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AN EXISTENCE OF THE TIME OPTIMAL CONTROL FOR THE OBJECT
DESCRIBED BY THE HEAT CONDUCTIVE EQUATION WITH
NON-CLASSICAL BOUNDARY CONDITION

K.K. HASANOV!, L.K. HASANOVA!

ABSTRACT. Many practical problems in mathematical formulation are reduced to the problems
which require to transfer the system from one state to given another one. These problems
are usually called time optimal problems and are investigated in the mathematical theory of
optimal processes. For the systems with the distributed parameters, these investigations meet
serious difficulties in differ from the systems with the concentrated parameters. Time optimal
problems arise in various technological processes, which are described by the equations of heat
conductivity, diffusions, filtrations. For example, time optimal problem appears in the control
of diffusion process of neutrons in the nuclear reactor. Until now, mainly the problems with
classical boundary conditions have been considered [2, 4, 5, 8, 9, 10].
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1. INTRODUCTION

The systems of automatic control of the concentrated parameter objects have been relatively
well studied. Important results on the existence of the time optimal control and the number of
switching of concentrated parameters optimal control have been obtained [1, 3, 8].

The similar problems are actual for the distributed parameter systems as well [2, 4, 5, 9, 10].

In the present paper, we consider time optimal control problem for the linear heat conductive
equation with non-classical boundary condition. The theorems on the existence of the time
optimal control and relay property of the control are proved.

2. PROBLEM STATEMENT

Let the controlled system be described by the function y (z,¢) that in the domain D =
{0 <z <1, 0<t<T} satisfies the equation

oy 0%y
ot o2 (@) u(t), (1)
on the boundary of D the initial
y (2,0) = yo (2) (2)
and the boundary conditions
y(O,t) =0, Yz (O,t) = Yz (1>t)7 (3)

where p () # 0, yo (z) are given functions, u () is a control.
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As a set of admissible controls we consider the functions

u(t) € Ug = {u(t) € L2(0,T) : |u(t)| <1, a.e (0,7)}

almost everywhere on (0,7"), and the solution of the problem corresponding to the given control
is taken almost everywhere [7]. Note that for p (z) € Ly (0,1), yo (z) € W4 (0,1), yo (0) = 0 and
for the admissible control u (¢) there exists the almost everywhere unique solution y (z,t) of the
problem (1)-(3) that by the means of the function

G(z,s,t) = )+ Z {sz ) Yoy (s) + |:X2k 1 () = 2/ Mt X, (z } Yor_1 (3)} e At

may be represented in the form

1 t o1
/G:Ustyo dS—i—//GZL‘St—T p(s)u(7)dsdr, (4)
0 00

where )\ are the eigenvalues, { X} (x)} is a system of eigen and adjoint functions of the spectral
problem

X" (x) + A\X (z) =0,
X(0)=0, X' (0)=X"(1),
{Y% (2)} - eigen and adjoint functions of the adjoint problem [6].

For the given function ¢ (z) from Lo (0,1) it is required to find a control u* (¢) such that
corresponding solution y* (z,t) of the problem (1)-(3) satisfy the condition

y* (Q?,T[)) - QO(Q?), To € (OaT>7 (5)
where 7p is the lower bound of the values 7 € (0,7") for which the condition
y(x,7) = (2) (6)

is fulfilled for some 7 € (0,7); y (x,t) is a solution of problem (1)-(3) corresponding to some
admissible control u ().

3. EXISTENCE OF THE OPTIMAL CONTROL

Here we prove a theorem on the existence of the time optimal control.

Theorem 3.1. If there exists a control u(t) such that corresponding solution y(x,t) of the
problem (1)-(3) satisfies to the condition (6) for some T € (0,T'), then there exists a time
optimal control u* (t) as well, i.e corresponding solution y*(x,t) of the problem (1)-(3) satisfies
to the condition 7o = inf {7}.

Proof. If the functions yo (x) and ¢ (z) are equivalent on [0,1], we’ll assume that the control time
equals zero, i.e. 79 = 0. Now suppose that the functions yo (z) and ¢ (z) are not equivalent. Let
{uy, (t)} be a minimizing sequence of the admissible controls for which the sequence {y, (x,t)}
of appropriate solutions satisfy the conditions

n (val) = cp(x) )y Y2 (vaQ) = (p(:c) R (:U,Tg) = cp(:c) y ot (7)
and

M<m<tm<.., lim T, =mr. (8)
n—oo
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Since the set of admissible controls Uy is bounded in Lz (0,7"), from the sequence {u, (t)} we

can choose such a subsequence (denote it also by {u,, (t)}), that
Up, (t) — u* (t) weakly in Lo (0,79), u* (t) € Up.

