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ADJOINT PROBLEM FOR THE LAPLACE EQUATION UNDER A
NONLOCAL BOUNDARY CONDITION

N.A. ALIYEV!, A.M. GULIYEVA?, S.M. GUSEIN-ZADE?

ABSTRACT. The paper is devoted to a new method of construction of the adjoint problem to
a boundary value problem for an elliptic partial differential equation in a bounded domain
with nonlocal boundary conditions. In this method, we do not use conditions except the given
boundary ones. The method is universal in the sense that it can be applied both to linear
ordinary differential equations and to linear partial differential equations.
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1. INTRODUCTION

It is known that the Naimark method to construct the adjoint problem to a boundary value
problem for a linear ordinary differential equation is based on the Lagrange formula related to
the initial equation [8]. If the initial equation is of order n, one adds, to the given boundary
conditions, some expressions with arbitrary coefficients so that one gets 2n conditions. If these
2n relations are linearly independent, they make it possible to determine the values of the
unknown function as well as the values of its derivatives up to the order (n — 1)at the edges of
the segment. The obtained values are substituted into the Lagrange formula and the result is
assumed to be equal to zero. The boundary conditions of the adjoint problem include arbitrary
coefficients which appeared in the added relations. Therefore, the boundary conditions of the
adjoint problem are not unique. For linear ordinary differential equation of second order this
difficulty was eliminated in [1] by a modification of the Naimark method. Later, this new
method was applied to a linear ordinary differential equation of the third order [4].The adjoint
problem to a boundary value problem for an elliptic linear partial differential equation of the
first order with nonlocal boundary condition has been constructed in a unique way (i.e. without
ambiguous coefficients) [2]. The solution of the boundary value problem for an ordinary integro-
differential equation with local boundary conditions was investigated in [3]. Note that the adjoint
problem for elliptic partial differential equations of high order with local boundary conditions
were considered in the works of Lions [5], [6], [7].
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2. FORMULATION OF THE PROBLEM

Let a bounded domain D in the (21, z2)-plane be convex in the zy direction, D = {(z1,x2) :
cy1(z1) < a2 < ya(x1)}, I' = 0 D. This means, in particular, that it has a well-defined normal
direction at each point. v; and o are differentiable. Let us consider the following problem:

2
luEAu(m)zZaQu(m):O, x = (r1,19) € D C R%, (1)

2 [ du (z)
Z [Z afz)k(m) + al¥ (1) u(ac)] =0, m=1,2, =z €la, lb]. (2)

k=1

s=1 To="s(z1)

Here, ozgz)k(xl) and ag) (z1), m, k, s = 1,2 ,x1 € [a1, b1], are continuous functions, conditions

(2) are linearly independent. Let us construct the second Green formula for the equation (1)

2 2 _
B 0*u(z) _ B ou(z) _ 00 (x)
(lu, v)—z D U(l‘)dl’—Z/|: D v (z) —u(x) FF
k=17, k=11
x cos (n, xg) dx + (u, [*v),
where n- is the external normal to I,
2. 0% (2)
Fo=Auv(z) =) 5 TED (3)
=1 Tk

B (u, v)zi/[a“m 5 (@) — u(z) ‘%m] cos (n, z5) dz =

-cos (n, z1) +

z2=71(z1)

-cos (n, xa) +

axQ axQ x2=71(x1)
4 |:6U(m)6(x)_u($)6’l)($):| . COS (7’L, $1)+

91 91 Ta="2(w1)

+ [8u(w)6(x)—u(as)av(m)] - cos (n, x2) _dn =0. (4)
0z 02 || pymrys(an) cos (x1, T)
Here 7 is the tangential direction to the boundary I'.
One has:
ou(x ou(x
(1, y(21)) = 5 (@) + 5 () Vi(z1), k=1, 2 (5)
1 zp=i(21) T2 Nag =y (21)

Thus, the expression (4) can be written as follows:
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by

