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1. INTRODUCTION

Let A be the class of analytic functions f of the form
f(z)=2z+ Zanzn
n=2

defined in the open unit disk
U={z:2€Cand |z| <1}.

We denote by S the subclass of A consisting of functions which are analytic, univalent in U
and normalized by f(0) = 0 = f/(0) — 1. Also denote by 7 the class of analytic functions with

negative coefficients (introduced by Silverman [28]) consisting of functions f of the form

f(z)=2— Z lan|z", ze€lU
n=2

The class S*(«) of starlike functions of order a < 1
2f'(2)
f(z2)
and the class IC(a) of convex functions of order o < 1

K(a) = {feA: %<1+ZJ‘£/;S)> > a, zeIU}:{feA: 2f € 8 ()}

8*(04)::{f€.,4:§R >a,z€U}.

(2)

were introduced by Robertson in [26]. We also write $*(0) =: S*, where §* denotes the class
of functions f € A that f(U) is starlike with respect to the origin. Further, I(0) =: K is the
well-known standard class of convex functions. It is an established fact that f € K(«a) < z2f' €

S*(a).

In 1993, Goodman [5, 6] introduced the concept of uniform convexity and uniform starlikeness

for functions in A. A function f € A is said to be uniformly convex in U if f is a normalized
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convex univalent function and has the property that for every circular arc ¢ contained in the

open unit disc U, with centre ¢ also in U, the image curve f(J) is a convex arc. Ronning [23]
2F'(2)
F(z)
in the interior of the parabola in the right half-plane symmetric about the real axis with vertex at

introduced the class Sp, geometrically Sp is the class of functions F' for which has values
(1/2,0). In [10], the geometric definition of k-U4CV and its connections with the conic domains
were considered. The class k-S7 and its properties were investigated in [12]. The analytic
characterizations of k-UCV and k-ST are as follows:

k—mw:{fe&%(ufﬂgv>kfﬁg),@em}wd
k—&T:{feS:%(?g?>>kZﬁg)—l,(ZGW}.

Further, Kanas and Srivastava [11] presented a systematic and unified study of the classes UCV
and Sp. (also see [31]).
Let Q. be a domain such that 1 € 3 and

o ={w=u+iv:u?=k(@u—1)2+k%u>0}, 0<k< oo

The domain € elliptic for k > 1, hyperbolic when 0 < k < 1, parabolic when £ = 1 and a right
half-plane when k£ = 0. If p is an analytic function with p(0) = 1 which maps the unit disc U
conformally onto the region Qf, then p’(0) = Py (k) and

12_’4,:2 for 0 <k <1
Pi(k)=< % for k=1 (3)

2

4\/2(1+t)(71rc2—1)K2(t) for & >1

where A = Zarccosk and ¢ € (0,1) is determined by k = cosh(wK'(¢)/[4K(t)]), K(t) is the
Legendre’s complete Elliptic integral of the first kind

e dx
<0 = | N O

and K'(t) = K(v/1 — t?) is the complementary integral of IC(t).
The concrete form of Py was given in [8, 9, 16, 30]. Further P;(k) is strictly decreasing function
of the variable k and its values are included in the interval (0, 2].

Let f € A be of the form (1). If f € k-UCV, then the following coefficient inequalities hold
true [10]:
“%g”*,neru. (4)

Similarly, if f € A be of the form (1) belongs to the class k-S7, then [12]:

“%QE*,neru. (5)

The study of operators plays an important role in the geometric function theory and its related
fields. We have seen many differential and integral operators defined soundly by convolution of
certain analytic functions. This somehow helps us to understand better the geometric properties
of such operators. For functions f € A given by (1) and g € A given by g(z) =z + > -2, b, 2"
the Hadamard product (or convolution) of f and g is defined by

|an| <

lan| <

(fxg)(2) =2+ Zanbnz”.
n=2
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Let © be the class of functions w which is analytic in U with
w(0)=0 and |w(z)| <1 (z€).

