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1. INTRODUCTION

The Clifford torus is the only minimal surface in S? with constant contact angle. The study
of minimal surfaces has played a formative role in the development of mathematics over the last
two centuries. Today, minimal surfaces appear in various guises in diverse areas of mathematics,
physics, chemistry and computer graphics, but have also been used in differential geometry to
study basic properties of immersed surfaces in contact manifolds [6].

Many works have been done related to integral formulas by many mathematicians (see [1], [3],
[4] and [7]). For example, Cao [1] obtained integral formulas for minimal space-like hypersurfaces
in (n+1)-dimensional indefinite space form. In addition, Ximin [7] gave similar integral formulas
for minimal space-like hypersurfaces in (n+p)-dimensional indefinite space form.

Later, significant works in this direction have been obtained by Kiilahci, Ergiit and Bektas
(3,4].

In this paper, we conduct a study about minimal hypersurfaces in the unit sphere S™t1.
However, to the best of our knowledge, these integral formulas have not been presented for
closed minimally immersed hypersurface in the unit sphere S"*!1. Thus, the study is proposed
to serve such a need.

2. PRELIMINARIES

Let M be an n-dimensional hypersurface in a unit sphere S”*!. We choose a local orthonormal
frame field in {ey,...,en11} in S?T!, so that, restricted to M, ey, ..., e, are tangent to M. Let
w1, ..., Wp41 denote the dual co-frame field in S”*'. Then, in M

Wp+1 = 0.
It follows from Cartan’s Lemma that
Wotti = Y higwy,  hij = hys. (1)
J
The second fundamental form A and the mean curvature H of M are defined by
h = Zhijwiwjenﬂ and H = th (2)
i,j i
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We recall that M is by definition a minimal hypersurface if the mean curvature of M is
identically zero. The connection form wj;; is characterized by the structure equations

dw; + Zwij ANw; = 0, Wij + wj; = 0,
J
dw;; + Zwik N Wy = Qij (3)
k
Qij = 23" Riji wi A wy,
kl

where €2;;(resp.R;;i;) denotes the curvature form (resp. the components of the curvature tensor)
of M. The Gauss equation is given by

Riiki = (03651 — 0id51) + (hirhj — hithjk). (4)

The covariant derivative s7h of the second fundamental form h of M with components h;jj, is

given by
Zhijkzwk = dh;j + Zhjkwik + Zhikw]'k;-
k k k

Then the exterior derivative of (1) together with the structure equations yield the following
Codazzi equation

hijk = hik; = hjik. (5)
Similarly, we have the covariant derivative \72h of \7h with components hijr as follows

> hijwwy = dhije + Y hggwa + > harwii+ Y hijiwg
I ] l I
and it is easy to get the following Ricci formula
hijkt = hijik = > _himBnjkt + > hmj Rk (6)
m m

From now on, we assume that M is minimal. Denote by S = Zh?j the square of length of h.
1,3
The components of the Ricci curvature and the scalar curvature are given respectively by

Rij = (n—1)0; — Zhikhjk, (7)
2
R=n(n—-1)-S5. (8)

It follows from (8) that S is constant if and only if R is constant. For any fixed point p in M,
we can choose a local orthonormal frame field ey, ..., e, such that

hij = Xibij. (9)
Let S = Zh?j. The following formulas can be obtained by a direct computation
2%
Ahij = (TL — S)hij, (10)
1
FAS = > hi —S(S —n). (11)
i,k
The Gauss-Kronecker curvature K of M is defined by
K = det(hij). (12)

Let M be an n-dimensional closed minimally immersed hypersurface in the unit sphere S™*1.
Assume in addition that M has constant scalar curvature or constant Gauss-Kronecker curva-
ture. In this paper we announce that if M has (n — 1) principal curvatures with the same sign

everywhere, then M is isometric to a Riemannian product S* (ﬁ) x Sn—t (1 / ”T_l) This

Riemannian product also correspond to Clifford Torus [5].
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From now on, we assume that M is a Riemannian product.