Then from the equality
1 t o1
Yn (z,1) = /G(;E,s,t) yo (s)ds + //G(:L’,S,t —7)p () up (1) dsdr,
0 00
passing to limit as n — oo, we get
1 t 1
Y (z,t) :/G(J:,s,t)yo(s)ds—i—//G x,8,t—7)p(s)u” (1) dsdr.
0 0 0
Consequently, y* (z,t) is a solution of the problem (1)-(3) by the control u* (t).
Show that
Yn (z, 1) — y* (z,70) weakly in Ly (0,1).
Since
yn (@, 70) = y* (2,70) = [yn (2, 70) = yn (2, 70)] + [yn (€, 70) — " (2,70)]
taking into account
Jimy, (2,70) = 4" (2, 70) ,

we must show that the relation
Yn (2, 70) — Yn (2, 70) — 0 weakly in Lo (0,1).

is valid.
From thus one may get (11).
From the identity

Tnf) n (2, t
Yn (x7Tn)_yn (xaTO):/gJa(]f)dt

70

for any function 7 (x) € L2 (0,1) we have

1
n t
/yn € Tn) yn(x 7—O x—//ay Z) dxdt
0

Hence applying the Cauchy-Bunyakovsky inequality, we get

N|=

1 T 2

/1 (x,7) — yn (x,70)]n (z) dz| < / /L('?yna(tx,t)dt dx /1172 (z) dz
0 0

0 70

3 /1
% an X x)ax
" — 7o) //(y )ddt O/nQ()d

9)

Taking into account the boundedness of the sequence {ay”ai(f’t)} in Ly (D) , we get the affir-

mation of (14).
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Considering into account the equalities (13) and (14), from (12) we get the affirmation of
(11). Then it follows from (8) that

y* (z,10) = ¢ (2).
The theorem is proved. [l
4. A THEOREM ON RELAY PROPERTY
There we’ll prove theorems on relay property of the high speed optimal-control.

Theorem 4.1. Let the condition of theorem 1 be fulfilled and u* (t) be a time optimal control
for the problem (1)-(3), (5). Then

lu* (t)] =1 a. e. on (0,79). (15)

Proof. The existence of the time optimal control u* (¢) follows from theorem 1. Lets prove that
for almost all ¢ € (0,79) condition (15) is fulfilled. Denote by y* (z,t) the almost everywhere
solution of the problem (1)-(3) by the control w* (t). Suppose that relation (15) is not fulfilled.
Then for rather small number € > 0 there exsts the set e (¢) from (0, 79) such that mese (¢) > 0
and

|u* ()| <1—¢ for almost all t € e(e). (16)

Consider the sequence of the numbers
0<7 <7< T3 <...(r <70) and kli_)n;(}m =1T19. (17)
Denote by e, the set from (0, 7;,) such that
|u* ()| <1 for almost all t € e,,. (18)

Denote the characteristic function of the set e, by ®, (¢), and define the control u, (t) by the
following relation

1
p@) (0 = (0] = 220 [ G st =) I () =" il ds.(19)

mese,

Hence using the Cauchy - Bunyakovsky inequality, we get

ol

//G2 2,80 = 1) dsd | [ly" (- 70) —y* ()l (20)

. t) —u*(t
Il (1) = 0] < )

For any £ > 0 we can show such a number N that for n > N we have
lup, (t) —u* (t)] <e fortee(e). (21)
By condition (16) it follows that
[tn ()] < Jun () —w” ()] 4 [u” ()] <1

almost everywhere on e,,.
Thus, the control u,, (¢) for n > N is admissible.
Assume

1 ¢l
/G x,8,t) yo ( ds—i—//G(x,s,t—T)p(s)un (1) dsdr. (22)
0 00
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Then y, (x,t) is a solution of the problem (1)-(3) corresponding to the control w, (t).
Substituting (19) into (22) we get

™ 1 /1
/mesen/ /G 2,8, 7 —0)G(s,§,0 —ma)ds | [y" (&, 70) —y* (£, )] d€do.
0 \0

Hence, usmg

/X/r€ s) ds = Oy, /G338Tn—O')G(S,f,O'—Tn)dS:G(CL‘,f,O),
one may obtaln
1 1
(, ) /Ga:STn ds—l—//Ga:s,m—a)p(s)u*(a)dsda—{—
0 0
+(y" (2,70) —y" (2, 7)) (23)

Further, from equality (10) we have

Tn 1

(z,79) /strn Yo ( ds+//GxSTn— o)p(s)u* (o)dsdo.

