raMUNbTOHUAHY.

NTaK peanunsauma KaHOHUYECKUX KOMMYTALMOHHbIE
COOTHOLWIEHNIN B HEKOTOPOM KOHKPETHOM r’M1bbepTOBOM NPOCTPAHCTBE
naet

(NMpMHUMNKMaNbHYHO) BO3MOMKHOCTb pellaTb
ypaBHeHue LLpeanHrepa n HaxoamMTb C MOMOLLIbIO U3BECTHbIX
npaBua cpeaHue 3Ha4YeHnA GU3NYECKUX BENNYUH, BEPOATHOCTH
N3MEPEHUIN U BEPOATHOCTM NEPEXoa0B U3 OAHUX COCTOAHUN B

apyrue.
So, let us to quantization



* Comment

OnuncaHHas npoueaypa NOCTPOEHUS KBAHTOBOW TEOPUM NO ee
K/1aCCMYECKOMY BapUaHTY HA3bIBAETCA KOHOHUYECKUM KB8AHMOBAHUEM.
KaK Bam xopoLwlo u3BecTHoO,

MMeHHO Takmm 06pa3om BrnepBblie CTPOMNACH

NPOCTEMNLUMX CUCTEM — FAPMOHUYECKOro OCLUUANATOPA, aTOM BOAOPOAa,
4acTMLbl B NOTEHLMANBHOM NOAE U T.N.

BykBasibHO $OpPMY/IMPOBKA KBAHTOBOM TEOPUN B IyXe NYHKTOB 6)-r) B
TEPMUHAX OMepaToOpPOB M BEKTOPOB r’M1bbepToBa NPOCTPAHCTBA
Ha3bIBaeTCA orrepamopHoU popmMysiupOB8KOU , OCHOBAaHHOM Ha
KAaHOHMYECKOM KBAHTOBaHWUMN.

B HacToALlee Bpems numetoTca n apyrmne popmyampoBKM KBaHTOBOW
TEOPUN: YOPMYAUPOBKU 8 MePMUHAX yHKYUU puHa v
(YHKUUOHAAbHO20 UHMe2pana™) ocobeHHO ya06HbI B TeOpMM Nons.

EIE::lcm. cneu. cmtepaTtypy: E.C. dpagkuH, Tpyabt PUAH CCCP, 1965, 29, 7;
N3BecTHble KHUru: B.J1. Bacunbes ;

B.H. Nonos ; H.H. borono6os n [.B. LLUnpkos ;
B.E. Poues, NMpenpuHt U®B3, 1993, 1-2, 67cc.



famunbTOoHOB dPopmanmnsm

* W3 cneu.intepaTypbl U3BECTHO, YTO KAHOHUYECKOE KBAaHTOBaHME
K/1aCCUYECKUX cuctem obuero snga obnagaeT onpeaeneHHbIMM
0CObEeHHOCTAMM, CBA3AHHbIMU C peasin3aumen nyHKTa a).
[lenctBnTeNbHO, ONUCAHUE KNACCUYECKON AMHAMUKN NPOUN3BOJIbHOM
cUCTEMbl B raMuabTOHOBOM dopme, chOPMYIMPOBAHHOM B MYHKTE a),
NN Mbl bByaem MHoraa roBOpuTb B Aid/IbHENLLEM, 2aMUAbMOHU3AYUSA
K/1aCCUYECKOM TeEOPUK, NPOCTO He BCerga BO3MOXKHA, a MHOrAa
BO3MOKHa NNLIb C NPUBJIEYEHMEM AOMOHUTENBbHbIX COODPaKEHUN U
agoonpeaeneHnn. BaXKHbiM ABNAETCA NPUMEP NIarpPaHXKeBbIX TEOPUN,
1N KOTOPbIX CTAaHAAPTHbLIN CNOCOD rAaMUNBTOHU3AUUM HEMPUMEHUM, K
KOTOPbIM OTHOCUTCA HONBLUMHCTBO TEOPUIN MOJA, NCNONb3YEMDIX B
HacToALLEee BPEMA K KayecTBe UCXOAHbIX KNacCUYeCcKnx moaenen ana
MNOCTPOEHUA KBAHTOBOW TEOPUM 3/IEMEHTAPHbIX YaCTULL.



JTtobaa pyHKUMA OT ] ,|_";' , L MoXeT npeTeHaoBaTb Ha PO/b
NnarpaH)XkmaHa . JlarpaHX»uaHbl Ha3blBaemMblie 00MycmumMbIMU OOXKHbI
NPUBOAUTL K HENPOTUBOPEUYUBLIM YPABHEHMAM ABUMKEHUA TUNA
ypaBHeHUs JlarpaHika. [poctenwnm npumep Hedornycmumozo
narpaHxuaHa —ato L = g . lanee 6ygem nogpasymesatb, 4To
PACCMaTPMBAOTCA TONbKO AONYCTMMbIE IarpaHXKnaHbl, npuyem Ans

NPOCTAaTbl BE€34€e CHUTAETCA, HTO OHN ABHO OT BpeMeHWN He 3aBUCAT.

O6paTMM BHUMMaHWNE HA TO, YTO BCE BO3MOXHbIe /J1arpaH»xXesbl TEOPUN
YKA3aHHOTIO TNUMa MOXHO pa3ae/intb Ha ABa K/1aCCa.

PaCCN\OTpMM MmaTpuuy M, COCTaB/1IEHHYIO U3 BTOPbLIX MPOUN3BOAHbIX
gL
o ﬂﬁ'“ ag® o :
Ecnu onpeaennTesib 3aTon MmaTpulbl, Ha3blIBaeMOoU HESSIanOM, OoTINYEH

NnarpaHxXmnaHa Mo CKOPOCTAM, g

’ | ab —

oT HynA (MaTtpuua M HeocobeHHasa *) )

E J J
::' [nsa cny4vaa o6bIYHbIX NepeMeHHbIX HEOCODEHHOW MATPULLEN, KaK NPUHATA, Mbl Ha3biBaeM MaTpuLy,
nmetoLLyto obpaTHy!io.



B npoTuBHOM cny4yae Teoputo byaem Ha3biBaTb 0cOb6eHHOoU
a2l
aq'ﬂ aqb
MaTpuuy M Aanee byaem Ha3biBaTb mampuyel Hessiana.

PasgeneHune Bcex narpaHXeBbiX TEOPUN HAa OCOBEHHbIE U HEOCODEHHbIE
CBA3aHA C TEM, YTO B 3TUX ABYX Cy4aAX Pa3/IMYHbIM 06pa3om pellaeTca
BOMNPOC raMuUAbTOHU3AUUMN, LLEHTPA/IbHbIM B MEeTOAEe KAaHOHUYECKOro
KBaHTOBaHWUA. [JenCTBUTENbHO, KaK U3BECTHO, ANA TOro YTOObI NepenTy,
OT /IarpaHXeson GOPMYANPOBKU K TaMUIBTOHOBOM, HYKHO, BO-NEPBbIX,
BBECTU 0606LLI,EHHbIe MMMYAbCbl P, COI'Ipﬂ)KEHHbé%OGOGLLI,EHHbIM

Koop,u,MHaTaN\ti' no popmynam Pa = 3g°

[lanee 13 3TOr0 COOTHOLLEHMWSA CKOPOCTU £ HYKHO BbIPA3UTb B BUAE
byHkumn oT Gu P, g% = v%(g,p)

N NOCTPOUTb FaMUILTOHWAH MO Npasuny
LifiP

H — Elng E = Iﬁﬁ,ﬂ@lﬂ'_ﬂ




Torana ypaBHeHMAa laMUAbTOHA . . C TAKUM

Aa yp g% ={q*,H}, p,=1{p.,H}"’
06pa3om NOCTPOEHHbIM FAMWUABTOHMAHOM MOJIHOCTbIO 3KBUBAJIEHTHDI
ypaBHeHMAM JlarpaHKa gg al d 3L

g2 dg® dtdge
BuaHo, YTO onncaHHaA npoueaypa OCHOBbIBAeTCA, B YaCTHOCTU Ha
BO3MOXHOCT/ pa3pelleHna 4

oTHocuTenbHo 4 . 370,

Y
OZHaKO, He BCcerga MOXKHO caenathb. q° al
YcnoBume TOro, YTO COOTHOLLEHUA Py = YT onpeaenatoT Kak

ofHO3HauyHble GyHKUMK oT § M, ecTb ycnoBme HepaBeHCTBa HY/IO

dYyHKLUMOHaNnbHOro onpegenutena U ( Lz’af;. - P) (cm. uxmeHzonbuy)
D(g) )

KOTOPbIN , KaK He TPYAHO BUAETb, COBNaaaeT ¢ Hessianom

PAacCCMaTPMBAEMOUN CUCTEMDI.

