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1. Introduction

We consider problems which arise as mathematical models of various applied
problems. For instance reaction-drift-diffusion processes of electrically charged
species phase transition processes in porous media. Investigation of boundary value
problems for second order elliptic-parabolic equations ascend to the work by
Keldysh [9], Fichera [4]. In work [6] boundary value problem for second order
degenerate elliptic-parabolic equations is investigated. In works many authors
[1,2,5,7,8,10] similarly problem is considered. Now we consider case degenerate
head part of nonlinear equation. Let €2 be a bounded domain in

R", Q; =Qx(0,T). We consider the initial boundary value problem
ou 0

0
E_i,jﬂa_xi[a”(x’t’u)&xj (x,t —+leb X, t —+c(x th=0,

1)
u(x,t):f(x,t)' (x,t)eF:GQx(O,T), @)
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U(X,O):h(X), XeQ (3)
We assume the following regularity condition on the boundary o€ of the set
Q) is fulfilled. There exist numbers k, R, such that for an arbitrary point X € 0Q

the following inequality holds {B(x,R)\Q}>kR" for any 0<R <R, where

B(x,R) isaball of radius R with center x.
Let the coefficients of problem (1)-(3) satisfy the following assumptions:
||ai’j (x,t,u)” is a real symmetrical matrix and for any (X,t) €Q; and £eR, the
following inequality are true
n
o)l < Xa,; (xtu)ag <7 o ()l
, *
where y e(0,1], a | (x,t,u),c(x.t),b (xt),i, ] =1,n are measurable functions
with respect to x,t to for every (x,t) € Q; , where @(x) satisfy Mackenhoupt
condition [3]. We another papers will be consider case when coefficients
a | (x,t,u) have growth by u . Also

C(X1t)£O,C(X,t)€Ln+l(Q) (5)

b, (x,t) € Ly, (€) , b, (x,t)” + Ke(x,t) < 0 ©
Assume that the following conditions are true for the weighted functions
w(x.t)=a(x)- Athe(T 1)
At)eC*[0,T],0(z)=0,0'(z)>0,9'(z) e C*[0,T],
9(0)=¢'(0)=0,0(z)=p-2-¢(2), @)
where [ are positive constants. We consider the problem (1)-(3) with data
satisfying
f(xt)e Q) L*(0.TW Q) L 0,T.W: Q)

o e, (0,T,L,.(Q)
ot 8)

h(x)e L, (Q). o

We introduce some space of function in Q; with finite norm

h %
”“”W;;(Q) = [{ Ico(x)(uz + iZ:l:ufi + uf} +y 2 (x,t)ug ]dxdtJ

Qr
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We denote by W 12"1V,(QT )the closure of Cj (Q_T)With respect to the norm of

W, (Q; ). Afunctions u(x,t) from W 3, (Q; ) is called solution of problem (1)-
(3) the integral identities

”[ﬁu ¢o|xdt+I£jZlaIJ (x,t,u s: SerZEb (xt —¢+c(xt)u¢}dx}dt+

j i

e o%u
+Hz// (x,t)¥¢dxdt:
0Q

(10)
hold for arbitrary functions C* (@) vanishingnear I" and 7 (O,T) ,
G- f(xt)el, (O,I,W ;}W(Q)j.
2. Main results
Theorem 2.1. Let the conditions (4)-(9) be satisfied. Then there exists a
constant M, depending only on known parameters such that each solution of
problems (1)-(3) satisfies
2
ess [ A, (u(t)+ A, (ulx ax+ [0S dxt +
t(0.7)7 o ot
' (11)
ot ’
X, t dxdt <M, ,
J“/f o2 1
where
ij ds A J.Sl// s t ds , for almost everywhere by t.

