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SOME NEW QUANTUM INEQUALITIES VIA {gs-CONVEX FUNCTIONS
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ABSTRACT. The objective of this paper is to obtain some new integral inequalities via tgs-
convex functions in the setting of quantum calculus. We link our results with the ordinary
calculus case by discussing special cases of our main results.
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1. INTRODUCTION AND PRELIMINARIES

It is well known that the convexity theory has played a fundamental part in the developments
of various branches of pure and applied sciences. Due to its numerous applications, convex
functions have been generalized and extended in various directions using novel and innovative
ideas. It have been shown that the optimality conditions of the differentiable convex functions
can be characterized by variational inequalities, which have been used to study complicated and
difficult problems. For the numerical methods, formulation, generalizations and other aspects
of convex functions, see [1, 3, 8, 13, 23, 24] and the references therein. Inspired by this, Tunc et
al. [23] introduced the notion of so-called tgs-convex functions as:

Definition 1.1 ([23]). Let f : I € R — R be a non-negative function. We say that f is
tgs-convex function on I, if

f(I=tu+tv) <t(l—1t)[f(u)+ f(v)], Yu,vel,te]0,1] (1)

Note that f is tgs-concave function if —f is tgs-convex function. Also if t = 0,1, then,
according to the hypothesis the function is equal to zero.

Remark 1.1. It has been noticed that the class of tgs-convex functions is also contained in
the class of h-convex functions which were introduced and studied by Varosanec [24] by taking
suitable choice of the function h(-).

It is a known fact that the theory of convexity has a deep relationship with the theory of
inequalities. Many classical results known in the literature are obtained via convex functions and
their various forms. An interesting inequality in this regard is Hermite-Hadamard’s inequality
which is due to Hermite and Hadamard independently. This result of Hermite and Hadamard
provides necessary and sufficient condition for a function to be convex. The classical version of
Hermite-Hadamard’s inequality given in the following theorem:
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Theorem 1.1. Let f : I = [a,b] CR — R be a convex function, then

f(a+b><b1aa/bf(”“")dx<f(a)+f(b)'

2 2

The left side of Hermite-Hadamard’s inequality is estimated by Ostrowski’s inequality, which
reads as follows:
Let f: I C [0,00) — R be a differentiable function on I°, the interior of the interval I, such that
[’ € L|a,b], where a,b € T with a < b. If |f'(x)] < M, then, we have

b
r—a)? — )2
f(x)—bia/f(u)du gbf‘fa (z —a) ;L(b )

Several authors have shown their special interest in studying this inequality and obtained its

several new generalizations, see [2, 3, 8, 14, 15, 23, 24]. Tunc et al. [23] obtained a new version
of Hermite-Hadamard’s inequality via tgs-convex functions as:

Theorem 1.2. Let f: I =[a,b] CR — R be a tgs-convex function, then

y <a+b> - blaa/bf(x)dx<w_

2 6

For some more details, see [23]. In recent years, several authors have utilized the concepts
of quantum calculus for obtaining quantum versions of classical inequalities, see [10, 11, 9, 12,
20, 21]. In this paper, we obtain some quantum versions of certain integral inequalities of
Hermite-Hadamard and Ostrowski type via tgs-convex functions. We also discuss some special
cases which can be deduced from our main results. Before proceeding further we recall some
fundamental concepts of quantum calculus which will be helpful in obtaining our main results.

Let J = [a,b] C R be an interval and 0 < ¢ < 1 be a constant. The g-derivative of a function
f:J—Ratapoint x € J on [a,b] is defined as follows.

Definition 1.2 ([21, 22]). Let f : J — R be a continuous function and let x € J. Then
q-derivative of f on J at x is defined as
_ 1—
Dof(z) = f(@) — flgz + (1~ g)a)
(1-q)(z —a)
It is obvious that D, f(a) = ilg{ll oDy f(x).
A function f is g-differentiable on J if ,D, f(x) exists for all z € J. Also if a = 0 in (2), then
0Dgf = oDqf, where D, is the g-derivative of the function f [7] defined as
f(z) — flgx)
Dyf(z) = 12— I8

x # a. (2)

Definition 1.3 ([21, 22]). Let f : J — R be a continuous function. A second-order q-derivative
on J, which is denoted as aDgf, provided Dy f is g-differentiable on J is defined as aDgf =
aDq(aDyf) : J — R. Similarly higher order q-derivative on J is defined by oDy f=J—=R

Lemma 1.1 ([21, 22]). Let a € R, then

aDg(z —a)® = (1 —1
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Tariboon et al. [21, 22] defined the g-integral as follows:

Definition 1.4 ([21, 22]). Let f : I C R — R be a continuous function. Then g-integral on I is
defined as

[0t =1 e - ) Y 0" 1@+ (1= ")), (3)
p n=0

forx el.

