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INEQUALITIES FOR B-CONVOLUTION OPERATORS

AKIF D. GADJIEV !, MUBARIZ G. HAJIBAYOV 2, §

ABSTRACT. The B-convolution operators generated by the generalized shift operators associ-
ated with the Laplace-Bessel operator are considered and three inequalities are proved for these
operators. The first two inequalities are O’Neil type inequalities and third inequality is a gen-
eralization of the Young inequality for the B-convolution integrals. The last inequality is also
an extension of the Hardy-Littlewood-Sobolev theorem for the B-fractional integrals.
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1. INTRODUCTION AND MAIN RESULTS

It is well known (see, for example, [5]) that the generalized shift operator

TYf(x) = Cky / .. / f ((m’,y/)ajaz" - y") dv(a),
0 0

k vit+1
)

F(W) ) (xly,)a = ((xla yl)ala ceey (xka yk)ak)a

2

e

where Cp, , = 7~
=1

(@i, Yi)a; = \/:1:12 —2zyicosq; +y?, 1<i<k (z,2") eRExR"F 1<k<n, dvfa)=

k k
= [ sin” ! a;day;, is closely related to the Laplace-Bessel differential operator Ag = > B; +
i=1 i=1

n 2 2 . . .
+ > (,?x 5, where B; = % + %% and TY generates the corresponding B-convolution
i=k+1 ¢ : L

(f © o)y () = / £ () (TVo(2)) (') dy,
Ry

where v = (71, ...,7) is a multi-index, (y')” =" ---y/* and Rp , ={z=(21,...,20), 21 >
0,...,xg >0}.

There are a lot of papers that studied B-convolution operators and related topics associated
with the Laplace-Bessel differential operator (see, for example [1, 3, 4, 5, 6, 7]).

In the present paper some inequalities for B-convolution operators are proved.

The following theorem was proved in [4].
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Theorem 1.1. Let f and ¢ be measurable functions on R™, then for all t > 0 the following
nequality holds

(fx@)™ (@) <tf~ )™ )+ [ f*(s S, (1)
] ros
where fxo(x)= [ f(z—y)e(y)dy.

Rn

The inequality (1) is known as the O’Neil inequality. In [4], the O’Neil type inequality for the
B-convolution operators was obtained in the following form.

Theorem 1.2. [4] Let f and ¢ be measurable functions on Ry, ., then for allt > 0 the following
inequality holds

t [e%¢)
(F 007 0= Cu | 170 [0 s+ [ G610 (5)ds | @
0 t
A simple comparison shows that the inequality (2) is not an exact analogue of the inequality
(1). Moreover, since ¢ is non-increasing on (0, 00) and ¢ < p3* we have fJ* f 3 (s)ds >
o
>t (t)et*(t) and [ f2(s)@*(s)ds > ffw 5 (s)ds.
¢

The first main result of our paper is the followmg theorem which gives an exact analogue of
the O’Neil inequality for the B-convolution.

Theorem 1.3. Let f and ¢ be measurable functions on R} | then for all t > 0 the following

iequality holds

ko4

(f @)y (t) S L)y (t) + /fi(S)wi(S)dS- 3)

In the following theorem we give another kind of estimate of the maximal function of the
rearrangement of the B-convolution operator.

Theorem 1.4. Let f and ¢ be measurable functions on R} | then for all t > 0 the following

k4
inequality holds
(Foe) O < [ 1560 (s)ds (4)
t

In Theorem 1.5 we obtain the generalization of the Young inequality for the B-convolution
operators.

1 1
Theorem 1.5. If f € Ly, 4, 4 (RZ+>: @ € Lp, g0 v (RZ+> and o + . > 1, then (f ® ) €
9 b 1 2

1 1 1 1 1 1
Lo g0y (RZ+> where — + — — 1= — and qo > 1 s any number such that — + — > —.
’ b1 P2 Do a1 42 4o
Moreover,
1(f @ ©)llpo.goy < 3P0l fllpr.qrv[lllpe.qey- (5)

As an application, we check that the Hardy-Littlewood-Sobolev theorem for the B-fractional
integrals ([4]) is a particular case of Theorem 1.5.
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2. PRELIMINARIES

For 1 < p < oo, the Lebesgue space L, (RZ’Jr) is defined as

Ly~ (RE ) = {f : fis measurable on R} | , || f|l < oo},

where || f||,,, is defined by

J If@P@)de] , ifl<p<oo
1 llpry = R+
ess sup |f(z)l, if p = o0.
zeRY |

Let 1 <p<oo. If fisin L, (RZ’Jr) and @ isin Ly, (RZ%), then the function f® ¢ belongs

to Ly~ (RZ’Jr) and
1F @ @llpy < [ fllpsllelly-

For any measurable set F € Ry . let |E|, = [(2/)7dz. Suppose f is a measurable function

E
defined on R} | . The distribution function f, , of the function f is given by

fin(s) =z 2z e Ry ., |f(z)| > s}y, for s >0.

