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ON INTUITIONISTIC FUZZY SOFT TOPOLOGICAL SPACES

SADI BAYRAMOV', CIGDEM GUNDUZ (ARAS)?

ABSTRACT. In this paper, we introduce some important properties of intuitionistic fuzzy soft
topological spaces and define the intuitionistic fuzzy soft closure and interior of an intuitionistic
fuzzy soft set. Furthermore, intuitionistic fuzzy soft continuous mapping are given and structural
characteristics are discussed and studied.
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1. INTRODUCTION

To solve complicated problems in social sciences, economics, engineering and environment etc.,
we cannot use classical methods. The solutions of such problems involve the use of mathematical
principles based and uncertainty and imprecision. Thus classical set theory, which is based on
the crisp and exact case may not be fully suitable for handling such problems of uncertainty. A
number of theories have been proposed for dealing with uncertainties in an efficient way. Some
of these are theory of fuzzy sets [25], theory of intuitionistic fuzzy sets [4], theory of vague sets,
theory of interval mathematics [5,10] and theory of rough sets [13,19, 20]. However, these theories
have their own difficulties. In 1999, Molodtsov [18] introduced the concept of soft set theory
which is a completely new approach for modeling uncertainty. He presented the fundamental
results of the new theory and successfully applied it to several directions such as smoothness of
functions, game theory, operations research, Riemann-integration, Peron integration, theory of
probability etc. Maji et al. [15,17] worked on soft set theory and presented an application of soft
sets in decision making problems. Chen [7] introduced a new definition of soft set parametrization
reduction and a comparison of it with attribute reduction in rough set theory. Some different
application of soft sets were studied. The applications of soft set theory in algebraic structures
was introduced by Aktas and Cagman [3]. They introduced soft groups and investigated some
basic properties and compared soft sets to fuzzy and rough sets. Feng [8] gave soft semirings,
soft ideals and idealistic soft semirings. Ali et al. [2] and Shabir and Irfan Ali [20] studied
soft semigroups and soft ideals over a semigroup. C. Gunduz(Aras) and S. Bayramov [11,12]
introduced fuzzy soft modules and intuitionistic fuzzy soft modules and investigated some basic
properties. M.Shabir and M.Naz [22] presented soft topological sapaces. They defined some
concepts of soft sets on soft topological spaces and introduced soft T;—spaces. Since topology
depends on the ideas of set theory, Tanay and Kandemir [24] introduced the concept of fuzzy
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soft topology using the fuzzy soft sets and give the basic notions of it by following the Chang
[6].

In this paper by using the concept of intuitionistic fuzzy soft set that is given in [12] we
define intuitionistic fuzzy soft topological spaces. The purpose of this paper is to discuss some
important properties of intuitionistic fuzzy soft topological spaces. Later we define the operations
of the intuitionistic fuzzy soft closure and intuitionistic fuzzy soft interior of an intuitionistic
fuzzy soft set. These operations , in fact, are a generalizations of same operations of fuzzy soft
topological spaces in a broader sense. We can say that an intuitionistic fuzzy soft topological
space gives a parameterized family of fuzzy bitopologies on the initial universe but the converse
is not true. Finally intuitionistic fuzzy soft continuous mapping for intuitionistic fuzzy soft
topological spaces are defined and some interesting results are derived which may be of value
for further research.

2. PRELIMINARIES

In this section we will introduce necessary definitions and theorems for fuzzy soft sets.

Definition 2.1. ([18]) Let X be an initial universe set and E be a set of parameters. A pair
(F, E) is called a soft set over X if only if F is a mapping from E into the set of all subsets of
the set X, i.e., F: E— P (X), where P (X) is the power set of X.

Definition 2.2. ([16]) Let IX denote the set of all fuzzy sets on X and A C E. A pair (f, A)
is called a fuzzy soft set over X, where f is a mapping from A into IX. That is, for each
a€A, fla)=f,: X —1,is a fuzzy set on X.

Definition 2.3. (/16]) For two fuzzy soft sets (f, A) and (g, B) over a common universe X, we
say that (f, A) is a fuzzy soft subset of (g, B) if

(i) AC B, and

(ii) For each a € A, f, < ga, that is, f, is a fuzzy subset of gq.

This relationship is denoted by (f, A) c (g, B). Similarly, (f,A) is said to be a fuzzy soft
superset of (g,B), if (g,B) is a fuzzy soft subset of (f,A). This relationship is denoted by

(f,A)> (g, B).

Definition 2.4. (/16]) Two fuzzy soft sets (f,A) and (g, B) over a common universe X are
said to be fuzzy soft equal if (f, A) is a fuzzy soft subset of (g, B) and (g, B) is a fuzzy soft subset
of (f,A).

Definition 2.5. ([16]) The union of two fuzzy soft sets (f, A) and (g, B) over a common universe
X is the fuzzy soft set (h,C), where C = AU B and Vc € C,

fe, ifce A—B
h(c)=14 g(c),ifce B—A
feVge if ce AN B.

This relationship is denoted by (f, A)U (g, B) = (h,C).

Definition 2.6. (/2,16]) The intersection of two fuzzy soft sets (f, A) and (g, B) over a common
universe X is the fuzzy soft set (h,C), where C = AN B and Ve € C, he = fc N ge. This is
denoted by (f, A) N (9,B) = (h,C).
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Definition 2.7. ([1]) A fuzzy soft set (f, A) over U is said to be a null fuzzy soft set and is

denoted by & if and only if for each e € A, f. = 6, where ( is the membership function of null
fuzzy set over U, which takes value 0 for all x in U.