Moreover, if ¢ € (a, ), then the definite g-integral on J is defined by

=(1-g)z—a)) _ ¢"f(@"z+(1—q")a)

n=0

—(1=q)(c—a))_q"f(g"c+ (1-q"a).

n=0

Theorem 1.3 ([21, 22]). Let f: I — R be a continuous function, then
(1) oDy [ F0) adgt = f(2),
(2) | oDuf 0yt = £(2) = 1) Jor c € (@),

Theorem 1.4 (21, 22]). Let f,g: I — R be a continuous functions, a € R, then x € J

(1) JUF() + 9(t)] adgt = [ £(8) adyt + [ g(t) adt,
(2) J(@f)(t) adgt = o [ £(2) adt,
(3) ff(t) aDqg(t) adgt = (f9)l7 — fg(qt + (1 —q)a) oDy f(t) odgt for c € (a,x).

Lemma 1.2 ([21, 22]). Let a € R\ {—1}, then

f o l—g¢ o4
/(t—a) adqt: (1_7qa+1>(ﬂf—a) +1.

Proof. Let f(z) = (v —a)*™, € J and a € R\ {—1}, then by definition, we have
(z —a)** — (gz + (1 — g)a — a)**!

oDy f(x) =
/() a0
B (x _ a)a—l—l _ qa+1(x _ a)a+1
(1-q)(z —a)
1— qa+1 N
= (1_q> (x —a)”. (4)
Applying g-integral on J for (4), we obtain the required result. O

We also need following auxiliary results for proving some of our main results.
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Lemma 1.3 ( [10, 20]). Let f : I = [a,b] C R — R be a g-differentiable function on I° (the
interior of I) with D, be continuous and integrable on I where 0 < g < 1, then

) - / 1) - DI
1
_ 1+q /1— 1+ )) Dy f((1 = t)a + 10) odyt.
0

Lemma 1.4 ([12]). Let f : I =[a,b] C R — R be a g-differentiable function on I° (the interior
of I) with 4Dy be continuous and integrable on I where 0 < ¢ < 1, then

Kplabia) = £0) = 5 [ 1) adgu

[y

1
b— 2
Q(b_z)/taﬂqf(tﬂ (1 —1)b) odgt.
0 0

2
= [ et (0t +

2. MAIN RESULTS
In this section, we discuss our main results.

Theorem 2.1. Let f : I = [a,b] C R — R be tgs-convez function, then

b
21 (U57) < s [ F@)atir < ir@lf@) + 1001,

where
1 1

l+q 14q+g*

Proof. Since it is given that f is a tgs-convex function, then

f<a+b> :f<ta+(1—t)b+(1—t)a+tb>

Y1(g) =

2 2
< %[f(ta-i— (1—16)b) + f((1 —t)a + tb)].

g-integrating above inequality with respect to ¢ on [0, 1], we have
b 1 /
a—+
2f< 5 )Sb_a/f(w)adqx- (6)
a

flta+ (1 =1)b) <t(1 —1)[f(a) + f(D)].

g-integrating above inequality with respect to ¢ on [0, 1], we have

/b F@) e < (11, ~ 1) @)+ F0L (7

+q 1+q+gq

Also

b—a

On summation of inequalities (6) and (7), we get the required result. |
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Remark 2.1. If ¢ — 1 in Theorem 2.1, we get Theorem 2.1 [23].
Our next result is ¢-Hermite-Hadamard’s inequality via product of two tgs-convex functions.

Theorem 2.2. Let f,g: 1 =[a,b] CR — R be two tgs convex functions, then
L 8 (“5*) g (“%) — v2()[M(a,b) + N(a,b)] %ff

b
IL ;1 [ f(2)g(x) odgz < ¥2(q)[M(a,b) + N(a,b)],
where
M(a,b) = f(a)g(a) + f(b)g(b); (8)
N(a,b) = f(a)g(b) + f(b)g(a); )
and
1 1 2

= + - .
L R R o B B BRI
Proof. 1. Since it is given that f and g are tgs-convex functions, then

()

< 1—G[f(m + (1 =1)b) + f((1 = t)a+ tb)])[g(ta + (1 — t)b) + g((1 — t)a + tb)]

= % {f(ta+ (1 —t)b)g(ta+ (1 — )b) + f((1 — t)a + tb)g((1 — t)a + tb)
+f((1 = t)a+tb)g(ta+ (1 —1)b) + f(ta+ (1 —)b)g((1 —t)a +tb)}.

g-integrating both sides of above inequality with respect to ¢ on [0, 1], we have
f a+b a+b
2 )9\ 2
1
16