Let p(z) and ¢(z) be analytic in U then the function p(z) is said to subordinate to ¢(z) in U
written by

p(z) <q(z)  (2€), (6)
such that p(z) = q(w(z)) (¢ € U). From the definition of the subordinations, it is easy to show
that the subordination (6) implies that

p(0) =q(0) and p(U) C ¢q(U). (7)

In particular, if ¢(z) is univalent in U, then the subordination (6) is equivalent to the condition

(7).
We recall, for v > —1;0 € R the calculus operator I‘V; which was recently studied by Kim and
Srivastava [14](see also [27]) and the image of 2™ under this operator is given by

Igzn _ F(I/ + 1 + n) Zn+§+y
I'v+1+d5+n)
for positive v+ 14+ n > —0; (6 € R). Further, for positive v +2 > —§; (§ € R) and f of the form
(1),then the normalized operator Z9 f(z) of Z3 f(z) is given by

Lf(z) = Wz“zi f(z) =2+ i On (3, v)an2" (8)
n=2
where
and (a),, is the Pochhammer symbol given by
(a)n, = W =ala+1)(a+2)...(a+n—1) and (a)y = 1.

Note that for v > —2 and different choices of §, we get
Lf(=) = f(z) and I f(2) = 2f'(2).
Further, for A > —1; v = XA and § = —\, we have
/() =DM (2)
the Ruscheweyh derivative operator [25] and
T 51(2) = La.0)

is the Carlson-Shaffer operator [3].

In this paper, due to Ramesha et al. [22], Obradovic and Joshi [19], Padmanabhan [21],
Nunokawa et al. [18], we introduce a new subclass GJ(\, 3) of A involving calculus operator to
obtain coefficient estimate and obtain maximization of |az — pua2|. Further we discussed certain
mappings to the class gg()\, B) of the operator fg if some parametric inequalities hold.

For positive v +2 > —4,(§ ER); 0 < A < 1and 0 < 3 < 1, we let a generalized class G2(\, )
the subclass of functions f(z) € A which satisfy the condition

5 <z<:73f<z>>'~ AT (2)"
Zf(2)

) >3, (z€). (10)
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Also denote T7G%(X, 3) = G3(\, 3) N T. Equivalently a function f € A is said to be in the class
GJ(\, B) if and only if
AT () + AT (=) L+ (1= 2B)w(2)
I8 f(2) 1 —w(z)

(11)
where w(z) € Q.

Remark 1.1. It is of interest to note that for A = 0, we have G3(\, B) = S3(5)

We obtain the following necessary and sufficient conditions for functions f € G3(\, ).

2. COEFFICIENT ESTIMATE

Theorem 2.1. A function f € A belongs to the class G3(\, 3) if

[e.e]

D (n+An(n—1) = B) 0,05, v)|an| <1 B. (12)

n=2
Proof. Since 0 < # < 1 and A > 0, now for the function
B () + A2 ()"
- Z21(2) |
We prove that |P(z) — 1] < 1 — 3,(z € U). Indeed if f(z) = z(z € U), then we have P(z) =
1(z € U). This implies that the desired in equality (12). If f(z) # z(z € U), then there exist a
coefficient ©,,(9, v)ay, # 0 for some n > 2. It follows that f ©,(8,v)|an| > 0. Further note that

P(z)

n=2
Z [)\TL2 +n— An — ﬂ] @n(év V)|an| > (1 - /3) Zgn(& V)|an|
n=2 n=2

which implies that
o)
Z@n(5, v)lan| < 1.
n=2

By coefficient inequality (12), we thus obtain

™ (1 — 1)(nA + 100 (6, v)anz""1
_ n=2
P(z) 1] = 1+ 50,0, v)anz""1
S (n = 1) (nA + 1)0n (6, 1) an|
S n=2 _
- Z @n(év V)|an‘
n=2
S 2 = A — 8] 0,(6,0)an] — (1— 8) 3 06, 1)an|
S n=2 n=2

1= > 0,(0,v)|an]

n=2

(1-5)—(1-8) § On(6,1)]an]

< ,(z € ).

o0

1- E n (0, V)|an‘

n=2
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Hence we obtain

AT (=) + AT (=)
R ( 570 > =R(P(z))>1—-(1-p)=0,(z€U).

That is f € G5(\, 3). This completes the proof. O

In the next theorem, we show that the condition (12) is also necessary for functions f €

TG, (A 0).
Theorem 2.2. Let f be given by (2) then the function f € TGS(\, B) if and only if (12) holds.

