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1. Introduction 

 
We consider problems which arise as mathematical models of various applied 

problems. For instance reaction-drift-diffusion processes of electrically charged 
species phase transition processes in porous media. Investigation of boundary value 
problems for second order elliptic-parabolic equations ascend to the work by 
Keldysh [9], Fichera [4]. In work [6] boundary value problem for second order 
degenerate elliptic-parabolic equations is investigated. In works many authors 
[1,2,5,7,8,10] similarly problem is considered. Now we consider case degenerate 
head part of nonlinear equation. Let Ω  be a bounded domain in 

( )TQR T
n ,0, ×Ω= . We consider the initial boundary value problem 
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( ) ( ),0u x h x= ,   x∈Ω  .                                               (3) 
We assume the following regularity condition on the boundary  ∂Ω  of the set 

Ω  is fulfilled. There exist numbers 0,k R  such that for an arbitrary point x∈∂Ω  

the following inequality holds  ( ){ }, \ nB x R kRΩ ≥    for any 00 R R< <  where 

( ),B x R  is a ball of radius  R with center x . 
Let the coefficients of problem (1)-(3) satisfy the following assumptions: 
( ), , ,i ja x t u  is a real symmetrical matrix and for any ( ), Tx t Q∈  and  nRξ ∈ the 

following inequality are true  
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where  ( ] ( ) ( ) ( ),0,1 , , , , , , , , , 1,i j ia x t u c x t b x t i j nγ ∈ =  are measurable functions 

with respect to ,x t to for every ( ), Tx t Q∈ , where  ( )xω   satisfy Mackenhoupt 
condition [3]. We another papers will be consider case when coefficients 

( ), , ,i ja x t u  have growth by u . Also 

( ) ( ) ( )1, 0 , , nc x t c x t L +≤ ∈ Ω                                                 (5) 
( ) ( ) ( ) ( ) 0,,,, 2

2 ≤+Ω∈ + txKctxbLtxb ini                                  (6) 
Assume that the following conditions are true for the weighted functions  

( ) ( ) ( ) ( )tTtxtx −⋅= ϕλωψ ,  

 ( ) [ ] ( ) ( ) ( ) [ ],,0,0,0,,0 11 TCzzzTCt ∈′≥′≥∈ ϕϕϕλ  
( ) ( ) ( ) ( ),,000 zzz ϕβϕϕϕ ′⋅⋅==′=                                    (7) 

where β  are positive constants. We consider the problem (1)-(3) with data 
satisfying 
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We introduce some space of function in  TQ with finite norm  
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We denote by  ( )1,1
2, TW Qψ



the closure of  ( )0 TC Q∞ with respect to the norm of 

( )1,1
2, TW Qψ . A functions ( ),u x t  from ( )1,1

2, TW Qψ



 is called solution of problem (1)-
(3) the integral identities 

( ) ( ) ( ),
, 1 , 10

, , , ,
T

T n n

i j i
i j i lj i iQ

u u udxdt a x t u b x t c x t u dx dt
t x x x

φφ φ φ
= =Ω

  ∂ ∂ ∂ ∂
+ + + +   ∂ ∂ ∂ ∂   

∑ ∑∫ ∫ ∫
 

( )
2

2
2

0

, 0
T ux t dxdt

t
ψ φ

Ω

∂
+ =

∂∫ ∫
                                                    (10) 

 
hold for arbitrary functions ( )TC Q∞  vanishing near  Γ  and ( )T,0∈τ ,  

( ) ( )1,1
2 2,, 0, ,u f x t L W Qψτ − ∈  
 



. 

2.  Main results 
 

Theorem 2.1. Let the conditions (4)-(9) be satisfied. Then there exists a 
constant 1M  depending only on known parameters such that each solution of 
problems (1)-(3) satisfies 

( )
( )( ) ( )( ){ } ( )

( ) ,,

,,

1

2

2

2
2

2

21,0

Mdxdt
t
utx

dxdt
t
uxdxtxutxuess

T

T

Q

Q
Tt

≤
∂
∂

+

+
∂
∂

+Λ+Λ

∫

∫∫
Ω

∈

ψ

ω

                               (11) 

where 

( ) ( ) ( ) ( )1 2
0 0

, ,
u u

u s s ds u s s t dsω ψΛ = Λ =∫ ∫ , for almost everywhere by t . 