1 1
+/f((1 —#)a + th)g(ta + (1 — t)b) odqt+/f(ta+ (1 —)b)g((1 — t)a + tb) gdqt}
0

0

b 1
- 116{ - a/f ad w+2/t2(1 —1)2[f(a) + f()]lg(a) + g(b)] odqt}
0
b

RG

1
flta+(1—1) )g(ta+(1—t)b)odt+/f (1 —t)a+tb)g((1 — t)a + tb) od,t
0

o —

1 1 2
) adgz + + —
/ <1+q+q2 l+q+¢+¢+¢* 1+q+q2+q3>

oo \

X [f(a) + f(b)][g(a) + g(b)]}

f(w)g(x)adqw+< SR ! - 2 )

l+q+¢* 1+q+@P+@+¢* 1+q+¢P+¢

—N—
>

| | =
IS
Se—_ o

x [M(a,b) —i—N(a,b)]}.
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This completes the proof of first part.
I1. Now we prove second part of the theorem. Using the hypothesis of the theorem that f and
g are tgs-convex functions, we have

f(ta+ (L =t)b)g(ta+ (1 = 1)b) < t*(1 = 1)*[f(a) + f(b)]lg(a) + g(b)].

g-integrating both sides of above inequality with respect to ¢ on [0, 1], we have

1
/f (ta+ (1 — H)b)g(ta + (1 — )b) od,t
0

1
< [F(@) + £B)lgla) + 9O) [ 201~ 12 odt
0
— [M(a,b) + N(a, b)]( + ! _ 2 >
l+q+¢> 1+q+P+3+¢* 1+q+¢+¢

This completes the proof of second part. O
Remark 2.2. Note that when g — 1 Theorem 2.2 reduces to previously known results, see [23].

Theorem 2.3. Let f,g: 1 =[a,b] CR — R be two tgs-convex functions, then

. b b1
fijqa))///f (tz + (1 = t)y)g(te + (1 — t)y) odgt dqy odgx
a a 0

< [ @) e + M (@) + Na,b),

where M(a,b), N(a,b), 11(q) and 2(q) are given by (8), (9), (5) and (10) respectively.

Proof. Since it is given that f and g are tgs-convex functions, then

fltz + (1= t)y)g(te + (1 - t)y) < (1= 1)*[f(x) + f()]lg(x) + g(y)].

g-integrating both sides of above inequality with respect to ¢ on the interval [0, 1], we have

fltz + (1 =t)y)g(tz + (1 —t)y) odgt

o _

1
/#1_t @) + FW)lg(@) + g()] odgt

0
[ 1 2
[+q+@  1+q+@+@P+q0 1+q+ @+

[f(@) + f()llg(z) + g(y)].
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Now again g-integrating both sides of above inequality on [a,b] X [a, b], we have

Se—_ o

b 1
//f (tr 4+ (1 = t)y)g(tz + (1 — t)y) odqt adgy adgx
0

IN

1 2
[1+q+q 1+q+q2+q3+q4_1+q+q2+q3]
x / / (@) + F@))9(z) + 9(9)] adgy adyz

1 2
= + —
[1+q+q2 l+q+¢+¢*+q* 1+q+q2+q3]

< [ [U@a@) + 19w + F@(0) + )9 sy oty

1 2
= + -
[1+q+q2 l+qg+@+¢+q¢t 1+q+q2+q3]

/b /b F(@)a(x) + F@)gW)] adgy adge
+/bf(a:) adqa;/bg(y) adqy+/bf(y) adqy/bg(x) Wdyo

Using Theorem 2.1, we have

Se—_ o

b 1
/ / Fltz+ (1= O)glte + (1 — 1)) odyt adyy adyz
0

a
[ 1 1 2 ]
< + _
b

l+g+¢® 1+q+@+¢+¢" 1+q++¢

1 1
1+q 1+q+¢?

2
X !2(() —a) / f(x)g(z) odgz +2(b — a)? [ } [M(a,b) + N(a,b)]

= 2¢a(q) |(b—a) / f(@)g(z) adgz + (b — a)*y35 (q)[M (a,b) + N(a,b)]

Multiplying both sides of of above inequality by = )2 completes the proof. O

Note that when ¢ — 1 in Theorem 2.3, we get Theorem 2.4 [23].

Now we prove some g-Hermite-Hadamard type inequalities via g-differentiable tgs-convex func-
tions.

