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1.  Introduction

The geometry of null hypersurfaces in space-times has played an important
role in the development of general relativity, as well as in mathematics and physics
of gravitation. It is necessary to understand the causal structure of space-times,
black holes, asymptotically flat systems and gravitational waves. For details see [5]
and references therein.

The null curves in Lorentzian space have been studied by several authors (see
[1,2, 3,7]). In a null hypersurface, there are many other curves distinct from the
null ones. They are s -degenerate curves as those ones whose derivative of order s
is a null vector provided that s>1 and all derivatives of order less than s are
spacelike. Thus classical null curves are 1—degenerate curves.

On the other hand, many studies on the Lorentzian spherical spacelike,
timelike and null curves have been done by many authors. For example in [10], the
authors have characterized the Lorentzian spherical spacelike curves in the
Minkowski 3-space R3. Lorentzian spherical timelike and null curves in the same
space have been characterized in [12]. Later, in [4] the authors studied the
spacelike, timelike and null curves lying on the pseudohyperbolic space H$ in the

Minkowski space-time.

The articles concerning the s-degenerate curves are rather few. In [8] the
authors introduced s -degenerate curves in Lorentzian space forms and obtained a
reference along an s -degenerate curve in n-dimensional Lorentzian space with the
minimum number of curvatures. Therefore in this paper, we studied the pseudo-

spherical 2 -degenerate curves in Minkowski space-time R;. We firstly aimed to
show that the Cartan reference of an s -degenerate curves in R{. Next we defined

the 2 -degenerate helices in R; and gave some necessary sufficient conditions for a
2 -degenerate curve to lies on the pseudo-sphere. Moreover, we have seen that
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there are no 2 -degenerate geodesics and 2 -degenerate cubic curves which lie on
H3 ().

2. Cartan frames for s-degenerate curves

The goal of this section is to find Frenet frames for s-degenerate curves in
Minkowski space-time. Before to do that we need a technical result.

Let E be a real vector space with a symmetric bilinear mapping
g:EXE—>R. We say that g is degenerate on E if there exists a vector £=0 in

E such that
g(&,v)=0 forallveE,

otherwise, g is said to be non-degenerate. The radical (also called the null space)
of E, with respectto g is the subspace Rad(E) of E defined by
RadE={£€E|g(&,v) =0,veE}
The dimension of Rad(E) is called the nullity degree of g (or E ) and is denoted
by re.
If F is a subspace of E, then we can consider g the symmetric bilinear
mapping on FxF obtained by restricting g and define re as the nullity degree of
F (or gg). For simplicity, we will use <,> instead of g or gg.

A vector v is said to be timelike, lightlike or spacelike provided that
<v,v><0, <v,v>=0 ( and v=0), or <v,v>>0, respectively. The vector

v=0 is assumed to be spacelike. A unit vector is a vector u such that
<u,u>=+1. Two vectors u and v are said to be orthogonal, written u Lv, if
<u,v>=0, [8].

Let :1 >R} be differentiable curve . For any vector field vV along y, V'
be the covariant derivative of V along y. Write

E; (t) = Spanly (t),7" (©)..... " (3,

where tel and i=12..h. Let d be the number defined by
d =max{i:dimE, (t) =i, for all t }.
Definition 1. With the above notations, the curve y:1 —R{ is said to be an s—
degenerate (or s—lightlike) curve if for all 1<i<d, dimRad(E;(t)) is constant for
all t, and there exists, 0<s<d, such that Rad(E,)={0} and Rad(E,)={0} for all
i<s, [2].
Remark 1. Note that 1-degenerate curves are precisely the null ( or lightlike)
curves (see [2,3,7]).
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Definition 2. A basis B={L,,N,,...,L,, N, ,W,,....W_} of Ry, with 2r<2q<n

and m=n-2r, is said to be pseudo-orthonormal if it satisfies the following
equations:

<Li’Lj >:<Ni’Nj >=0, <Li’Ni >=8i, <Li’Nj >=0,i¢j,

<L, W, >=<N;,W, >=0, <W, W, >=¢,6,,,

where i, je{l,2,...r}, o,fe{l,2,...m}, ¢, =-1if 1<a<q-r and ¢, =1 if
gq-r+l<a<m and 6,4 is asymbol of kronecker.
Let y:1 >R}, n=m+2, be an s— degenerate unit curve, s>1. Then we
have the folowing equations:
yoEW, W, kW, W, =k Wi, +kW,,, 2<i<s—2,

i+l
W, =k W, ,+L, L =k W, W, =e.L—sk N,
NI = _Ms—l - ksWs + ks+1Ws+1, (1)
Wsl+l = _gks+1|- +Kq oW

s+2"Vs+2,

W, =KW +k; W,

Wi, s+2<j<m-1,

Wm = _kam—l’
for certain functions {k,,... k,}, [8].
Theorem 1. Let y:1 -»R;], n=m+2, be an s— degenerate unit curve, s>1, and
suppose that {y (t),7 (t),..., ™ (t)} spans T (t)Rf for all t. Then there exists a
4

unique Frenet frame satisfying Eq. (1), [8].