Takum obpazom, cmaHOapMmMHsIlU nepexoo K 2aMusbmoHo8oU
GopMynupoBsKe He 803MOXEH 0719 0cobeHHbIX meopuli.



[locnegHee MOXKHO NOHATbL elle U TaK. 3anuuem ypaBHeleéefarpaHma

al aZL
K. K age, M_, =
s ’ z aq aqﬂaq q ) Eb

N cBeAEM UX K cucteme anpdepeHumnanbHbIx ypaBHeHMM% goro

B Buge Mgpii® =

nopagka MY, ©% = K¥ g2 = p@
Toraa nepexop, oT narpaHkesa GopmanmM3ma K ramuIbTOHOBY eCTb

NpoCTo 3aMeHa nepemeHHbix (g, 1) = (g, ), roe p. = aL”
CooTBeTCTBYIOLLMIK AKOOMAH Nepexoaa Ive
D(g,p) azLv
D(gv) " |laveav®

AONXKeH ObITb OT/IMYEH OT HYANA, YTO COBNaAaeT C YCI0BUEM
HeocobeHHOCTU Teopum.
He ocTaHaBAMBaAChb Ha pAAE PA3/INUYUN MeXKay 0CObBEeHHbIMU U

HeocobeHHbIMMU TeopnaAMUN NPUCTYMNMUM K TaMNJIbTOHU3ALUUAIO.



[AMWUNBTOHOB POPMaANnN3IM

Ha ocHoBe Bblwe-06CcyKAEHHbIX HAaNULWEM pacwupeHHYro JlaepaHiceay
cucmemy ypasHeHul

ge=v® MLP"=KZ ,, _95  wwmscneayowem
npeobpasoBaHHoM Buae ., o 2V°

G =v% Pa= 5q° ’ Pa =232 . (3)

[Ona npuaaHna cucteme CUMMETPUYHOIO Bnaa Beegem GyHKUUIO
H*=p,v®—L" (4). Otmetum, uto N.A.M. lnpak naemHo
obocHOBbIBaA rammnbToHMaH H™ cneposan cnegyrowmm obpasom:
T.K. CTAaHAAPTHO NOJIYYEeHHbIW rammnabToHMaH H 3aaaH HEOAHO3HAYHO,
nbo mbl moxXem 406aBUTb K HEMY NOOYI0 NMHENHYIO KOMBUHALUWUIO
sefiunH & pasHyo Hynto. TakMm 06pasom nepexoanm K 4pyromy
rammnbtoHnady H* = H + cg . [ae c npon3Bo/ibHaA GyHKUNA OTL] T
NnHamnuyeckue nepemeHHble i n ! cBA3aHbl COOTHOLLIEHNAMM
ﬁﬂﬂftl Iﬂ' = 0, KoTopble Ha3bIBAOTCA Mep8uUYHbIMU C8A3AMU (primary
constraints) B raMmmnabToHOBOM dopmanm3ame. 3Ta TEPMUHONOTUA

BBegeHa beprmaHom,




AHrMNCKUN PU3unK NMonb Aapmner Mopwuc npak poannca B bpucrone, B
cembe ypoxeHua LLBeunn HYapnsa AgpueHa Jlagnucnasa upaka,
yuntena GppaHLy3CKOro A3blKa B YaCTHOM LLUKONE, U aHT/IMYAHKU
dnopeHc XaHHbI (XonTeH) unpak.

click to LOOK INSIDE!
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N3 H* = p, ™ — LY oueBmnaHbI cneaytolime ToxKAecTBa:
aH* _ al® 9H* arr  aH*
dg®~  dq%_ v° = Pa " Gpa 5 dp, .

pacwupeHHol eamusnabmoHosol cucmeme ypasHeHul (PTCY)

. . ., OH
qa={qﬂ’HH}’ pﬂ={pmH}’ a={] (6)

Ecnn packpoem 311 cKobKku lNMyaccoHa, To noay4num JlarpaHKeBy CUCTEMY

= 2, KOTOpble npnBoaAr (3), K

YpaBHeHUM (3). 3HAUUT (6) SKBMBANEHTEH B CEKTOPE NEPEMEHHbIX
ypaBHeHMAM JlarpaH:ka. Kak y»ke 6b1710 n3BecTHO, Ana ocobeHHbIx{
TEOPWUIN NarpaHKeBbl YPaBHEHUSA HeMb3a 0O6bIYHOM 0bpa3om
nepenucatb B rammabToHoBoW dopme: 4% =1{g%H  Po = {pa, H,

B sTom cny4yae PICY(6) oka3biBaeTcA BeCbMa N0JIE3HOM U NO3BOJIAET,
KaK Mbl NPOAEeMOHCTPUPYEM Aasiee, B HEKOTOPOM CMbIc/e
raMuIbTOHU30BaTb Teoputo. YpaBHeHUA (6) MOXKHO NOAYYUTb U3
BapuaLMOHHOIo NpuHUMNa Ana AencTBUAS = f[pﬂqﬂ — H*)dt = f LVdt
BapbupoBaHmemyq u P Kak ¢pyHKUMA OT BpemeHut , a1? Kak p-a o1 np.
B panbHenwem bygem npuaepKMBaTbCA TOYKU 3pEHUSA, YTO M3HAYANbHO

qp v

= IA2L1I AU NLLULND U200 i1ACI1AMUL D (I\_IIIAIA DNANNADLWLIIIA



PaccmoTpum Tenepb ocobeHHy meopuro, ANA KOTOPOM MaTpuULa
Hessiana M ocobeHHasA, npuuem ee paHr NOCTOAHEH B HEKOTOPOWA
obnactn nepemeHHbix § n {, paccmaTpnBaemMbix Kak HE3aBUCMMbIE,

9L

rank

dqdq ‘ =R n=R=m >0 Yo repas obwHocTy,

nepeHOpMUPYEM KOOpAMHATbI TaK, YTobbl B maTpuue Hessiana M , nan
B M¥ MMHOp makcmmanbHoro paHra B 6bia pacnosioXeH B BepxHem
JIeBOM YI/y. TO BCeraa BO3MOKHO, T.K. B CUMMETPUYHON MaTpULE
CYLLLEeCTBYET [/1aBHbI MMHOP MaKCMMabHOro paHra. [pun sTOM KOOp-Tbl
q , ckopoctn 1! 1 umnynbcobl [ pazbusatoTca Ha ABe rpynnbl, KOTOPbIEe
obo3HavaloTCA cneayowmm obpasom

Y=q, I=p, 7=yt i=1..R
¥ = QR+1, Ty = Pria » 1% = .E_,_.R+:x , o — 1; ey Ty
rae
: det oL =0, ,j=1 R 11
e ViV , L,j=1,...,R. (11)




Bnaropaps BbinonHeHuto ycnosus (11), n3 ypaBHeHUN
dL’ , (KoTopble 3KBMBa/IEHTHbI (8) 9™ 0 ) BCe ckopoctn |7
=% v "

MOMHO ABHO Bblpa3nTb Yepes . 13
9T CKOPOCTU V Ha3bIBAOTCA Mep8uUYHO pa3pewumMbIMU CKOPOCMAMU.