_ [ , du(z)
Bu,v)= / {wxl,m(xl)) [u (@) - T mm(mwmxl)] -
—u (21, 1 (1)) 85 () }7/1(961)61961—
1 962271(901)
/ 0u(a) 00 (x)
—a[ {17(301,’71(1'1)) s m:w(xl)—u(flfl,’h(%l)) 3 19 xzzw(m)}dwl_
b1 5
-/ {m:cl,w(ml)) [wm,w(m)— 2t wz<x1>] -
J 2 ey (an)

—u (21, Y2(21)) D }7/2(9«“1) dzi+

by
Ju(x) B
/{ (o1 2te) O z3 xz—vz(xl)} o

=0 (b1, 71(b1)) w (b1, 1(b1)) - v/1(b1) — v (a1, 71(a1)) u (a1, yi(a1)) - v (a1)—

xa="2(x1)

e, ) 2

za=y2(z1)

b1

_/“(11517 (@) () o (@1, (o)) dei—
al
b1 9 by 9%
ulxr V(T
- [ s o) ) des — [, ) 2 V)~
o T2 zg=vyi(x1) o T zg=vi (1)
by P b1 9%
ulxr V(T
_/‘a() @@h%@mdm+/uub%m»a() dy—
J L2 Nzo=vy1(21) o 2 zy=vi (1)

=0 (b1, y2(b1)) w (b1, y2(b1)) - v72(b1) + ¥ (a1, Y2(a1)) u (a1, y2(a1)) - v/2(a1)+

by

T / w (s, 1a(e1)) Brra(en) o (@1, ya(a))] oyt
al
518 by 9%
+ [ 2ul2) 01 alen) ) des + [ ) 2 Vol )dar
o L2 |go=ry(z1) o Tl |gg=~a(z1)
616 by Y
+ [ 2 0(on, alen)) dos = [ ular, (o) oy =
L2 |go=na(x1) T2 Nzg=ra(z1)

al ai
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:/ 85 = (= (21, ma(21)) i (1) = 0 (21, M(21))] dort
a1 2 za="1(z1)
by 5
+a/ 6“35:) e [0 (21, Y2(21)) V3 (21) + 0 (21, 72(21))] dz1+
by )
+ [ e @) [ oo, me0) 1) = ) o o1, o) - a;g) o Y
“ r2=71(Z1
oo “
+ v (z) dxy + /u(m, va(x1)) [0 (21, Y2 (21)) Y2(21) + Y112(21) U (21, Y2(21)) +
0 9 z2=y1(21) J
90 (x) o (x) -
" 01 x2=’72(961)w2(x1) O :r2=’72(9c1)] =0 (6)
here
w(by, y1(b1)) = u(ar, v1(a1)) = u (a1, y2(a1)) = w (by, y2(b1)) = 0. (7)

Coming back to the boundary conditions (2), let us multiply them by the v, (z1). We get

2 2
S| [al) e 2 D) dirt
" 9y, zo=7s(21)

m=1 s=1

by
+/a£rsL)(‘T1)u(x17 78($1)) T}m(ajl) d$1:| =0.

ai

Taking (5) into account, we get:

’y/s(l’l) d.’El—{—

2 2 (™
Z Z {/0452)1 (1) O (1) [u’(xl, Vs(21)) — a@“;;ﬁ)

r2=7s(z1)

b1 -
s 0 . .
+/a( )2(551) Um(21) gx($) dxy + /a u(x1, Vs(21)) U (21)dz1 p = 0,
ax 2 lzg=ys(z1)
or
2 2 4 du ()
Z Z au J? |:CY£Z)2(3:1) ﬁm(xl) — agz)l(xl) ij(qjl)’yls(xl)] d(I71+
s=lm=1g, L2 xo="s(21)

