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EQUI-AFFINE DIFFERENTIAL INVARIANTS OF A PAIR OF CURVES
YASEMIN SAGIROGLU?

ABSTRACT. Let G = SAf f(n, R) be the group of all transformations in R™ as F (z) = gz + b
such that g € SL(n, R) and b € R". The system of generators for the differential algebra of all
G-invariant differential polynomials of a pair of curves is found for the group SAf f(n, R). The
conditions for G-equivalence of a pair of curves is obtained.
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1. INTRODUCTION

The concept of affine geometry was introduced by Felix Klein in Erlangen Programme in 1872.
According to this programme, affine geometry deals with the properties of curves and surfaces
which are invariant under affine maps. Since that time, affine differential invariants of curves
and surfaces have been investigated.

The theory of differential invariants consists of three fundamental theorems. The first of
these is finding the generators for invariant functions. The second is finding the conditions of
equivalence for curves (similarly for surfaces) and the third one is finding the relations (if they
exist) between of these generators.

The fundamental theorems of curves and hypersurfaces in centro-affine is investigated in [4].
The complete system of global differential and integral invariants for one curves is found in [8] for
equi-affine geometry and in [14] for centro-equiaffine curves. In [17], it is obtained differential
invariants for some groups in according to one curve. For two curves, it is investigated the
differential invariants and its applications to ruled surfaces for the group SL(n, R) in [13].

In [3], it was provided a rigorous theoretical justification of Cartan’s method of moving frames
for arbitrary finite-dimensional Lie group actions on manifolds. The method given there also
leads to complete classification of generating systems of differential invariants. This paper
provides a new approach to the construction of differential invariants and equivalence of curves
for the group SAf f(n, R).

In this paper, we investigate the differential invariants of a pair of curves for the group
SAff(n,R). In section 1, we give some introductory definitions. In section 2, the generator
system of differential invariants is found for the polynomials of a pair of curves. Then the
conditions of equivalence for two pairs of curves is given by the differential invariants. Also it is
shown that the set of generator invariants is minimal.

Let R be the field of real numbers and R™ be n-dimensional Euclidean space. The set
SAf f(n,R) which defined by

{F:F(z)=Ax+b, Aisareal nxn matriz which detA =1and b € R"}

'Karadeniz Technical University, Mathematics Department, Turkey
e-mail: ysagiroglu@ktu.edu.tr
Manuscript received September 2013.
238



Y. SAGIROGLU: EQUI-AFFINE DIFFERENTIAL INVARIANTS OF ... 239
is a group in according to composition of transformations.

Definition 1.1. A C*®—function x : I — R™ will be called a parametric curve or briefly a curve
mn R™.

This paper treats the case of parametrized curves. The unparametrized case is more chal-
lenging. Olver, completely classified equi-affine joint differential invariants for unparametrized
curves in 2— and 3—dimensions.([11])

Definition 1.2. Let {x1,z2} and {y1,y2} be two pairs of curves. If y; = Ax; +b, i =1,2 for
some A € SL(n,R), b € R", then these curve families will be called SAf f (n, R) —equivalent
and denoted by {:Ul,:vg}g {y1,y2} for the group G = SAff(n, R).

Definition 1.3. Let x1 and x2 be two curve in R"™. The polynomial

Py, 22} = P(xy, w0, 2,25, . .. 7x§m)’$gm))

for some finite natural number m will be called a differential polynomial of x1 and xs.

The derivation of P {x1, 22} will be denoted by P’ and this derivation is obtained as follows:
Since x1, x2 are variables, then the derivative of P is taken in according to the functional variables
21,2 in the polynomial.

Definition 1.4. If P{Ax) + b, Azo + b} = P{x1,22} for some A € SL(n,R), b € R", the
differential polynomial P is called an equi-affine invariant differential polynomial.

The set of all differential polynomials will be denoted by R{zi,z2} . It is a differential
R-algebra. Let G be the group SAff(n,R). The set of all equi-affine invariant differential
polynomials will be denoted by R {z1,22}¢. R{z1, 22} is a differential subalgebra of R{z1,z2}.

