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NONLINEAR ELLIPTIC EQUATIONS WITH
SMALL BMO COEFFICIENTS IN NONSMOOTH
DOMAINS IN GENERALIZED MORREY SPACES

T. S. GADJIEV* AND V. S. GULIYEV

(Communicated by Y. Sawano)

Abstract. We obtain the generalized Sobolev-Morrey spaces W,}W(Q) estimate for weak solu-
tions of a boundary value problem for nonlinear elliptic equations with BMO coefficients in
nonsmooth domains. We investigate regularity of the weak solutions in generalized Morrey
spaces M), (). The nonlinearity has sufficiently small BMO seminorm and the boundary of
the domain is sufficiently flat.

1. Introduction

The classical Morrey spaces L, ; is originally introduced in order to study the
local behavior of the solutions to elliptic differential equations. The inclusion from the
Morrey spaces into Holder spaces permits to obtain regularity of the solution to elliptic
boundary problems. For the properties and applications of the classical Morrey spaces
we refer the readers to [27, 29]. In [8] Chiarenza and Frasca show boundedness of the
Hardy-Littlewood maximal operator in L, 3 (R") that allows them to prove continuity
of fractional and classical Calderon-Zygmund operators in these spaces and solvability
boundary problem. The second author, Mizuhara and Nakai [15, 28, 30] introduced
generalized Morrey spaces M), (R") (see, also [16, 17, 35]). In [15, 17, 28, 30], the
boundedness of the classical operators and their commutators in spaces M), , was also
studied, see also [10, 18, 36].

Let ¢ be a positive measurable function on R” x (0,c). The space M, ,(R") is
defined by the norm

1flspo = sup @C,r) B TP fllir By -
x€R™ r>0

Here and everywhere in the sequel B(x,r) is the ball in R” of radius r centered at x

and |B(x,r)| = v,r" is its Lebesgue measure, where v, is the volume of the unit ball in
R".
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The second author studies the continuity and boundedness properties of sublin-
ear operators generated by various integral operators as maximal operator, Calderon-
Zygmund operators and etc. in generalized Morrey space ([1, 15, 17, 18], see also
[28, 30, 35, 36]). These results have many applications in the theory of differential
equations ([8, 12, 13, 14, 19,21, 22,33, 37],see also [2, 4, 5,6, 7,9, 11,20, 23,25, 26]).
Therefore, in the first part of the references we cited those works that are closely related
to our work. In the second part of the references we cited those works that are close
to this topic. Moreover, in [19] Dirichlet boundary value problems for the higher order
linear uniformly elliptic equations in generalized Morrey spaces were considered.

In this paper we investigate the regularity of weak solutions in generalized Morrey
spaces M), ,(2). Specifically, we find the conditions on the nonlinearity of equation
and the most general geometric requirement to the boundary 9 so that obtain of the
following global W, ,,(Q) estimate

IVull g, o) < C(If Ity +1)- (1.1)

Our result holds for any value of p € [2,+ec). Obviously, such a result requires
regularity condition for coefficients of the equation and the geometric conditions on a
bounded open domain Q.

There have been many works with Wp1 (Q) estimates in this direction. For the
linear case Di Fazio in [11] obtained the global Wpl (Q) estimate (1.1) for each 1 <
p < oo provided the coefficients of equation are in VMO and the domain is in C»'. The
resultin [11] was extended to the case that Q isin C! by Auscher and Qafsaoni [2]. The
main argumentin [2, 1 1] is based on explicit representation formulas involving singular
integral operators and commutators. In [4] it is obtained that the same resultasin [2, 11]
under the condition that the coefficients have small BMO seminorms, which is weaker
than VMO condition, and in the geometric setting that the domain is sufficiently flat
in the Reifenberg sence. The approach in [4] relies on weak compactness, the Hardy-
Littlewood maximal function, the Vitali covering lemma, good A — inequalities, energy
estimates.

We would like to remark that the general theory of singular integral operators and
commutators has some limitation to Lipshitz domains and may seem to work only for
the linear equation in this direction.

For the quasilinear elliptic quations of p-Laplacian type DiBenedetto and Man-
fredi in [9] obtained the interior qu (Q), g > p estimates coefficients is the identity
matrix by applying maximal function inequalities. When coefficients is uniformly el-
liptic, the interior and boundary qu (Q), g > p estimates were obtained by Kinnunen
and Zhou in [25, 26] under the assumptions that coefficients are of VMO class and
isof CV%, 0 < o < 1. In[25, 26] it is found that a local version for the sharp maximal
functions to prove the interior estimates and employed the flattening argument to obtain
the boundary estimates. Their results were extended to the case that coefficients have
the small BMO seminorms and € is Reifenberg flat in [6].