Taking into account the equality in (23), we have

Yn (2, m0) = 4" (z,70) = ¢ (2) . (24)
Since 7, < 79, the equality (24) contradicts the assumption that 7y is an optimal time. The
theorem is proved. O

5. UNIQUENESS
Lets prove that time optimal control is unique almost everywhere.

Theorem 5.1. Let the conditions of Theorem 2 be fulfilled. Then the time optimal control is
unique.

Proof. Assume that there exist two time optimal controls u; (¢),us (t).

Then

Y1 (vaO) = Y2 (vaO) = (P(x)7 (25)

where y; (z,t) and yo (z,t) are the solutions of problem (1)-(3), corresponding to the controls
uy (t) and wug (t), respectively.

For any 6 € (0, 1) assume

up (t) = (1 —0) uy (t) + Qua (t) .
Then, using this formula for the solutions y; (x,t) and ys (x,t), we get

yo (z,70) = (1 = 0)y1 (x,70) + Oy (x,70) =

70 1

1
/Gwsm Yo ( ds—i—//Gwsm—a) (s)ug (o) dsdo.
0
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From the condition (25) we have

yo (z,70) = (L = 0) g1 (,70) + Oya (2,70) = (1 = 0) ¢ () + Op (x) = ¢ (2) .

Thus, the control wuy (t) is also time optimal. Therefore, the control ug (t) should satisfy the
condition |ug (t)] = 1 almost everywhere on (0,79). But it is possible only if w; (t) = ua (t)
almost everywhere. The theorem is proved. O

6. FIRST ORDER NECESSARY CONDITIONS OF OPTIMALITY

Let u* (t) be a time optimal control, y* (z,t) be a solution of problem (1)-(3) corresponding
the control u* (t), t € [0,70], 70 be an optimal time. Determine the adjoint state z (x,t) as a
solution of the equation

2
gj-i—g—OmDTo—{0<x<1 0<t<m}, (26)

satisfying initial
z(x,m70)=h(z), 0<z<l, (27)
and boundary conditions
zz (1,t) =0, 2(0,t) =z (1,t), 0<t<m, (28)
where h (z) € L2 (0,1).
Theorem 6.1. Let the conditions of Theorem 1 be fulfilled and u* (z), t € (0,79) be a time

control. Then there exists a function h(x) € Ly (0,1) corresponding to the solution z (x,t) of
problem (26)-(28) such that for any v € [0, 1] the inequality

1
/z (x,t)p(z)dx | (v—u"(t)) <O, (29)
0

holds true on (0, 7).

Proof. Take an arbitrary admissible control « (¢) and denote by y (z,t) the solution of problem
(1)-(3) corresponding to this control. Represent the solution y (x,t) in the form

1 t o1
/G:):styo ds+//G(m,s,t—a)p(s)u(a)dsda.
0 00

Then we have
0 1

M%W—f@m@Z//G@@m—®M@ww%WW®Mwm
0 0

where y* (z, t) is a solution of the problem (1)-(3) corresponding to the control v* (¢). Multiplying

the both hand sides of this equality by the function h (x) and integrating we get
1 70 1

[ -y @l m-/ //stm—w<><w> u* (o) dsdor | () da
0
Hence, changing the integration sign, we have

(z,70) —y* (x,70)] h (x)dx =

O\H
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70 1

1
_//Q/Qu&@m—awu@@ p (@) (u(0) - u* (o)) dzdo. (30)
0 0 \0O
We can directly verify that the function
1
z(z,t) = /G (s,z, 70 —t)h(s)ds (31)
0

is a solution of the problem (26)-(28).
Taking into account (31) in (30), we get

1 T0 1
/ ly (2,70) — * (2, 70)] o () d = / 2 (00 p (@) (u(t) — " (1)) dadt. (32)
0 0 0

Since |u (t)| < 1 and |u* (¢)] = 1 almost everywhere on (0, 7p), then u () — u* (¢) < 0 almost
everywhere on (0,7p). Choose h (z) from L9 (0,1) so that the solution z (x,t) of the problem
(26)-(28) satisfy the inequality

1

/z (x,t)p(z)dx >0, a.e. on (0,79).
0
Then from (32) we get that for any function u (t) € ¥y the following condition is fulfilled:

T 1

//z@ﬁp@ﬂﬂﬂ—ﬁ@”@ﬁg& (33)
0 0

Hence, taking into account the availability of local restrictions on the controls we get the in-
equality
1
/z (x,t)p(z)dx | (v—u"(t)) <0 a.e. on (0,7), and for any v € [0,1]. (34)
0
The last inequality indeed is the first order necessary condition of optimality for the considered

problem.
O
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