Proof . Let u(X,t) be the solution regularized problem (1)-(3). We extend
function u(x,t) by setting u(x,t)=g(x) for t <0,x € Q. Denote
o(xt)=u(xt)-f(xt)
Testing (10) with ¢(X t)=0U(x,t+s)-T(x,t). We obtain for
r€(0,T)se(0T -7)
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CI

a5~ (0]

+Zb(x t)au[ (x,t+5)=T(x,t)]+c(x,tu(x,t +s)—a(x,t)]jdxdt +

i-1 OX;

”{ a(x,t+s)—a(xt)]+ Zn:aij (x,t)a_Uﬂ[U(x,t r3)-

+”y/ xt xt+s) (x,t)|]dxdt:0.

-sQ
Hence we get by simple calculation

JtSJ' a(x,t+s)—a(x,t)]dxdt + Taij (x,t){i—gz

—sja xt)(
+“ c(x,t)a(x,t+s)- }jxdt+”z// xt [ar(x,t+5)—T(x,t)ixdt =0,

—sQ -sQ
where denote by V,(X) the solution of problem (1)-(3) for t=0with u(x,0)

defined by (3).
Dividing this equality by S and passing to the limit s — 0, we obtain for

almost every 7 € (0,T) and doing some calculations

Iaﬂx,t){mr _[ 3, (x, t)18v()

OX o OX

dxdt —

i=1

dxdt + }Uib, x,t) —[u (x,t+s)-0 (x,t)]dxjdt+

dxdt +

+ T30, g s”cxt){au dxt.
00 il 00 (12)
Using (10) we can write in (12)
2 2
Iwé( au(x, 7)) dx +J' xtdt+.|'z//£ X,t 6u(>:,r) dx <
5 OX ot
<c, 1+”a“—x’t)‘ dxdt !,
0Q 8X
(13)
Here and in what follows C, denote constants depending only on known
parameters. The conditions (8), (9) allow us to substitute ¢ =U in the regularized
identity (10).
By (13) this gives
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[ @,t) - £ (x U)ot +

) ot

+E£{Zn:au(x t)a—ua—u+cxt)u +Zb xt }dxdts

= 0X; OX

<[] {z a, (x.t)%“i_c(x,t)n}dxdt N

2
— dxdt}
(14)

We write first integral from (14) in the form

J2 - e =[ 2, - xt)dtf—”(u—l“ﬂ’m)dt’

: ° ot
with

(15)

m>| f (x,t)”Lw(QT) Jul” = max{min[u,m],—m}.

Then we can evaluate the first and the second integral of the right hand
side of (15) by using Lemmas respectively [9]. So we obtain

jaal:(“—f(“)dt I{Isw s)ds — jsw ds}dx+

0 0
+HU(T2 s,t)ds — IS‘P st ds}dx+”|u - g—fd dt —
0 0
I (x)]f (x,7)dx,
& (16)

Immediately from the definition of A,(u),A, (u). We deduce
u<e (A (u)+A,(u))+C, an
for u >0 with arbitrary positive number & and constant C, depending only on &,
and the function @(x), ¥ (X,t). Using the condition (4)-(6), (8)-(9) and the
conditions on @(x), ¥ (x,t) and the inequality (17), we obtain with arbitrary

positive number & and some function (t)e L, (0,T)
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e

UL e + gljjtpj(x, ){Zt“
0Q

| of

ddt ddt

dxdt +

+C_i i(Al(u)+A2(u))y(t)dxdt+':[ iu%dxdt <

< cz{u [ I(Al(u)+A2(u))y(t)dxdt},
[ulx o) (x 2)x < C, e, [ A, u(x,2)) = A, (u(x, )k + C, |

We estimate terms (14) involving the function & in standard way by using
(4)-(6), (8)-(9). Now from (14), (16), (18) and evident estimates for another terms
in (16), we obtain

I(Al(u( 7))+ A,(u dx+“{ *—

Q

< C3{1+ jj[1+ u®)A,(u)+A, (u))dxdt}.