Our approach is based on the maximal function and the Caldron-Zygmund decom-
position. The goal of this paper is to formulate and prove of the results in [6, 25, 26] for
equations on nonvariational type in generalized Sobolev-Morrey type spaces when do-
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main € is nonsmooth. We also want to find the regularity results for elliptic equations
with discontinuous nonlinearity in nondivergence form in W2 0(Q), p>n.

By A < B we mean that A < CB with some positive constant C independent of
appropriate quantities. If A < B and B < A, we write A ~ B and say that A and B are
equivalent.

2. Boundedness of the maximal operator in generalized Morrey spaces

The Hardy-Littlewood maximal function Mf for f € LI°°(R") is defined by

If Q is a bounded domain in R" and f € L;(Q), then Mf = Mf, where f is the
zero extension of f in the whole space. It is well known that M is a bounded sub-linear
operator from L, into itself. Precisely, if f € L,(R"),p € (1,%0), then

[ 7)< /R Mf()|Pdx < C, /R F)[P dx @.1)

for some positive constant C, = C(p,n). Moreover, the following weak type estimate
holds

|{xER":Mf(x)>t}}<%/Rn |f(x)|? dx (2.2)

forany 1 < p <o and any ¢ > 0.
Our standing assumption is that the domain Q C R”, n > 2 is a bounded domain
with nonsmooth boundary dQ.

DEFINITION 2.1. Let ¢ : Q x R, — R be a measurable function and 1 < p <
co. For any domain Q the generalized Morrey space M, o(£2) (the weak generalized
Morrey space WM, o (€2)) consists of all f € Li;’c(Q)

1flIm, @ = sup @) P || £l () < oo
xeQ,0<r<d

(”fHWM,W(Q) = swp @ ') fllwe, @) <°°)

x€Q,0<r<d

where d = sup, yeq [x—y|, B(x,r) ={y € R": [x—y| <r} and Q(x,r) = QN B(x,r).

In the case of @(x,r)=r 7 the generalized Morrey space M, , (the weak gener-
alized Morrey space WM, ,,) is the classical Morrey space L,, ; (classical weak Morrey
space WL, 5 ). However, there exist examples of weight functions of more general form

o
as @(r) =rin(r+2) or ¢(B(x,r)) = (fB(X.’,) w(y)dy) , 0< o<1, where we A, is
Muckenhoupt weight with g € (1, é) (see [30]). One more example is the following.
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In [32] it is shown that the function f(x) = y_; 1(x) [x|"'/? belongs to Ly ¢(R)
with

1
o) = [f*dx, ~1<a<—3,
1 2

where I is any interval in R.
We denote by L., (0,0) the space of all functions g(¢), # > 0 with finite norm

||g||Lm>\,(0,oo) = supv(t)g(t)

t>0

and Lo, (0,00) = Lo, 1(0,00). Let 91(0,00) be the set of all Lebesgue-measurable func-
tions on (0,e0) and MT(0,e) its subset consisting of all nonnegative functions on
(0,00). We denote by M7(0,c0;7) the cone of all functions in 9+ (0,e) which are
non-decreasing on (0,e0) and

A= {(p €M™ (0,00;7) : lim ¢(2) :0}.
t—0+
Let u be a continuous and non-negative function on (0,e). We define the supremal

operator S, on g € 9(0,) by

(Sug)(t) = lugllLorm) 1 € (0,%0).

We invoke the following theorem.

THEOREM 2.1. [3] Let vy, vo be non-negative measurable functions satisfying
0< v ||Lm(,7(x,) < oo for any t > 0 and let u be a continuous non-negative function on
(0,00).

Then the operator S, is bounded from Lo, (0,00) 10 Lo, (0,°0) on the cone A if
and only if

. (),
The following lemmas were proved in [1].

LEMMA 2.1. Let 1 < p < eo. Then for any ball B= B(x,r) in R" the inequality

IMfllz, B S L, Bran) + r? sup s~ fl|L, (Bes)) (2.4)

§>2r

holds for all f € LII?C (R™).
Moreover, the inequality

IMfllwe, e S Iflley Bz + 17" sup s | fllz, Bx.s) (2.5)

§>2r
holds for all f € LI*(R").

LEMMA 2.2. Let 1 < p < oo. Then for any ball B = B(x,r) in R", the inequality

1M Fllzym) S 17 sup s Pl il ) (2.6)
§S>2r
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holds for all f € Li*(R").
Moreover, the inequality

IMfllwe, ) S 7" sups™" (| fllz, (Bx.s) (2.7)

§>2r

holds for all f € LI*(R").