Definition 1.5. Let f1, fo,..., fx € R{xl,xQ}G. If the differential algebra generated by these
functions is equal to R {x1, xg}G, then these functions will be called the generator set of R{x1, xz}G.

2. EQUI-AFFINE INVARIANTS OF A PAIR OF CURVES

r11 ... Inl
Let x1,x9,...,z, € R". We will be denoted the determinant | ... ... ... |by[z1...2,)].
Tin - Ipn
In here, k. column of this determinant is consist of the components of zj, which are xx1, Tk, . .., Trn.
Lemma 2.1. Let xg,x1,...,%n,Y2,--.,Yn be vectors in R™. Then the following equality holds:

[T122 ... 2p] [Toy2 - - - yn] — [Toz2 ... xp) [X1Yy2 .. Yn] — - ..

1
e [ ] = 0 W
Proof. Page 173 in [8]. O

Definition 2.1. A curve z in R™ will be called SAf f(n, R)-regular (briefly reqular) if ['z" .. .x(”)} +
0. Hence for allt € I, [2/(t)z"(t)...2™(t)] #0.

Let G be the group SAf f(n, R).
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Theorem 2.1. Let x1 and xo be two curve in R™ such that x1 is reqular. Then the generator
set of R{x1,x2}C is

[az/l:p/{ e asgn)} , [:13/1 . .xgifl)xgnﬂ)ajgﬂl) e xgn)] ,

(i-1) (i+1) <n>}

/
[ml...xl 2—T1Xy ... T
fori=1,...,n.

Proof. The equi-affine differential polynomial P is in the form of

P{xy, 25} = P(x1, 22,2, 75, . .. ,mgk),mgk))

for some k € N. Since P is G—invariant, we get

P{gxl + b,gIEQ + b} = P(gml + bvg$2 + b,gl‘,l,gl'é, s agmgk),gmgk)) =

= P(x1, 29, 2,75, ..., ng)’xék))
for all g € SL(n, R) and b € R™. If we take g as identity element of nzn matrix e, then
P(x1 + b,z + b, 2,25, ... ,azgk),xgk)) = P(xq, w0, 24,25, . .., xgk), :Egk))

We want to show that th(e )diff(elgential polynomial P(z1 + b, xe + b, 2,2}, ... 7x§k),xék)) is equal
k) (k

to p(zo—x1, 20,2, ..., 2y, xy ) for some differential polynomial ¢. Then we get the invariance
condition as
k k k k
olg(zy — 1), ga, g2, .. g2 gel)) = o((xy — 1), @b, .2l 2.
Let yo = 29 — 21 and y; = z}. So we have from above equality

k k k k
o1, Yo vt 0 ) = wlayr, gve. gyt g - - gy, gyS.

We get that the invariance condition depend only on g. Since g € SL(n,R) and invariant
generator set of {y1,y2} for the group SL(n, R) in [13] is given by

-1 i—1 i+1 —1
{ylyi.--yin )} : [yl.--yf Vi U )] :
i—1 i+1 -1
I A e B
fori=0,...,n—1. Since yo = x9—z1 and y; = 2/ , we get that the generator set of R {z1, xg}G
is
|:$/117,1/:L'§n):| : [:n'l : ..l'gl_l) :L‘YH_I) azglﬂ) : ZL‘gn):| :
[aj’l xﬁl b T9 — T argiﬂ) xgn)]
fori=1,...,n. [l

Theorem 2.2. Let G = SAff(n,R) and {x1,x2} , {y1,y2} be two curve families such that x;
and y1 are reqular. If fori=1,...,n

ziaf o™ = ol
[37/1 ' ”xgi—l) x§n+1) x§i+1) ' xgn) _ _yi N 'ygi—l) y§n+1) y§i+1) ' ”ygn)] 7 2)
[1:’1 .. .zvgi_l) To —I1 xgi—H) e zgn) = yi .. .y%i_l) Yo — Y1 ygiﬂ) .. ygn)} ,

then for some g € SL(n,R) and b € R"™, y1 (t) — gr1(t) +b, y2 (t) = gza(t) + b, Vt € I. So
{w1, 22} S {1, v2}-
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Proof. Let us take 2} = 21, y§ = w1, x2 — 21 = 22, Y2 — y1 = wa. Therefore the preceding
equations imply

