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Abstract. In the paper, the perturbation of a basis in Banach spaces is studied. The notions
of CB -space and X, -Bessel basis in Banach spaces with respect to X, space are
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CB -space are established. In particular, known theorem on Riesz bases are generalized.
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1. Introduction

Sometimes, the basicity of the system in this or other space is established by
means of the known perturbation theorems of the basis of this space. The Bari
theorem on the perturbation orthonormalized basis in Hilbert space is known.
Theorem 1. ([1]) Let {p,} _, be an orthonormalized basis in Hilbert space H ,

the system {i,} . < H be w-linearly independent inH , and

neN

Dl =ully <o

n=1
Then, {y,}._, forms isomorphic to{p,} , basisin H, i.e. it is the Riesz
basis.
Under some weaker condition this theorem was proved by Kato.
Theorem 2. ([2]) Let {gon} be an orthonormalized basis in Hilbert space H ,

the system {i, }

neN

 H . Thenthe system {i, } < H isabasisin H if

neN

o0

2 |(¢n _l//n’l//n)|2 1
2 o =l - | <
= vl

The theorems of Paley-Wiener, Krein-Rutman-Milman, Birkhoff-Rota,
Kadetcs theorem-1/4 on perturbation in Banach spaces are known. Note that

Kadets theorem-1/4 on Riesz basicity of the system {ei’lﬂt }nez ,TnZ, In space
L,(—7,7) is obtained from Paley-Wiener criterion  under condition
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sup|/1n—n|<%. The Levinson example ([3]) illustrates the exactness of the
n

constant1/4. One may be acquainted with these or other facts of theory of bases,

for instance in the monographs [4-8].

In Hilbert space H , any orthonormalized system { n} is a Bessel system,

neN

i.e. there exists a constant B >0 such that Z|(h,g0n)|2 <BP foranyheH.
n=1

The Banach analogs of Bessel systems were studied in [9-12] and etc. The Bessel
system in H is a special case of frame ([13-17]). The frames found numerous
applications in many fields, such as signal processes, in processing of images, at
data compression and etc. On stability of the frame, the papers [18-20] and others
are known.

The present paper deals with perturbation of a basis in Banach spaces. The
notion of CB -space, X, -Bessel basis in Banach space with respect to CB -space

X4 are introduced, the conditions of proximity, in definite sense, of the systems to
X 4 -Bessel basis under which the system forms an isomorphic basis, are found. In
particular, the Bari known theorem on the Riesz is generalized.

2. Main results

Everywhere in the paper, X isa Banach space, X isa Banach space of
sequences  {X,}< X  with coordinate-wise linear operations and

.ILIQH{X” - lli (n)xn}‘ <
I, ={neN:n<i} forany ieN (briefly KB -space), X, is a KB -space of

sequences of scalars.
X4 issaid tobe CB -space if

X; ={{cn}:<{dn},{cn}>=§dnen,{dn}exd}.

Let X, bea CB -space. Say that X, is normally subordinated to X if for
sequences {d, } and {x, | such that [c,|<|x,[, from {x,}e X, it follows that

eate X and fic, il <[x, -

In what follows, we need the following lemma.
Lemma 1. ([8]) Let X be a B -space, the system {p,} _

inX, FelL(X) be Fredholm operator, the system {y,} , < X
and F(¢,) =w,,neN. Then the following properties are equivalent:

=0, such that, y, is a characteristic function of the set

c X forms a basis

85



PROCEEDINGS OF IAM, V.2, N.1, 2013

a) {w, ). iscomplete in X ;

b) .}, isminimal in X ;

C) Walnn IS @-linearly independent in X ;

d) {w,},. formsa basisin X , isomorphic to {p,} _, -

Let X, be a KB-space, the system {p,}c X and {p;} , <= X" are
biorthogonal. The pair ({p: | . {p,}. ) issaidto X, -Bessel in X with respect
to X, if

1) {(o:(x)}neN e Xy forany xeX;

2) there exists B > 0 such that H{(p: (x)}neN

.S B |x|, forany xeX.

The constant B is said to be a boundary of the X,-Bessel
pair ({7} .40, ). In the case of basicity of {p,} , the X,-Bessel pair
(o} 4n )y ) is called X, -Bessel basis in X .

Theorem 4. Let X, be a CB-space, X bea KB-space and X, be
normally subordinated to X , the system {p,} = X and ({pr} . {on ). ) is

X 4-Bessel basis in X with the boundary B, where {qo:}ne is a biorthogonal

N
system to {p, }, the system {y,} = X be such that {p, —v, }neN e X . Then
following properties are equivalent:
a) {w,} _, iscomplete in X ;
.} isminimal in X ;

b) {
¢) {.}.. is @-linearly independent in X ;
d) {wn}neN forms a basis in X is isomorphic to { n}.

Proof. Show that Z(p:(x)(q)n —y,) converges for anyXxe X. For any

n=1
m, pe N andx e X, by the corollary of Hahn-Banach theorem exists f,, | € X"

m+p

m+p
”fm,puzl that Z¢n(x)(¢)n _l//n) = fm,p( Z@n(x)(Qn _V/n)J'
n=m+1 X n=m+1
We have
mep m+p .
z(pn (X)((Dn _Wn) < z fm,p((pn (X)((on _l//n)) <
n=m+1 X n=m-+1
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3t @0 ~1) @300 = L1, 0. O Ty 00 ~v)} i 00l )
n=m+1
) PR LAY By AT e

Xq
<

[l [, 00, ~w] 0700}

<B, .