Definition 2.8. ([1]) A fuzzy soft set (f, A) over U is said to be an absolute fuzzy soft set and

is denoted by (} if and only if for each e € A, f. = T, where 1 is the membership function of
absolute fuzzy set over U, which takes value 1 for all x in U.

Definition 2.9. ([16,1]) The complement of a fuzzy soft set (f, A) is the fuzzy soft set (f', A),
which is denoted by (f, A)" and where f': A — F (U) is a fuzzy set-valued function i.e., for each
a € A, f'(a) is a fuzzy set in U, whose membership function f, (x) =1— f,(z) for all x € U.
Here f! is the membership function of ' (a).

Definition 2.10. (/23]) Let T be the collection of soft sets over X, then T is said to be a soft
topology on X if

(1) (ID,)} belong to T,

(2) the union of any number of soft sets in T belongs to T,

(8) the intersection of any two soft sets in T belongs to .

The triple (X, 1, E) is called a soft topological space over X .

Let U be an initial universe, E be the set of parameters, P (U) be the set of all subsets of U,

F (U) be the set of all fuzzy sets in U and F& (U; E) be the family of all fuzzy soft sets over U
with parameters in E.

Definition 2.11. (/24]) Let (v, X) be an element of F& (U; E), P (v, X) be the set of all fuzzy
soft subsets of (v, X) and T be a subfamily of P (v,X). Then T is called fuzzy soft topology on
(v, X) if the following conditions are satisfied:

(i) x. (1, X) € 7 )

(ii) (f,A), (9.B) €T = (£, A)N(g,B) €T

(iii) {(f,A), | ke K} C T = kgK(f’A)k er.

The pair (Xw ;) 1s called a fuzzy soft topological space. Every member of? 1s called ;—open
fuzzy soft set.

Definition 2.12. ([/,5]) An intuitionistic fuzzy set A in a non-empty set X is an object having
the form

A={(z,pa(z),da(2)) v e X},
where the functions pg @ X — [0,1] and Ay : X — [0,1] denote the degree of membership
(namely pa (z)) and the degree of nonmembership (namely s (x)) of each element x € X to
the set A, respectively, and 0 < pa (z)+ A4 (z) <1 for all x € X. For the sake of simplicity, we
shall use the symbol A = (j1a,Aa) for the intuitionistic fuzzy set {(z,pa (z), 4 (2))| x € X}.

Definition 2.13. ([12]) Let IFS (X)) the set of all intuitionistic fuzzy sets on X and A C E. A
triple (F,G, A) is called an intuitionistic fuzzy soft set over X, where F', G is a mappings from
A into IFS(X). That is, for each a € A, (F (a),G (a)) : X — I is an intuitionistic fuzzy set
on X.

Definition 2.14. ([12]) For two intuitionistic fuzzy soft sets (F1,G1,A) and (F», G2, B) over a
common universe X , we say that (F1,G1, A) is an intuitionistic fuzzy soft subset of (Fa, Ga, B)
and write (F1,G1,A) C (Fa,Ga, B) if
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(i) A C B,and
(ii) For each a € A, Fi(a) < Fy(a), G1(a) > Ga(a).

Definition 2.15. (/12]) Two intuitionistic fuzzy soft sets (F1,G1, A) and (Fa, Ge, B) over a com-
mon universe X are said to be equal if (F1,G1,A) C (F»,Go, B)and (Fy,Ga, B) C (F1,G1,A).

Definition 2.16. (/12]) Union of two intuitionistic fuzzy soft sets (F1,G1,A) and (Fa, G2, B)
over a common universe X is the intuitionistic fuzzy soft set (H,Q,C), where C = AU B and

(Fi(c),G1(c)), ifce A—B
(H,Q)(c) = (F2(c),Ga(c)), ifce B-A
(Fi(c) V Fa(c),Gi(c) NGa(c)), ifce BNA
Ve e C. It is denoted as (F1,G1,A) U (Fy, G, B) = (H,Q,C).

Definition 2.17. ([2,12]) Intersection of two intuitionistic fuzzy soft sets (F1,G1, A) and
(Fy, Ga, B) over a common universe X is the intuitionistic fuzzy soft set (H,Q,C), where C =
ANB and (H,Q) (c) = (Fi(c) A Fa(c),G1(c) V Ga(c)), Ve e C.

It is written as (F1,G1,A) N (Fy,Go,B) = (H,Q,C).

3. INTUITIONISTIC FUZZY SOFT TOPOLOGY

In this section, we introduce some important properties of intuitionistic fuzzy soft topological
spaces and define the intuitionistic fuzzy soft closure, interior of an intuitionistic fuzzy soft set.

Let X be an initial universe set and [F'S (X) denote the family of intuitionistic fuzzy sets on
X.

Definition 3.1. An intuitionistic fuzzy soft set (F,G,A) over X is said to be null intuitionistic
fuzzy soft set and is denoted by ®, if and only if for each a € A, (F,G) (a) = (0,1), where 0 is
the membership function of the null fuzzy set over X and 1 is the membership function of the
absolute fuzzy set over X.

Definition 3.2. An intuitionistic fuzzy soft set (F,G,A) over X is said to be an absolute
intuitionistic fuzzy soft set and is denoted by 1 if and only if for each a € A, (F,G) (a) = (1,0).

Let IFSS (X, E) be the family of all intuitionistic fuzzy soft sets over X with parameters in
E.

Definition 3.3. Let 7 C IFSS (X, E) be the collection of intuitionistic fuzzy soft sets over X,
then 7 s said to be an intuitionistic fuzzy soft topology on X if

(1) 3,1 belong to 7,

(2) the union of any number of intuitionistic fuzzy soft sets in T belongs to T,

(3) the intersection of any two intuitionistic fuzzy soft sets in T belongs to T.

