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ON QUASI-DUAL BAER MODULES

T. AMOUZEGAR!, Y. TALEBI?

ABSTRACT. We introduce and study the notions of quasi-dual Baer modules, FI-7-non-cosingular
modules and FI-XC-modules. We show that a module M is a quasi-dual Baer and FI-K-module

if and only if it is FI-lifting and FI-7-non-cosingular. A necessary condition for a direct sum

of quasi-dual Baer modules to be quasi-dual Baer are obtained. A characterization is given of

when a module is quasi-dual Baer, a necessary condition being that the endomorphism ring

itself is a left quasi-Baer ring.
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1. INTRODUCTION

Throughout this paper, R will denote an arbitrary associative ring with identity, M a unitary
right R-module and S = Endgr(M) the ring of all R-endomorphisms of M. Kaplansky introduced
the concept of Baer rings in 1955 [3] and Clark introduced the notion of quasi-Baer rings in 1967
[2]. A ring R is called left Baer (quasi-Baer) if the left annihilator of any nonempty subset
(left ideal) of R is generated as a left ideal by an idempotent. Rizvi and Roman introduced
the concepts of Baer and quasi-Baer modules in [5]. According to [5], M is called a Baer
(respectively quasi-Baer) module if the right annihilator in M of any left ideal (respectively
ideal) of S is a direct summand of M. In [10], Keskin-Tiitiincii and Tribak dualized the concept
of Baer modules. According to [10], a module M is called a dual Baer module if for every
submodule N of M, there exists an idempotent e in S such that {¢ € S | Im¢ C N} =eS. In
this work we introduce the notion of quasi-dual Baer modules. A module M is called a quasi-
dual Baer module if for every fully invariant submodule N of M, there exists an idempotent e
in S such that {¢ € S | Im¢ C N} = eS. Obviously, any dual Baer module is quasi-dual Baer.

We will use the notation N <., M to indicate that N is essential in M (i.e., VO # L <
< M, NNL #0); N < M means that N is small in M (i.e., VL < M, L+ N # M);
N < M means that N is a fully invariant submodule of M (i.e., V¢ € Endr(M), ¢(N) C N).
The notation N <% M denotes that N is a direct summand of M. For all I C S, the left
and right annihilators of I in S are denoted by ¢s(I) and rg(I), respectively. We also denote
rvu(l) ={z € M | Iz = 0}, Ep(I) = > 4y Img, for I C S5 Lg(N) = {¢ € S| ¢(N) = 0},
Dg(N)={¢p€ S| Im¢p C N}, for N C M.

Recall that a module M is called a lifting module if, every submodule N of M can be written
in the form N = A@® D where A is a direct summand of M and D < M [4]. A module M is
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called a FI-lifting module if, every fully invariant submodule N of M can be written in the
form N = A® D where A is a direct summand of M and D < M.

In Section 2, we introduce and study the notions of quasi-dual Baer modules, FI-7-non-
cosingular modules and FI-X-modules. Close links of quasi-dual Baer modules to FI-lifting
modules are established. We prove that an arbitrary direct sum of quasi-dual Baer modules
that are isomorphic to a factor of each other is quasi-dual Baer. We show that any direct
summand of a quasi-dual Baer module is quasi-dual Baer. We remark that some of our results
obtained in this paper are dual to those obtained by [5].

In Section 3, we show that the endomorphism ring of a quasi-dual Baer module is a left
quasi-Baer ring and obtain a necessary condition for the converse to hold true.

Lemma 1.1. Let M be a module, and M = My & Ms be a direct sum decomposition. If N <M
then N = N1 @& No where N; = NN M,; < M,;, fori=1,2.

Proof. See [5, Lemma 1.10]. O

Lemma 1.2. Let M be a module, with M = N1 N> and let Fi <Ny. Then there exists Fo <No,
so that F1 @ Fy, < M.

Proof. See [5, Lemma 1.11]. O

Lemma 1.3. For N< M, I <S5, PIM, LS, the following hold:
(1) Em(Ds(Em(I))) = Em(I)
(i1) Ds(Ea(Ds(N))) = Ds(N)
(13i) Ep(L) <M
(iv) Ds(P) 5.

