
TWMS Jour. Pure Appl. Math., V.3, N.1, 2012, pp.137-144

A REMARK ABOUT ENERGY DECAY OF A
THERMOELASTICITY PROBLEM

V.K. KALANTAROV1, M. MEYVACI2

Abstract. Under some restrictions on the parameters of the system we prove that solutions of

the initial boundary value problem for the one dimensional porous - thermo - elasticity system

of equations under consideration tend to zero as t →∞ with an exponential rate.
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1. Introduction

We study the following initial boundary value problem:

ρutt = µuxx + bφx − βθx, x ∈ (0, π), t > 0, (1)

Jφtt = δφxx − bux − ξφ + mθ − τφt, x ∈ (0, π), t > 0, (2)

cθt = kθxx − βuxt −mφt, x ∈ (0, π), t > 0, (3)

u(0, t) = u(π, t) = φx(0, t) = φx(π, t) = θ(0, t) = θ(π, t) = 0, t > 0, (4)

u(x, 0) = u0(x), ut(x, 0) = u1(x),

φ(x, 0) = φ0(x), φt(x, 0) = φ1(x), θ(x, 0) = θ0(x), x ∈ (0, π). (5)

Here ρ, µ, b, β, J, δ, ξ,m, τ, c, k are given positive numbers, u0(x), u1(x), φ0(x), φ1(x), and θ0(x)
are given initial functions, u(x, t), φ(x, t) and θ(x, t) are unknown functions that represent the
displacement of the solid material, the volume fraction and the temperature, respectively. The
problem of exponential decay of solutions to the system of equations (1)-(3) was considered in
the following papers:

• Cassas and Quintanilla [1] established exponential stability of solutions to the initial
boundary value problem for the system of equations (1)-(3) under the boundary condi-
tions

u(0, t) = u(π, t) = φx(0, t) = φx(π, t) = θx(0, t) = θx(π, t) = 0, t > 0 (6)

by using the semigroup approach of Liu and Zheng [2].
• By using the energy method Rivera and Quintanilla [4] proved exponential stability of

solutions to the system (1)-(3) under the boundary conditions (6) when τ = 0, b2 < ξµ

and m(βb−mµ) > 0.
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• Soufyane, Afilal, Aouam and Chacha [5] obtained a result about exponential decay of
solutions of the system (1)-(3) with τ = 0 under the boundary conditions

u(0, t) = φ(0, t) = θ(0, t) = θ(π, T ) = 0,

u(π, t) = −
t∫

0

g1(t− s)[µux(π, s) + bφ(π, s)]ds,

φ(π, t) = −
t∫

0

g2(t− s)αφx(π, s)ds.

In what follows we will use the following lemma established in [3]:

Lemma 1.1. Let v be the solution of the inhomogeneous scalar wave equation

vtt − vxx = f(x, t), 0 < x < π, 0 < t < T, (7)

v(x, 0) = v0(x), vt(x, 0) = v1(x), v(0, t) = v(π, t) = 0, (8)

where Ω = (0, π). The functions v0, v1 and f belong to H1
0 (Ω)∩H2(Ω), H1

0 (Ω) and H1(0, T ; L2(Ω))
respectively. Then, the identity

1
4
π[v2

x(π, t) + v2
x(0, t)] =

d

dt
((x − π

2
)vt, vx) +

1
2
[||v2

x|| + ||v2
t ||] − ((x − π

2
)f, vx) (9)

holds.

2. Energy decay of solutions

Theorem 2.1. Let {u, φ, θ} be a solution of the problem (1)-(5), 2b2 < µξ and bβ > 8µm ,then
there exists positive constant λ such that

E(t) ≤ Cexp(−λt)E(0),

Proof. First we derive the energy equality for solutions of the problem. Multiplying in L2(0, π)
the equation (1) by ut, the equation (2) by φt, the equation (3) by θ and adding the obtained
relations we get:

d

dt
E1(t) = −τ ||φt||2 − k||θx||2, (10)

where

E1(t) =
1
2

[
ρ||ut||2 + µ||ux||2 + J ||φt||2 + δ||φx||2 + ξ||φ||2 + c||θ||2 + 2b(φ, ux)

]
. (11)

Let us differentiate the equations (1)-(3) with respect to t, multiply in L2(0, π) the obtained
equations by utt, φtt, θt respectively and sum the obtained equalities

d

dt
E2(t) = −τ‖φtt‖2 − k‖θxt‖2. (12)

Here

E2(t) =
1
2
[ρ||utt||2 + µ||uxt||2 + J ||φtt||2 + δ||φxt||2 + ξ||φt||2 + c||θt||2 + 2b(φt, uxt)]. (13)

