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SOME RESULTS CONCERNING FRAMES ASSOCIATED WITH
MEASURABLE SPACES
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ABSTRACT. In this note some necessary or/and sufficient conditions for the perturbation of a
(Q, p)-frame are given. We also discussed (€2, pt)-frames of subspaces.
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1. INTRODUCTION

Frames for Hilbert spaces were introduced by Duffin and Schaeffer [8] while addressing some
deep problems in non-harmonic Fourier series. Recently, various generalizations of frames have
been introduced and studied. Frames of subspaces in Hilbert spaces were first introduced and
studied by Casazza and Kutyniok [4] and then by Asgari and Khosravi [3], pseudo frames were
introduced by Li and Ogawa [15], oblique frames were first introduced and studied by Eldar [9]
and then by Christensen and Eldar [6], outer frames were introduced and studied by Aldourbi,
Cabrelli and Molter [1] and Bounded quasi-projectors were studied by Fornasier [11, 12]. Sun
[17] introduced a more general concept called G-frames and pointed out that most of the above
generalizations of frames may be regarded as a special cases of G-frames and many of their basic
properties can be derived within this more general setup.

Another generalization of frames was proposed by Kaiser [14] and independently by Ali
Tawreque, Antoine and Gazedu [2] who named it as continuous frames while Kaiser used the
terminology generalized frames. Recently, Gabardo and Han [13] studied continuous frames and
use the terminology (€2, u)-frame.

Discrete and continuous frames arise in many applications in both pure and applied
mathematics and, in particular, they play important roles in digital signal processing and
scientific computations. For a nice introduction to frames an interested reader may refer to
[5] and references therein.

In this note, sufficient condition for the exactness of a (2, u)-frame is obtained. Some
necessary and sufficient conditions for the stability of an (€2, u)-frame are given. A condition
for the perturbation of an (€, u)-frame is obtained. Finally, (€2, u)-frames of subspaces are
discussed.

2. PRELIMINARIES

Throughout the paper, H will denote an infinite dimensional Hilbert space. For a family
{z,} CH, [x,] denotes the closure of the {z,} in the norm topology of H.

Definition 2.1. Let (Q, ) be a measure space and H be Hilbert space with inner product. A
vector-valued mapping F : Q — H (i.e. a collection of vectors F = {F(w)}ueq C H) is said
to be a (Q, p)-frame for H if
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(1) F is a weakly measurable function.
(2) There exist constants A and B with 0 < A < B < 0o such that

Allz® < / (@, F(w))|*du(w) < Bllz|?, = €™M, (1)

The positive constants A and B, respectively, are called lower and upper frame bounds of the
(Q, u)-frame F = {F(w)}weq. They are not unique. The inequality (1) is called the (€2, pu)-
frame inequality. If A = B, then {F(w)},eq is called tight and normalized tight if A =B = 1.
The supremum of all A and infimum of all B which satisfy (1) are called best bounds for (£2, p)-
frame. A (Q,pu)-frame F = {F(w)}ueq is said to be exact if for arbitrary Qo C Q, with
1(Qo) > 0, {F(w)}wea~q, ceases to be a frame for H. If upper inequality of (1) holds then
F = {F(w)}ueq is called a (£, u) -Bessel family. The operator T : H — L?(Q, 1) defined by

(Trzx)(w) = (z,F(w)), weQ, €H

is bounded linear operator called the analysis operator and its conjugate T is called synthesis
operator and the operator ThTp : H — H is called frame operator of (2, u)-frame.

A (Q, u)-Bessel family F' = {F(w)}ueq is a (2, p)-frame for H if and only if their exists a
(2, u)-Bessel family G = {G(w)} such that

(2,1) = / (2, G F(W), 1) du(w), forall o,y € H.

w

In this case we say that {G(w)}weq is a dual (2, u)-frame for {F(w)}ueq and ({F(w)}, {G(w})
a dual pair.
A (Q,pu)-frame {F(w)}weq is complete in H i.e. H = [F(w)]ueq-

3. MAIN RESULTS

The following lemma provides a sufficient condition for exactness of (€2, u)-frame for a Hilbert
space.