We give the following boundedness result of maximal operators in generalized
Morrey spaces which is obtained from Theorem 2.1 and Lemma 2.1.

THEOREM 2.2. [1] Assume that 1 < p < oo and there is a positive constant C
such that for any fixed x € R" and r > 0 the following inequality holds

ess infoy (B(x,7))T7
sup =T < Coy(B(x,r)). (2.8)

r<s<oo sP

Then for p > 1, M is bounded from M, o (R") to M, 4, (R") and for p =1, M is
bounded from M o (R") to WM 4,(R").

COROLLARY 2.1. (Maximal inequality) Assume that for 1 < p < oo, there is a
positive constant C such that for any fixed x € R" and r > 0 the following inequality
holds

ess inf @ (B(x, 1'))17%
sup S < Co(B(x,r)), (2.9)

r<s<oo sP

where C does not depend on x and r. Then there is a constant C, > 0 such that
1111, pR1) < (1M FlIpg, pR7) < Cpll Fllpg, p(mr),  f € Mpp(R").

Denote by %, the set of all decreasing functions ¢ : (0,0) — (0,0) such that
r € (0,00) — rgq)(r) € (0,00) is almost increasing.
From Theorem 2.2 we get the following statement, which were proved in [31, 34].

COROLLARY 2.2. [31,34] Let 1 < p <o and ¢ €%9,. Then for p > 1, M is
bounded on M, o(R") and for p =1, M is bounded from My ,(R") to WM 4,(R").

Impose in addition a kind of monotonicity condition on ¢, precisely
@(B(,7)) < 9(B(z,s)) forall  B(y,r) CB(z,s). (2.10)

This implies that for a given bounded domain  C R", the following inequality holds

Q
sup 12001

0 9B e

with a positive constant k; depending on n, ¢ and Q. In fact, since Q is bounded
domain there exists d > 0 such that Q C B(0,d). Then, if r > 2d for any y € Q we
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have
Qe _ 19

e(B(y,r)) ~ o(B(0,d))
On the other hand, if 0 < r < 2d, then we see from (2.9) that

@(B(y.r)) _ ¢(B(0,d))
k2 r" > n(2d)" -

It implies that for some positive constant ¢ = ¢(n) the following inequalities hold
|Q(>y,r)] . cr' o ckon(2d)"
P(B(vr)) ~ 9B(yr)) ~ @(B(0,d))

3. Definition and statement of the problem

Assume that Q is bounded. We now introduce some geometric notation. B, =
{xeR":|x| <p} is anopen ball in R" with center 0 and radius p >0, B, (y) =B, +,
B =BpN{x:x, >0}, Bj(y) =B +y, Tp =BpN{x:x, =0} and Tp(y) =Tp +.
Qp, =QNBy and Qp(y) = QN By(y). JQ is the boundary of Q, dQ, = JIQNB, is
the wiggled part of d€2, .

The generalized Sobolev-Morrey space Wpl7(p(Q) consists of all functions u €

Wp1 (€2) with distributional derivatives D*u € M, ,(£2), endowed with the norm

el = 3 10l i
0<s|<1
The space W) ,(Q) N W} (Q) consists of all functions u € W} (Q)ewith Du €
M, »(Q), 0 < |s| <1 and is endowed by the same norm. Recall that W, (Q) is the

closure of Cg () with respect to the norm in W, ().
We need the following version of the Vitali covering result.

LEMMA 3.3. [4] Let A and D be measurable sets with A C D C Q. Assume that
Q has nonsmooth boundary and there exists a small € > 0 such that |[A| < €|B;| and
|[ANB.(x)| = €|Br(x)|, Br(x)NQ C D with x € Q, r € (0,1]. Then we have
Al < [10/(1 - 8)"e|D|.

The next result follows from the standard measure theory (see, [22]).

LEMMA 3.4. Let f € L'(U) be a nonnegative function on a bounded domain
U C R", ¢ be a weight satisfying (2.9) and (2.10), p € (1,) and 6 > 0,4 > 1 be
constants. Then f € M, ,(U) if and only if

S= sup Y AR [{xe UNB(y,r): f(x) > OA%}| .
yEU,r>0k>1 (p(B(y);-))P i

and |
=S <1, ) < COUI+S),
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where C > 0 is a constant depending only on 6, A, p and ¢.