" / uter, 2w(a) [afar) on(or) = (ko) ou(en)) [ dm =0 (9

s=1m=1,

Here the conditions (7) are applied.
Remark 2.1. The functions vi(z1) and va(z1) can be choosen so that the coefficients in the
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8au:§x) ) 85;:51:) » u(z1, y1(z1))and
? lzg=y1(21) 2 lwg=vs(z1)
u(z1, y2(x1)) conincide with the corresponding coefficients in (6). The integrals correspond-

ing to these two summands are determined from (8) and substituted in (6). We obtain one
du(x) du(x)

922 Joy=mi(a1)’ 222 lap=vs(a1)’
w(z1, v1(z1))and w(z1, y2(z1)). This expression is equal to zero independently of these two

Ou (z)
322 |y (1) and u(z1, y2(r1)).

Thus, the functions v,,(z1) are determined from the equations:

square brackets at two fixed functions from

expression depending on the remaining two functions from

functions. Here we shall compare the coefficients at

2
> [aba(e) = all@) vn(@n)] om(e) =~ n(@)vAe) - oo, i),

m=1

>

[%?(a:l) Bne1) — (i (@) vmm))/} = iy, 2 (@)t (@n) + (w1, 2 (@) (en)+

m=1
00 (x 0v(x
4 20) yan) — 20E) Q
L1 |go=vo(21) T2 |go=vo(21)
From the first equation under the condition
agy (e1) — afy (e1) (1) #0, (10)

we obtain 01 (z;)and va(z1):

o aD ) ol @) (e [1+74(1)] (@, ya(21)
Oa(71) = =75 ) 1) =~ O b
Qo (1) — gy’ (w1) Y11(1) Q59 (T1) — agy (21) 71 (21)
Substituting (11) in the second equation (9), we get:

(2) _ 2) [0‘512) (21) — oy (21) 7’1@1)} o1(z1) + [1+ 73 (21)] 021, n(21))
oy (x1) D1(z1) — oy ' (21) 0 D _
Q59 (71) — agy (21) v (21)

~ (o) ma(a)) +
| [l (@) — oD 1) v (en)] B @0) + [1+ 93] B n@) |

(1) N

(2)
+ a21 (331
asy (x1) — aly (1) v (a1)

= v/(21, v2(21)) V2 (21)+

85;,?) B Ya(x1) — 8;326) B
xa="2(x1) xa="2(®1)
Thus, we obtain the linear equation (12) containing the first order derivative of the function
01(x1). The solution of this equation may be constructed in an analytic form. For this we need
to know one solution of the non-homogeneous equation. The equation (12) may be written in
the following way:

+0(x1, y2(21)) Y2(21) +

(12)

A1) ¥y (1) + B(a1) 01(1) = F(a1) (13)

where
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1) (1)
T1) —« x1) v (@
A1) = =0 (1) + o) (@) 2z ) 01 0) V1)
Qoo (71) — agy (1) v (21)
(1) (1)
(2) @), Mg (1) — oy (w1) v (z1) ()
B(a1) = a1 (21) —ag (21)—7; —0) oD r(z1)+
agy (21) — asy (1) V1 (z1)
B (@1) — ol (@1) 11 (1)

(0%
+ {aé? (1) ~&5

!/

1+ (z1)] o(z1, n(21)) 1+ 97 (21)] 01, 7i(21))
F(a1) = ag2)(xl) [ = 1 ](1) o Ozézl)(m) [(1) 1 ](1) _
gy (1) — gy (1) ¥ (1) gy (1) — gy (1) Y11 (1)
0v 0v
(o1, (@) V) + 5, () ia(e) + S ylan) — 20D
8551 _ 81‘2 _
z2="2(%1) za="2(21)
If we have
A(zy1) #0, (14)
then we get (13):
_ B(ml) _ F(.’L‘l)
v(x1) = — v1(1) + ,
1( 1) A(l’l) 1( 1) A(.I'l)
where
- [ TFm) -158a
(1) =ce ™ + A(7) - A0 T ar
ai
is the general solution of (13). Assuming ¢ = 0 one gets the solution
x1 1
[ F(r) - A
v1(x1) = / A e dr. (15)
a1
If we substitute this expression in (11), we get:
(1) (1) / V3 _Ba
_ o (@) —ap @) n(e) [Fr) —)amd
vo(21) = — 0 0 ; Al e T dr—
gy (21) — agy’ (1) 711 (21) a
14972 ()] B(a, n(z1)) (16)