Theorem 2.4. Let f: I = [a,b] C R — R be a g-differentiable function on I° (the interior of

I) with Dy be continuous and integrable on I where 0 < q < 1. If | ,Dy| is tgs-convezr function,
then

[H(a,b;9)] < 3(q)(b — a){laDyf(a)| + [ oDy f ()]},
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where
Q+a*Q+a+ )1 +a+e+¢°)
Proof. Utilizing Lemma 1.3, property of modulus and the hypothesis of the theorem, we have

|Hy(a,b;q)l

Y3(q) =

1
_ 1+q /1—1+q Dyf((1 = t)a+ tb) odyt
0
1

| /\

/|1— 1+ g)tl] aDy F(1 = t)a + t0)] od,t
0

< 2o 0/ 1= L+ Q[0 = {1 Dy (@)] + D f B} ol

_ *(1—q)(b—a)
= (1+q)4(1+q+q2)(1+q+q2+q3){|aqu(a)\+!aqu(b)l}-

This completes the proof. O

Theorem 2.5. Let f: I = [a,b] C R — R be a g-differentiable function on I° (the interior of
I) with oDy be continuous and integrable on I where 0 < ¢ < 1. If | (Dy|", 7 > 1 is tgs-convex
function, then

_ q(b—a) 2 \''* ) R
el < T2 (20) T D@ + DD

where

¢*(1 —q)
(1+¢P*A+g+¢*)(1+q+e*+¢%)
Proof. Utilizing Lemma 1.3, property of modulus, power mean inequality and the hypothesis of
the theorem, we have

|H(a,b;q)l

Ya(q) =

(12)

1
_ /1— (14 @)t) Do f (1 — t)a + th) odyt

1
1 r 1 r
/|1— + )t od, t) (/1 (1+ @)t) Do f (1 = t)a+ th)[" od, t)
0 0

r

| /\

(/1 L4+ q)tl[t(1 = O{] Dy f @ + [ oDy f )} od t)

¢°(1—q) . .
((1+q)3(1+q+q2)(1+q+q2+q3){‘aqu(“)| +1aPqf ()] }>

T @@ aDef @) + | Daf B
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This completes the proof. O

Next we prove some ¢-Ostrowski type inequalities via ¢-differentiable tgs-convex functions.

Theorem 2.6. Let f: I = [a,b] C R — R be a q-differentiable function on I° (the interior of I)
with oDy be continuous and integrable on I where 0 < g < 1. If | Dy f| is tgs-convex function
and | oDy f(x)| < M, then, we have

2¢5(¢)M[(z — a)? + (b — 2)°]
b—a ’

[Kf(a,b;q)] <

where
3

_ q
V) = TPt e+ ) (1)

Proof. Using Lemma 1.4, property of the modulus and hypothesis of the theorem, we have

| K f(a,b;q)|
1 1
= |1 [ pygta+ (- 00 odgt+ = 1Dyt (- bt
0 0
sz —a? | =2 |

IN

Ry
- T [ 12D+ (1= 08 ot

0

/t\ Dyf(tx + (1 —t)a)| odyt +

1

2
/@ (1 = ){]Dg(x)| + | aDy(a)[}] 0yt

0
1

2
/Q (1 — ){] aDy()| + | «Dg(D)}] 0yt

0
1
S2Mq[(x—a (b—x)? {/tQItodt
b—a
0

_ 2Mg[(z — a)?
B b—a

3
(14+q+q¢?) 1+q+q + ¢ )}

This completes the proof. ]

Theorem 2.7. Let f : I = [a,b] C R — R be a q-differentiable function on I° (the interior of I)
with 4Dy be continuous and integrable on I where 0 < q < 1. If | Dy f|" is tgs-convex function
and | oDy f(x)| < M, then for p,r > 1, %4— % =1, we have

201 (q)My[(z — a)® + (b— 2)?] < 1—gq )é

; <
|Kf(a’ ba Q)| = (b . CL) 1— qp+1

where ¥1(q) is given by (5).
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Proof. Using Lemma 1.4, Holder’s inequality and the hypothesis of the theorem, we have

r —a)? —x)?
= Q(b_a)/taqu(tx—i-(l—t)a)odqt—i-Q(Z_a)

1

g(z —a)? /todt
0
1

/t Odt

0

1
/taqu(m (1= 0)b) odyt

0

'U\'—‘

1
/|aqu(tm r(1- t)a)rodqt) "

1

1
| aDgf(tz + (1= 1)b)[" odgt) "
(f o)

\3\*—‘

2

1
< 2o =9 (ffquil)p [0 =012 @ + 1 Duf @Y odt)”
0

S 1e

1
)2 _
= (11—qpq+1 ([0 =00.Dus@F +1Paf O Fodt)
0

1
< 2Vl =l £ (=) 1 )g{ s }
- (b—a) 1 —grtt (1+q)(1+q+q?)
This completes the proof. O
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