Proof. (i) Ex(Ds(Em(I))) = 2 pepg(py ) Im @ € Em(I). Conversely, since I C Dg(Ewn(1)),

(#4) Similar to the proof of (7).

(¢4i) Let LS and f € S = Endr(M), then f(Q e Imé =3, Ime <3, ; Im¢ (since
¢p€Land LS, thus f¢ € L). Therefore Ep(L) < M.

(7v) We observe that, Dg(P) < Sg. On the other hands, if ¢ € Dg(P), then Vi € S,
Yp(M) C(P) C P since P <M. Hence )¢ € Dg(P). Therefore Dg(P) < S. O

2. QUASI-DUAL BAER MODULES

We say that a module M is a quasi-dual Baer module if for every fully invariant submodule
N of M, there exists an idempotent e in S such that Dg(N) = eS, or equivalently, for every
ideal I of S, Ep(I) is a direct summand of M. Any semisimple module is a quasi-dual Baer.
Obviously, any dual Baer module is quasi-dual Baer.

Lemma 2.1. Let M be a quasi-dual Baer module and ¢ € S. If Im¢ < M, then Im¢ <® M

Proof. Let ¢ € S such that Im¢ < M. We have Im¢ = Ep(S¢S) since Im¢ < M. Thus
Im¢ <% M. O

The quasi-dual Baer property does not always transfer from a module to each of its submodules
as the next example demonstrates.

Example 2.1. The Z-module Q is quasi-dual Baer but the submodule Z is not a quasi-dual
Baer Z-module.

Next, we see that a direct summand of a quasi-dual Baer module inherits the property.
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Theorem 2.1. Fvery direct summand of a quasi-dual Baer module M is quasi-dual Baer.

Proof. Let N <® M, then there exists €2 = e € S such that N = eM. Assume that F < N,
then by Lemma 1.2, there exists G < (1 — e)M such that F'& G < M. Since M is quasi-dual
Baer, [ = Dg(F ® G) <® S. As Endr(N) = eSe, and [ 45, ele = eSenNI. We have [ = fS
where f2 = f € S, and so ele = efSe. But since fS <48, ef € fS. Hence ef = fef. We
can write ele = efSe = fefSe = efefSe = (efe)(efSe). Notice that (efe)? = efe. We have
(efe)(efSe) C (efe)(eSe), but the reverse: let (efe)(ese) € (efe)(eSe), then efeese = efese =
= fefese = efefese = (efe)(ef(es)e) € (efe)(efSe). Hence we have that ele <% eSe. Now
we show that ele = D.g.(F'). We see that eie(M) C ei(M) C e(F & G) = eF +eG C F, for
i € I, therefore ele C D.g.(F). Assume that 0 # eje € eSe such that eje(M) C F. Hence
eje(M) C F & G and so eje € Dege(F & G) = I. But eje = eejee = e(eje)e € ele. Therefore
Dese(F) = ele <% eSe. F is arbitrary, hence N is quasi-dual Baer. O

Recall that a module M is said to have the FI-summand sum property (FI-SSP) if the sum of
two fully invariant direct summands is again a direct summand. A module M has the F'I-strong
summand sum property (FI-SSSP) if the sum of any number of fully invariant direct summands
is again a direct summand.

Lemma 2.2. Fvery quasi-dual Baer module M has the FI-strong summand sum property (FI-

SSSP).
Proof. Let e;M < M where e? =¢; € S, and i € A (A is an index set). Then ¢;S < S (i € A).

i =

Define I = Y, €;S, then I 5. So >, cpeiM =3, .p En(€S) = Ey(I) <® M. Thus M
satisfies the FI-SSSP. U

The following example shows that the converse of Lemma 2.2 is not true, in general.

Example 2.2. Consider the Z-module Z,», where p is prime, n € N and n > 1. Z,» satisfies the
FI-SSSP as it is indecomposable but Zy» is not a quasi-dual Baer Z-module: Let ¢ € Endz(Zyn)
such that ¢(z) = pz, Vo € Zpn. The morphism ¢ is not 0 (p.1 = p # 0 modulo p”, where n > 1);
Im ¢ << M and since Zjyn is hollow, Im ¢ cannot be a summand. Therefore Z,» is not a quasi-dual
Baer Z-module.