[zlzi...zl = |wiw] ... w; },

[21 Y R ) z&iﬂ) . z(nfl)- =

1—1 n i+1 n—1
(-1 ¢ wf ™ ) Wil ]

)

{zl T zgi_l) 22 ZYH) e Zgn_l)_ = _wl e wgi_l) w3 wgiﬂ) - w%n_l)}
for: =0,...,n— 1. If we divide these equations,
[zl... A0 Z§i+1)_uz§nfl)} ) [wl...w§H> w™ wgiﬂ)mwgnq)]
[zlz’l e z%n_l)] [wlw’l .. .w§n_1)}
{zl e zgifl) Z2 Z%Hl) .. .z%nfl)} {wl e wgifl) wo ngl) .. .winil)}
[zlz{ . z%n_l)} [wlw’l . wgn_l)}

Since x1 and y; are regular, we can write the above equalities. Take the matrices

) ... 2V At) oo A0
A, = and A = e e
n—1 n
an(t) oo 2 Aat) o 2P()
Since (Auw, ~AZ_11), = 0, we get Ay, = gA,, and detg # 0,g is constant. Therefore w; (t) =

gz (t), Vt € I. If we write this equality in first equality in 2.2, we get

et = [ ] = [92) (920)" - (920) ] = [ofat . gn )] =

= detg. [zizlll e z%n)}

and then detg = 1, so g must be element of the group SL(n, R)., Let us take the matrix

a1t) o AT (b
D., =

-2

wn@®) o 27D zan(t)
Take A D., = H = ||hj|| , 4,5 =1,...,n. Let us find the elements of this matrix. We have
that D,, = A,, - H. Then we get the following system of differential equations:

(n—1)
zithir + - 421 T hpl = 211,

(n—1)
z12h11 + -+ 219 Thp = 212,

ziph11 + - + Zg:i_l)hm = Z1n.
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The solution of this equation system in according to Cramer’s rule;

[21Zi . Zi:_ij} =1, ho = [lel — .zgn_l)} =0, ..., hp1 =0.

[zlzi - } o (n—1)

hi1 =
[zlzi - }

If we go on finding solutions in this way, we obtain;

1 0 ... 0 hi,
7 0 1 ... 0  ho,
0 0 ... 0 bhun
and where the entries of the last column are;
[zgzi .. zgn_l) [2122 . z%n_l)] [212] ... 2]
fiin = oy Pen = oy e e = (n—-1)T"
[zlzi...zl } [zlzi...zl ] [zlzi...zl ]

So the matrix H is equal to A;'- D, = Ayl - Dy,. Therefore we have that D, = g=! - Dy,
and D,,, = g- D,,. This equation implies that
Wa1 = g11221 + * - + GinZ2n,

wog = g21221 + **+ + GanZon,

Won = Gn1221 + ++ + Gnn22n

and we get we = gzo , g € SL(n,R). On the other hand, we know that w; = gz,
g € SL(n,R). Since w1 =y} , =z1 =z} , taking integral, we have that

y1=gr1+b, be R". (3)
And since wo = yo — Y1 , Y2 = T2 — x1 and wo = gz , We get

Y2 —y1 = gy — 31),
then

y2 =gra+0b, be R", (4)
we get from 3 and 4 for the same g € SL(n, R) and b € R" that {z1,z2} g {y1, 12} O

Theorem 2.3. Let G = SAff(n,R) and fo (t) #0, fi(t), ¢ (t), i =1,...,n be C*®-functions.
Then there exist curves x1, xo which x1 is regular such that

et | = fo @),
|::L'/1 . .:Ugi_l) l'gn—H) :L'gH_l) ) :ngn)} =fi{t),i=1,...,n, (5)

[ac’l...:z:gi_l) T9 — T azgiﬂ)...xgn)} =g (t) ,i=1,...,n.
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Proof. Let 2} =y and x2 — 21 = ya. Then from the equalities 5, we get
e --ygﬂ)} = fo(),
[yl e ygi_l) ygn) ygiﬂ) e y%n_l)} =fi(t),i=0,....,n—1,

[yl...yy*l) Yo y%Hl)...ygn*l)} =g (t) ,i=0,...,n—1.