o (1) — oy (1) 71 (1)
Taking into account (9) and substituting (15) and (16) in (8), we get :

by
0
- [ ot ) dort
J %2 |ay=m(a)
by

+ / (011, (1)) alen) + D, va()) Aa(an) +

ai
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00 (x 00 (x
9 (@) Yl2(w1) — ) ) ] u(z1, v2(21)) day =
L1 zp=vs(21) L2 zp=vy(21)
N du(2)
u(x
== 3 [ o) — alw) rnalen)] ) 21 -
m=1;, 2 laa=yz(a1)
2 b ,
=3 | [l onten) = (a8 omen) | wlion, mie) don
m*la1
Finally, substituting this expression in (6), we get
b
~ e (2) . du(x)
Blu, v) ==Y [ [alh@) - ol @) va@)] wmlar) S a1 -
m=1; 2 lza=y2(21)
by

a1
f Dux)
u(x
+ [ ) ol () % oyt
o T2 zy=vys(x1)
by
+ [ [ (o)) v = ol o)) o)
a1
0v (x 0v (x
-5 () yi(xy) + 3 (z) ] u (1, y1(x1))dzy = 0.
T1 Nag =1 (21) T2 py=mi (1)
Since the equation holds for arbitrary 8;;95? (1) and u (x1, y1(z1)), we get the following
z2="2(T1

boundary condition for the adjoint problem:
2
= 3 [al@) = all @) Ara(e)] om(@)+(1+ 2@, va(@n) =0,
m=1

2

P { wlan) = (@) @) w(m))i 0/ (a1, 1(20)) 911 (1)~
0v (x) v (x)

axl Ta=v1(21) axQ
Substituting v1(x1) and va(x1) from (15) and (16) in (17), we get:

v (1) +

—v(z1, (1)) yh(er) —

I F — [ 59 g
- [07522)(%1)_&521)(%1)7/2(.%1)} /_(T) e 7 A0 Ty

al

2
+ |65 (@1) — a5 @1) Ara(an)| { L1t ]
0‘22 (z1) — as,
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+ [L+93(21)] v(z1, y2(21)) =0, (18)
) Vi F(r) - I 24 1) [1+77(21)] vz, (1))
—a; ' (z1) /[1 e T dr + as ' (z1) e G ¥ +
2 () Qgy (1) — Ay (21) 71 (21)
aly (1) — alP (@) y(e) [ F(r) -] 56
T 0 A ¢ dr o+
aby (x1) — ayy (1) yh(a1) J AT)
zr _ "1 By 2
F(r — [ EQ g - 141 (ml) 0(331, ’71(371))
+ agl)(ﬂh)/ 7( ) e L AD T g a211 (z1) [(1) 1 e / +
2 (1) Qg (71) — Qs (1) 71 (21)

/

~(1) _ &0 n (0}
4912 (1) — ayy (1) v (1) /E(T; e Tf Al dtdr} } — v (w1, y(1)) y(21)—
(&%

agy (21) — sy (1) y(an) J AT
v (x ov (x
(e, @) () - ) ) + 2 —0. (9
x1 x2=71(x1) x2 x2=y1(x1)

The conditions (18) and (19) can be rewritten in the following way:

- /
a?f)(m) o%l)(m) V/2(21) [1+~72(x1)] v (21, vi(z1)) + [L+3(@1)] v (21, y2(z1)) +
59 (1) — agy’ (21) Y1 (21
@ _(2)
« 1) — o x I5(x 3 B
n _?12)( 1) _?11)( 1) 7/2(71) [a(112)<$1) —aW(z) 7/1(:@'1)} _
Qoo (71) — Qsy (1) Y (21
(2) 2) Tl a g
- [5‘12 (z1) — &7 (21) 7’2(351)} } : / e 7 A X
ai