The distribution function f, - is non-negative, non-increasing and continuous from the right.
With the distribution function we associate the non-increasing rearrangement of f on [0, c0)
defined by

@) =inf{s > 0: fi,(s) < t}.
Some elementary properties of fi and f} are listed below. The proofs of them can be found
in [2].
(a) If fi, is continuous and strictly decreasing, then fJ is the inverse of f. ,, that is f} =

(fer)

(b) f5 is continuous from the right.
c) me(s) = far(s), for all s >0, where m+ is a distribution function of the function f*
f'y Y f'y vy

with respect to Lebesgue measure m on (0,00), that is my=(s) = [ dt.
f5(t)>s
(d)

/fj/k(s)ds =tfy(t) + / fery(s)ds. (6)
0 (t)

() 16 f € Ly (Rp.), 1< p < o, then

/ F@P @) de@) | = / P (s)ds | = / ()|
Ry 0 0

Furthermore, in the case p = oo,

ess sup |f(z)| = inf{s : fi,(s) = 0} = f7(0),

rER™
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J3* will denote the maximal function of f7 defined by
¢
ok 1 *
() = t/fv(u)du, for t > 0.
0
Note the following properties of fJ*:

(i) f3* is nonnegative, non-increasing and continuous on (0,00) and fJ < f*.
(i) (f +9)3" < f7" + g5
(iil) If [fo| T |f] a.e., then (fu)3" T f5*.

For 1 <p < oo and 1 < g < oo, the Lorentz space Ly, 4~ (Rer) is defined as

Lpgn (R ) ={f : fis measurable on R} ., || flp.qy < o0},
where || f||p.q, is defined by
T 9 g i
/ (tpfi*(t)) @), 1<p<oo,1<g<o
[fllp.ary = § N0

supt» f3*(t), 1 <p<o0,q=o00.
t>0

Note that if 1 < p < oo then Ly, (RL%) = Ly~ (RZ’JF). Moreover,

Hprﬁ < Hf”p,p,v < p/Hf |pm (7)

1 <p<oo,

_P_
where p/ ={ p—1
1, p = 0.

For p > 1, the space Ly o ~ (RZ +> is known as the Marcinkiewicz space or as Weak L, ., (RZ +) .
Note also that L1 e (2 ) = L1y (RE ).
Ifl<p<ooandl<g<r< oo, then
Ly g~ (RZ,Jr) C Lpry (RZ,+) .

Moreover,
1_1
q q P
1l < (p) 1l ®)

3. PROOFS

Lemma 3.1. Let f and ¢ be measurable functions on Ry, where sup |f(z)] < B and f

zeRY |
vanishes outside of a measurable set E with |E|, =r. Then, fort >0,

(f @ @)y (t) < Brei(r) (9)
and

(f @ @)7(t) < Bres*(t). (10)

Proof. Without loss of generality we can assume that the functions f and ¢ are nonnegative.
Let h = f ® . For a > 0, define

oulz) = {so(x), if o(r) < a

a, if p(z) > a,

" (7) = p(z) — Pa(T).
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Define functions hq and hg by
h=f®epq+f@e"=hi+ hs.

Then
sup hofa) < sup (o))" n_ﬁ/wm (1)
:(:ER};+ z€R k+
because p®(x) = 0 whenever p(x) < a. Also
sup iy (z) < [|fll1y Sup Pa(r) < fra (12)
zeRY z€Ry
and
oo
121y < [flialle®llhy < /@*,v(s)d& (13)

a

Now setting a = 4 (r) in (11) we (12) and obtain

t
)k 1 *
B0 = [ H6)ds < [y < [l + Il <
0

oo
<o+ 5 [ pualo)ds
@3 (r)
Then using (6) we have the inequality (9).
Let us prove the inequality (10). For this purpose set a = ¢ (t), use (12) and (13). Then

t

t
th** /h d5</ d5+/ s)ds <
0

0

[e.9]

< tflhflooy + /(hz)i(S)dS = tllh1llocy +[[h2ll1y <

0
0o

<troy(0)+ r [ o s)ds =

@5 (t)

= 0r | te5(t) + / Psn(s)ds | = Bripl(t).
o (D)

Proof of Theorem 1.3. Without loss of generality we can assume that the functions f and
¢ are nonnegative. Let h = f ® ¢ and fix ¢t > 0. Select a nondecreasing sequence {s,} 7% such
that sg = f;‘(t), hr}rl Sp = 400, lim s, =0.