Lemma 3.1. A (Q, u)-frame F = {F(w)}ueq is exact if for arbitrary Qo C Q with u(Qo) > 0
F(&) ¢ [F(w)|wea~ay, for almost all £ € Qq.

Proof. Let, if possible, there exist Qg C Q with p(Q0) > 0, {F(w)}uea~a, be a (£, p)-frame
for H. Then, by frame inequality of {F(w)}weq~,, we have [F(w)]weq~q, = H. This gives
F(¢&) € [F(w)]wea~a,, for all £ € 2, a contradiction. Hence F' = {F(w)},eq is exact. O

Now, we show that exact (2, pu)-frames are invariant under a linear homeomorphism. An
inequality concerning best bounds is also given in the following theorem.

Theorem 3.1. Let F = {F(w)}ueq be a (9, p)-frame for H with best bounds Ai,B; and
U:H — H be a linear homeomorphism , then {U(F(w))}weq s a (Q, p)-frame for H and its
best bounds As, Bs satisfy the inequalities
ALU|I7? < A2 < AU,
B1[[U]7* < B2 < Bul|U|”.
Proof. Since F : Q — H is weakly measurable i.e. the map w — (F(w),z) from 2 into C is
measurable for all x € H. So, the map w — (U(F(w)),x) from Q into C is also measurable for

all z € H.
Now for all z € H, we have

/\ 2, U (F(w)))[Pdp(w /I (U*(2), F(w)) Pdu(w) < Bil|lU™(@)]* < Bul|U|[|]*.
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Also
2
Joll? = 0T @)1 < 012 U@ < LI / (U (&), P ()} Pdu(w) =
2 2
=L [ @), o) Pau ”U” / o U(P(@) P,
Q
This gives
AU el? < [ 1o U@ Pduto), for all e 3.
Therefore

AL|UII7? < A, Ba < Bi||U*.

Now, for all x € ‘H, we have

Agllz]? < / (e, U(F())) Pdpu(w) < Ball]?

and
2|l = IU™ U @) < [UHPU ()]
This gives

AU ]2 < Asl|U ()2 < / (U (), U(F(w))) Pdp(e ( / [, F(w)) 2dpu(w >)
Q

< By|[U(2)|” < B2HUH2 l]|?, for all z € H.
Therefore, we have
Ao|UTY72 < Ay, By < By U2
Hence
AL|U|I72 < As < AU,
B1||U| 7% < By < B4[|U]%
Corollary 3.1. If {F(w)}weq is exact, then so is {U(F(w))}weq -

The following theorem gives a necessary and sufficient condition for the perturbation of a
(2, p)-frame.

Theorem 3.2. Let {F(w)}ueq be a (2, n)-frame for a Hilbert space H and G : Q@ — H be a
vector-valued function. Then the following statements are equivalent:

(1) {G(w)}weq is a (2, p)-frame for H.
(2) there exists M > 0 such that

[ 1. F (@) = G@) Pdw) < Mmin { [t p@)Pdu), [ <$7G(w)>2dﬂ(w)} .
Q Q

Q
(3) There exists K > 0 such that

[ . F@) = G@) Pdu) < K [ 1(a,Glw) Pdute).
Q

Q
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Proof. (i) = (ii) Let Ap,Bp and Ag,Bg be frame bounds for the (€, u)-frames {F(w)}uea
and {G(w)},eq respectively. Then, for all x € H, we have

/ 7, F(w) - G(w))2dp(w /\ 2, F(w)) — (2, G(w)) Pdu(w) <
<2 (/|F ) P /|xG )Pl ><2(Q/|x,Fw>>| du<w>+BG||:c||2)§
gz(!rx,Fw>>12du<w + 20 Q/\x,Fw»Pdu( 9) - <1+>/xF ) Py

Similarly, we can show that

/ra:F oDPdu(e) <2(1+ )/ma (e

(ii) = (i) For all = € H, we have

AFHxH?§/|<x,F<w>>|2s2(/\<x,F<w> ) P /| G i) <
( /\xG ) [Pdp(w /IwG Y dp(w ><2(M+1(/|xG)>\2du(w))§