Proof. Tn view of Theorem 2.1 we need only to show that f € TG3(\, () satisfies the coefficient
inequality (12). If f € TG5(\, 8) then by definition, we have conversely assume that (12) holds.
Let B B
p(o) — 2BIE) X2

I f(2)

Then we have R(P(z)) >  this implies that

f(z) =2 — Z O (9, v)anz" # 0; (z € U\ {0}).
n=2

T
Noting that %(r) is the real continuous function in the open interval (0,1) with f(0) = 1, we
have

1= 0n(6,v)anr™ ! >0,(0 <r < 1). (13)
n=2

Now
1= Y22, [An? 4+ n — An]O, (5, v)a,r" !

B<P(r)= 1— 5%, 0,5, v)anr™

and consequently by (13) we obtain

o0

Z[)\nQ +n—An— []0,(0,v)a, < 1—p0.

n=2
Letting r — 1, and using (12) we get
[P(z) =1 <1-p
which implies that
R(P(2)) > .

This proves the converse part. O

Corollary 2.1. (Coefficient Estimate) If a function f of the form (2) belongs to the class
TGS\, ), then

1-p
n| < =2,3,....
lanl < [An2 +n —An —v]0,(4,v) "
The equality holds for the functions
1
hn(2) =2z — b 2" 2elU, n=2,3,.... (14)

[An2 +n—n—5]6,(6,v)
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Remark 2.1. Making use of the necessary and sufficient conditions and the coefficient estimate
one can easily obtain the distortion bounds,extreme points, integral means and neighbourhood
results, convolution and inclusion results for functions f € Tg‘,i()\,ﬂ) proceeding as in the work
of Dziok and Murugusundaramoorthy in [4](see also the references cited therein) and Silverman

[28].
3. MAXIMIZATION OF |a3 — pa3|

Lemma 3.1. [13] Let w(z) = > 5o, cxz¥ € Q. If p is any complex number, then

ez — pei] < maz{1, |ul}.
For convenience we let ©, = ©,(0,v) for our study.
Theorem 3.1. If a function f(z) defined by (1) is in the class G3(\, B) and p is any complex
number then

las — pa3| < max {1, d[},

where
2(1 — B)(6A +2)O3 — (2X + 3 — 26)(2\ + 1)O3

4= (2X + 1)262

Proof. Since f € G3(\, 3), by (11) we have

2T ) +APTF() L+ (- 2B)w(z)
3§ (2) L —w(z)

by simple computation we get

NL2T(f)" + 2Z(f) = Z(f)

w(z) = —= — —
APL(f)" + 2Z(f) + (1 = 28)Z(f)

_ Z?:Q[n(n — DA+ (n—1)]a,©,2"

201 = B)z+ Y0 nn — DA+ (n+ 1 —206)]a,0,2"

_ Eoln = DA+ (0= D]an®nz" ™t () S pln(n = DA (041 28)]an€n2" 1)

- 21~ ) <1+ 2(1- ) )
Thus,

Yoo = DA+ (n+1 - 20)]an©,2" 1\ _ X n(n — DA+ (n — 1)]an©,2" "
ole) (1422 21- ) R '
(15)
By comparing the coefficients of z and 22 in the above equation, we get,
 2(1 =P o v+2
as = m, where @2 == m (16)
e 21— 9) 2A+2-28 (v +2)(v+3)
B - +2-28 , 2w+
%= (6) + 2)0; <CQ At Cl) T e NI e S O (17)
Hence,
2(1 —
ag — paj = M})(Cz —dc}), (18)

where

2(1 — B)(6X +2)O3 — (2A + 3 — 23)(2\ + 1)63

d=
(2X +1)202
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Taking modulus on both sides in (18),we have

2(1-7)

—pad] = =) g 1
‘a’3 HQQ‘ (6)\‘1‘2)@3’62 Cl|7 ( 9)

Using Lemma 3.1, we have

2(1-7)

W max {]., |d|}

lag — pa3| =

4. APPLICATIONS OF CALCULUS OPERATOR

The Theory of Special Functions play an important role in Geometric Function Theory, es-
pecially in the solution by de Branges [2] of the famous Bieberbach conjecture. There is an
extensive literature dealing with geometric properties of different families of special functions,
particularly the generalized hypergeometric functions [3, 7, 15, 20, 24, 29] .The Gaussian hyper-
geometric function F'(a,b;c; z) given by

oFi(a,b;c;z) = F(a,b;c; z) Z nl ~ IR (2 € 1)

near z = 1 is classified into three cases according as R(c — a — b) is positive, zero or negative,
respectively was studied by many authors on different counts.
Let