Consequently, ZQJ:(X)(q)n—y/n) converges for any Xxe X. So, the
=1

operator T(X) = Z(p;(x)((pn -y,), Xe X, is defined. Consider for each me N

n=1

the operatorT : X — X, by the formulaT,(x) =Z¢:(X)((/)n -y,), XeX.
n=1

Obviously, that T, € o(X) . Applying the inequality obtained about, we get
T =Tl < B [z, @0 —wd] X

Thus, [T =T,| < B [{z, (G2, —w)] ;-
Therefore, T = limT,, € o(X). Then, the operator F given by the equality

m-—o0

F =1-T is a Fredholm operator, here | is an identity operator in X, and

F(X) =Y ¢, (X)y, . xe X. Obviously, F(p,) =y, neN. By Lemma 1,

propertie; ;) —d) are equivalent for the system{ n}neN . The theorem is proved.
Corollary 1. Let X, be a CB -space, X bea KB -space and X be normally
subordinated to X , the system { n}neN < X and ({¢:}new{ n}neN) is X 4 -Bessel
basis in X, where {¢:}neN is an biorthogonal system to {¢n}n€N,
v, }neN — X be -linearly independent and such that {p, —w, }neN eX.
Then {i, }._, formsabasisin X is isomorphic to{p, }.

Remark. Note that if X, =I, and X=H is a Hilbert space and

X =1,(H) ={x:{xn}c H X, o, =§:||xn I’ <+oo}, then orthonormaized basis
n=1

in H is |,-Bessel basis, and consequently, the Bari theorem is obtained from
the Corollary 1.
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Theorem 5. Let X, be a CB -space, X bea KB -space and X; be normally

subordinated to X , the system {P.}. © X and ({(P:}nEN A, }neN) is X 4 -Bessel

basis in X with the boundery B, where { - } be biorthogonal system to

neN

{gon}neN’ { n}neN < X SUCh that {(on _!//n }neN € )-Z and ||{¢n _l//n }neN X < B

Then, { n}neN forms a basis in X which is isomorphic to {9, }

Proof. From the proof of Theorem 4, we get that the series Zgo:(x)(gon -y,)

n=1
converges for anyxe X. Define the operator T by the equality
T(X) =Y ¢, (X)yw,, xeX. ObviouslyT(p,)=v,, neN. Show the

boundedness and bounded invariability of the operator T . For any X € X by the
corollary of Hahn-Banach theorem, there exists f, e X~ such that | f,| =1 and

f{fpxwwfwaﬂ=

S 02000 ~va)

X

Then,
(=T, (@, —w,) ) (@, —w,))| <
< [ @0 v s 0 ) <
S A8 N T A
< |0 len =vahoonli Jis 0], < B s =wabocul I,

Consequently, I =T||<B |{p, —v, and the same token thereby

neN [[x '
[l =T||<1. Therefore, the operator T is boundedly invertible. This completes the

proof.

Example. Let X be a Banach space, X = { fo X x| = Z”x ||<+oo}

Suppose that {p,} , < X is a basis inX such that Z(p:(x)‘ﬁ B|x| for
n=1
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B>0is

neN’

some constant. Let the system {y, } < X suchthat{p, —w,} , € X . Then

{Wn }neN

forms a basis in X is isomorphic to {g, } subject to one of the following

conditions:  a) {Wn}neNCX be w-linearly independent inX; b)

S 1
2len vl <3
n=1

10.

11.

12.

13.

14.

15.

16.
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Banax fazalarinda X ; - Bessel bazisinin hayacanlanmasi

M.I. Ismayilov
XULASO

[sdo  Banax fozasinda bazisin hoyacanlanmasi dyronilir. X, fozasmna nozoron
Banax fozasinda CB -fozasi vo X Bessel bazisi anlayisi daxil edilir. Banax fozasinda

CB -fozasina nozoran X, Bessel bazisinin hoyacanlanmasi haqqinda teoremlor isbat
olunur. Xiisusi halda bazislor haqqinda molum Riss teoremi timumilosdirilir.
Acar sozlor: CB -foza, tamliq, X - Bessel bazisi, X -Bessel sistemi.

Bosmymenne X ;- 6azuc Beccensi B 6aHaX0BBIX IPOCTPAHCTBAX

M.A. UcmaniioB

PE3IOME

B craree, usyuaercs. Bo3MyuieHne (asuca B GaHAXOBOM IIPOCTPAHCTBE. BBoautcs
nousitue  CB -mpoctpancrea n X -6asuc  Beccenss B GaHAaXOBOM INPOCTPAHCTBE
OTHOCHTENBHO mpocTpanctBa X, . JlokasaHbl Teopemsl O BosMmymieHun X, -0asuc

Beccens B 6aHaXOBOM NMPOCTPAHCTBE ¢ OTHOCHTENLHO mpoctpanctea CB . B wactrocTh,
00o0maercs u3BecTHast TeopeMa o Oazucax Pucca.
KiawueBbie ciaoBa: CB -npocrpancreo, mnomuora, X, -6asuc-Beccems, X4 -

cucrema beccens.
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