The triple (X, 1, E) is called an intuitionistic fuzzy soft topological space over X. If (F,G, E) €
T, then the intuitionistic fuzzy soft sets (F, G, E) is said to be intuitionistic fuzzy soft open set.

Definition 3.4. Let X be an initial universe set, E be the set of parameters and T = {(AIS,T}

Then 7 is called the intuitionistic fuzzy soft indiscrete topology on X and (X, T, E) is said to be
a intuitionistic fuzzy soft indiscrete space over X.

Definition 3.5. Let X be an initial universe set, E& be the set of parameters and let T be the
collection of all intuitionistic fuzzy soft sets which can be defined over X. Then T is called the
intuitionistic fuzzy soft discrete topology on X and (X, T, E) is said to be an intuitionistic fuzzy
soft discrete space over X.
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Proposition 3.1. Let (X, 7, E) be an intuitionistic fuzzy soft topological space over X and
T = {(Fs,Gs, E)} e - Then the collection 7y = {(Fs, E)},cq and 1o = {((GS)I’E)}SES de-
fines a fuzzy soft topology on X.

Proof. (1) ;I;,T € 7 implies that 0, 1 € 71 and 0, 1 € 7.
(2) Let {(Fs,Gs, E) | s € S} be a collection of intuitionistic fuzzy sets in 7. Since (Fs, G, F) €

7, for all s € S so that v (Fs,Gs, FE) = < vV Fs, NG s> € 7, thus VvV (Fg, E) € 7. Similarly,
seS seS seS seS

\/S (G, E) € 19 is proven.
sE
(3) Let (Fl, Gl,E) , (FQ,GQ,E) ET. Since(Fl,Gl,E) A (FQ,GQ,E) = (Fl NFy,G1 VvV GQ,E) S

780 (F1,E) A\ (Fy, E) € 11 and (G}, E) A (G4, E) € 79. Thus 71, 7 defines a fuzzy soft topology
on X. These topologies are not equal. U

Now we show that the converse of above proposition is not true.
Example 3.1. Let X = {x;, 22} and E = {e1,e2}. The intuitionistic fuzzy soft sets (F;, G;) :
E — IFSS(X)on X, for 1 <i <5, are defined as follows

(F1,G1) (e1)(1) = (3, 3) » (F1,G1) (e1)(w2) = (1, 3)
(F1,Gh1) (e2)(z1) = (3, %) » (F1,G1) (e2)(z2) = (3,0)
(F,G2) (e1)(x1) = (3,3) » (F2, G2) (e1)(m2) = (5,3)
(Fo, Ga) (e2)(x1) = (£, 2), (Fo,Ga) (e2)(m2) = (2,1),
(F3,G3) (e1)(z1) = (3,3) » (F3,G3) (e1)(z2) = (3. 3)
(Fs,G3) (e2)(w1) = (3. 7) » (F3,G3) (e2)(w2) = (3,0),
(Fy,Ga) (ex)(z1) = (3, 3) . (Fa, Gy) (e1)(z2) = (3. 3),
(Fyu, Gy) (e2)(z1) = (3, 2) , (Fi,Ga) (e2)(w2) = (%, 3)
(F5,Gs) (e1)(z1) = (3, 3), (F5,Gs) (e1)(w2) = (3,3)
(F5,G5) (e2)(z1) = (%’ 2%)) , (F5,G5) (e2)(w2) = (%7 %) :
Then
T = {97 1, (FlaE)a (FZaE)’ (Fg,E), (F43E)’ (FSaE)}
and

2=A{0, 1, (G1, E), (G2,E), (Gs,E), (G4, E), (G5, E)}
are fuzzy soft topologies on X and Fj(e;)(zx) + Gi(ej)(zx) < 1.
Here 7 — {?15,1 (F1,G1, E), (Fy, G, B, (F,Gs, E) , (Fy, Ga, E) , (F5, G5,E)} is not an intu-
itionistic fuzzy soft topology on X, because (Fi,G1,FE)A (F5,G5,E) = (F,G,E),

(F,G) (e1)(z1) = (3.3), (F,G) (e1)(w2) = (L. 3).
(F,G) (e2)(z1) = (3, 35) , (F,G) (e2)(z2) = (%, 3)
and so (Fl,Gl,E)/\(Fg,,Gg,,E):(F,G,E)¢T.

Proposition 3.2. Let (X, 7, E) be an intuitionistic fuzzy soft topological space over X. Then
the collection 1o = {F (e) | (F,G,E) € 7} 7. = {G' (e) | (F, G, E) € T }for each e € E, defines
two fuzzy topologies on X.

Proof. From proposition 3.6 11 = {(F, E)}, g and 7o = {( )}se are fuzzy soft topolo-
gies . For each e € E, 1. = {F (¢) | (F,G,E) € 7 }and 79, = {G’ (e)| (F,G, E) € T }are fuzzy
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topologies on X. These two fuzzy topologies Tie, To.will denote as 7. and will call as fuzzy
bitopology on X.