OcTanbHble A Ha3bIBAKOTCA N1EPBUYHO HEPA3PEUWUMbIMU CKOPOCMAMU.
MoactaBnas (13) B ocTaBluMecA ypaBHEHUSA

. B alL” (Ei‘H* B '[]) 14
1 BBOAA 0603HaYeHUA T=— YR (14)

(1) af* aLy _
Mbl?F@ﬂVﬁMH@DOTHOE%ITMﬁﬂ@Aa ( F@)ly=p =F(®)) (15)
&) =m, —f(q ) =0 , (16)
He codep-e NepPBUYHO Hepaspelnmbix ckopoctern A. UTak, ns 3-eun
rpynnbl yp-m (6) Hax-ca § nepBMYHO paspewmmbix ckopocten |7 um
BbIT-T 1, = n— R COOT-U (16), AB-CA OrpaHUYEHNAMN Ha BO3-€ 3HAY-A
KOOP-T M UMN-B. TakmMe COOT-A Ha3bIBAOTCA c843AMU B raM-m popma-me.




Cea3u (16), chepyowme MMEHHO U3 TPETbEN rpynnbl yp-n (6)
Ha3bIBAlOTCA MepeuYyHoIimMu. WX elle 1 Ha3bIBAlOT CB8A3AMU MEepeo20
amana. Taknm obpa3om, ocobeHHbie Aaz2paHxicesbl meopuu
0b6A3aTenbHO NPUBOAAT K CBA3AM.

[0 NOCTPOEHUIO BUAHO, YTO HE MOKET ObITb NMepsuYHbIX ceAa3el, He
coAepXaWwmnx MMNYAbCHbIX NepemMeHHbIX. [onyynm nepBUYHbIE CBA3K

BCe PYHKUMNOHANbHO HE3AaBUCUMDbI:
b (1)

@l
[MoactaBum Tenepb nepsuYyHo paspewumsie ckopocmu (13)
q,I,A, V=V(qIlA)
B NepBble ABe rpynnbl yp-1 (6) :
g={qHV}, p={pHY}, e® =0 HY=H" (18) (19)

1 J
dyHkuma HY otanuaercs ot ramunbtroHmana H HeocobeHHOMN Teopun

ra =[e®]. @an

ABHOM 3aBUCHMOCTbBIO OT NEPBUYHO HepaspeLLIMMbIX CKOpocTel A. .



PaccmoTpum noapobHee CTPYKTYPY raMMABTOHMaHa . H@

Micnonbayem TOXAecTso B+ B dfo ﬂo%aswv\ K TOX-Be
OH? OH" ove

H" =&+ v" :;2{]]

pe
V]Cﬁ&}lb3yﬂ (20), (15) n TOHAQ&%BOW = Onpul/ = |7 nonyumm:

e HO = B 20, - (21)

H=_”=(— :I_Lu)
£ ﬂ*{jﬂﬂ
H

OKasblBaeTcAa, YTo NOCTPOEHHAA TAKNM o6pa3;;|_v\ d)_ﬂu:r , Ha3blBaemaf gasee
2amMmusnbmoHuaHom H, He 3aBUCUT OT CKOpOCTEIZ . B aTOM MOXHO Y6e,£I,I/1TbCFI,

CpPaBHUB [l'ﬁﬁl(eHl/l oT (21) 6epem npomnssogHoe no )
SHRE
o= 2 mg apw »
c Toxaectsom (15) = = ¢
dA® A “
[@aMWUNBTOHMAH [ He 3aBUCUT OT cKopocTen 17 U ewle, M N3 NOCTPOEHWUA BUAHO, UTO
He 3aBUCUT OT umnyabcos IT

H = H(q,IT). (24)

(22)

V=V




OTMEeTMM 3KBMBAJIeHTHOe npea-e AnA raMuabToHMaHa H :

oL
H= ( a_ L) . (25)
9q° JX=3% aL
rneX(q,11,%) -peleHmne ypasHeHMI n=—

NTaKk Ha 3Tom 3Tane cuctemy (18), a cnepoBaTe/ibHO, paclUMpPEHHan
raMmIbTOHOBA cUCTema ypaBHeHUW (6) npuHMMaeT BUA;:
A={nHD]), e® =0, HO=H+1*o" n=_(q,p). (26)
3Ta CMCTEMA HA3bIBAETCA 2aMUILMOHOB0U cucmemou ypaeHeHuUU ¢
nepeuYyHbIMU CB8A3AMU.

OTMETMM, YTO HECMOTPSA Ha CoBNageHne raMuabToHMaHoB H

H® NNA BCeX 3Ha4YeHUM nepemeHHbIx 11, yaoBneTBopAtoLwmnx
nepBMYHbIM CBA35IM (16), Mbl B ypaBHEHMUSAX (26) HE MOXKeEM 3aMeHUTb
H™ ya H po B3atna ckobok MyaccoHa.

CeA3U Henb3A Nosaa2ams pasHbIMU HYMO 00 83A9Mmus CKO6OK
lMyaccoHa!



CBA3U
KoHeyHas uenb ccnegoBaHmMA paclUMPEHHOM raMWIbTOHOBOM CUCTEMD
ypaBHEHUN (26) ecTb ramuabToHM3auuA! B aTom cmbicne Becbma
HenatenbHbiM Ob1/10 Obl UCKNOYEHUE NEPEMEHHDBIX U3 YPaBHEHUMN
(26). Byaem gencrtBoBaTb cOrnacHo npaky:

Click to LOOK |NS|Q‘.
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T.K. NepBUYHbIE CBA3K (16) MMET MecTo BO BCE MOMEHTbI BPEMEHMN, TO
3TO 03HA4YaeT, NPOU3BOAHbIE MO BPEMEHM OT CBA3EN AO/IMKHbI
obpalatbea B HyAb ansa Bcex 4 nl? , ynosnersoparoLnX ypaBHEHUAM

ABUMKEHUA.



CHayvana /[l. yunnca B KOMMepUYeCcKom yumnnuule B bpucrtone, a notom
N3y4yan SNEKTPOTEXHUKY B EpUCTONILCKOM YHUBEPCUTETE, KOTOPbIN
OKOHYMN B 1921 1. co cTteneHbto 6aKkanaBpa Hayk.

Ewie B yHUBEpPCUTETE OH 3aUHTEPECOBANCA TEOPMEN OTHOCUTENIbHOCTH
AnbbepTa DMHLWITENHA U B TEYEHUE ABYX IET CBepX 0ObIYHOIO Kypca
n3y4dan maTemMaTuKy.

3aTeM OH NOCTYNW/ B aCUPAHTYPY NO MaTeMaTUKe Kosnea Ka

cB. MoaHHa B Kembpunxe

nB 1926 r. 3alMTUN AOKTOPCKYIO AMCCepTaLumto.

B chepyrowem rogy 1. ctan YyneHOM Hay4dyHOro COBeTa TOro Xe
Konneaxa.