4(M+1</|xF w))|Pdp(w /\xF W2 dp(w ><4(M+1)><

(/IxF Y Pdp(w /\xF ) [Pdp(w )—4(M+1 /|a:,Fw))|2d,u(w)§
Q

< 4(M +1)°Bre|>
This gives

Ar
o(1 + M)

lz]|* < /\(%G(w)>!2du(w < 2(M +1) Bp |z|*, 2 € .
Q

Hence {G(w)}weq is a (2, p)-frame for H.
(ii)= (iii) is clear.
(iii)= (i) Since

Ar || S/\<x,F<w>>P <o [ e Fw) - Gl Paute /| G (o)) <
Q
( /I z,G(w))|2dpu(w /! z, G(w))Pdp(w > 2(K+1)</|<x,g(w)>| du(w)) <

Q
< 2(K +1)||z||?, forall z € H.

Hence {G(w)}weq is a (2, p)-frame for H. O

Now, we give a sufficient condition for perturbation of an (2, u)-frame.
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Theorem 3.3. Let {F(w)}weq be a (Q,u)-frame for H and zg € H such that (zo, F(w)) =

A, for allw € Q, where X\ is non-zero scalar. Then,

(1) there ezists a non-zero vector v € H such that {F(w)+v}y,eq is not a (Q, u)-frame for
H.

(2) for each & € 2, there exists a non-zero vector Zg € H such that {F(w) + Z¢}oeq is not
a (Q, p)-frame for H.

Proof. (1) Choose a vector € H (which may be equal to zy) such that (zp,z) = o, where « is
a non-zero scalar. Put v = —(g)x Then, v is a non-zero vector in H such that {F(w)+v}ueq
is not a (€, u)-frame for H. Indeed, let 0 < A < B < oo be positive constants such that

Allz|]? < / [z, F(w) +v)|?du(w) < B|lz||?, for all z € H.

Then, in particular for x = zy, we have

Allzo* /I 20, F(w) + v)[dpu(w) < B|lzo]*.

Now, for all w € 2, we have L
(20, F(w) +v) = (20, F(w)) + (20,v) = XA + (20, —(2)x) = 0. By lower inequality, we obtain
zp = 0. This is a contradiction.

(2) Fix £ € Q. Put Zg = —F(£). Then, Z¢ is a non-zero vector in H such that

{F(w) + Z¢}weq is not a (Q, p)-frame for H. O

Let {F(w)}weq be a (@, u)-frame for H and G : Q — H be a vector-valued function such
that {F(w) —G(w)}weq be a (£, p)-Bessel family. Then, in general, {G(w)},eq is not a (2, u)-
frame for H. The reason is that Bessel bound for {F(w) — G(w)}weq is not less that lower
bound for the frame {F(w)},eq or the following inequality

/| 7, F (@) Pdp(w /\ 7, G(w))Pdp(w) < v(/l(x,F(w)>l2du(w)—
Q
/\ 2, G(w)) Pdp(w /y 2, F(w) - Glw ))\Qdu(w)>, for some 7 > 2. @)

is not satisfied. In this direction we have

Theorem 3.4. Let {F(w)}ueq be a (Q,u)-frame for H with the bounds A,B and a vector-
valued function G : Q — H such that {F(w) — G(w)}weq s a (2, p)-Bessel family for
H with bound M < A, such that (2) holds. Then {G(w)}weq is a (Q,u)-frame for H.
Conversely, if {F(w)}wea and {G(w)}ueq are (Q, u)-frames for H with bounds A1,B1 and
Ag, By respectively, and U : H — H is a linear homeomorphism such that U(F(w)) =
Gw), w € Q, then {F(w) — G(w)}weq is a (Q,un)-Bessel family for H with best bound
M = min{B4||I - U|*,B2||I — U Y|?}.