Proposition 3.8 shows that corresponding to each parameter e € E, we have a fuzzy bitopology
Te on X. Thus an intuitionistic fuzzy soft topology on X gives a parameterized family of fuzzy
bitopologies on X. [l

Now we show that the converse of above proposition is not true.
Example 3.2. Let X = {x;, 22} and E = {e1,e2}. The intuitionistic fuzzy soft sets (F;, G;) :
E — IFS(X)on X, for 1 <i <5, are defined as follows

(F17G1) (61)([]31) - (%7 %) ) (F17G1) (61)(.’132) - (%7 %) )
(F1,G1) (e2)(z1) = (%7 %) , (F1,Gh) (e2)(x2) = (%7 %) )
(F,Ga) (e1)(z1) = (3,3) , (F2,G2) (e1)(z2) = (1,0),
(F,G2) (e2)(x1) = (,9) , (F2, Ga) (e2)(w2) = (3,3)
(F47 G4) (61)(551) = (%7 %) ) (F47 G4) (61)(562) = (1’0) )
(Fyu, Gy) (e2)(z1) = (3, 3) , (Fi,Ga) (e2)(w2) = (3. 4),
(F5,G5) (e1)(x1) = (5.%) » (F5,Gs) (e1)(w2) = (1,0),
(Fs,Gs) (e2)(z1) = (75 75) » (F5,Gs) (e2)(x2) = (£, 2)
Then
Tey = {(Qv l) ) ( 1, 0) ) (F1(€1)7 Gl(el)) ) ) (F5(61)7 G5<81))}
and

Tey = {(0, 1),(1,0), (Fi(e2), Gi(e2)), ..., (F5(e2), Gs(e2))}
are fuzzy bitopologies on X. Here 7 = {&),T, (F1,G1,E),...,(F5,Gs, E)} is not an intuitionistic
fuzzy soft topology on X, because (F3,Gs, F)V (F5,G5,E) = (F,G, E),

(F.G)(e1)(z1) = (3,3) (F.G)(ex)(z2) = (1
(F,G) (e2)(w1) = (7. 3) (F,G) (e2)(w2) = (3,
and so (Fg,Gg, ) (F5,G5, ): (FG E) ¢7’

I

cire

)

Proposition 3.3. Let (X, 71, FE) and (X, 12, E) be two intuitionistic fuzzy soft topological spaces
over the same universe X, then (X, A 1o, E) is an intuitionistic fuzzy soft topological spaces
over X.

Remark. The union of two intuitionistic fuzzy soft topologies on X may not be an intuitionistic
fuzzy soft topology on X.

Definition 3.6. The complement of an intuitionistic fuzzy soft set (F,G,E) is denoted by
(F,G,E) and is defined by (F,G,E) = (G,F,E).

Proposition 3.4. (De-Morgan’s laws) Let {(F,,Gq, E)},, the family of intuitionistic fuzzy soft
sets over X, then

a){v (Fa,Ga,E)} = A (Fa, Ga, B,

«

b) {Q(FQ,GQ,E)} =V (Fo, G, B’

Definition 3.7. Let (X, 7, E) be an intuitionistic fuzzy soft topological space over X. An in-

tuitionistic fuzzy soft set (F,G, E) is said to be intuitionistic fuzzy soft closed set in X, if its
/

complement (F,G, E)" belongs to T.
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Proposition 3.5. Let (X, 7, E) be an intuitionistic fuzzy soft topological space over X. Then
(1) ®,1 are intuitionistic fuzzy soft closed sets over X,

!
(2) For each (Fy,G4,E) €T, ( /\S (FS,GS,E)) e,
se
(3) For each (Fy,G1,E) | (Fy,Go, E) €7, (F1,G1,E)V (F,,G9,E)) €.

Proof. The proof of the theorem is obtained from the definition of intuitionistic fuzzy soft topo-
logical spaces and De-Morgan’s laws for intuitionistic fuzzy soft sets. O

Definition 3.8. Let (X, 7, E) be an intuitionistic fuzzy soft topological space over X and (F,G, E)
be an intuitionistic fuzzy soft set over X. The intuitionistic fuzzy soft closure of (F,G, E), de-
noted by (F, G, E) is the intersection of all intuitionistic fuzzy soft closed super sets of (F,G, E).

Clearly (F,G, E) is the smallest intuitionistic fuzzy soft closed set over X which contains

(F,G, E).

Theorem 3.1. Let (X, 7, E) be an intuitionistic fuzzy soft topological space over X, (F1,G1, E)
and (Fy, Gy, E) are intuitionistic fuzzy soft sets over X. Then
(1) D=0 and1=1,
(2) (Fl, G, E) C (Fl, G, E)
(8) (F1,G1, E) is an intuitionistic fuzzy soft closed set if and only if (Fy,G1, E) = (F1,G1, E),
(4) (F1,Gu, (F1,G1, E),
(
(

E
E

):
(5) (F1,G1, E) C (F»,Ga, E) implies (Fi,G1, E) C (Fz,Ge, E),
(6) (F1,G1,E)V (Fy, G2, E) = (F1,G1, E) V (F2, Go, E).

Proof. (1) and (2) are obvious.

(3) If (F1,G1, E) is an intuitionistic fuzzy soft closed set over X then (Fy, Gy, E) is itself
an intuitionistic fuzzy soft closed set over X which contains (F1,G1, E). So (Fi,G1, E) is the
smallest intuitionistic fuzzy soft closed set containing (F1,G1, E) and (F1, G, E) = (F1,G1, E).

(4) Since (Fy,G1, E) is an intuitionistic fuzzy soft closed set therefore by part (3) we have
(F1,G1,E) = (F1,G1,E).

(5) Suppose that (F1,G1, E) C (F», G, E). Then every intuitionistic fuzzy soft closed super
set of (Fy, G, E) will also contain (F1,Gq, E). This means every intuitionistic fuzzy soft closed
super set of (Fy, Go, E) is also an intuitionistic fuzzy soft closed super set of (F}, Gy, E). Hence
the intersection of intuitionistic fuzzy soft closed super sets of (F1,G1, E) is contained in the
intersection of intuitionistic fuzzy soft closed super sets of (Fh»,Go, E). Thus (F1,G1,E) C
(Fy,Go, E).