* B ropgbl, Korga [l. npoxoaun acnupaHTypy B Kembpuake, BepHep
[er3eHbepr n dpsuH LLipeanHrep pa3paboTtanm ceon GoOpMy/IMPOBKU
KBAQHTOBOM MEXaHUKN, MPUMEHUB KBAHTOBYIO TEOPUIO K ONMUCAHUIO
noBeAeHUA aTOMHbIX U CYyDAaTOMHbIX CUCTEM U ABUKEHUA TAKUX
4acTuL, KaK 3NeKTPOH. /1. Hayan u3y4yaTtb ypaBHeHUA [en3eHbepra u
LLpeanHrepa, Kak ToNbKo Te bbiain onybamKoBaHbl B 1925 r,,
BbICKa3aB MPM 3TOM HECKO/IbKO NoJie3HbIX 3amedaHuin. OaHUm u3
HEe0CTaTKOB KBAHTOBOM MEXaHMKM OblJ10 TO, YTO OHa bbina
pa3paboTaHa AMWb MNPUMEHUTENIbHO K YacTulam, obnaaarowmm
MaJ1I0OM CKOPOCTbIO (MO CpaBHEHMIO CO CKOPOCTbIO CBETA), @ 3TO
No3B0/IAN0 NpeHebpeyb apPeKkTamu, paccmaTpUBaeMbIMN TEOPUEN
OTHOCUTENIbHOCTU DNHLWTENHA. DPPEKTbl TEOPUN OTHOCUTENBHOCTH,
TaKMe, KaK yBeZIM4eHne MacCbl YaCTULbl C BO3PACTaHMEM CKOPOCTH,
CTAHOBATCA CYLLECTBEHHbIMM, TO/IbKO KOrAa CKOPOCTU HAaYMHAKOT
NnpMbANXKaTbCA K CKOPOCTU CBETA.

* LlpeaunHrep nepsBbiM NOMbITA/NCA CHATb OrPaHNUYEHME HA CKOPOCTL B
KBAaHTOBOW MeXaHMKe, HO He npeycnes B 3TOM.
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BEPHEP KAPN TEU3EHBEPT




SPBUH WPEAUHTEP




OAHa U3 NPUYMH NOCTUTLLEN ero Heyaa4yu cocToAa B TOM, YTO OH He
yyen TaKoe CBOMCTBO 3N1EKTPOHA, KaK CMUH (BpalleHne BOKpYr
cobcTBEHHOM OCK Hanoaobue BONYKa), KOTOpPOE B TO Bpemsa H6bino
NNWb rMNoTe3on Npmn 06BACHEHUN HEKOTOPbLIX, HE YKNA4blBalOLLLMXCA
B PaMKU TPAAULUMNOHHOIO ONMCaHMA AeTaNel TMHEeNYaTbIX CMEKTPOB.

[1. noctaBun nepen cobon 3aga4y BBECTU OTHOCUTENBHOCTb B
BO/IHOBOE ypaBHEHWE, 3aNMUCaAB €ro B penaTUBUCTCKON dopme.
BoiBegeHHOE nm n onybinmkoBaHHoe B 1928 r. ypaBHeHUe
Ha3blBaeTCcA Tenepb ypaBHeHUem [npaka. OHO NO3BO/INNO AOCTUYUD
corsiacua C aKkcnepmmeHTasibHbIMU AaHHbIMMW.

B yacTHOCTU, CNKH, ObIBLLINI paHee rmnoTe3omn, NoATBepKAanca
ypaBHeHnem [lnpaka.

3710 6bIN10 TPUYMPOM €ro TEOPUMN.

Kpome Toro, ypaBHeHune [lnpaka no3BoaAMAO NpeacKa3aTb MarHUTHbIE
CBOWMCTBA 3/1eKTPOHA (MAarHUTHbIK MOMEHT).



Ho aTum ctopnpusbl, KoTopble Tanna B cebe teopua /1., He
ncyepnbliBasINCb. Teopmsa yKasbiBana Ha BO3MOXKHOCTb
CYLLLECTBOBAHUA OTPULATENbHbIX SHEPTUN, HE NOAAAOLLNXCA
NHTEpNpeTaumm C TOYKM 3peHMA HayKn Toro Bpemenun. MNMpeogones
NCKYLLEHNE OTOpOCUTb OTPULATENbHbIE SHEPTUN KaK
«MaTemaTu4yecKyto abeppaLluio», INWEHHYIO PU3UYECKOro CMbICAA,

[1. npuLen K 3aKN0YEHUIO, YTO COCTOAHMA C OTPULLATEIbHOM
SHeprmemn peasbHO CYLWECTBYOT. PaccmaTtpumBas AenNCTBUE
3/IEKTPOMArHUTHOIO NOAA Ha SNEKTPOH B COCTOSAAHUN C
OTPULATE/IbHOM SHEPTUEN, OH OOHAPYHKWUA, YTO ABUKEHUE INEKTPOHA
B 3TOM C/ly4ae 3KBUBAJIEHTHO ABUXKEHUIO 3N1EKTPOHA C
NPOTUBOMO/IOKHbIM, T.€. NONOKUTENbHbIM, SNEKTPUYECKMM 3aPAS0M.

[1. NpeanonoKua, 4To NOJIOKMUTENbHO 3aPAKEHHOW YaCTULLEN MOXKET
ObITb NPOTOH.



MpmeHAAa npuHUMN 3anpeTta BoabdraHra aynm, cornacHo KotTopomy
B KaXX40M AMHAMUYECKOM COCTOAHUN MOXKET HaXxoamnTbCA TOJ/IbKO
OAWH 3/1eKTPOH,

[1. BbICKa3an npeanonoXeHne 0 TOM, YTO NOYTU BCE COCTOAHMUA C
OTPULLATENBHOW SHEPTrUEN YIKe 3aHATbl, TO3TOMY OAHOPOAHbIN POH
HeHabatogaem.

Ho BakaHTHOe (He3aHATOe) aHepreTUYecKoe CoCToaHMe, NoaobHOo
AblpKe B 0A4HOPOAHOM «be3nnKon» cpeae, MoXKeT HabnraaTbes.

[blpKa BeaeT cebs Kak NONOMKUTENbHO 3aPSMKEHHbIN 3/IEKTPOH.
Kpome Toro, NOCKONIbKY OHa COOTBETCTBYET HEe4OCTaTKY
OTPULATENbHOM SHEPTUN, ee SHEPTUA NOJIOXKUTENIbHA, KaK U SHeprus
BCEX M3BECTHbIX YaCTUL.

Takmm obpasom, []. npeackasan CyL,ecTBOBaHNE aHTUYACTULLbI,
6An3HeUa SINEKTPOHa.



BonboraHr MNaynu




OH noKasan TaKrKe, YTO INEKTPOH MOXKET 3aHATb BaKaHTHYIO AbIPKY, a
3TO 3KBMBA/IEHTHO CTO/IKHOBEHWIO 3/IEKTPOHA C aHTUINEKTPOHOM, B
pe3ynbraTe Yero obe 4acTuubl aHHUTUANPYIOT C BbICBOOOXKAEHNEM
3Heprmu B Bnae GoToHa U3NYYEHUA.

[1. e npuHagnexXumnT TeopeTmyeckoe npeackasaHne BO3MOXKHOCTU
POXAEHUA SINEKTPOH-aHTUINEKTPOHHOM Napbl M3 POTOHA AOCTATOYHO
601bLION 3HEPTUN.

MpencKkasaHHbIN L. aHTU3INEKTPOH 6bin oTKPLIT B 1932 . Kapnom

1. AHpepceHom u 6bla Ha3BaH NO3UTPOHOM. [To3aHee noaATBEPANIOCH U
npeanosnoxeHune 1. 0 BO3MOKHOCTU POXKAEHMNA Napbl.

Brnocneactsuu /1. BbiABUHY/ TMANOTE3Y O TOM, YTO M APYrMe 4acTulbl,
TaKue, Kak NMPOTOH, TaKXKe AO0NXKHbl UMETb CBOM aHaN0MU U3
aHTUMATEPUU, HO ANA ONMUCAHMUA TaKUX NApP YaCTUL, U aHTUYACTUL,
notpeboBanacb b6bl 6bonee cnoxHaa TeopumA. CylecTtBoBaHME
aHTUNPOTOHA ObI/I0 NOATBEPHKAEHO 3KCNEPUMEHTaNbHO B 1955 T.
OyaHom YembepneHom.