Proof .  Let ( ),u x t  be the solution regularized problem (1)-(3). We extend 

function ( ),u x t  by setting ( ) ( ),u x t xφ=  for 0, .t x< ∈Ω  Denote  

( ) ( ) ( ), , ,u x t u x t f x t= − . 
Testing (10) with ( ) ( ) ( )ˆ , , ,x t u x t s u x tφ = + − . We obtain for 

( ) ( )ττ −∈∈ TsT .0.,0  
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where denote by ( )0v x  the solution of problem (1)-(3) for 0t = with  ( ),0u x  
defined by (3). 

 Dividing this equality by s and passing to the limit 0s → , we obtain for 
almost every ( )0,Tτ ∈  and doing some calculations  
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Using (10) we can write in (12)  
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Here and in what follows iC  denote constants depending only on known 
parameters. The conditions (8), (9) allow us to substitute uφ =  in the regularized 
identity (10).  
 By (13) this gives  

52 
 



T.S. GADJIEV, S.Y. ALIEV et al.: THE SOLUTIONS OF INITIAL BOUNDARY … 

( ) ( )( )∫ +−
∂
∂τ

0

,, dttxftxu
t
u

 

( ) ( ) ( )∫ ∫ ∑ ∑
Ω = =

≤








∂
∂

++
∂
∂

∂
∂

+
τ

0 1. 1
,,, dxdtu

x
utxbutxc

x
u

x
utxa

n

ji

n

i i
i

ii
ij

 

( ) ( )

( ) .,1

,.

0

2

1

0 1.













∂
∂

++

+












−
∂
∂

∂
∂

≤

∫ ∫

∫ ∫ ∑

Ω

Ω =

τ

τ

dxdt
x

txuC

dxdtutxc
x
f

x
utxa

n

ji ii
ij

                                                           (14) 
 
We write first integral from (14) in the form 
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side of (15) by using Lemmas respectively [9]. So we obtain  
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Immediately from the definition of ( ) ( )1 2,u uΛ Λ . We deduce 

( ) ( )( )
11 1 2u u u Cεε< Λ +Λ +
                                                   (17) 

for 0u ≥  with arbitrary positive number ε  and constant Cε  depending only on 1ε  

and the function ( ) ( ), , .x x tω Ψ  Using the condition (4)-(6), (8)-(9) and the 

conditions on ( ) ( ), ,x x tω Ψ  and  the inequality (17), we obtain with arbitrary 

positive number 1ε  and some function ( ) ( )1 0,t L Tµ ∈   
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We estimate terms (14) involving the function α  in standard way by using  
(4)-(6), (8)-(9). Now from (14), (16), (18) and evident estimates for another terms 
in (16), we obtain  
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Now the last inequality and Gronwalls lemma complete the proof theorem 2.1. 
Theorem 2.2.  Let the assumptions of Theorem 2.1 be satisfied. Then there 

exists a constant 2M  depending only on know parameters, such that each solution 
of problem (1)-(3) satisfies 
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In order to prove theorem 2.2 we need auxiliary estimates. 
Lemma 2.1. Assume that the conditions of Theorem 2.1 are satisfied and the 

following inequality 
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Then there exist positive constants 4K  and β  
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Proof. From theorem 2.2 - it follows that (28) holds for  0
2
1

q q γ
γ

+
= =

+
.. We shall 

prove (28) this value of q . If we use Lemma 2.1 and Theorem 2.2, after some 
calculations we prove Lemma 2.2. 

Lemma 2.3.  Assume that the conditions of Theorem 2.2 are satisfied. Then 
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there exist numbers 5,q K  depending only on known parameters, such that  
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If we use Lemma 2.1 and Lemma 2.2 after some calculations the proof is 
obtained. 

Theorem 2.3. Let the assumptions of Theorem 2.2 be satisfied. Then the 
estimates 
 ( ) ( ) ( ) ( ) ( ) ( ) ,,,,, 43 xxMxtxuxtxuMtxu

TQL
′′−′≤′′′′−′′≤

∞
ωω               (30) 

hold with positive constants depending only on known quantities. 
Proof. The result of theorem follows immediately from the conditions (4)-(6), (7), 
(8), (9), (25) and  ( ) ( )2 2, 0z zω ρ ω ρ′ ≤ >  constant is satisfied. 

Then the initial-boundary value problem (1)-(3) has at least one solution in the 
sense of (10). 
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РЕЗЮМЕ 

 
В работе исследуется краевая задача для эллиптически-параболических 

уравнений второго порядка. В вырожденном случае априорные оценки  и 
качественные свойства решений доказаны. 
Ключевые слова: нелинейные эллиптические параболические уравнения, априорные 
оценки, краевая задача. 
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