Proof. A simple calculation show that {G(w)},eq is an (9, p)-frame for H.
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Conversely, since

/ (&, F(w) — Gw) Pdp(w / (&, F(w)) — (o, U(F (@) Pdpu(w) =
Q

—/\((I— U*)a, F(w)Pdp(w) < Bl = U")al* < Bi||T = U]

and
/ (&, F(w) — G(w)) Pdu(w / w)) - G(w)Pdu(w) =
Q Q
— [ = 12, G() Pdu) < Bal (0" = 1) < Bl = U™ ol for al € 7.
Q
Hence

/\(fE,F(W) ~GW)Pdplw) < M =min{Bi|I - U|* B2l - U™'|*}]*.
Q
O

Remark 3.1. Let {F(w)}weq be an (2, u)-frame for H and {G(w)}weq be an (S, ) -Bessel
family in H (with bound M ). Then, in general, {F(w) 4+ AG(w)}weq is not an (Q, p)-frame

[A
for H, where X\ is some scalar. However under certain conditions, namely |\| < M and

/\xF ) due /rmG ) 2dp(w) <'y</\xF ) Pdu(w) +

/\ z, G(w)) Pdu(w /] z, F(w G(w))|2d,u(w)>, for some v > 2,
the collection {F(w) — A\G(w)}weq turns out to be a (2, p)-frame for H.

4. (€, u)-FRAMES OF SUBSPACES

Definition 4.1. Let Q be a measure space with positive measure p and {v,}weq be a family of
weights, i.e., v, >0 for all w € Q. For each w € Q, my, : H — W,, denote the projection of
H onto W,,. A family of closed subspaces {Wy}ueq of a Hilbert space H is a (€2, u)-frame of
subspaces with respect to {v,}weq for H if

(1) for each x € H, w — ||mw, (z)| is a measurable function on .
(2) there exist constants A and B with 0 < A < B < 0o such that

Allz)? < /villﬂww(ﬂ«“wdﬂ(w < Bllz|*, zeH. (3)

Q
The constants A and B are called (2, u) -frame bounds for the (€, u)-frame of subspaces. The
(Q, p)-frame of subspaces {W, },ecq with respect to {v, }weq is said to be tight, if in inequality
(3) the constants A and B can be chosen so that A = B. It is called Parseval (9, u)-frame
of subspaces with respect to {v,},cq provided A = B = 1. The family {W,},ecq is called
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a (Q, p)-Bessel family of subspaces with respect to {v,}ueq with (€, u)-Bessel bound B if it
satisfies the upper inequality in (3).

Definition 4.2. A family {z,}weq C H is said to be a (Q, p) -frame family for H if {zy}weq

is a (Q, p) -frame for [xy)weq -

The following theorem gives necessary and sufficient condition for a family of closed subspaces

of a Hilbert space to be a (€, u)-frame of subspaces

Theorem 4.1. For each w € Q, let v, > 0 and let {N,}oeq be a family of disjoint subspaces

of Q such that |J N, = Q. For each w € Q, let {zj,}jen, be a (2, p)-frame family with
weld
(Q, ) -frame family bounds A, and B, . Define W, = span;en,_ {7jw} for all w € Q. Suppose

that 0 < A = inf,co A, < B =sup,,cqB., < 00. Then {v,zju}ien, wen s a (Q, p)-frame for
H if and only if {W,}wea is a (2, u)-frame of subspaces of H.

Proof. Since for each w € Q, {zju}jew, is a (Q, p)-frame for N, with (€, u)-frame bounds A,
and B,,. So, for each z € H

A/UEJHWWW(:C)HQdu(W) < /vail\ﬂww(x)\\zdu(W) <
weN weN

< / / [ (2), vt} Pdu(G)dpu(w) < B / llmw (2)|Pdu(w).
wENJEN,, weN
by hypothesis

[ ] 1@ i Pt = [ [ v Pdu)dnte).
weQ jEN, weQ jEN,
Hence, we conclude that if {v,zjo}jen, wen is a (@, p)-frame for H with bounds C and D,
then the collection {W,},cq form a (€, u)-frame of subspaces with respect to {v,}weq for H
with frame bound C/B and D/A. O
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