- D(w+2+3) _ (v + 201
1'6 — 61/1'5 — n n
vul(z) T(v+2) Z+Z u+2+5n12

By using the Gauss Summation theorem [1]

Fla,bie;1) = nz% EZ)):((SZ - EEE = Z); (?E(Z; for R(c—a—1b) > 0, (20)

to fgu(z) and taking z = 1, simple computation yields

~ B 0 (v +2)p—1  T(w+2+0)r0-1)
Igu(l)_ZQ(V-i-Q-i-(s)n_l = T()(v +1+9) -1, 6> 1. (21)

Differentiating Z0u(z) with respect to z and taking z = 1, we have

= -1
— (v +2+0)n1 T(0)L(v +90) ’

i (n(y+2)n_1 T(v+2+0)T(0 —2) 5> 9. (22)

Again differentiating (Z9u(z))’ with respect to z and taking z = 1, we have

o0

3 nn—1)w+2)n1  2w+2)T(+2+8)I(5 —3)
WV+240)n1 T(0)T(v +9) ’

0> 3. (23)

Further differentiating (Z9u(z))” with respect to z and taking z = 1, we have

~nn—1)n-2)v+2),-1 _ 6(v+2)v+3)I(v+2+86[(6—4)
2 T T B - To)T (v +9) >4 ()

n=2
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Motivated by the works of Srivastava et al. [30], Murugusundaramoorthy and Magesh [17]
and applying coefficient inequality (12) of Lemma 3.1, we estimate certain inclusion relations
involving the classes k-UCV, k-S7 and Q,‘j()\, () if some parametric inequalities hold.

Theorem 4.1. Let v > —2,6 > 3. If f € S and if the parametric inequality

F'v+24+0)I'(6 —2)
L(6)T'(v+90)

<2(1-7) (25)

holds, then I? : 8* — GS(\, ).

1—0+w+2)(d—2)[6Ar+3)(0—3)+2021+1)]]

Proof. Let f of the form (1) belong to the class S*, then we get |an| < n,n > 2 to show
73 € G5(\, B) by the coefficient inequality (12), we need to show that

o0

GO, v, A B) = > (n+An(n—1) =)0, (6, v)|an| <18 (26)

n=2

where ©,,(6,v) is given by (9). Hence, we deduce that

. (WA 2nr
ﬂ&%%ﬁ)—-g;m+AMn D=2t 6,5
> (V + 2)71—1
< 1) - Byl
< ;n(n—i-)\n(n ) —0) G120,
R 2 - gD
= nZ::Q[n A+ (1= X)n° —nf] CrZron (27)
Writing
nd=nn—-1n-2)+3nn-1)+n, n>=n(n-1)+n, (28)
from (27), we have,
e (l/ —+ 2)n71
< _ _9y_\ @~ w/n—d
G0, ). ) < A%n(n D=2 55
(e} o0
(v +2)n1 (v +2)p1
22+ 1 —1)— 1-— —_—
+(2A+ );n(n )(u+2+6)n_1 T ﬁ);n(u+2+6)n_1
Now by using the equations (22) to (24) we get
6(r+2)(v+3)I'v+24+6I'0—4)
<
g(57 V7>‘7/8) — A P((;)F(V—F(S)
2w+ 2) (v +2+6)I'(6 —3) Fv+24+0)I'(6—-2)
2 1 1-— —-1].
+(2A+1) NGINOED) -0 Tore o
The last expression is bounded above by 1 — 3 if and only if (25) is satisfied. Hence the proof
of Theorem 4.1 is completed. O

Theorem 4.2. Let v > —2,6 > 2. If f € § and if the parametric inequality

LC(v+2+06)T—1) B
NGICET) u+5> 1= (29

holds, then I8 : K — GS(\, B).

(((5 - D{1+2\(v+2)(6 —2)} —
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Proof. Let f of the form (1) belong to the class IC, then we get |a,| < 1,n > 2 to show
T8 € G5()\, B) by the coefficient inequality (12), we need to show that

GO, v, A 8) = (n+n(n—1) = B)0,(5,v)|an| <15 (30)

n=2

where ©,,(4,v) is given by (9). Hence,

(7/ + 2)7171

G(5,v,\, ) < n;(n Al =) =B S

Thus, we have

= V+2p1 o, (2 (42
RO DU VR i DL sy e el D DY oy oy war

n=2

Using the equations (21) to (23) we get

G5, B) < A2

v+ )0+ 2+ O)T(5 — 3) (F(v +2+0T(0-2) 1)
T(5)T (v +0) L)L (v +9)
D(v+2+6I0—1)
‘ﬂ< TOT(w +1+0) _1>'