Theorem 2.2. Let M be a module and for all ¢ € S, Im¢p I M. Then M is quasi-dual Baer if
and only if M has the FI-strong summand sum property (FI-SSSP) and Im¢ <® M, V¢ € S.

Proof. By Lemmas 2.1 and 2.2, M has the Fl-strong summand sum property (FI-SSSP) and
Imo¢p <% M, Vo € S. Conversely, let I be any ideal of S. For each ¢ € I we have Im ¢ <% M.
Thus En(I) =3 4e; Img <% M, by FI-SSSP. Hence M is quasi-dual Baer. O

Theorem 2.3. Let M be a module and for all ¢ € S, Im¢p <M. Then M is quasi-dual Baer if
and only if M is dual Baer.

Proof. 1t follows from Theorem 2.2 and [10, Theorem 2.1]. O

Following [7], the module M is called non-cosingular if for every non-zero module N and
every non-zero homomorphism f : M — N,Im f is not a small submodule of N. In [9], Keskin-
Titlinci and Tribak introduced the concept of 7-non-cosingular modules. According to [9], a
module M is called 7 -non-cosingular if, V¢ € Endr(M), Im¢ < M implies that ¢ = 0.
In this paper we introduce the notion of FI-7-non-cosingular modules. A module M is called
FI-T-non-cosingular if, for any I < S such that Ey/(I) = eM @ D, where €2 = ¢ € S and
D < M, we get that Ep(I) = eM. All semisimple modules are FI-7-non-cosingular.
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Proposition 2.1. Let M be an R-module. Then:

(i) M is T -non-cosingular if and only if, for all I < §S, Ep(I) = eM @ D where e? =e € S
and D < M, implies that IN (1 —e)S = 0.

(ii) M is FI-T -non-cosingular if and only if, for all IS, Ey(I) = eM @D wheree? =e € S
and D < M, implies that IN (1 —e)S = 0.

Proof. (i) Let I < gS such that Ep(I) = eM @ D, where €2 = e € S and D < M. Then
Evy(In(l—-e)S)CEyI)N(1—e)M=(eMe&D)N(1l—e)M C (1 —e)M N (1—e)D. Since
D < M, (1-e)D < M. Therefore (1 —e)M N (1—e)D < M. Hence Epf(IN(1—¢)S) < M.
By 7-non-cosingularity of M, IN(1—e€)S =0.

Conversely, let I < ¢S and Ej(I) < M. Then, by hypothesis, I NS = 0. Thus I = 0.

(ii) Let I < S such that Ep(I) = eM @ D, where e =e € S and D < M. Since M is FI-7-
non-cosingular, Fpr(I) = eM. Then Ey(IN(1—e)S) C Ey(I)N(1—e)M =eMn(l—e)M = 0.
Therefore I N (1 —e)S = 0.

Conversely, let I < S such that Ey(I) = eM @ D, where e =e € S and D < M. Then, by
hypothesis, we have that IN(1—e)S = 0. Thus 0 = Ey(IN(1—€)S) = Ex(I) N Y ye(1_eys Im¢.
Then Ep(I)N Im¢p =0, Vo € (1 —e)S. Since (1 —e) € (1 —¢)S, Eypy(I)N(1—e)M =0. Let
L<Ey()and D+L=Ey(I)=eM®D. Then D+L+(1—e)M = (eM®D)®(1—e)M = M.
Since D < M, L+ (1—e)M = M. Then L+ ((1—e)M N Ex(I)) = Exr(I). Hence L = Ey(I),
and so D < Ey(I). Since D <% Ep(I) and D < Ep(I), D = 0. Therefore Ey(I) =eM. O

Corollary 2.1. Every 7 -non-cosingular module is FI1-T -non-cosingular.

Note that every module which is quasi-dual Baer, lifting but not dual Baer has the property
that it is FI-7-non-cosingular but not 7 -non-cosingular.

Recall that a module M is said to be a K-module if, In¢ £ N for all 0 # ¢ € S implies
N < M (equivalently, for all N < M, Dg(N) = 0, implies N < M) [10]. We say that a module
M is a FI-K-module if, for every N <%® M and N’ < N such that Im¢ £ N, V¢ € Endg(N),
we get that N’ < N. All lifting and FI-lifting modules are FI-C-modules (Lemma 2.3).