Multiplication in L2(0, π) of (1) by −uxxt, (2) by −φxxt and (3) by −θxx gives
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d

dt
E3(t) = −τ ||φxt||2 − k||θxx||2+

+ β[θx(π, t)uxt(π, t)− θx(0, t)uxt(0, t)] + m[θx(π, t)φt(π, t)− θx(0, t)φt(0, t)],

where

E3(t) =
1
2
[ρ||uxt||2 + µ||uxx||2 + J ||φxt||2 + δ||φxx||2 + ξ||φx||2 + c||θx||2 + 2b(φx, uxx)]. (14)

Employing the Lemma 1.1 with v = ut and f = bφxt − βθxt, we obtain

d

dt
ρ(utt, (x− π

2
)uxt) = −ρ

2
||utt||2 − µ

2
||uxt||2+

+
µπ

4
(u2

xt(π, t) + u2
xt(0, t)) + b((x− π

2
)uxt, φxt)− β(θxt, (x− π

2
)uxt), (15)

where
H(t) = −ρ(utt, (x− π

2
)uxt). (16)

Next we multiply the equation (1) by −uxx and integrate over (0, π)

−(ρutt, uxx) = −µ||uxx||2 − b(φx, uxx) + β(θx, uxx).

Thus,
d

dt
K(t) = ρ||uxt||2 − µ||uxx||2 − b(φx, uxx) + β(θx, uxx), (17)

where
K(t) = ρ(ux, uxt). (18)

Multiply (3) by uxt and integrating over (0, π), we get

(cθt + mφt, uxt) = (kθxx, uxt)− β||uxt||2.

So
d

dt
P (t) = −(cθx + mφx, utt)− β||uxt||2 + k(θxx, uxt), (19)

where
P (t) = (cθ + mφ, uxt). (20)

Multiplying (2) by φ and integrating over (0, π)we obtain

J(φtt, φ) = −δ||φx||2 − b(ux, φ)− ξ||φ||2 + m(θ, φ)− τ(φt, φ).

So
d

dt
I(t) = J ||φt||2 − δ||φx||2 − b(ux, φ)− ξ||φ||2 + m(θ, φ), (21)

where
I(t) = J(φ, φt) +

τ

2
||φ||2. (22)
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Multiplying (1) by u and integrating over (0, π) we obtain

ρ(utt, u) = −µ||ux||2 − b(φ, ux) + β(θ, ux)

So
d

dt
L(t) = ρ||ut||2 − µ||ux||2 − b(φ, ux) + β(θ, ux), (23)

where

L(t) = ρ(ut, u). (24)

Let us consider the function

E(t) := γE1(t) + νE2(t) + ηE3(t) + ε0I(t) + ε1P (t) + ε2H(t) + ε3K(t) + ε4L(t) =

=
γ

2
[[ρ||ut||2 + µ||ux||2 + J ||φt||2 + δ||φx||2 + ξ||φ||2 + c||θ||2 + 2b(φ, ux)]+

+
ν

2
[ρ||utt||2 + µ||uxt||2 + J ||φtt||2 + δ||φxt||2 + ξ||φt||2 + c||θt||2 + 2b(φt, uxt)]+

+
η

2
[ρ||uxt||2 + µ||uxx||2 + J ||φxt||2 + δ||φxx||2 + ξ||φx||2 + c||θx||2 + 2b(φx, uxx)]]+

+ ε0[J(φ, φt) +
τ

2
||φ||2] + ε1[(cθ + mφ, uxt)] + ε2[−ρ(utt, (x− π

2
)uxt)]+

+ ε3[ρ(ux, uxt)] + ε4[ρ(u, ut)]. (25)

It is not difficult to see that

d

dt
E(t) = γ[−τ ||φt||2 − k||θx||2]− ν[τ‖φtt‖2 + k‖θxt‖2] + η[−τ ||φxt||2 − k||θxx||2+

+ β(θx, uxt)|π0 + m(θx, φt)|π0 ] + ε0[J ||φt||2 − δ||φx||2 − b(φ, ux)︸ ︷︷ ︸
e

−ξ||φ||2 + m(θ, φ)︸ ︷︷ ︸
a

]+

+ ε1[k(θxx, uxt)︸ ︷︷ ︸
b

−β||uxt||2 − (cθx + mφx, utt)]+

+ ε2[
ρ

2
||utt||2 +

µ

2
||uxt||2 − µπ

4
(u2

xt(π, t) + u2
xt(0, t))− b((x− π

2
)uxt, φxt) + β(θxt, (x− π

2
)uxt)]+

+ ε3[ρ||uxt||2 − µ||uxx||2− b(φx, uxx)︸ ︷︷ ︸
c

+β(θx, uxx)︸ ︷︷ ︸
d

] + ε4[ρ||ut||2− µ||ux||2− b(φ, ux) + β(θ, ux)].