(6) Since (Fl, G1, E) C (Fl, G1, E) V (FQ, Go, E) and (FQ, Go, E) C (Fl, Gi, E) V (FQ, Go, E),
from by part (5),

(FlaGlaE) C (FlaGlaE) V (F25G27E)7(F27G2aE) C (F17G15E) \ (F27G25E)‘

Hence (Fl, G, E) vV (FQ, GQ,E) C (Fl, Gl,E) \Y (FQ, GQ,E).

Conversely suppose that (F1, Gy, E) C (F1,G1, E) and (F», Ge, E) C (Fa,Ga, E). So (F1,G1, E).
From proposition 3.15, (F1,G1, E) V (F, Go, E) is an intuitionistic fuzzy soft closed set over X
being the union of two intuitionistic fuzzy soft closed sets. Then (Fy,G1, E)V (Fy,Ga, E) C
(Fl, G1,E) V (F2,Ga, E) Then (Fl, G, E)Vv (FQ, Gy, E) = (Fl, Gy, E) V (Fy,Go9,E) is ob-
tained. O

Definition 3.9. Let (X, 7, E) be an intuitionistic fuzzy soft topological space over X and (F,G, E)
be an intuitionistic fuzzy soft set over X. Then the associated closure of (F,G,FE) is an in-
tuitionistic fuzzy soft set over X, denoted by (F,G,E) and defined as closure of (F(e),G(e))
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in fuzzy bitopological space (X,7.). For each e € E (F,G) (e) = (/\ Gs(e),\/Fs(e)>, where
S S
(Fs,Gs, FE) € 7 and (F(e),G(e)) < (Fs(e),Gs(e)).

Proposition 3.6. Let (X, 7, E) be an intuitionistic fuzzy soft topological space over X and

(F,G, E) be an intuitionistic fuzzy soft set over X. Then (F,G,E) C (F,G,E).

Proof. Forany e € E, (F(e), G(e)) is the smallest closed set in (X, 7.) which contains (F'(e), G(e)).

So (F,G,FE) = (H,Q, FE) then (H,Q) (e) is also a closed set in (X, 7.) containing (F'(e),G(e)

).
This implies that (F(e),G(e)) < (H,Q) (e). Thus (F,G,E) C (F,G,E). O

Example 3.3. Let X = {x;, 22} and E = {e1,e2}. The intuitionistic fuzzy soft sets (F;, G;) :
E —IFS(X)on X, for 1 <i <5, are defined as follows

(F1>G1) (61)(%1) = (%7 %) ) (Flle) (61)(1'2) = (%7 %) )
(F1,Gh) (e2)(z1) = (1, 3) » (F1,G1) (e2)(x2) = (1,0),
(F,Ga) (e1)(z1) = (3,3) , (F2,G2) (e1)(z2) = (3. 2),
(Fo,G2) (e2)(x1) = (3, %) » (F2, G2) (e2)(w2) = (1,3)
(F3,G3) (e1)(21) = (5, 1) » (F3,G3) (e1)(z2) = (3, 5)
(F3,G3) (e2)(x1) = (3, 1) » (F3,G3) (e2)(w2) = (1,0),
(Fu,Ga) (e1)(x1) = (3,3) » (Fu, Ga) (e1)(m2) = (£,2)
(Fy,Ga) (e2)(x1) = (§,3) » (Fa,Ga) (e2)(z2) = (1,3)
(F5,Gs) (e1)(z1) = (3, 5) » (F5,G5) (e1)(w2) = (2. 3),
(F5,G5) (e2)(x1) = (3, 1) » (F5,Gs) (e2)(w2) = (1,0).
Then (X, 7, E) is an intuitionistic fuzzy soft topological space over X. If (F, G, E) is defined

as follows

(F,G) (e1)(z1) = (3,3), (F,G) (e1)(@2) = (3. 5),(F, G) (e2)(z1) = (3, 3), (F1.G1) (e2)(w2) =
(3,1). Then (F,G, E) = (G4, F4, E),(F,G) (e1) = (G2 A G4) (e1), (F> F,G
(G4(€2),F4(€2)) . Thus (F, G,E) 75 (F,é, E)

Definition 3.10. Let (X,7,E) be an intuitionistic fuzzy soft topological space over X and
(F,G, E) be an intuitionistic fuzzy soft set over X. Define the interior of (F,G,E) as the join
of all the intuitionistic fuzzy soft open subsets contained in (F, G, E) and denote it by (F,G, E)°.

Theorem 3.2. Let (X, 7, E) be an intuitionistic fuzzy soft topological space over X and (F1,G1, E)
and (Fy, Go, E) are intuitionistic fuzzy soft sets over X. Then

(1) ®° = and1° =1,

(2) (Fl, Gl, E)O C (Fl, Gl, E)

(3) (F1,G1, E) is an intuitionistic fuzzy soft open set if and only if (Fy,G1, E)° = (F1,G1, E),

(4) (F1,G1, E)°)” = (F1,G1, E)°,

(5) (Fl, G1, E) C (FQ, Go, E) implies (Fl, G1, E)o C (FQ, Go, E)o,

(6) ((F1,G1,E) A (Fa, G, E))O = (F, G, E)O A (Fy, G, E)O.
Definition 3.11. Let (X, 7,E) be an intuitionistic fuzzy soft topological space over X and
(F,G,E) be an intuitionistic fuzzy soft set over X. Then the associated interior of (F,G,E)
is an intuitionistic fuzzy soft set over X, denoted by (F°,G°, E) and defined as (F°,G°) (e) =
(g Fy(e), A Gs(e)), where (Fy,Gs, E) € 7 and  (Fy(e),Gs(e)) < (F(e),G(e)).