Proposition 2.2. Let M be an R-module. Then:

(i) M is a K-module if and only if, for all N < M, Ep(Dg(N)) <® M implies that N =
= En(Ds(N)) @ D such that D < M.

(it) M is a FI-K-module if and only if, for all N < M, Ep(Dg(N)) <% M implies that
N =EN(Dg(N))® D, where D < M.

Proof. (i) Let Ep(Dg(N)) = eM, for some € = ¢ € S. By Lemma 1.3, Dg(N) = Dg(eM).
Since Dg(eM) N Dg((1 —e)M N N) = 0 and Ds((1 —e)M N N) C Dg(N) = Dg(eM), we
obtain that Dg((1 —e)M N N) = 0. As M is a K-module, (1 —e)M NN <« M. Then
N =FEn(Dg(N)) & ((1—e)MNN), where (1 —e)M NN < M.

Conversely, let N < M and Dg(N) = 0. Then Ep(Ds(N)) = 0. By assume, N =
= Ey(Dg(N)) @ D, where D < M. Then N =D < M.

(ii) Let Ep(Dg(N)) = eM, for some € = e € S. By using the proof of (i), it is enough to
show that NN (1—e)M <M. As N <M, then Dg(N)<S. So eM = Ep(Dg(N)) <M. Hence
(1 —e)M <M. Therefore NN (1 —e)M <M.

Conversely, let N <9 M and N’ < N such that Im¢ £ N’, V¢ € Endgr(N) = S’. Then
Dg/(N') = 0 and so Ex(Dg/(N')) = 0. By assume, N' = En(Dg/(N')) ® D, where D < M.
Then N' = D < M. Hence N' < N. O

Corollary 2.2. FEvery K-module is a FI1-K-module.



82 TWMS J. PURE APPL. MATH., V.4, N.1, 2013

Any module which is dual Baer, FI-lifting but not lifting has the property that it is a FI-K-
module but not a K-module. For example, Q is a FI-X-module but not a X-module.

Lemma 2.3. Fvery FI-lifting module M is a FI-K-module.

Proof. Let N <%® M. Then by [8, Proposition 2.10], N is FL-lifting. Take N’ < N such that
Im¢ £ N', V¢ € Endr(N). By the FL-lifting property N’ = B & D such that B <% N and
D <« N. Assume B # 0, hence N = B@C for some R-module C. Then the canonical projection
7o of N onto B has the property that mo(N) C B C N’, which is a contradiction. Hence B = 0.
Then N’ = D <« N and the proof is complete. O

In general, the converse of Lemma 2.3 is not true. The Z-module Z is a FI-X-module but is
not FIL-lifting.

Proposition 2.3. Let M be a quasi-dual Baer FI1-K-module. Then M is FI-lifting.

Proof. Let N I M and Dg(N) = eS for some ¢? = e € S (by the quasi-dual Baer property).
Hence Ep(Dg(N)) = eM <% M. By Proposition 2.1, and since M is a FI-K-module, we get
that N =eM & D, where D < M. Hence M is Fl-lifting. O

Recall that a module M is called strongly FI-lifting if, every fully invariant submodule N
of M can be written in the form N = A® D where A is a fully invariant direct summand of M
and D < M [8]. It is clear that every strongly FI-lifting module is FI-lifting.

Remark 2.1. In the proof of Proposition 2.3 we get that eM < M ( since N < M, then
eS = Dg(N) < S, hence eM = Ep(Dg(N)) < M), and so we obtain that M is strongly FI-
lifting.

Lemma 2.4. Fvery quasi-dual Baer module M is FI1-T -non-cosigular.

Proof. Let IS, with Ep(I) = eM @D, where e = e € S, and D < M. Then by the quasi-dual
Baer property, Ep(I) <® M. Hence D <® M. Therefore D = 0 and so Ey(I) = eM. O

The converse of Lemma 2.4 may not be true. For example, the Z-module Z is FI-7T-non-
cosigular but is not quasi-dual Baer.

Proposition 2.4. Let M be a FI-T-non-cosingular FI-lifting module. Then M is quasi-dual
Baer.