n—-roo

Let also )
—+o0o
where
07 if f(ﬂf) S Sn—1

falz) =< f(x) —sp_1 if sy < f(z) < sp
Sn — Sn—1 if s, < f(x),
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Since the series converges absolutely we have

+oo +oo
h—<z fn>®90_ Z (fn®§0)'

n=—oo n=-—oo
Define functions hy and he by
0

+o0
h:Z(fn®SO)+ Z (fn®90):h1+h2'
n=1

n=—oo

Estimate (h1)3*(¢). For this purpose use the inequality (10) with £ = {x : f(z) > s,—1} and
08 =8, — Sn_1. We have
+oo

)y <Y (o)) <

n=1

< Z n = Sn—1) fery (Sno1)@3 (t) =

= ‘Pf/*(t) Z fer(8n-1)(sn — $n—1).
n=1

Hence

)50 <670 [ Folo)ds. (1)
f(@)
To estimate (h2)3*(t) we use the inequality (9). Then we can write

IEUESS ((F@e)) <

n=—oo

< Z n = Sn—1) frry(Sn— 1)807 (fery(sn-1)) =

= Z Feor($n-1)@% (Fer(5n-1)) (80 — Sn—1).
n=1

This implies that
()
(1) O [ Foa0)65 (Fer(5))ds, (15)
0
We will estimate the integral on the right-hand side of (15) by making the substitution s = f7(¢)
and integrating by parts. In order to justify the change of variable in the integral, consider a
Riemann sum

+oo
Y fea(sn0)93 (frn(50-1)) (50 = sn1),
n=1
that provides a close approximation to
5@

/ For(8)65 (fury (5))dis

By adding more points to the Riemann sum if necessary, we may assume that the left-hand end
point of each interval on which f, , is constant is included among the s,, that is contained in the
interior of an interval on which f, - is constant, is deleted. It is now an easy matter to verify
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that for each of the remaining s, there is precisely one element, &, such that s, = f3(§,) and
that fi (f,’;(ﬁn)) = &,. Therefore

“+oo
Z f*;y(snfl)‘ﬁ'*y*(f*,'y(snfl))(sn — Sp—1) =

n=1

+0o0
= 3 01 ) (5 (€)= £5€n))
n=1

which, by adding more points if necessary, provides a close approximation to

- / EoT (E)df7 ().
t
Recalling (15) we get
5() 00
(h)( / Fon(8) (fun(3))ds = — / £ (€)df (). (16)
t

Now let § be an arbitrarily large number and choose §; such that t =& <& < ... <& =0.
Then

5657 (0) 15 (0) — tp3 (D) £5(t) =

Ent 1905 (Env1) (F2 (Ensr) — 5(6n)) +

+
- it~

£2(&n) (037 (Gn1)nsr — 957 (En)én) =

i
I

I
MQ.

En 195" (Ent1) (f5(Ent1) — £1 (&) +

i
I

Ent1
+Z £ (6n) / ()dr <
én
J

Z w195 (Ent1) (f5 (Ens1) — fr(&n)) +

J
+ ) F(E)E () (a1 — &n) -
n=1

This means that

)
57 (8) £1(6) — toT (8) £ / £ (€)dF(€) + / 1) (€)de. (7)

Now we estimate the expression 63" (9) f3(8) — t3*(t) f5(t) below.
057 (0) f3(0) — tp3 (1) f3(t) =

J
Z nSny (6n) f'y (§nt1) — f;(én))+
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J
+ 3 ) (05 (G — 95 (6n)6n) =
n=1

M)~

Enpy () (£1(Ens1) — f5(60)) +

n=1
Ent1
£ Flem) [ e =
n=1
&n

In other words

From (17) and (18) we obtain
é

)
_ / £ ()7 (€) = LT (D) (1) — 6 (6)£(6) + / £ (©)et6)de <

Thus

(ha)"( / For ()65 (for(8))ds < 1= () 1(1) + / 1) e)de.
t

Finally, from (14), (19) and (6) we get
W) < ()T (1) + (o) (1

A

1) / Foo(8)ds + toT(8) £2(E) + / F2(6) ¢ (€)de =
300 t

— £ () + / F2(E)gt6)de =
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Proof of Theorem 1.4. Assume that the integral on the right of (4) is finite. Then it is easy
to see that
sfy7(8)py"(s) — 0, ass — oo. (20)
Let h = f ® ¢. By Theorem 1.3 we have

B0 <1500 0+ [ ()03 (s)ds <
t

<t 00 + [ 17606 0)ds (21)
t
Since f3* and ¢3* are non-increasing,

dfx*(s) 1 r . 1., 1, .. -

T =g [ B L5 = (5 - £76), (22)
0

d(SQD**(S)) *ok 1 * *ok *
T g+ (S 0 - 7)) = it (23)
for m-almost all s. Since f* and ¢I* are absolutely continuous, we may use the method of the

integration by parts for [ f3*(s)d (54,0:*(5)). Using (22), (23) and (20) we obtain
t

/ F(8) % ()ds = / F(8)d (s97(s) =

= —tf7 ()¢ (1) + /wi*(S)(fi*(S) — f5(s))ds <

<t 06O + [ 605 (), (24)
By (21) and (24) we have t
RO < [ 1566 (s)ds

The proof is completed. The next lemma is a classical estimate known as Hardy’s inequality.