Definition 3. An s— degenerate curve, s>1, satisfying the above conditions is
said to be s— degenerate Cartan curve. The reference and curvature functions
given by (1) is called the Cartan reference and Cartan curvatures of y,

respectively.
Definition 4. An s— degenerate helix in R is an s— degenerate Cartan curve
having constant Cartan curvatures.

3. Pseudo-Spherical 2-degenerate Curves in R}

This section deals with pseudo-spherical 2 -degenerate curves, that is, 2-
degenerate curves that completely lie on a pseudo-sphere of radius r >0 and of
center A and denoted by

S2(r) ={X eR} i< X —A X —A>=r?}[9].
Minkowski space-time R; is a Euclidean space R* provided with the
standart flat metric given by
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<,>= —dxZ +dx3 +dx3 +dxZ,
where (x,X,,%3,%,) is a rectengular coordinate system in R;.
Let » be a 2-degenerate curve in R;. Then the Cartan equations can be
written as follows:
y =W,
W, =L,

L =k,W,, )

W, = ek,L — &N,
N = —aW, —kW,.
To have a characterization for pseudo-spherical 2 -degenerate curves we use
the osculating pseudo-sphere defined as below.

Definition 5. Let » be a 2-degenerate curve in R;. Then the pseudo-sphere
having five-point contact with » is called the osculating pseudo-sphere of » [6].
Theorem 2. Let y be a 2-degenerate curve in R}. Then the center point of the
osculating pseudo-sphere at a point y(t) is
_ k(1)
A)=yt)-¢ k) L(t) —&N(t).
Proof. Let {L,N,W,;,W,} be the Cartan frame. Then for any t the position vector
A(t) - y(t), can be written as a linear combination of the frame in the form
A(t) — (1) = my (D)L (E) + my (YN (1) + My (W, (1) + M, (W, (0),

where m;, 1<i<4 are differentiable functions on R. Next, consider the function

f(t) =< A®t)- (1), At)—7(t) > —r?,
where r is the radius of the osculating pseudo-sphere, thus the equations

fO=f)=f =90 =1tY1) =0,
are satisfied due to the definition of the osculating pseudo-sphere at t, then a
straightforward computation leads to
m© =< A~ /0N =52,

m, (t) =< A(t) — 7 (1), L(t) >= —,

m; (t) =< A(t) — »(t), W, (t) >= 0,

m, (t) =< A(t) — y(t),W, (t) >=0.
Thus we find

=X -
AD =70 =612 S LO-NO

and
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2¢& k—z
kg

Definition 6. Let y be a 2 -degenerate curve and S2(r) be a pseudo-sphere in R;.

r?=

: @)

If » = S3(r), then y is called a pseudo-spherical 2-degenerate curve.
Definition 7. A 2 -degenerate curve y with zero first Cartan curvature k, is called

2 -degenerate geodesic curve.
Definition 8. A 2-degenerate curve y with zero first Cartan curvature k, and

second curvature k, is called 2—degenerate cubic curve.
Definition 9. A 2 -degenerate curve y is called a general 2— degenerate helix if

k
k—2 = const., where k, and k, are nonzero Cartan curvatures of y.
1

Theorem 3. Let y =R} be a 2 -degenerate curve. Then » is a pseudo-spherical 2 -

. . k
degenerate curve if and only if k—Z: const., where k, and k, are nonzero Cartan
1

curvatures of .
Proof. Suppose that y is a pseudo-spherical 2-degenerate curve. Then the

osculating pseudo-spheres at all points of the curve are exactly S3(r), and so r is

constant. Therefore from (3), t—z = const.
1

Conversely, assume that t—z = const. Then all of the osculating pseudo-spheres
1

have the same radius. Moreover, if we consider the function

K, (t)
A(t) = y(t) —e =22 L(t) —eN(t).
4 ky (1)
giving the central point of the osculating pseudo-sphere whose derivative is zero

everywhere, so it is constant. Consequently, » lies on S2(r), since the equation
< A -7(t), AQ) - () >=r°

isvalid forall tel.