Proof. Let I 4S. We have that Ey/(I) <M, and by the FI-lifting property we get that Ep/(I) =
= eM @ D such that ¢ = e € S and D < M. By FI-T-non-cosingularity we have Ey/(I) =
eM. O

Remark 2.2. We note that F'I-7-non-cosingularity in Proposition 2.4, is not superfluous. For
example the Z-module Zy,», where p is prime, n € N and n > 1 is FI-lifting but is not a quasi-dual
Baer Z-module.

The next result exhibits close connections between quasi-dual Baer modules and FI-lifting
modules.

Theorem 2.4. The following are equivalent for any module M :
(1) M is a FI-lifting and FI1-T -non-cosingular module;
(1) M is a quasi-dual Baer and FI-K-module.

Proof. By Lemmas 2.3, 2.4 and Propositions 2.3, 2.4. |
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Remark 2.3. Theorem 2.4 is a useful source of examples of quasi-dual Baer modules. For
example, if R is a right hereditary ring, then every injective module is non-cosingular by [7,
Proposition 2.7]. Since every non-cosingular module is FI-7 -non-cosingular, every injective FI-
lifting module is quasi-dual Baer by Theorem 2.4.

The following Theorem exhibits close links of quasi-dual Baer modules to the strongly FI-
lifting modules.

Theorem 2.5. The following are equivalent for any module M :
(1) M is a strongly FI-lifting and FI-T -non-cosingular module;
(1) M is a quasi-dual Baer and FI1-K-module.

Proof. By Remark 2.1 and Theorem 2.4. O

Corollary 2.3. Let M be a FI-T-non-cosingular module. Then M is FI-lifting if and only if
M is strongly FI-lifting.

Proof. By Theorems 2.4 and 2.5. |

We note that, if M is not FI-7-non-cosingular then an FI-lifting module need not be strongly
FI-lifting by [8, Remark 3.8].

In general, a direct sum of quasi-dual Baer modules is not quasi-dual Baer, as the following
example shows.

Example 2.3. Consider the Z-module M = Z,~ & Z, and the endomorphism f : M — M
defined by f(x + y) = cy with € Zp~, y € Z and c is a non-zero element of Zy~ such
that ¢pZ = 0. It is clear that Imf = ¢Z which is a non-zero submodule of M. Note that
E Zpo) H Doy, Loyoo
S = Endy(Zy~ ® Zp) = < ndZO( r>) OWZ(Zp, p) ) where Endz(Zy~) is the ring of
i

p-adic integers. Consider the ideal I = SfS of S, we have En(I) = Ep(SfS) = 3 jcgps Im ¢
Since Zpe is a fully invariant submodule of M, Ep(SfS) is a submodule of Zyec. So Ep(SfS) is
a non-zero small submodule of M because Zy~ is hollow. Thus M is not a FI-7-non-cosingular
Z-module. By Lemma 2.4, M is not quasi-dual Baer.

Next, we provide some necessary conditions for a (finite) direct sum of quasi-dual Baer mod-
ules to be quasi-dual Baer.

Theorem 2.6. Let M, and My be quasi-dual Baer modules. If Yx € M;, 3x € Homp(M;, M;)
such that x € Imyx (i # j, i, j =1, 2), then My ®& My is a quasi-dual Baer module.

Proof. Let S = Endr(M; & Ms), and let I < S. Then Enpenm,(I) < My & Ma, hence, using
Lemma 1.1, Enyr, g, (I) = N1 @ Na, where N; < M;, i =1, 2. As mentioned,

g :< St Homp(Ms, M) >

Hompg(My, M>) Sa '

Since I < S we have the following properties:

I ={¢ €51 | ¢=0aq1 with ()i, j=1,2€ I} I 5

I, = {¢ € SQ ’ ¢ = g9 with (az’j)i, j=1,2 € I} < SQ

We also define I1o = {T/J S HomR(Ml, MQ) | P = ag with (Olij)i, j=1,2 € I} and Iy = {’(ﬁ €
€ HomR(Mg, Ml) | 1 = a1 with (Oéij)i7 j=1,2 € I}.

Let Ni = Eny(I1). We have that N1 = Ny + (3 4cp, Imo), (or 3 4c; Im¢ N M =
> oer, mb + 37 o Tm@). Since My is a quasi-dual Baer module, Eyp, (I1) <® M;. We also
have -y, Tm¢ <37, ; Tm6 = Epy (I1) = Nj. Then Ny = Nj <% M;. O
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Theorem 2.7. Let {M;}icp be a family of quasi-dual Baer modules. If each M; is isomorphic
to a factor of M, Yi # j, i, j € A, then M = @, M; is quasi-dual Baer.