Mo3aHee [1. (M HE3aBUCUMO OT Hero IHpUKO Pepmu) OTKpbIN
CTaTUCTUYECKOoe pacnpeseneHne sHeprmm B CUCTEME 3/IEKTPOHOB,
N3BecTHoe Tenepb nos HasBaHUemM CTaTUCTUKU Pepmu — Inpaka. ITa
paboTta nmena 6onblLIOe 3HAYEHME ANA TEOPETUYECKOTO OCMbIC/IEHUS
3/IEKTPUYECKNX CBOMUCTB META/INOB U NOIYNPOBOAHUNKOB.

1. npeAcKasan TakXKe cylecTBOBaHNUE MAarHUTHbIX MOHOMNONEN —
N30/IMPOBAHHbIX MOAOKUTE/IbHBIX NN OTPULLATENbHbIX MArHUTHbIX
4yacTul, NoA0OHbIX NONOKUTENBHO UM OTPULLATENIbHO 3aPAKEHHbBIM
3NEKTPUYECKMM YacTuLUaM. MoNbITKN SKCNEepPUMEHTA/IbHO
0OHapPYKUTb MAarHUTHbIE MOHOMOANA A0 CUX MOP He YBEHYANUCH
ycnexom. Bce n3BecTHble MarHUTbl UMeoT ABa NOJK0Ca — CEBEPHbIN U
IOXHbIN, KOTOPble HeoTAeNUMbI APYr OT Apyra. [1. BbiCKa3an
npeanonoKeHne n o Tom, YTo NPMpoaHble GU3NYECKNE KOHCTAHTDI,
Hanpumep rpaBUTaLMOHHAA NOCTOAHHAA, MOTYT OKa3aTbCA He
NOCTOSAHHbIMM B TOYHOM CMbICN€ C/I0BA, @ MeANEeHHO U3MEHATLCS CO
BpemeHem. OcnabneHue rpaBmuTaLmm, ecam oHo Boobule cyllecTsyer,
NMPOUCXOAUT HACTONbKO MEeAJIEHHO, YTO OOHAPYKUTb ero
Yype3Bbl4aMHO TPYAHO, M NMO3TOMY OHO OCTaeTCs TMNOTETUYECKUM.
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JNlaypeatbl HobenescKkowm

npemmm

Paul Adrien Maurice Dirac




. v lWpeanHrep nonyynnmn Hobenesckyto npemumto no pmusmnke 1933 r.
«3a OTKPbITME HOBbIX NPOAYKTUBHbIX GOPM aTOMHOUN Teopumn». «C
obwedmnnocoPpcKkom TOYKM 3peHnn, — ckazan [1. B cBOer KPaTKOM
HobeneBcKoM nekumm, — YMCcao pasnnNYyHbIX TUNOB 3N1EMEHTAPHbIX
yacTtuL, (Mo KpanHen mepe, TaK KaxKeTca Ha nepBbiv B3rnA4) A0/IKHO
O6bITb MMHUMANBbHO, HaNPUMEP OAMNH Uan camoe bonbllee aBa... Ho n3
3KCMEePMUMEHTANbHbIX AAHHbIX U3BECTHO, YTO YNC/I0 PA3NNYHbBIX TUTMOB
ropasgo 6onbue. bonee Toro, YMCNO TUNOB ITIEMEHTAPHbIX YaCTUL,
obHapyrKMBaeT B NocsieAHNE rofbl BeCbMa TPEBOXKHYO TEHAEHUMUIO K
YBE/INYEHUIOY,

B 3akntoueHme nekunmn [l. ykasan Ha BbITEKAKOLWYH U3 CUMMETPUM
MeXAY NONIOKUTENbHbIMU N OTPULLATE/IBHBIMU 3NTIEKTPUYECKUMMU
3apAAaMM BO3MOXKHOCTb CYLLECTBOBAHMA «3BE3/4... COCTOALLMUX IMaBHbIM
06pa3om M3 NO3UTPOHOB M aHTUNPOTOHOB. BO3MOXXHO, 0OA4HA NONOBUHA
3B8e3/ NPUHAANEXKUT K OAHOMY TUNY, a APYrasa — K Apyromy».



Mocne 3aBeplieHmA paboT No penaTUBUCTCKOM KBAHTOBOM MexaHuKe /1.
MHOrO nyTelwecTsoBasa, NobbiBan B yHuBepcutetax AnoHnun, CoBeTcKoro
Coto3a n CoegnHeHHbix WTaTtos. C 1932 r. u A0 yxoaa B OTCTaBKY B 1968 r.
OH bbln Npodeccopom Pu3nkm B Kembpuare (Ty ke kadbeapy Hekorga
3aHMMan Ucaak HbtoToH). Mocne Toro Kak /1. octaBun Kembpuax, oH bbin
npurnaweH so Pnopmnackmim yHusepcuTeT, Npodeccopom KOToporo
OCTaBa/ICA A0 KOHL,A }XU3HMW.

J1. ckoH4anca B Tannaxaccu B 1984 r.
B 1937 r. /1. )keHnnca Ha Maprut Burnep, cectpe ¢unsmka KOaKmHa
[1. BurHepa. Y Hux 6bi10 ABe aoyepwm.

[1. 6blN TUXUM, 3aMKHYTbIM U HEMHOTOC/I0BHbIM YenoBekom. OH
npeano4unTtan pabotatb B OAMHOYKY, U HENOCPEACTBEHHbIX YYEHUKOB Y HETO
6b110 Mmano. [1. ntobun aanbHMe newexoaHble NPOryiKu.

Momnmo Hobenesckoun npemun, 1. 6bin HarpaxaeH Koponesckomn
menanbto (1939) u mepgansto Konam (1952) JIOoHAOHCKOro KOPONEBCKOTO
obuwecTtBa (4neHom KoToporo oH ctan B 1930 r.). OH 6bin n3bpaH
MHOCTPaHHbIM YN1E€HOM aMepPUKAHCKON HauMOHaIbHOM aKageMnm HayK
(1949) n yneHom Manckon akagemmm Hayk (1961).

B 1973 r. /1. 6bin Harpa*kaeH opaeHoM «3a 3acnyru» BenmkobputaHmm.


http://n-t.ru/nl/fz/wigner.htm
http://n-t.ru/nl/fz/wigner.htm
http://n-t.ru/nl/fz/wigner.htm
http://n-t.ru/nl/fz/wigner.htm
http://n-t.ru/nl/fz/wigner.htm

HOaoxunH BurHep
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Bepsa ot (16) npomn3BoaHYIO NO BpemeHU ¢ yyetom (26), nonyymm
ypa;?e]m{cﬁ‘f” HOY = {o@ i+ {0 @126 =0, (27)

o s o x 1T )
KOTOPblE MOXHO PAacCMATPMBATb KaK anrebpanyeckmne ypaBHEHMUS
nnsa Haxoxaenvsa A 8 Buae dyHkumeii ot 4 b .
[ycTb NepBUYHbIE CBA3M TAKOBbI, YTO ONpeaennTenb MaTpuubl,
CocTasnAatowmm n3 ckobok lNMyaccoHa Bcex NePBUYHbIX CBA3EN MeXayY

coboi, OT/INYEH OT HyNA

det |[{22, P =0, (28)

#(1l=p

TOoraa u3 ypaBHeHun (27) Bce A o4yeBMAHbIM 06pa3zom MoryT BbITb

HaWAEeHbI:

(2@, e0128 = — {2 H}, 1% = {2, 4*{13'};; (& H]. (29



Toraa ypaBHeHuUA (26) npeBpaTATCA K CUCTEME YPAaBHEHUM, COCTOALLYHO

N3 06bIKHOBEHHbIX YPaBHEHUI [aMMABTOHA C TAMUILTOHUAHOM

H{lj H— qf,{lj{.,l-b{ﬂ qﬁ{l:l} {qﬁ{lj H} (3{]]
Ecnv ycnosue (28) He BbINOMHAETCA U N\anmu,a {#®), 1)} ocobeHHas,
rank|{¢®, M}