Proposition 3.7. Let (X, 7, E) be an intuitionistic fuzzy soft topological space over X and
(F,G, E) be an intuitionistic fuzzy soft set over X. Then (F,G,E)° C (F°,G°, E).
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Proof. For each e € E, (F° G°)(e)is the biggest open fuzzy set in (X, 7.)which belonging
(F,G) (e).Since (F,G,FE)° C (F,G,E), then (F,G,E)° C (F°,G°, E) is satisfied. O

Example 3.4. Let X = {z1,22} and F = {e1,es}. The intuitionistic fuzzy soft sets (F;, G;) :
E —IFS(X)on X, for 1 <i <5, are defined as follows

(F1,G1) (e1)(z1) = (3, 5)» (F1,G1) (e1)(z2) = (5.3)
(F1,G1) (e2)(x1) = (§,3) » (F1,G1) (e2)(w2) = (1,0),
(F,Ga) (e1)(z1) = (5,3) , (F2,G2) (e1)(z2) = (3. 2),
(F,Ga) (e2)(z1) = (3, 5) » (F2,G2) (e2)(w2) = (5. 3),
(F3,G3) (e1)(x1) = (3, 7)» (F3,G3) (e1)(z2) = (3,3) »
(F3,Gs) (e2)(z1) = (3, 7) » (F3,G3) (e2)(x2) = (1,0),
(Fy, Gy) (e1)(z1) = (£,3) ) (Fi,Ga) (e1)(w2) = (3. 2),
(Fy,Ga) (e2)(x1) = (},3) s (Fu, Ga) (e2)(w2) = (1,3) »
(F5,G5) (e1)(x1) = (3, %) (F5,Gs) (e1)(z2) = (£,3)
(F5,G5) (e2)(x1) = (5, 1) » (F5,Gs) (e2)(w2) = (1,0).
Then (X, 7, F) is an intuitionistic fuzzy soft topological space over X. If (F, G, E) is defined

as follows

RO ) = (53) EO @) = (53) 6 @)= (5.3),

(F1,G1) (e2)(z2) = (1,0)

Then
(FaGaE)o — (FlaGlaE) V (F47G47E) = (FlaleE)a

(77,6 1) = (9, e A, Guten)) - (57.67) (ea) = (Falea) V Fa(ea). Ga o) A G
Thus (F, G, E)° # (F°,G°E).
Proposition 3.8. Let (X, 7, E) be an intuitionistic fuzzy soft topological space over X and
(F,G, E) be an intuitionistic fuzzy soft set over X. Then (F,G,E)° = (W)/

Proof. Let (F,G, E) be an intuitionistic fuzzy soft set. We show that ((F, E)°) = ((F, E)’)

From the definition of interior of (F, G, E), we have

(H,Q,E)C(F.G,B) (H,Q,E)C(F,G,E)

<<F,G,E>°>’< v <H,Q,E>) - A (HQE) = ((FG.E))

SN
Hence (F,G,E)° = ((F, G, E)’) is obtained. O

4. INTUITIONISTIC FUZZY SOFT CONTINUOUS MAPPINGS

Definition 4.1. Let (X, 7, E), (Y,7', E) be two intuitionistic fuzzy soft topological spaces, f :
X =Y be amapping and (F,G, E) be an intuitionistic fuzzy soft set over X. Then the image of
(F,G, E) under the mapping f, denoted by f (F,G,E)) = (f (F), f(G),E), is an intuitionistic
fuzzy soft set over Y defined by

GE) ) @) = (¥ FE@. ) 60w wdee b
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Definition 4.2. Let (X, 7, E), (Y, 7', E)be two intuitionistic fuzzy soft topological spaces, [ :
X —Y be a mapping and (F, G, E) be an intuitionistic fuzzy soft set over' Y. Then the pre-image
of (F,G, E) under the mapping f, denoted by f~1 (F, G, E) = (f_1 (F), f~1(@) ,E), s an intu-
itionistic fuzzy soft set over X defined by (f~1 (F), f~1(G)) (e) (z) = (F () (f(2)),G (e) (f(x)))
for each e € E.

Proposition 4.1. Let (Fy,G1, E), (Fa,Ge, E) be two intuitionistic fuzzy soft sets over X and
Y, respectively, and f: X —'Y be a mapping. Then

(1) (F1,G1, E)C f~1(f (F1,G1, E)),
(2) f(f1(F1,G1,E)) C (F1,Gy, E).
(

Proposition 4.2. Let {(F;, G, E)};c; be a family of intuitionistic fuzzy soft sets over Y. Then
(1) (,v <Fi,Gi,E>> VU (FLGLE)
iel i€l

(2) f (,A (FiaGi;E)> = A fU(F, G E).
i€l el

Definition 4.3. Let (X, 7, E) and (Y, 7', E) be two intuitionistic fuzzy soft topological spaces,
f:(X,7,E) — (Y,7',E) be a mapping. For each (F,G,E) € 7', if {1 (F,G,E) € 7, then f :
(X,7,E) — (Y, 7', E) is said to be intuitionistic fuzzy soft continuous mapping of intuitionistic
fuzzy soft topological spaces.