Zé‘w

,  2-degenerate curves with
ki (1)

Since < A(t)—y(t), At)—y(t) >=

t—z = const. lie on pseudo-sphere S3(r).
1
Corollary 1. If we consider definition 7, there is no 2 -degenerate geodesic which

lies on S3(r).
Corollary 2. If we consider definition 8, there is no 2-degenerate cubic curve
which lies on S3(r).
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Corollary 3. A 2—degenerate curve y =R; fully lies on a pseudo-sphere if and

only if there exists a fixed point A such that for te |
< At)- (). ¥ (t) >=0.

Theorem 4. Let y be a 2—degenerate curve in Ry. Then » lies on S3(r) if and

only if y isageneral 2— degenerate helix.

Proof. Let us first suppose that » lies on S(r) with center A By definition we

have < A-y, A—y>=r?. Differentiating the previous equation four times with

respect to t by using Cartan equations (2), we get
<A-yW, >=0, <A-y,L>=-1

<A-y,W,>=0, <A-y,N >=—%
1
and

A-y= —gk—2 L—eN.
kl
Thus we have
<A-y,A-y>= 25k—2 =r?,
I(1
Moreover, differentiating the last equation (4) with respect to t, we find
K, .
(—2) =0,
1
Thus

k
=2 = const.,
1

which means that, » is a general 2— degenerate helix.

(4)

®)

Conversely, y is a general 2— degenerate helix. Thus we have |l<<_z= const.

Then we have

A(t):y—gk—zL—gN
Ky

and A =0, thatis, A=const. Thus we get
<A-y,A-y>= r2,
so y lieson S2(r).

1

If we consider pseudohyperbolic space with center AeR; and radius

reR* in Minkowski space-time R
H3( ={X eR} < X —=A X —A>=—r?},
then we have following theorems:

20



H. OZTEKIN: PSEUDO-SPHERICAL 2-DEGENERATE ...

Theorem 5. Let y be a 2—degenerate curve in Ry. Then the center point of the
pseudohyperbolic space at a point y(t) is

_ ko ()
Alt)=r(t)-¢ k()
Proof. It can be proved easily similar to Theorem 2.

Theorem 6. Let y <R} be a 2—degenerate curve. Then » lies on HZ(r) if and
only if k, is a nonzero constant and k, is aconstant at every point of the 2-
degenerate curve y.

Proof. It is similar to Theorem 2.

Corollary 4. There is no 2-degenerate geodesic which lies on HZ(r).

L(t) — &N ().

Corollary 5. There is no 2-degenerate cubic curve which lies on H3(r).

Corollary 6. A 2—degenerate curve y =R; fully lieson H3(r) if and only if there
exists a fixed point A such that for t e |

< At)-(t), 7 (t)>=0.
Theorem 7. Let y be a 2—degenerate curve in Rf. Then y lies on HZ(r) if and

only if % = const., that is y is a general 2— degenerate helix.
1

Proof. It is similar to Theorem 4.
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Minkowski makan-zaman fazasinda psevdosferik
ikiqat cirlasan ayrilor

Handan Oztekin

XULASO

Bu maqalado biz Minkowski mokan-zaman fozasinin 813 (r) psevdo sferasinda va

H g’ (r) psevdo hiperbolik fazasinda ikiqat cirlagan oyrilorin xarakteristikas1 verilmisdir.
Acar sozlar: Null ayrilori, s-cirlasan ayrilor, psevdo sfera, psevdo hiperbolik foza.

IlceBaocgepuyeckue 2- BHIPOKIEHHbIE KPHUBbIE B
NMpOoCTPaHCTBe-BpeMeHN MHHKOBCKOI0O
Xanpaan O3TeKun
PE3IOME

B oT0if cTatbe MBI XapakTepu3yeM 2- BBIPOKICHHBIE KPHUBBIE, JIS)KAlIWe Ha

niceBao-cepe 813 (r)u nceBmo-runepOOIMIECKOM MIPOCTPAHCTBE Hg (r) npocrpanctsa-
BpeMeHU MUHKOBCKOTO.

KiaroueBble cjioBa: kpuBas Hymib, S-BeIpoKIeHHash KpuBas, IceBno-chepa,
MICEBIO-TUMEPOOIUIECKOE IPOCTPAHCTRO.
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