#(1)=p
(27) onsa He onpepenaetca. Mpun 3ToM BO3HUKAOT, BOODOLLE roBops,

= p, < M,,70 My—pP; WTYK A W3 ypaBHEHUN

HEeKOTopble HOBbIE, NO CPABHEHUIO C NEPBUYHbIMMU, CBA3N.
[lencTBUTENIbHO, B 3TOM CAy4Yae ypaBHEHUS
1B (k]{ » D) Lpﬁiﬂ} =0, (31)
UMEeoT My —P; HEeTPUBMANbHbIX ieigsmcmmux peweHumn
uf(k), k=1,..,m;—p, . CBepTbIBasA UX C ypaBHeHUAMM (27)
(T.e. ecnu (31) paBeH HyAtO, 4TOOLI (27) YyAOBNETBOPSANOCH ) MONYYUM:

w0 {e,H}=0. (32)



Ecnn 3TV COOTHOLLEHMA HE YAOBNETBOPAIOTCA, TO OHM NPEeACTABAAIOT
cobon paBeHCTBA Hy/t0 HEKOTOPbIX ONpeaesieHHbIX QYHKUMU OT g U p,
T.e. HeKoTopble cBA3n. Cpean HUX NoABAAIOTCA HOBble, GYHKLMNOHA/IbHO
He 3aBMCUMbIE OT NEePBUYHbIX CBA3EMN.

[1yCTb OHU UMetoTCA.

Bbibepem n3 HUX TONbKO GYHKUMOHANBHO He 3aBUCUMble MeXKay cobomn
CBA3M U HAa30BEM WX c8A3AMU emopo20 smana ) Tenepb Bo3HUKaET
BO3MOXHOCTb , U3 YC/IOBMSI COXPAHEHMA 3TUX CBA3EM MO BPEMEHMU Ha
YPAaBHEHUAX HAUTU A [enctaysa aHaNorMyHbIM 06pa3om, mbl byaem
npuxoauTb GYHKLMOHANbHO HE 3aBUCALLIMM CBA3AM TpeTbero -¢ (3,
yeteeptoro 2™ u .4, atanos. Mpu aTom onpesensiowmecs Ha
KaXJ0M aTane PyHKUMMN A NoAcTaBAAIOTCA B raMUABTOHWUAH H
[Mony4yeHHbIN, nocne #2) ramunbToHMaH 0603HauaeTcs yepes Hiﬂ )

a nocne ) yepes Hy" T.A.

Note! Hfﬂ nosnyyaercs U3 rammnbtonnana H nopcraHoBKoi
HaNnOEHHbIX A;-



B 3TMx 0603HauveHnax ¢ (2} - gce BTopuYHbIE CBA3M - BTOPOro 3Tana,

a BCce ¢ - BCe CBA3U TeOpuUMN.

* OYeBMAHO, YTO YPaBHEHUA BTOPUYHDIX cBsizeit &) = (0 moryT
ObiTb ABHbIM 06pPa3oM A0ONUCAHbI K YypaBHEHMAM (26) byaeT numeTtb
BMA,: n={nHY}, =0.(33)

CornacHo TepmuHonornn [inpaka Hekotopas GyHKUMA nepemeHHbIX T
ABNSETCA BE/IMYMHOM NEePBOro Poaa, ec/in ero KommyTtaTop (CKObKa
[MyaccoHa) c ntobon cBA3bto obpallaeTca B HY/1b HA NOBEPXHOCTU
CsAzen. MHaye roBops, KOMMYTATOP 3TOW BE/IMUYMHbBI C Nt10OON CBA3bIO
MponopunoHaneH ceaszam!!! CooTBeTCTBEHHO MOYKHO rOBOPUTL

O CBA3AX NepPBOro poaa.

Niobyto cuctemy ceaseit @ , ana kotopoit ||[{@, @}ll,=o ABnAeTca
HeocobeHHOW , Ha3blBaeTCA cucmemou cesAa3el 8Mopo20 pood.

Note! KonmnyecTtBo cBA3en B cUCTEMe CBA3EN BTOPOro poaa 0bsa3atensHo
YeTHO, YTO cneayeT U3 aCUMMETPUYHOCTM MATPULLbI, PAHT KOTOPOTO
yeTeH , HeocobeHHOM Teopum.



Teopua co cBA3AMM BTOPOro poaa

PaccMOTpMM TEOPMU, NONHasA cUCTeMa cBA3eil PKoTopbiX B
raMmabTOHOBOM ¢GOpMasM3me - BTOPOro poa. Takne Teopumn NPpUHATO
Ha3biBaTb MeopuAMU CO C8A3AMU_B8MOPO20 pPoad.
PaccMmoTpmMM aHTUCMMMETPUYHYIO MaTPULLy, COCTaBNEHHYIO U3 CKOOOK
[TlyaccoHa Bcex cBA3eN mexay cobon,

I{, €3l (34)
KOTOpaAa Ana TeOPUU CO CBA3AMM BTOPOro pPo/a AB-CA HEOCODEHHOW,
1 ee gedeKT Ha NOBEePXHOCTU cBA3en PpaBeH I,

roe
p=[®]—rank||{®, ?}ls= , (35)
d(¢)
[tP]—Tanka( )

Toraa mMOXXHO roBOPUTb, YTO B TEOPUM MMEIOTCA HE3aBUCMMbIE
JINHEVHble KOMBMHALMM UCXOAHbIX CBA3EN P B KOAMUYECTBE, PpaBHOM 2
ABAIOLWMECA CaMK CBA3AMM NepBOro poaa.

[TocTpoum mx.



PaccmoTpum ypaBHeHUA

I|_-."

(P, ¢ u (£)=0, (36)

ONA onpefeneHns HyNeBbIX COBCTBEHHbIX BEKTOpoB U (£) (£ Hymep-
PA3/IMYHbIX BEKTOPOB). TN YPaBHEHMNA Ha MOBEPXHOCTU CBA3ZEN ¢
MMeroT 4 NIMHEMHO He3aBUCUMbIX HETPUBUANBbHBIX pelweHnn (& =1,..,u).
[MocTpoOMM HOBble HE3aBUCUMBbIE CBA3U

x; =u' e, GB7)
Torpa

(P2} = (2}, (38)
cneposaTtenbHo, A - CBA3M NepBoro poaa.
[ns Teopuin co cBA3AMM BTOPOro poaa matpuua (34) asnaetcs
HeocobeHHOW, T.e.,

{2, il 2=0 #0. (39

B TeopmAX CO CBA3AMM BTOPOro poaa Bce GyHKUMMA MOryT 6biTb
NCKNOYEHDbI M3 TaMUNABLTOHOBOM cuctemsl (26) nnm mns (33).