Theorem 4.1. Let (X, 7,E) and (Y,7',E) be two intuitionistic fuzzy soft topological spaces,
f:(X,7,E) — (Y,7',E) be a mapping. Then the following conditions are equivalent: (1) f :
(X,7,E) — (Y, 7', E) is an intuitionistic fuzzy soft continuous mapping, (2) For each intuition-
istic fuzzy soft closed (H,Q,E) overY, f~' ((H,Q, E)) is an intuitionistic fuzzy soft closed set
over X, (8) For each intuitionistic fuzzy soft set (F, G, E) over X, f <(F, G, E)) C(f(F,G,E)),
(4) For each intuitionistic fuzzy soft set (H,Q,E) over Y, (f~1(H,Q,E)) C f~! ((H,Q,E)),
(5) For each intuitionistic fuzzy soft set (H,Q, E) over Y, f~' ((H,Q,E)°) C (f~'(H,Q, E))o

Proof. (1)=(2) Let (H, @, E) be an intuitionistic fuzzy soft closed set over Y. Then (H,Q, F)’ €
7. By part (1), we have f~1 ((H,Q,E)’) € 7. Since
fHHEQ.E)) = (1 (HQE) e
f~Y((H,Q, F)) is an intuitionistic fuzzy soft closed set over X. (2)=(3) Let (F,G, E) be an
intuitionistic fuzzy soft set over X. Since
(F.G,E)C [TH(f(F,G,B)), f(F.G,E)C f(F.G,E),
we have
(F,G,E) C [ (f(F,G,E) C [ (f(FGE)).

By part (2), since f~1(f (F,G, E)) is an intuitionistic fuzzy soft closed set over X, (F,G,E) C

f~(f(F,G,E)). Thus f (m) cf ( T, G,E))) c F(F, G, E) is obtained.

(3)=(4) Let (H, Q, E) be an intuitionistic fuzzy soft set over Y and f~!(H,Q, E) = (F,G, E).
By part (3), we have

f(F6E) =f (FTHQB) CF(f(HQE) c (HQ,E).
Then (f-1(H,Q,E)) = (F,G,E) C f~! (f(F, a E)) cfl ((H,Q,E)).
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(4)=(5) Let (H,Q, E) be a soft set over Y. Substituting (H, Q, E)'for condition in (4). Then

—_——\/
f1 ((H,Q,E)’) c f! ((H,Q,E)’). From proposition 3.26, since (H,Q, E)° = <(H,Q,E)'> ,
then we have

e = (e E) ) = (1 (e E)) ©
(F Q. EN) = (- (m.Q.B)".

(5)=(1) Let (H,Q, E)be an intuitionistic fuzzy soft open set over Y. Then since

(f'(H,Q,E)° Cf'(HQE)=f"(HQE))cC(f(HQ,E),

(f"Y(H,Q,E))° = f~1(H,Q, E)is obtained. This implies that f~1 (H,Q, E) is an intuition-
istic fuzzy soft open set over X. O

Example 4.1. Let (X, 7, F) and (Y, 7', E) be two intuitionistic fuzzy soft topological spaces,
f:(X,7,E) — (Y,7,FE) be a mapping. If 7 is the intuitionistic fuzzy soft indiscrete topology
onY, then f: (X, 7, E) — (Y,7, E) is an intuitionistic fuzzy soft continuous mapping.
Example 4.2. Let (X, 7, F) and (Y, 7', E) be two intuitionistic fuzzy soft topological spaces,
f:(X,7,E) — (Y,7,E) be a mapping. If 7 is the intuitionistic fuzzy soft discrete topology on
X, then f: (X, 7, E) — (Y, 7/, F) is an intuitionistic fuzzy soft continuous mapping.

Proposition 4.3. If mapping f: (X, 7, E) — (Y, 7', E) is an intuitionistic fuzzy soft continuous
mapping, then for each e € E,f : (X,1.) — (Y, 7)) is a fuzzy continuous mapping of bitopological
spaces.

Proof. Let (U,V) € 7/,. Then there exists an intuitionistic fuzzy soft open set (F,G, E) over
Y such that (F(e),G(e)) = (U, V). Since f : (X,7,E) — (Y,7/,E) is an intuitionistic fuzzy
soft continuous mapping, f~!(F,G, E) is an intuitionistic fuzzy soft open set over X and
fTHEG) (e) = f7H(F(e),G(e)) = (f~1(U), f1(V)) is a fuzzy open sets. This implies that

f is a fuzzy continuous mapping. O

Example 4.3. Let X = {z1,22,23}, Y = {y1,92,y3} and E = {ey, ea}.
Here {(F;,Gi, E) : 1 <14 < 10} are intuitionistic fuzzy soft sets over X and (H1,Q1, F), (Ha,Q2, E)
are intuitionistic fuzzy soft sets over Y, defined as follows:

(F1,Gh) (en)(@1) = (3. 5) » (F1,G) (en)(x2) = (3,3)» (F1,G1) (e1)(w2) = (3 3) »
(F1,G1) (e2)(x1) = (2,2), (F1,G1) (e2)(w2) = (£, 2), (F1,G1) (e2)(22) = (£, 1),
(Fo,Ga) (e1)(x1) = (§,5) » (F2, G2) (e1)(m2) = (1, %), (F2,G2) (ex)(z2) = (1, %),
(Fa,Ga) (e2)(z1) = (0,1), (Fa,Ga) (e2)(w2) = (1,0), (F2, Ga) (e2)(x2) = (3,3)
(F3,Gs) (e1)(z1) = (3,3)» (F5,G3) (e1)(z2) = (3,3), (F3,G3) (e1)(w2) = (3, 3)
(F3,G3) (e2)(x1) = (3,3) » (F3,G3) (e2)(w2) = (0,1), (F3,G3) (e2)(w2) = (0,1),
(Fu,Ga) (e1)(x1) = (5, 9) s (Fa, Ga) (e1)(w2) = (1, %), (Fu, G4) (e1)(w2) = (5, 2),
(Fy,Ga) (e2)(x1) = (0,1), (Fy, Ga) (e2)(w2) = (3,3) , (F1, Ga) (e2)(z2) = (3, 3)
(F5,G5) (e1)(x1) = (§,3) » (F5,Gs) (e1)(w2) = (£,3), (F5,Gs) (e1)(w2) = (3, %),
(F5,Gs) (e2)(z1) = (0,1), (F5,G5) (e2)(x2) = (0,1), (F5,G5) (e2)(z2) = (0,1),
(Fs,Gs) (e1)(z1) = (3,3) » (F6,Ge) (e1)(z2) = (1.3) » (F6,Ge) (e1)(w2) = (1.3)
(Fs,Ge) (e2)(x1) = (3,3) » (F,Ge) (e2)(w2) = (1,0), (Fg, Gs) (e2)(z2) = (3,3) »
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(Fr,G7) (e1)(x1) = (3, 5)» (Fr,Gr) (e1)(z2) = (3,3), (Fr,G7) (er)(z2) = (3,3),
(F7,Gr) (e2)(z1) = (2, 2), (Fr,Gr) (e2)(w2) = (1,0), (Fr, G7) (e2)(22) = (3, 3) ,
(Fz,Gs) (e1)(z1) = (§,3) , (Fs,Gs) (e1)(z2) = (i 3), (Fs,Gs) (e1)(w2) = (7, %),
(Fs, Gs) (e2)(z1) = (0,1), (F3,Gs) (e2)(x2) = (0,1), (F5, Gs) (e2)(z2) = (0,1),
(Fo,Go) (e1)(x1) = (3,3) » (Fo,Go) (e1)(z2) = (§,3), (Fo,Go) (e1)(z2) = (3, %),
(Fy,Go) (e2)(x1) = (3,3) » (Fo,Go) (e2)(w2) = (0,1), (Fy, Go) (e2)(z2) = (0,1),