Proof. Let S; be the endomorphism ring of M;, Vi € A. The endomorphism ring of M, S, is a
ring of matrices, with elements of S; in the ii-position, and maps M; — M; in the ij-position,
Vi, j € A, i # j. We need to show that VI <5, Ep(I) <® M. But since Ey (1) <M, Ep(I) =
@D,cr Erv(I)NM;. We only have to analyze, hence, the column morphism (i.e., matrices) taking
M; into M, for an ¢ € A. Similar to the proof of Theorem 2.8, we have that the ith column of
I <48 has elements from Hompg(M;, Mj;) in the remaining places (call the union of all these sets
w ). Ex(I)NM; = En, (L) + (3 4e, Im ¢). But M| = En, (1) <% M;, since M; is a quasi-dual
Baer module. If we take a ¢ € w, for example ¢ : M; — M; where i, j € A and ¢ # j, then
Oi; € I;, where 1;; : My — M is an epimorphism. Hence Im ¢ = Im ¢v);; < Epy,(1;), then
> sew Mm@ < En(L;). Then En(I) N M; = En, (1) <% M;. Using this argument for all i € A,
we obtain that Ey (1) = @,cp Enr, (i) <© @en Mi = M. O

Theorem 2.8. Let {M;}icr be a family of modules. If M = @;erpM; is quasi-dual Baer, then
> beHomp(M;, My Imé <® Mj foralli, j € F and i #j.

Proof. For simplifying notation assume we have M; and M>. We concentrate on M7 ® My, which
is also quasi-dual Baer. Let N; = > Im¢ ¢ € Homp(M;, M;), i, j € {1, 2} and i # j. We
show first that Ny @ No I My @ Ms. Take o € Endr(M; & Ms); i.e.

o — < o1 P12 )

G211 P22

where ¢ij : Mj — Mi, for ’i, ] S {1, 2} ObViOllSly ¢11(N1) = ¢11(Z¢:M2HM1 Im¢) =
Z¢:M2—>M1 Im¢11¢> - N1. Hence N1 < Ml. Similarly NQ < Mg.

We have ¢1Q(N2) = ¢12(Z¢:M1—>Mz Im qb) = Z¢:M1—>M2 Im ¢12¢. Since Im @120 < Im @12, then
P12(N2) = Y gns, —np, M @126 < Imgra < Nyi. Similarly ¢o1(N1) < No. Hence we get that
Ny @® No 4 My & Ms.

Let us now show that Ny®& Ny <% My&M,. Take Dg,,(N1BN2), where Si1o = Endp(M;&M,).

Looking at a € Dg,,(N; @ Na), « a matrix as above, we notice the following: ¢11(M;) +
¢12(M2) € Nj. Then ¢11(M;) € Ny, hence ¢ € Dsl(Nl). Similarly ¢99 € D52(N2), where
S1 = Endg(M;) and So = Endgr(Ms). At the same time, « € Endr(M; & M) such that
o611 € Dg,(N1), ¢22 € Dg,(N2) and ¢12, ¢21 are arbitrary in their respective Homs will have
the property a € Dg,, (N1 @& N2). Hence

DS1(N1> HO?TLR(MQ, Ml)

Dsia (N1 & N2) = ( Hompg(My, Ma) Dg,(N2) )

Since Dg,,(N1® N2))<S12, Erryenm,(Ds,,(N1@ Na)) <My @ M. Hence Eny, g, (Dsy, (N1 @
Ng)) = N{ D Né, where N{ = EMl@Mg(DSm(Nl D Nz)) N M7 and Né = EM1€BM2(D512(N1 D
N2)) N Ms. 1t is easily checked that Ny = Eng, (Ds, (N1)) + (X peromp(Ms, 1) Im@). Since
En, (Dgs, (N1)) € Ny and ZweHomR(Mg, M) Imt = N1, N{ = N;. Similarly for N} = Nj.