If we divide these equalities, we have that

(i=1)  (n)  (i+1) (n—1)
|: 1 1 tnil) 1 i| — fl-i—lit) = hi-‘rl (t) , 7 = O7 T 2’ (6)
[?ﬂy’l . ] fo(t)
(i-1) (i+1) (n—1)
Yo Y1 Y2 Y1y .
|: 1 tn—l) 1 :| — gl+1-§t) — k’i-‘rl (t) s 1= 07 ce,n = 1’ (7)
Y] fol®)

st o] _

i ] 000

In the same way with the previous proof, we get the matrix B, taking y instead of x such

that Afyl = Ay, - B . Then we have the following system of differential equations from this
multiplication;

= ho(t). (8)

yitht (8) + Yiha (6) + -+ 5 Vb (8) — o) =0,
yioht (8) + Yioha (6) + - + 535 Vha (8) — i3 =0,

-1
Yinht (8) + Y () + -+ i Vha (8) = ) = 0.
Let we take y1; = 2z, i =1,...,n . So we can write the above system of differential equations

as

hy(t) 2+ ho (£) 2" + -4 hp (£) 27D — 2(0) =0,
It is known that the theory of differential equations, there exist one solution of this differential
equation. Let (wy,wy,...,wy) be the solution. Put y; (t) = (wy,we,...,wy) . Then the curve

y1 (t) provide the equalities 6 and 8.
Take the matrix

(n—2)

Y11 Y11 Y21
(n—2)

Ay = Y12 Y12 Y22
- (n;z)

Yin .- Yin Yon

and let A;ll - Ay = H. Then the matrix H satisfies the equality A> = A,, - H. Hence
yo1 = Y1k (¢) + y ko (t) + - + yﬁ_l)k‘n(t),

Y2z = ik () + Yhoka(t) + - + 3y Yk (D),

(=L ).

1n

Yon = Yink1 (t) + Yyl ke (t) + - +y
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So we have the curve y,. Take [ylyﬁ . -ygnfl) = ¢ (t). By detA,, # 0, we get ¢ (t) # 0 for

/ ’ t
allt € I. Let d' (t) = f;((;)) = ];?0((?) = ho(t). Taking integral, we have that d (t) = [ ho (¢) dt + ¢,
0

~

ce€ R™ Solny(t) = [ ho(t)dt+ c . Therefore
t t
J ho(t)dt+c J ho(t)dt J ho(t)dt
o (t) =ed ’ —cCed = \j.€0 ’ , 9= #0.

In the same way, there exists Ay # 0 such that fy (t) = Aa. eJo ho®dt | Tet us take \ = :\\—f # 0.
So fo (t) = A.p(t). Let g € GL(n, R) and detg = A\. Therefore

(n—1)

"0 = lgwgut - g "0 = detg. |y 0"V | = folt).

[(gm)(gyl)’ - (gy1)

If we take gy; = z1 and gys = 2z, these curves satisfy required conditions. Because
fo(t) = [:L"lac’{ e :Eg")} =\ [yu/l e -ygn_l)} = [zlzi e z§n_l)} #0.

Then the curve z;(t) is regular. On the other hand for i =0,...,n —1

ERRR TN
(n—1) = hit1 ()
{lei - }
and
{zl"' 27 zg YV ki1 (t)
= ki1 (t).
|:ZlZi . .zinil)}

So we have the following equalities:

[z1zi e zin_l)} = fo(t) #0,
{21 e zgi_l) zgn) zgiﬂ) . zgn_l)} =fi(t),i=0,....,n—1,

[z1...z§i71) 29 z%iﬂ)...z%n*l)} =g (t) ,i=0,...,n—1.

Hence the curves z; and zo satisfy the above equalities. So there exist the curves z; and zo such
that the above equalities are hold. Since z} = y; and z9 — 1 = y2, we get

£ (1) =/y1 (t)dt +b,
0

) (t) = Y2 (t) + 21 (t) = Y2 (t) +/y1 (t) dt + b.
0

Then the curves x1(t) and x2(t) satisfy the hypotheses of the theorem. So the proof is completed.
[l
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