Due to Cauchy inequality and the Poincare inequality we get the estimates

a = m(θ, φ) ≤ ξ

4
||φ||2 +

m2d0

ξ
||θx||2, b = k(θxx, uxt) ≤ β

2
||uxt||2 +

k2

2β
||θxx||2

c = b(φx, uxx) ≤ µ

4
||uxx||2 +

b2

µ
||φx||2, d = β(θx, uxx) ≤ µ

4
||uxx||2 +

β2

µ
||θx||2

e = b(φ, ux) ≤ b2

ξ
||ux||2 +

ξ

4
||φ||2.
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Thus

d

dt
E(t) ≤ γ[−τ ||φt||2 − k||θx||2]− ν[τ‖φtt‖2 + k‖θxt‖2] + η[−τ ||φxt||2 − k||θxx||2+

+ β(θx, uxt)|π0 + m(θx, φt)|π0 ] + ε0[J ||φt||2 − δ||φx||2 − ξ

2
||φ||2 +

b2

ξ
||ux||2 +

m2d0

ξ
||θx||2]+

+ ε1[
k2

2β
||θxx||2 − β

2
||uxt||2 − (c +

βm

b
)(θx, utt) +

µm

b
(uxx, utt)− ρm

b
||utt||2]+

+ ε2[
ρ

2
||utt||2 +

µ

2
||uxt||2 − µπ

4
(u2

xt(π, t) + u2
xt(0, t))− b((x− π

2
)uxt, φxt) + β(θxt, (x− π

2
)uxt)]+

+ ε3[ρ||uxt||2 − µ

2
||uxx||2 +

b2

µ
||φx||2 +

β2

µ
||θx||2] + ε4[ρ||ut||2 − µ||ux||2 − b(φ, ux) + β(θ, ux)].

Here we have used the equality

−(cθx + mφx, utt) = −(c +
βm

b
)(θx, utt) +

µm

b
(uxx, utt)− ρm

b
||utt||2

that follows from (1). So we have

d

dt
E(t) ≤ γ[−τ ||φt||2 − k||θx||2]− ν[τ‖φtt‖2 + k‖θxt‖2] + η[−τ ||φxt||2 − k||θxx||2+

+ β(θx, uxt)|π0︸ ︷︷ ︸
l

+m(θx, φt)︸ ︷︷ ︸
m

|π0 ] + ε0[J ||φt||2 − δ||φx||2 − ξ

2
||φ||2 +

b2

ξ
||ux||2 +

m2d0

ξ
||θx||2]+

+ ε1[
k2

2β
||θxx||2 − β

2
||uxt||2 − (c +

βm

b
)(θx, utt)

︸ ︷︷ ︸
f

+
µm

b
(uxx, utt)

︸ ︷︷ ︸
g

−ρm

b
||utt||2]+

+ ε2[
ρ

2
||utt||2 +

µ

2
||uxt||2 − µπ

4
(u2

xt(π, t) + u2
xt(0, t))− b((x− π

2
)uxt, φxt)

︸ ︷︷ ︸
h

+β(θxt, (x− π

2
)uxt)

︸ ︷︷ ︸
i

]+

+ ε3[ρ||uxt||2−µ||uxx||2 +
b2

µ
||φx||2 +

β2

µ
||θx||2] + ε4[d0ρ||uxt||2−µ||ux||2− b(φ, ux)︸ ︷︷ ︸

j

+β(θ, ux)︸ ︷︷ ︸
k

].

Let us estimate the terms (f), (g), (h), (i), (j), (k), (l), (m) on the right hand side of the last
inequality

f = (c +
mβ

b
)(θx, utt) ≤ ρm

4b
||utt||2 +

b

ρm
(c +

mβ

b
)2||θx||2,

g =
µm

b
(uxx, utt) ≤ ρm

4b
||utt||2 +

mµ2

ρb
||uxx||2,

h = b((x− π

2
)uxt, φxt) ≤ ε1β

8ε2
||uxt||2 +

b2π2ε2
2ε1β

||φxt||2,

i = β(θxt, (x− π

2
)uxt) ≤ ε1β

8ε2
||uxt||2 +

π2ε2β

2ε1
||θxt||2,

j = b(φ, ux) ≤ µ

4
||ux||2 +

b2

µ
||φ||2,

k = β(θ, ux) ≤ µ

4
||ux||2 +

β2d0

µ
||θx||2,

l = ηβ(θx, uxt)|π0 ≤ ηβ(
1
2ε

(θ2
x(π, t) + θ2

x(0, t)) +
ε

2
(u2

xt(π, t) + (u2
xt(0, t))))
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≤2η2β2