64(2) T d(z) T
X{[(l) ) (11>) ) [ +vim)] - ((1) 2}<(1>)

Qg (T) — Ay (1) Y1(7T)

1+ 7@(7)})] X

_(2)
gy (1)
<0 (7, (1) + a7 v (11, 72(r) = <ag;> Er el w%m]) x
xol (1, y1(T)) +M2(7) v (7, 2(7)) + 81}((37‘7,_%‘2) Yo (T)—
x2=2(T)
B 0v (T,x2) _0 20
81132 12:72(7.)} ’ ( )
~(1) (1) ’
ay (1) 14 ~2(z _( Qg (z1) 14 ~2(x )_
{ D)~ a@en e L G T s e )

(1)
_ T v(x x — Z o )
Y (x1)} vz, 1)) {7/1( 1)+ asy (z1) — alt (@1) v (21)

[1 —|—fyl%(x1)] } X
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_(1) _(1) V10,
_(1), 0y (71) — &5y (1) Y1 (21) ) [ &g dt dr
xvl (z1, y1(z1)) + |ay (xl)aélz) ) —agli)(xl) 11 (1) M (le)LZ ¢ ) A(r)
’ {[ o [1+973(7)] - ( i 1 +7/?(r)])/ )
asy (r) = ag) () v (7) aby (7) — ay (7) v (7)
_(2)
) Ay (1)
xv (1, 71(7)) + )V (1, 72(T)) — (&%) = —20}&1’ ) [1+v/?(f)]) X
ov (T, x2) ()

xvl (1, y1(1)) + 1a2(7) v(T, Y2(7)) + 97

x2="2(T)
O (7,2) ) 1y, aig (@) — 6 (@) v ()
- 87 + Qqq (xl) — Qg (x1> (1) _(1) x
L2 lag=rya(r) Qo (1) — Qg (1) Y11 (1)
T - zflifz) dt dr al? (1)
X / e 70 fl(r) { [_(1) 21_(1) [1 +’Y’%(T)] o
o Qs (T) — Qgy (7) 711(7)
a2 (r) Y ,
_—cul 4930] ) () + ) (1, 32()
Qoo (T) — Qigy (T) Y1 (T
asy () )
[L+773(7)] | x v, (7)) +12(r) v (7, (7)) +
D — 2D
Qo9 (T) — Qigy (T) Y1 (T
0 0 0
vg', x2) ia(r) — 118(7', x2) }} B 87) (x) (1) +
T T2=2(T) T2 go=rya(r) 1 gg=r1 (1)
9v(x) —0. (21)
0 za=y1(x1)

Thus, we obtain the following statement:

Theorem 2.1. If the domain D = {(z1,2z2) : v1(x1) < x2 < y2(x1)} is bounded, the functions
~v1(x1) and vo(x1) are two times differentiable, the boundary conditions (2) are linear indepen-

dent, the coefficients in these conditions satisfy

(1L(x1) S C(l)(al, bl), 0452)1(.731) S C(l)(al, bl), m, k=1, 2;ag%(x1) S C(al, b1>,

Y

¥ (z1) € CV(ay, by), m, s=1, 2;
and (7), (10) and (14) hold, then the problem adjoint to (1)-(2) is given by (3), (20), (21).

Remark 2.2. From (20) and (21) one can see that the boundary conditions of the adjoint
In other words, these conditions contain

problem contain both non-local and global terms.
ov () ov (x) ov (x) ov (x) both
Oz EED 5’32:'Yl($1)’ EED x2="y2(x1)

’U(Ila Vl(xl))av(xly 72('1"1))’ d11 ’ )
zp=71(71) w2="2(x1)
in the integrand (global terms) and outside of the integrals (non-local terms).
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