Now the last inequality and Gronwalls lemma complete the proof theorem 2.1.
Theorem 2.2. Let the assumptions of Theorem 2.1 be satisfied. Then there

exists a constant M, depending only on know parameters, such that each solution
of problem (1)-(3) satisfies

oul® 2
] {w(x) ot

My () oy
Qr at

In order to prove theorem 2.2 we need auxiliary estimates.
Lemma 2.1. Assume that the conditions of Theorem 2.1 are satisfied and the
following inequality

(18)

2
+ 2 (x,tf—
ot

2
= }dxdt <

(19)

2
}dxdt <M, (20)

ess | @(x)u’(x,t)dx< K, (21)

te(O,T)Q

holds with a number g e( 2n ,ﬂj, K, which defined by the equality

n+2 2
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2
o p-2|Ou(x,t)
n- — 7 <
tee(gs”{i o(X)|u(x,t)n-2dx+ ja)(x)|u(x,t)| > dx: <K, (22)
q
p——=(p-1)-——
n-2 qg-1 (23)
and with a const K, depending only on known parameters.
Proof of Theorem 2.2 We assume firstly that i+ /4 < n . Itis simple to check
Ty
u[<C g u<0. (24)

For proving regularity properties of the function u we need the following
growth condition

pl’l(u7+1)£u£pl(u7+1), u>o0, O<7/<n2 (25)
with some positive constants p, . From (24) and (25) we find
u* <C,[A(u)+A,(u)+1] (26)
. 24y
th g, =—+.
Wi G 1+y

Using (26), (11) and Lemma 2.1 we obtain (22).
Lemma 2.2. Assume that the conditions of theorem 2.2 are satisfied and

55, @0 Gt ] [ o

u>l

Jrz,//z(x,t)uq

,|0%u ’
h ?‘ dxdt < K3 ,

(27)

holds with numbers q e ?2} K, depending only on known parameters.
Li+7

Then there exist positive constants K, and S
1ot
u>1 aX

Proof. From theorem 2.2 - it follows that (28) holds for q=q, = i+—7 .. We shall
7

L 25074
t)ut?
+y?(x,t)u e

2
]dxdt <K, (28)

prove (28) this value of . If we use Lemma 2.1 and Theorem 2.2, after some

calculations we prove Lemma 2.2.
Lemma 2.3. Assume that the conditions of Theorem 2.2 are satisfied. Then
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_.n
there exist numbers @, K, depending only on known parameters, such that @ > E

and
oul? o2ul’
T 2 g-2|oU 2 g-2|0° U
tggﬁ)iw(x)u (x,t)dx+{!>'|;} w?(x)u > Y (x,t)u e dxdt <K .(29)

Proof. We substitute the function

o=lo-mPhelu-m]f re(-3)
in the integral identity (26), where

Mo = ” f (X’tml_x(QT) + ” f (X’tl
If we use Lemma 2.1 and Lemma 2.2 after some calculations the proof is
obtained.
Theorem 2.3. Let the assumptions of Theorem 2.2 be satisfied. Then the
estimates

JuCxt)], o, < Ma, Julx,t)o(x')—u(x" al(x") < M,
hold with positive constants depending only on known guantities.
Proof. The result of theorem follows immediately from the conditions (4)-(6), (7),
(8), (9), (25) and @'(z)< p,@(z),p, >0 constant is satisfied.

Then the initial-boundary value problem (1)-(3) has at least one solution in the
sense of (10).

L(@) +1.

XI _ X"

, (30)
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PE3IOME

B pabore wuccnmemyercs KpaeBas 3ajgada JUis SJUTMOTHYCCKH-TAPAO0TMYCCKHX
YpaBHEHHUI BTOPOro TMOpsAKa. B BBIPOXKACHHOM ciyyae ampHOpHbIE OLEHKU i
KaueCTBEHHBIE CBOMCTBA PEIICHUN JI0Ka3aHBbI.

KuroueBble c10Ba: HEMUHEIHBIC IUTUNITHYSCKAE TTapabOTUIeCKUe YpaBHEHHSI, allPHOPHBIS
OIICHKH, KpaeBas 3a/1a4a.
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