(F10, G10) (e1)(#1) = (3, 3) » (Fi0.G1o) (e1)(w2) = (1. 3) s (Fio.G1o) (e1)(w2) = (3. 3) ,
(Fi0,Gho) (e2)(z1) = (3,3), (Fi0, Go) (e2)(z2) = (3, %), (F1o, Gro) (e2)(22) = (%, 3) -
(H1, Q1) (er)(z1) = (3,3), (H1, Q1) (e1)(z2) = (5, 3), (Hi, Q1) (e1)(z2) = (1,3),
(H1, Q1) (e2)(z1) = (3,2), (Hi, Q1) (e2)(w2) = (2,2), (H1,Q1) (e2)(x2) = (1,0),
(H27 QQ) (81)(561) = (%7 %) ) (H27Q2) (61) 1‘2) - (%7 %) ’ (H27Q2)( )( 2) = (iv %) )
(Hz,Q2) (e2)(z1) = (0,1), (Hz, Q2) (e2)(z2) = (5,3) , (Ha, Q2) (e2)(x2) = (5,3) -

If we get the mapping f : X — Y defined as
[ X =Y, f(x) =2, f(22) = f(z3) =,

then f is not an intuitionistic fuzzy soft continuous mapping. Since

f7H(H2, Q2) (e1)(z1) = (3,2), f71(H2, Q2) (e1)(22) = (3.3), 71 (Ha2, Q2) (e1)(w3)
SH(H2, Qo) (e2) (1) = (3, 3), [~ (Ha, Q2) (e2)(x2) = (0,1), 7 (Hz, Q2) (e2)(w3)

we have f~1 (Hz,Q2, E) ¢ 7. Also,
e, =1{(0,1),(1,0), (F1,G1) (e1), (F2, Gz2) (e1), (F3,G3) (e1), (F5,Gs) (e1), (Fs, Ge) (€1)}

i _{ (F1,Gh) (e2), (F2, G2) (e2), (F5, Gs) (e2), (Fi, Ga) (e2), (F6, Ge) (e2), (F7, G7) (e2), }
“ (F10, G1o) (e2)

{(Qa l) ) (lv Q) ) (Hla Ql) (61)7 (H27 QQ) (61)}
{(Q7 l) (77 Q) ) (Hh Ql) (62)7 (H27 QQ) (62)} :

The mapping f : (X 7'61) (Y, 7/, ) is a fuzzy continuous mapping, because

FH(HL Q1) ( =(2,1), f7H(HL Q1) (e)(@2) = (3,3), fH (H1, Q1) (e1))(w3) = (3
ST (Ha, Q2) ( = (5,1) 71 (H2,Q2) (e1))(2) = (3, 3) . f " (H2,Q2) (e1))(x3) = (3,
Hence, f~ (Hl,Ql)( 1) = (F1,G1) (e1), f~1(H2,Q2)(e1) = (F»,G2) (e1) is obtained. Simi-
larly, the mapping f : (X, 7e,) — (

STHHL Q1) (e2)) (1) = (2,2), f7H(HL, Q1) (e2))(m2) = (3,3), /7 (H1, Q1) (e1))(w3) = (3
S (Ha, Q2) ( )331 (3:3) [~ (H2,Q2) (e2))(w2) = (0, 1), f1 (H2, Q2) (e2))(x3) = (0,1
Thus f~ (Hl,Ql) 62) (Fl,Gl)( 2), f~ (HQ, Qg) (62) = (Fg,G3) (62) is obtained.

Sl
([l

o~

2
37
1
g

) 62) is a fuzzy continuous mapping, because

5. CONCLUSIONS

The purpose of this paper is to discuss some important properties of intuitionistic fuzzy soft
topological spaces and define the intuitionistic fuzzy soft closure of an intuitionistic fuzzy soft
set. Later, we provide the intuitionistic fuzzy soft interior of an intuitionistic fuzzy soft set and
investigate some of its basic properties. We can say that an intuitionistic fuzzy soft topological
space gives a parameterized family of fuzzy bitopologies on the initial universe but the converse
is not true. Finally, intuitionistic fuzzy soft continuous mappings for intuitionistic fuzzy soft
topological spaces are defined and some interesting results are obtained, which may be of value
for further research.
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