As a result, we obtain that En,en,(Ds,, (N1 @ Na2)) = Ni @ Na. In addition to this, since
M, & My is quasi-dual Baer, Epy e, (Ds,, (N1 @ No)) <% M; & My. Hence Ny @ Ny <%
M @ M. In conclusion (since the indexes were chosen arbitrarily), if M is quasi-dual Baer,
then > e omp (s, vy Im o <® M, fori, je{l, 2}, i #j. O

Recall that a module M is said to have Cy condition if YN < M with N = M' <% M, we
have N <% M. We say that M have FI-Cs condition if VN < M with N = M’ <% M, we have
N <% M.

Proposition 2.5. Fvery quasi-dual Baer module has FI-Cs condition.
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Proof. Let M be a quasi-dual Baer module and N be any fully invariant submodule of M
such that v : eM = N for some ¢? = ¢ € Endr(M). Set ¢ = e € Endp(M). Then
Im¢ = peM = N <% M as M is quasi-dual Baer. O

Recall that a module M is said to have Dy condition if YN < M with M/N = M' <% M, we
have N <% M. We say that M have FI-Dy condition if VN < M with M/N = M’ <% M, we
have N <% M.

Proposition 2.6. Consider the following conditions for an R-module M :

(1) M is a quasi-dual Baer module with FI-Dy condition;

(1i) M has FI-Cy condition and FI-Dy condition and ¥¢ € S with Im¢ < M, Im ¢ is iso-
morphic to a direct summand of M ;

(i13) Vo € S with Tm ¢ A M and Kere < M, we have Im ¢ <% M and Kere <% M.

Then (i) = (i1) = (iit). If M has FI-SSSP property, then (iii) = (i).

Proof. (i) = (i7) By Proposition 2.5.

(ii) = (iii) Let ¢ € S. Since M is quasi-dual Baer, M/Ker¢ = Im¢ <% M. Thus Ker¢p <%
M by FI-Ds condition.

(13i) = (i) It suffices to show that M has FI-Dy condition. Let N be a fully invariant
submodule of M such that ¢ : M/N = M’ <% M. Set ¢ = yw € S. Then Ker¢p = Kerypm =
N <% M. [l

3. THE ENDOMORPHISM RING OF A QUASI-DUAL BAER MODULE

In this section we give a characterization of a quasi-dual Baer module in terms of its endo-
morphism ring.

Proposition 3.1. Let M be a quasi-dual Baer module. Then S = Endr(M) is a left quasi
Baer ring.

Proof. Let I be an ideal of S. Since M is quasi-dual Baer, Ep;(I) = eM where e? =e € S. It
suffices to show £g(I) = S(1 —e). Since for all ¢ € I, Im¢p C 3" Im¢ = Ey(I) = eM, we
have (1—e)¢ = 0. Thus (1 —e) € £s(I). Now if s € £5(]), then s(3_,;Im¢) = 0. So seM = 0.
Therefore s = s(1 —e) € S(1 —e). O

Corollary 3.1. Let M be a T -non-cosingular FI-lifting module. Then S is a left quasi-Baer
TINg.

Proof. By Propositions 2.4 and 3.1. O
Our next example shows that the converse of Proposition 3.1 may not be true.

Example 3.1. Let M = Zy be an Z-module. Then Endr(Zyz) ~ Z is a quasi-Baer ring, but Zz
is not a quasi-dual Baer module.

Theorem 3.1. The following are equivalent for a module M :
(1) M is a quasi-dual Baer module;
(2) Exp(I) =rar(Us(Q)) for every ideal I of S and S is a left quasi-Baer ring.

Proof. (1) = (2) Let I be an ideal of S. Since M is quasi-dual Baer, there exists e? = e € S
such that Ey(I) = eM. Thus (1 —e) € ¢g(I). Let m € rpr(€s(Z)). Then (1 —e)m = 0, so
m € eM = Ep(I). Therefore Ep(I) = ra(€s(I)). By Proposition 3.1, S is a left quasi-Baer
ring.
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(2) = (1) Let I be an ideal of S and £5(I) = Sf, for some f2 = f € S. Hence Vo € I, f¢ = 0.
So :(1 )¢and¢MC(1—f)M. ThusEM(I)_( — f)M. But (1 —f)MQTM(Sf):
rar(bs()) = Ep(I). Therefore M is a quasi-dual Baer module. O
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