Theorem 2.1. Let M be an n-dimensional compact Riemannian product S 1 (\/g) x§n—1 ( nT_l),
then
1
/{_QZR;UHZR;J.+”R} av <o, (13)
M

where Rfm-jk is the square length of the sectional curvature, ZR?W- is the square length of
the Ricci curvature tensor, R is the scalar curvature, dV is the volume element of M.

Theorem 2.2. Let M be an n-dimensional compact Riemannian product S* (\/%) xgn—1 ( ”Tfl),
then
1
/{—QZR;Z-jk+ZR,%Lj}dV < {n*(n—1) —nS} Vol(M), (14)
M
where ) Rfm- ik 18 the square length of the sectional curvature, » R?nj is the square length of the

Ricci curvature tensor, S is the square of length of second fundamental form, dV is the volume
element of M.

Theorem 2.3. Let M be an n-dimensional compact Riemannian product S! (\/%) x gn—1 ( %),
then
1 2 L o 2
= S R —(3n—2)S+ 870 dV < (=20 + 30 — 1)Vol (M), (15)
M

where ) R?m. K 18 the square length of the sectional curvature, S is the square of length of second
fundamental form, dV is the volume element of M.

3. PROOF OF THEOREMS

Proof of Theorem 2.1. From the definition of Laplacian we have
Ahij; = Z him Rinkjr + Z P Romijk- (16)

From (4),(16) and taking into consideration M is minimal , we get

Z hijAh;; = Z hijhmr Rmijr + Z Pijhim Rk ks

1
> hijAhg = 3 > (hijhmk = hnjhik) Bmijie + Y (highim = haihjm) (—Rmg)- (17)
If the equality (4) is used in the first term at the right side of the equality (17), we find
1 1
3 Z(hmkhij — hmjhi) = 3 [—(0mk0ij — Omj0ir) — Rmijk] - (18)
If the equality (4) is used in the second term at the right side of the equality (17), we have
Z(himhji — hiihjm) = (0im0ji — 03i0jm) + Rijim. (19)

If (18) and (19) are written in (17), we obtain
1
Z hijAhg; = 3 Z [—(0mk0ij — Omjir) — Rmijk] Rmaji +
+ Z [(0imGji — 0ii0jm) + Rijim] (—Rmj)

or

1 1
Z hijAhij - —5 Z R%@zyk + Z R?n] + 5 Z [_(67”]‘«‘51] — 5m]51k)] Rmijk-i- (20)
+ > [(Bimbji = 6ii0m)] (—Rmy)-
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After some calculation last two terms at the right side of (20) are obtained as the following;:

1
5 > [=0mkbij = Smi0in)] Bmiji + Y [(Bimji — 6i6m)] (—Rinj) = nR. (21)
If (21) is written in (20), we find
1
Z hlehl] = —5 Z Rgm’jk + Z R?nj +nR. (22)

Since [ {3 hijAhi;j} dv <0 [2], we have the following:
M

1
/{_2 SR+ SR, +nR} dv < 0.
M

This completes proof of theorem 2.1.

Proof of Theorem 2.2. If (8) is considered in (13), the proof of the theorem 2.2 is trivial.
In order to prove theorem 2.3, we need the following lemma.

Lemma. Let aq,...,a, be real numbers, then

> (@) > % (Z ai>2, (23)

where the equality sign holds when and only when a; = ... = a,,.
Proof of Theorem 2.3. If (9) is considered in (7), we have
Rpnj = (n = 1)0m; — Y _ A36m;. (24)

If (23) is used in (24), we find
ZR,Q,L]- = n(n—-1)%?-2(n-1) S—I—Z)\4>
> nn—1)2—2(n—1)S+ - (ZAZ)

SR, > n(n—1)2 —2(n—1)S + %52. (25)

m]—

If (25) and (8) are used in (13), we obtain
1
/{—Zmeﬁn (2n2 —3n+1) — S(3n—2)+n52}dv <0

or

1
/{— > R —(3n—2)S+ nS2} dV < n(—2n? +3n — 1)Vol(M).

This completes the proof.
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