µπε2
sup

x∈(0,π)
θ2
x +

ε2µπ

4
(u2

xt(π, t) + (u2
xt(0, t))) ≤

≤2η2β2

µπε2
(c1||θx||||θx||H1) +

ε2µπ

4
(u2

xt(π, t) + (u2
xt(0, t))) ≤

≤k

4
||θx||H1 +

4η4β4c2
1

kµ2π2ε22
||θx||2 +

ε2µπ

4
(u2

xt(π, t) + (u2
xt(0, t))),

m = ηm(θx, φt)|π0 ≤ηm(
ε

2
(θ2

x(π, t) + θ2
x(0, t)) +

1
2ε

((φ2
t (π, t) + φ2

t (0, t))) ≤

≤ηm(ε sup
x∈(0,π)

θ2
x +

1
ε

sup
x∈(0,π)

φ2
t ) ≤

≤k

2
sup

x∈(0,π)
θ2
x +

2η2m2

k
sup

x∈(0,π)
φ2

t ≤

≤k

2
c1||θx||||θx||H1 +

2η2m2c1

k
||φt||||φt||H1 ≤

≤k

4
||θx||2 +

kc2
1

4
||θx||2H1 +

η2m2

k
(c2

1ε∗||φt||2 +
1

2ε∗
||φt||2H1) ≤

≤k

4
||θx||2 +

kc2
1

4
||θx||2H1 +

2η4m4c2
1

k2τ
||φt||2 +

τ

2
||φt||2H1 ≤

≤k

4
(1 + c2

1)||θx||2 +
kc2

1

4
||θxx||2 + (

τ

2
+

2η4m4c2
1

k2τ
)||φt||2 +

τ

2
||φxt||2.

So we have,

d

dt
E(t) ≤ −[γτ − τ

2
− 2η4m4c2

1

k2τ
− Jε0]||φt||2−

− [γk − k

4
(1 + c2

1)−
k

4
− 4η4β4c2

1

kµ2π2ε22
− m2d0

ξ
ε0 − b

ρm
(c +

mβ

b
)2ε1 − β2

µ
ε3 − β2d0

µ
ε4]‖θx‖2−

− [νk − π2ε22β

2ε1
]||θxt||2 − [ητ − τ

2
− b2π2ε22

2ε1β
]||φxt||2 − [ηk − kc2

1

4
− k

4
− k2ε1

2β
]||θxx||2−

− ντ ||φtt||2 − [δε0 − b2ε3
µ

]||φx||2 − [
ξε0

2
− b2ε4

µ
]||φ||2 − [

µε4
2
− b2ε0

ξ
]||ux||2−

− [
βε1
2
− µε2

2
− βε1

4
− ρε3 − ρd0ε4]||uxt||2−

− [
ρmε1
2b

− ρε2
2

]||utt||2 − [
µε3
2
− mµ2

ρb
ε1]||uxx||2. (26)

We can choose εi, i = 0, ..., 4 so that

γ >
1
2

+
2η4m4c2

1

k2τ2
+

J

τ
ε0,

ν >
1
k

π2β

2
ε22
ε1

,

η >
1
2

+
b2π2

2βτ

ε22
ε1

,

η >
1
4

+
c2
1

4
+

k

2β
ε1,
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ε0 >
b2

δµ
ε3,

ε0 >
2b2

µξ
ε4, (27)

ε4 >
2b2

ξµ
ε0, (28)

β

4
ε1 >

µ

2
ε2 + ρε3 + ρd0ε4, (29)

ε1 >
b

m
ε2,

ε3 >
2mµ

ρb
ε1, (30)

kγ >
k

4
(1 + c2

1) +
k

4
+

4η4β4c2
1

kµ2π2ε22
+

m2d0

ξ
ε0 +

b

ρm
(c +

mβ

b
)2ε1 +

β2

µ
ε3 +

β2d0

µ
ε4.

It is easy to see that (27) and (28) are satisfied if

2b2 < ξµ

and (29) and (30) are satisfied if
bβ > 8µm.

So by using Cauchy inequality for (25) and from (26) we conclude that there exists a positive
constant λ such that

d

dt
E(t) ≤ −λE(t).

That means
E(t) ≤ E(0)e−λt.

So we have proved that the energy decays exponentially. ¤
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