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NUMERICAL-ANALYTICAL METHOD FOR SOLVING OF THE FIRST
ORDER PARTIAL QUASI-LINEAR EQUATIONS

FIKRET A. ALIEV1,2, N.A. ALIEV1, K.G. HASANOV1, A.P. GULIEV1,

A.K. TURAROV3, G.V. ISAEVA4

Abstract. Two-dimensional first order non-linear (quasi-linear) partial differential equation

which arises in the solving of the system of hyperbolic equations describing of oil production by

gas lift using the sweep method, is considered. By using the method of characteristics is shown

that the seeking solution can be defined from the corresponding implicit algebraic relation by the

help of the fixed point method. The computational algorithm for solving of implicit algebraic

relation is giving. For the particular case , when the initial function is constant the analytical

solution of the partial quasi linear equation is found.
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1. Introduction

For ordinary linear differential equations with constant coefficients the general solution can
be determined on the basis of Euler’s theory [13], where the finding of the explicit representation
both of Cauchy problem [5] and the boundary problem is not difficult [1]. For the problems for
the ordinary differential equations with variable coefficients, the solutions are obtained in an
explicit form [ 5, 7, 14, 18]. It should be noted that such studies for partial differential equations
are almost neglected [14].

As is known, the solution of the Cauchy problem for the second order differential equation
of hyperbolic type with constant coefficients is given explicitly by d’Alembert’s (in the two
dimensions case), Poisson’s (in the three dimensions case) and Kirchhoff’s (in the case of four
dimensions) formulas [6, 19]. The solution of the mixed problem for these equations is, generally,
represented as the series [16, 17]. Considering the presentation in the explicit form of the solution
of the problem for the partial linear differential equations with constant and variable coefficients,
only narrow class of such problems are covered [15].

In this work one example of the first order quasi-linear partial differential equation, which
arises in the mathematical modeling of the oil production by the gas lift method is considered
[12]. Based on the method of characteristics [11, 18] the representation of the solution of Cauchy
problem for this equation is given. The results are illustrated by the example arising from the
specific practical problems [3, 9].
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2. Statement of the problem

Let the first order quasi-linear partial differential equation in the form

∂S(x, t)
∂x

+ FS(x, t)
∂S(x, t)

∂t
− 2aS(x, t) = 0, x ∈ (0, l), t > 0, (1)

with the initial condition

S(x, 0) = ϕ(x), x ∈ [0, l], (2)

where F and a are real constants, ϕ(x) is the known continuous real-valued function, and S(x, t)
is the seeking function, be given.

The solution of equation (1) will be sought in an implicit form [11]:

χ(x, t, S(x, t)) = 0. (3)

Then differentiating (3) both by x and t, we’ll have:

∂χ

∂x
+

∂χ

∂S

∂S

∂x
= 0,

∂χ

∂t
+

∂χ

∂S

∂S

∂t
= 0,

or

∂S(x, t)
∂x

= −
∂χ
∂x
∂χ
∂S

,
∂S(x, t)

∂t
= −

∂χ
∂t
∂χ
∂S

. (4)

Substituting (4) into (1) we obtain:

−
∂χ
∂x
∂χ
∂S

+ FS
−∂χ

∂t
∂χ
∂S

− 2aS = 0

or

∂χ

∂x
+ FS

∂χ

∂t
+ 2aS

∂χ

∂S
= 0, (5)

which is the first order linear partial differential equation for the function χ((x, t, S(x, t)) from
(3).

3. The method of characteristics

Let us define the characteristics of the equation (5):

dx

1
=

dt

FS
=

dS

2aS
from which we obtain the following equations:

dx =
dS

2aS
and

dt

F
=

dS

2a
,

or

dS

S
= 2adx,
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dS =
2a

F
dt.

After integration of the last we define the following characteristics or a functional-invariant
Yerugin’s solution [10]

{
ln S(x, t)− 2ax = C1

S(x, t)− 2at
F = C2.

(6)

Here C1 and C2 are constants with which the characteristics are defined. Taking t = 0 in (6)
we have:

{
ln S(x, 0)− 2ax = C1,

S(x, 0) = C2.

Taking into account the boundary condition (2), we obtain:

{
ln ϕ(x)− 2ax = C1,

ϕ(x) = C2,

or from the second equation we define

x = ϕ−1(C2),

and substituting it into the first equation before the past, we find

lnC2 − 2aϕ−1(C2) = C1,

or

ϕ−1(C2) =
1
2a

ln C2 − C1

2a
or

C2 = ϕ

(
1
2a

lnC2 − C1

2a

)
.

Finally, taking into account (6) from the last, we have:

S(x, t)− 2a

F
t = ϕ

[
1
2a

ln
(

S(x, t)− 2a

F
t

)
− 1

2a
ln S(x, t) + x

]

or

S(x, t)− 2a

F
t = ϕ

(
1
2a

ln
(

1− 2at

FS(x, t)

)
+ x

)
. (7)

It is easy to see that (7) satisfies the initial condition (2). Now we show that (7) satisfies the
equation (1), too.