BblaBMUM BCe CBA3MN.
[lepBbln War BbISBAEHUA CBA3EN:
{¢MW HOl=0. (40)

U3 ypaBHeHuli (40) HalaeHHble A 0603HavaeTca 41 . Kpome Toro
BO3HMKAOT HOBbIE MO CPaBHEHUIO ¢ ¢ cBA3M BTOPOro atana ¢,
HalaeHHble A, noactasnas 8 HY) HaxoauTca HOBbINM raMUABTOHMAH HL ",
BTtopoun war :

{¢@,HP}=0. (@D
13 ypasHeHuit (41) HangeHHble 4 obo3HauvaeTcA A, . BO3HMKaAIOT HOBbIE
ceasn ¢ . Moacrasnandz 8 H HaxopuTea HOBbIN rammnbToHMaH H ™
Mpoaonrkas 3Ty npoueaypy, Ha HEKOTOPOM LUAre He NOJIyYUM HOBbIX
cBA3en. [lycTb 1 OTCYTCTBYIOT CBA3U k + 1 3Tana. Toraa,

{qﬁ{’fl, HEI} —0. (42)

CoBokynHocTb (40)-(42) moXHO 3anucaTb TakK:

{#,HV} =0. (43)



Ycnosua (43) MOXHO paccmMaTpmBaTb KaK YCI0BMUA COXPaHEHMA BCEX
cBA3ell & BO BpeMeHu. MNepenuwiem mx B cneaytowem Buae:
é = {2, HO} = (@, H} +{2, 2} 27 = 0. (44)
T.k.21) ectb oanH M3 € u c yyuetom (39) nonyuum:
A =—{e, e} (P, H} +{®}, {&, ¢} {¢,H}={D}, (45)
I = (cc,1), i=m;+1,...m
Taknm 06pa3om, B TEOPMAX CO CBA3AMM BTOPOTrO poaa Bce 4 HaxoaaTcs
13 YCI0OBUI COXpaHEeHWA CBA3El BO BpeMeHM, Npuyem 3aBUCMMOCTb A
ot £ nonHocTbio onpegensercs 3asucumoctoio @ M P ot .
BbiparkeHuna ana A (45) MOXKHO NOACTaBUTb B YyPaBHEHUAX ABUMKEHUSA
npamo BH®, npuuem KBagpaTUUHbIE MO CBA3AM UNEHbl HYXKHO
nonaraTb paBHbIMW HY/IO MO CBOMCTBAM CKOBOK lNyaccoHa, a Aanee
MOXXHO B3ATb CKOBKM lNyaccoHa. C yyeTom 3TUX, CUCTEMY
n=1{nH®}, #=0.(33) nepenuwem

i={na>), =0, HP =H-2(e, o)} {2, H}. (46)



Ecnm cymmy no o , T.e. CYMMY TO/IbKO MO NePBUYHbIM CBA3AM, 3aMEHUTb
MO BCEM CBA3AIM, TO NMOJIYYUM SKBMBANEHTHYIO CUCTEMY YPABHEHUMN:

i={nHMP), @=0, HIP =H-¢ (2 )} (e, H}. 47)

dyHKuma H? otanyaetcs ot dyHKUMMHY Ha KOMBMHALMIO BUAA
¢, {®, 2} {$,H},

KoTopasa cornacHo (45), He meHee Yyem KBaApaTUYHA NO CBA3AM.

KaK y»ke oTMeTuUan, KBaapaTudHbie n 6onee BbICOKOro NopsiaKa

MO CBA3IM KOMBUHALMN MOXKHO CYMTATb PAaBHbIMW HYAIO U

nobasnatb nog 3Hakom Cl1 B ypaBHEHUAX ABUKEHUA.

PaccmoTpum ypaBHEHMSA CeayoLLLero Buaa:

i={nH P}, @=0, HIP =H+21%,. (48)
9TW YypaBHEHMA OT/INYAKOTCA OT YPaBHEHU N
={nH®}, ¢®W=0 HO=H+*o”, n=1(q,p). (26)

3ameHOM NepBUYHbIX CBA3EN ¢ (1) Ha Bce cBA3UDP . B yacTHOCTU K ram-Hy

H pobaBneHbl yXe Bce CBA3U, KaK NepBUYHbIE, TaK U BTOPUYHbIE

COOTBETCTBYHOLLMMMU A-muoxutenamn.



3anuvLwem yc/a10BmUA COXPaHEHMA CBA3EN & BO BPEMEHM C TOYKM 3pEeHMUA
ypastenwii i = {n, HI?], @ =0, B =H+21%,. (48):

¢, ={®,HYD} ={¢, H}+{®, ¢, A" +{#}. (49)
Haxoasa oTciopa A
A% = —{®, ) {P,, H} + {P], (50)
n noactaBnas ux B (48), npuxoanm K ypaBHeHusam (47).
3TO 03Ha4yaeT, YyTo cnuctema (48) skBmBaneHTHa cucteme (26):
n=@mH®), *® =0, HO=H+1¢, n=(qp), (26)
NN, UHa4Ye roBops, B TEOPUM CO CBSA3IMM BTOPOTro poaa K ram-Hy H

MOXHO nobaBnATb Bce cBA3mn!!
VpasHenue 7 ={nH?}, @ =0, HIP =H - @22}, H}. (47)

3alMnMueM TakK:

n = {TL HF:}.D{'&’J:]J P = {].l' {:51]
rae BBeAeHa ckobka [lupaka, MaHUNYAALUMK C UX Y4aBCTBUEM
COCTOUT TEMOW OTAENNbHOIO Pa3roBopa.



KA
NTaK, NyCcTb MMeeTcAa Teopua CO CBA3AMM BTOPOTro poaa ¢ B
KoBapunaHTHOM dopmynmnpoBKe ¢ bazeeBCKMMM nepemeHHbIMK 1(g, ),
TOrga ecteCTBEHHOE KBaHTOBAaHME, KOTOPOE Ha3bliBaeTcA
KBaHTOBaHMeM Nno [iInpaky, BbIrNAAUT TaK:

1) NepemeHHble 1] 06bABNAIOTCA ONepaTopamu 1j , 414 KOTOPbIX
TpebyeTcA BbIMONHEHME ONEPATOPHbIX PABEHCTB
4731 = im0 %)o@l » P@ly=g =05 (52)
2) KBaHTOBbIV raMWAbTOHMAH [ CTPOMUTCA MO KAACCUYECKOMY ram-Hy H
H=H@m)| ., (53)
a B KauecTBe onepaTopoB PU3NYECKMX BEIMYNH paccCMaTPMBALOTCA,
onepaTopbl, NOCTPOEHHbIE NO PyHKUMAM A(17) cneayrowmm obpasom:

A=A . 5%



KIT

1) YpaBHEHMe ABUXKEHUA CO CBA3SIMM BTOPOTO poda ¢ U raM-HOM H

naetca ckobkon lnpaka

=00+ epey, =0, 1=(q,p); (55) H=cljrpyp, &= i
2) NepemenHble 11 o6baBnatoTca onepatopamu 1, c o4HOBPEMEHHbBIMM
KOMMYTaLMOHHbIMM COOTHOLIEHUAMM

[} = i Yo _, » 20,0 =0, (56)
3) Mpuyem noctynupyeTcs cneu,maanaﬂ HeyHUTapHaA 3aBUCMMOCTb
OT BPEMEHMU LIPeAUHIepoBbIX onepaTopoB 7j, onpenenss
ONepaToOpPHbIM YCNOBUEM
ﬁ = {”:E}D{qﬁjlq:ﬁ ;  (57)

4) YpaBHeHMe LLipeanHrepa numeet BuA;:

v

H(#j,t) - TAMWUIbTOHUAH CUCTEMDI.
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AnbTepHaTUBHbLIM noaxoa K KI'T

[ToKaxkem, 4To AMHammKa (55)
n=1{nH+ E}D{¢-j ) ¢ =0, n=1(q,p)

(necb popmanbHO BBEAEH UMMNYAbC €, CONPAXKEHHbIN BpemeHun L)
BO3HWKAET ecTecTBEHHbIM 06pPa3oM NpPU PacCMOTPEHUU AAHHOM HecTa-
LMOHAPHOM TEOPUN B HECKOJIbKO BUAOU3IMEHEHHON POPMYNNPOBKE.
Myctb L = L(g,q,t) - narpaHXMaH HEKOTOPOMN OCOBEHHOU TeOPUU, ABHO
3aBUCALLMI OT BpEMEHMU (q = (1) r @n)y 4= dq{;ﬂ)_
PaccmoTtpum apyroin narpaHxuan L’ = L'(q, 4,7, ¢,t) , 3aBucAwmin ot
ABYX AOMOJIHUTE/NbHbIX NepeMeHHbIX T, £ 1 CBA3aHHbIN C UCXOAHbIM
narpaHxmaHom L cnepytowmm obpasom:

I'=L+&t—-1t), L=L(g,¢,1). (59
Teopwa ¢ narpaH>kmaHom L' akBMBaneHTHa Teopmu ¢ narpaHxuaHom L

B CEKTOPE NepeMeHHbIX { .