Lemma 3.2. ([2]) If 1 <p < o0, ¢ >0 and f is a nonnegative measurable function on (0,00),

then p
0/ io/f(T)dT sPa1ds < <§>q0/f(t)ptp_q_1dt' (25)

Proof of Theorem 1.5. Let h = f ® .
Suppose that q1, g2, qo are finite numbers. Then, by (4) we have

00
9 ds

(Il = [ (s700(9) " % <

S
0
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q0

< / / frmerndr | L=
0 s

t
i T \n) T \n) nr ]t
0 0

1 1
The last equality was obtained by the change of variables s = n and 7 = —. Using (25), we get
n

(e%] q0

t
1/ 1 1Y\ dn dt
O/ t%o T \n) " \n)n?) ot

0
r d
1 q0
:ng/<Sl+po f** (8) iky* (S)) SS
0
1
The last equality was obtained by the change of the variable t = —. Since @ + @ > 1, one can
s q 42
find positive numbers n; and no such that
1 1 1 1
—+—:1and—<q—0 — <P
ny  ng nt @ N2 G2
By Holder’s inequality we obtain
1 q0 1 q0
oo L) (7 0)
(HhHPO»(IOa'Y) < Po 1 1 ds <
§n2 5"
0
1 a1
7 1 qomn1 ( " by 1 qon2 (s
1 S 1
< pgo / (Sm f,;k* (5)) 5 / (sPQ gpi* (s)) 5 =
0 0

= pgo (Hf”plﬂom,v)qo (”90“1727(1071277)(10

Finally, by (8) we have

11
HhHPmQOKY < pO”f”pl,qom,VH‘Psz,qonz,’Y < poecee Hf”pl,quWH(pHP%%N < 3p0Hprl,lhﬂHSOsz,tDﬁ'

Similar reasoning leads to the desired result in case one or more of q1, g2, qo are co. Theorem
1.5 is proved.

4. ONE PARTICULAR CASE OF THEOREM 1.5

Consider the following particular case of Theorem 1.5. If we take p; = LM with
n+ |-«
: S | o n+ |yl
a > 0, and ¢ = oo in Theorem 1.5, then the condition — 4+ — > 1 is equivalent to a < ————,
p1 P2 P2
. 1 1 1 . . 1 1 o
and the condition — + — — 1 = — is equivalent to — = — — . Thus we have the
P P2 0 @0 p2 n+ly

following results.
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n+ |y
Corollary 4.1. If f € anmﬂamﬁ (]RZ’_F), © € Lpgn~ (RZ7+>, where 0 < a < ij then
(f®p) € Lrgy <RZ,+) and
1(f @ @)lrqry < 3rlf]] :\Hlﬂ OOWH‘PHp,qm (26)
n+ly|l—a’?77?

1 1 o
where — = — — ———.
rop n+l

Corollary 4.2. If f € L 4y oo (RZ#), ¢ € Ly, (RZ#), where 0 < a < nJ;|'y|, then

nth-a

(f © ) € Ly Ry, ) and

1 1
P (P\s 7
ry <37 " (TN

It @) L

Py (27)

1 1 o
where — = — — ———.
rp nthi

Proof. From (7), (8) and (26) we have

1
T

I(f @)

Sl

I(f@@)lrn < I(Ff @) TPy

p
< (%)
r7r7’y - /r‘
1 1

1 1
P\»~r p AY
e e e ) L | I P P

Suppose that € is homogeneous of degree zero on R}, i.e., Q(sz) = Q(z) for all s > 0,
r€Ry ,and Q€ anw‘v_\a (Sﬁf), where 0 < aw < n + |v|, and 5’2;1 ={zeRy :|z] =1}

Define the B-fractional integral (or Riesz potential) by
Qy .
(@)= [ B ) (o)

y|nthl—o
R,
Q
It is easily checked that W-ﬁglg{/)l—a €L _nip . (RZ+>, fo<acx< LW Then one can get
(] n+ly[—a %% ’

by Corollary 4.1 and Corollary 4.2 the Hardy-Littlewood-Sobolev theorem for the B-fractional
integrals on Lorentz and Lebesgue spaces (see [4]), respectively.
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