Indeed,

∂S

∂t
=

2a

F
+ ϕ′

(
1
2a

ln
(

1− 2at

FS(x, t)

)
+ x

)
1
2a

−2a
F

S(x,t)−t
∂S(x,t)

∂t
S2(x,t)

1− 2at
FS(x,t)

=

=
2a

F
− ϕ′

(
1
2a

ln
(

1− 2at

FS(x, t)

)
+ x

)
S(x, t)− t∂S(x,t)

∂t

(FS(x, t)− 2at)S(x, t)
,

or
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∂S

∂t
=

2a(FS2 − 2atS)− ϕ′SF

F 2S2 − 2atFS − ϕ′tF
. (8)

Similarly

∂S

∂x
= ϕ′

[
1 +

1
2a

2at
F

1
S2

∂S
∂x

1− 2at
FS

]
,

or

∂S

∂x
= ϕ′

[
1 +

t∂S
∂x

S(FS − 2at)

]
,

∂S

∂x
=

ϕ′S(FS − 2at)
FS2 − 2atS − ϕ′t

. (9)

Substituting (8) and (9) into (1) we have:

ϕ′S(FS − 2at)
FS2 − 2atS − ϕ′t

+ FS
2a(FS2 − 2atS)− ϕ′SF

F 2S2 − 2atFS − ϕ′tF
− 2aS =

=
ϕ′FS2 − ϕ′S2at + 2aFS3 − 4a2tS2 − ϕ′SFS − 2aFS3 + 4a2tS2 + 2aSϕ′t

FS2 − 2atS − ϕ′t
= 0,

i.e. the implicit function S(x, t), given in the form (7), is a solution of the equation (1).

4. Numerical solution of algebraic equation (7)

Depending on the complexity of the structure of the initial function ϕ(x) from (2) the finding
S(x, t) from (7) in an explicit form is problematic. So, using the different numerical algorithms
we’ll give an approximate methods for the solution of the equation (7).

(1) Since (7) has the form x = G(x), we construct the next iteration

S(k+1)(x, t) =
2a

F
t + ϕ

(
1
2a

ln
(

1− 2at

FSk(x, t)

)
+ x

)
.

Then we have

S(k+1)(·)− S(k)(·) = ϕ

(
1
2a

ln
(

1− 2at

FSk(·)
)

+ x

)
− ϕ

(
1
2a

ln
(

1− 2at

FSk−1(·)
)

+ x

)
,

where S(·) = S(x, t).
If assume that ψ(x, t, S(x, t)) in the right-hand side of (7) satisfies the Lipschitz condition by

the variable S(x, t) with constant Lipschitz coefficient 0<L < 1, we have∣∣∣S(k+1)(·)− S(k)(·)
∣∣∣ ≤ L

∣∣∣S(k)(·)− S(k−1)(·)
∣∣∣ ≤ Lk

∣∣∣S(1)(·)− S(0)(·)
∣∣∣ , (10)

or

S(k+1)(·)− S(0)(·) =
k+1∑

m=1

(
S(m)(·)− S(m−1)(·)

)
.

This after evaluation (12) has the form

∣∣∣S(k+1)(·)− S0(·)
∣∣∣ ≤

∣∣S1(·)− S0(·)∣∣
k∑

m=0

Lm =
1− Lk+1

1− L
×

×
∣∣∣S(1)(·)− S(0)(·)

∣∣∣ <
1

1− L

∣∣∣S(1)(·)− S(0)(·)
∣∣∣ .
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As can be seen from (10) the series S(k)(x, t) converges at k →∞.
Note that for the approximate value of S(x, t) we’ll take S(k)(x, t) for which the inequality∣∣∣S(k+1)(·)− S(k)(·)

∣∣∣ >
∣∣∣S(k)(·)− S(k−1)(·)

∣∣∣ (11)

holds true.
Thus, we have the following numerical-analytical algorithm for solving the problem (1), (2).
Algorithm.

1. The coefficients F and a of equation (1) are given.
2. The initial functions ϕ(x) of (2) is selected such that the Lipschitz constant L was 0<L < 1.
3. The initial approximation S0(x, t) is selected.
4. S(k)(x, t) from the relation (10) is calculated.
5. The condition (11) is checked at the satisfaction of which S(k)(x, t) is taken as an approximate
solution.
Note that for the solution of the equation (7) other methods can be used, for example, the
method of quasi-linearization [8]
Let us illustrate the above with the following example.

Example. As in [4], let ϕ(z) = Ce−βz1 from (2) (C and β are real constants [4]). Then the
non-linear algebraic equation (7) takes the form

S(x, t) =
2at

F
+ Ce−βx

(
1− 2at

FS(x, t)

)−β/2a
.

After some transformations we obtain

S(x, t) =
2at

F
+ Ce

− 2aβx
2a+β S

β
2a+β (x, t).

Then, analogically to (10), the iterative process is as follows:

Sk+1(x, t) =
2at

F
+ Ce

− 2aβx
2a+β S

(k) β
2a+β (x, t), (12)

at the given initial approximation S(0)(x, t). In the case when the given volume of gas is constant
at the beginning of the well, then β = 0 and ϕ(z) = C where the iterative process (12) converges
to the exact solution of the problem (1), (2)

S(x, t) = C +
2a

F
t

This coincides with the result of [2].
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