[lencTtBuTeNbHO, ee ypaBHeHMA JlarpaHKa MUMetoT BUA,:
SL' 8L dalL
5q¢ dq dtdg

5—U=E+ﬁ=n o o0 (61)
5T a1 T 6& ’
n c yyetom (61) ypaBHeHus (60) npeBpaLLatoTCA B IarpaH*KeBbl

0, (60)

YPaBHEHUNA ABUKEHUNA TEOPUU C NATPaAHKMNAHOM [, .

PaccMOTPMM ramunbTOHOBY GOPMYAMPOBKY TEOPUM C narpaHkmaHomL' .

Beegem MMnynbCbl )

oL oL oL oL 0 (62
P=%G-ag """ K0 (69
[ycTb M3 COOTHOLWEHMA (62) MOXHO HAaUTU NEPBUYHO paspeLLmmble

ckopoctn X ¥ nepsuuHble cBA3M ¢ 1),
@=&x), x=2, X=V(gpiD, 2 =0,

rne 24 = (g, p, 1), ¢@)(g,p,t) - 0OYEBUAHO eCTb CBA3N
B TEOPUU C NarpaHXmaHom L.



Toraa rammuasToHnaH HY' umeer Bua;

(oL’ ,_ _
HW — (a—qaq —L—g&—t)) —H-t—-0)+22W+1 e+ (63)
=V

rmne H=H(gp1), H(g,p,t)— raMUnbTOHMAH B TEOPUM C

NarpaHxXumaHom [, .
Ycnosue COXPaHEeHUA CBA3UN K = 0 co BpemeHeM OaeT

: aH™
k= {HY'} = - 7 =Tt=0.
TakMm 06pa3om NonABAAeTCA BTOPUYHAA cBA3b ¢ =7 —¢.

PaccmaTpuBas yc/i0BMe ee CoOXpaHeHUA co BpemeHem, onpeaennm i, :

(2)
$2) _ 0P,

1 dt
N3 ycnoBuA paBeHCTBA HY/1H0 NPOU3BOAHOMN MO BPEMEHU OT CBA3U

+{eP HY 1 =—1+2.=0, 2.=1

e = 0 nonyymm

: dHY Bl e
e={eHY | = - = 5 A

=
at d ’

Nn é- :f{qlplflij .



U3 yCNoBUA COXpaHEHUA 3TOM CBA3M CO BPEMEHEM HaAEM
!
Ay =@(q,p,T, A1), rnef n@ HekoTopble GYHKUMK, oNpedensemblie
KOHKpeTHbIM Buaom H n 2 | Mopactasnas HalloeHHblIE MHOXUTENN

JlarpaH»Xa B raMmabTOHMaH (63)

HO' = ﬂ—yaq—z—f&—ﬂ —H-(—0)+22® + e+ A,k
9 X=v

NOAYYMM Ha 3TOM dTane g’ _ f _ Fr—1) + AP 1okt e. (64
[anee MOXXHO NpoaoNXKaTb Nnpoueaypy Arpaka HaxoxKaeHUsA

A — MHOXUTENEN N BTOPUYHbBIX CBA3EU YKe C TaMUNBTOHUAHOM H®' :
PaccmaTpurBasn ycnosua coxpaHeHua ceasen £ co spemeHem

N NONYYaeMbIX TaKUM 00pPa30M BTOPUYHbBIX CBA3EN CO BPEMEHEM,
MOKHO BMECTO raMUbTOHMaHa (64) ncnonb3oBaTb rAMUABTOHUAH
HY = f,. +23®, rge H,:; = H+ e, NOCKO/bKY B cBA3AX () U

nosiydaembiX Aasniee BTOPUYHHbIX CBA3AX HE COAEPHKUTCA NEepeMeHHbIX

fwﬁ.



MycTtb 2@ Bce nonyyeHHble TaKMM 06pa3om CBA3MW.

Torga @ = 2@ (q,p,1), rae ¢@(q,p,7) — BTOPUYHbIE CBA3MU

C narpaHxXmaHom L.

Mpeanonoxum, uto ¢ = (¢, ¢@) — NoNHaA cUCTeMa CBA3EN TeopuM
C NarpaHXWaHom [, BTOpPOro poaa.

Toraa NoNHaA cucTema CBA3EN TEOPUM C NarPaHKMAHOML' ToXKe
BTOPOro poga n umeet BuA,

$=01—-1t=0 =0, ¢&—f=0, k=0, ¢=(2@,¢@)
Torga, eCnm NCKAKYNTL U3 PAaCCMOTPEHUA ﬂepEMEHHbIe%- MK ,TO
MOCKO/NIbKY CBA3M A1 HUX UMEIOT CneunanbHbli BUA, YPaBHEHUS
ABUXEHMA ANA OCTaBLUNXCA NEePeMeHHbIX 71 ByKBanbHO nepexoaAaT
B ypaBHeHuA asukeHua 1 ={nH+ lpey, ®=0, n=(q,p); (55)
dopmynnposBKu MMTtmaHa u TrOTUHA.



YTo KacaeTcA KBaHTOBaHMA
[ﬁrﬁ:} = l{ﬂr ﬂ:}ﬂ{'@j |I}=ﬁ ’ qb{ﬁ!t] =0 ’ (56]

ﬁ ={n, E}D{'@jlr}:ﬁ ; (B7)

0¥ .
B KapTuHe L peanHrepa, To ero MOXXHO UHTEpPNPeTUPOBaTh

cneayowmm obpasom.

MImeeTca raMuIbTOHOBA TEOPUA C KAHOHNYECKMMU NepemMeHHbIMMU
n=1(q,p) n (t,€). NoBepPXHOCTb CBA3EI ONUCLIBAETCA YPAaBHEHNAMM
#(n,t) = 0. [aMUNBTOHNAH Teopun ecTb H. [pn KBaHTOBaHUM 0bbABASIEM
BCE NepemeHHble onepaTtopamm ¢ KOMMYTaLMOHHbIMW COOTHOLLEHUAMM

{ﬁ:éﬂ] = L{QJ Ql}ﬂ{q’:':l LE':{ET ! Q = (:?L L, E]' {:6{])

CBA3M KaK onepaTopbl nonaraem pasHbiMn Hynto P(f,t) =0, py
nosiaraem yc/ioBuA Ha BEKTOPa COCTOAHUA

Hgffq’r:ﬂ, Hg_ﬂr= H+e. {:61]



He TpyaHO ybeauTbca, YTO 3TO KBAHTOBAaHUE 3KBUBANEHTHO KI'T

B KapTuHe LpeaunHrepa. [lefctBuTeNbHO, peanvsyem onepaTop t

KaK onepaTtop YMHOXEHUA Ha nepemeHHyto t. Torga g — _,;E_

at
130000 (0.0 = 110,00 _,» Q= L0 (60)
MMeem
[ﬁrﬂ— =0 ) [ﬁ!g]— = L{TF rE}E{?{]L}:ﬁ . (62]

TaK Kak B BblIbpaHHOM peanmsauum
7, €l-=if, (63)

To u3 (62) u (63) cneayetr 7 = {HJE}D{@-:}L}:ﬁ ; (57) KIT.
Ycnosue (61) ectb ypaBHeHue LLpegunHrepa.
bnaropapto CJPh ctumynaumio.



Cnacubo 3a BHMMaHue!
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