The last expression is bounded above by 1 — 3 if and only if (29) is satisfied. Hence the proof
is completed. O

Theorem 4.3. Let v > —2,0 > 2 and P, = Pi(k) given by (3). If f € k-UCV, for some k
(0 <k < o0) and if the parametric inequality

r(a)g((:jjis)_ pry (N6 = )+ M+ PTG~ A~ 1))
I'(v+2+49) g FrOrv+246—PF)
DO +2+6—P) (v+1)(P—1) (W_Pl“)_ T(v+1+9) )
<2(1-p) (31)

is satisfied, then I3 f € G5(, ).

Proof. Let f be of the form (1) belong k-UUCV. By using (12), we need to show that fﬁf €
G3(\, B), it is sufficient to prove that

> VA4 2),_
;:Q(HJF An(n —1) — ﬂ)(V(Jerr)(S)nl_l\an\ <1-8.
Let
_ - N (V+2)n—1
P(57V7)\75) - Z(n+)\n(n 1) /8) (V+2+5)n71| N‘

n=2
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Now by substituting for |a,| given by (4) and proceeding as in the proof of Theorem 4.1, we get

o0

PowAE) ;mﬂnm—w—mMMn!
B
< Sl P, S s (A
S e
<

(r(y+2+6) (6 —P) _1>
FrOrv+2+06—P)

(V+2)P = ¥ +3)n-2 1+ Pi(k))n2
* (v+2+9) ;:2 (v+3+0)n—2 (1)p—2

o0

(v+1+9) > (v+1), (Pr—1),
v+ )P 1) (v+1+0)n (D

B <1“(1/+2+5)F(5—P1) - 1>

B LOI(v+2+5—P)

(v+2)P (F(l/ +34+ 0066 - P — 1))

- B

T A2 U TOTw+240—Py)

(v+1+6) (Tw+1+30(@E—P+1)
(V+1)(P1—1)< TO(v+2+6—P) _1>+5-

- B

The last expression is bounded above by 1 — 3 if and only if (31) is satisfied. Hence the proof
is completed. O

Theorem 4.4. Let v > —2,6 > 2 and P, = Py(k) given by (3). If f € k-ST, for some k
(0 < k < o0) and if the parametric inequality

(v+2)P;
(v+2+9)
—BoF1(v+2,Piv+2+6;1) <2(1—5) (32)

3F2(l/+2 P1,2 I/+2+5 1; 1)+2)\ 3F2(1/+3,1+P1,3;V+3+6,2;1)
is satisfied, then Z0f € G(\, ).
Proof. Let f be given by (1) belong to k-S7. By (12)we have

[e o]

nZ::Q(n +An(n—1) - 6)—(V o
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Substituting for |a,| given by (5), we get

> (V—i—2)n_1
nz;(n +An(n —1) - ﬁ)mmn\

v+ 201 (Pr(k))n
(I/ + 2+ 5)n—1 (1)n—1

Zn—i—)\n 1) —0)

(v +2)p-1 ( Jn—1 (v +2)p1 (Pi(k))n—1
<A -1)
Z S 7 W T W ﬂ; v +2+0)ma (Una

(v+2), Pi(k))n_1
_BZ 012+ 0 1( (1()3)1
:[3F2(V+2,P1,2;1/+2+5;1;1)—1]
(v+2)P,
(v+2+90)
— B 2Fi(v+2,P;v+2+6;1) —1].

+2A sFy(v +3,1+ P1,3;v+3+446,2;1)

The last expression is bounded above by 1 — 3 if and only if (32) is satisfied. Hence the proof
is completed. O

Concluding Remarks: For the different choices of § and v,it is of interest to note that
§=-v=2A>-1,7*, f(2) = D*f(2) the Ruscheweyh derivative operator [25] and Z._§f(z) =
L(a,c) is the Carlson-Shaffer operator [3], hence one can deduce analogous results given in
Theorems 4.1 to 4.4 for the function class defined in this paper involving Ruscheweyh and
Carlson-Shaffer derivative operators and we omit the details involved.

Acknowledgement:We record our sincere thanks to the referees for their insightful sugges-
tions to improve the paper in the present form.
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