Proof. Choose y € U and take a ball B(y,r), then

r—n —n
S x)P dx = 7/ x)? dx
2B Jsn T = GBI Juentrrrcony T
+ / x)P dx
,;1 o(B ))1’ {x€B(y,r):0 M<f<x)<exk+1}f( )

r k+1
<(9}L)P(p(l|33(3’r)>)|prn +1§1 (pégé’r);:rn }{x €B(y,r): f(x) > G;Lk}}

_ BOS | < M7{xe B : £ > 044}
oy <<p<B<y7 e & o BO)r ) |

Taking the supremum over y € U, and r > 0, and making use of (2.11), we get
P <
1715, ) S U1+

with a constant depending on p, n, @, A and 6. On the other hand

5867 T = 57 o </ i ld’5>

—n

s [ [t e B 10 > £} ag

<P(B(y r))”
ol 3 e B 00> 0w [ &l
> A e B ori-t
:eq(l_m’)m S AR |{x e B(y,r) : £(x) > 04K}
k=1

Taking again the supremum over y € U and r > 0 we get

171, 00 > &S

with a positive constant C = C(6,4,p). O

Now we give the statement of problem. We are interested in the well-posedness in
generalized Sobolev-Morrey space W; 0 (Q) of the following nonlinear boundary value
problem:

(3.1)

diva(x,u,Vu) = f in Q,
u=0 on 0JQ,

where f € M, o(€2;R") is a given vector-valued function for some 2 < p < oo, a is the
vector field a = a(x,&,&,) : R x R" x R" — R" which is measurable in x for almost
every &, and continuous in & for each x. For simplicity we consider a(x,&,&;) =
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a(x,&). The unknown is u(-) : Q@ — R, where Q is a bounded, open subset of R" with
very nonsmooth boundary. We say that u € Wpl (Q) is a weak solution of (3.1) if it
satisfies

/Qa(x,Vu)V(pdx:/Qf(pdx

forall o € W}(Q).
If there exists a function L : R x R” — R such that a(x, ) is the gradient of L(x, &)
with respect to £ € R”
a(x, é) = AéL(x’ &)a

then (3.1) is the Euler-Lagrange equation corresponding to the integral

um:é@@wyfmm

However, if the problem (3.1) is not of variational type i.e., there is no such a functional
L and the variational methods do not apply to our problem for the existence of a weak
solution. We will use the method of Browder and Minty. We suppose that there exists
a positive constant c¢o such that

(a(x,&) —alx,m))(§ —n) = col§ —n|” (3.2)
for all £, € R", almost every x € Q and
la(x, &) < cr(1+[E)P" (3.3)

One can show that there exists a unique weak solution of (3.1) in generalized
Morrey spaces. We also suppose that a(x,&) is uniformly Lipschitz continuous with
respect to the variable £ and

Vea(x,§)| < ca. (3.4)

We will impose in the nonlinearity a. For p > 0 and y € R” in order to measure

the oscillation of a(x,&) in the variable x over B, (y), we define the function f: Q — R

by
e E) — gy (&)
ﬁ[avBP(y)](x) _553]151 1+‘€| )

where we denote a By (y) by the integral average of a on B (y)

(3.5)

an® = f awddr= [ a(xE)as

By (y) 1B (»)[ /B, ()

is the integral average of a(x, &) for each fixed & over B, (y).
In the linear case, if a(x,£) =A(x)-& foreach & € R” and for almost every x € R”

Bla, Bp(y)](x) < |A(x) — A, ().

where A By (y) is the integral average of A on B, (y) and so it seems natural to consider
Bla,By(y)] to be a version of the function of mean oscillation over By, (y) uniformly in
the variable £ for the nonlinear case.
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We use the following assumption on the nonlinearity coefficients a(x, &) (see, also

[4D.

DEFINITION 3.2. We say that the vector field a(x,&) satisfies the (§,R)-BMO
condition if

sup sup \Bla, By (y)]|2dx < 8°. (3.6)
0<p<RyeR" JBp(y)

This definition is called also small BMO condition. Condition (3.6) is a good
replacement of small BMO condition used in [4]. The small BMO condition has been
extensively studied as an appropriate substitute for VMO condition (see [4]). Also we
use the following regularity condition on the boundary dQ.

DEFINITION 3.3. We say that Q is the (J,R)- Reifenberg flat if every x € dQ
and every r € (0,R], there exists a coordinate system {yi,y2,. ..,y }, which can depend
on r and x so that x = 0 in this coordinate system and that

B, N{y, > 6r} CB,(0)NQ C B-(0)N{y, > —3r}. (3.7)

Reifenberg domains arise naturally in minimal surface theory and free boundary
problems. The boundary of a Reifenberg domain is very rough and could be a fractal.
This is a geometric condition exhibiting a very low level of regularity, prescribing that
all scales the boundary can be trapped between two hyperplanes depending on the scale
chosen, see, for example [24]. Also we remark that a Lipschitz domain is a Reifenberg
flat domain provided its Lipschitz constant is sufficiently small (see [38, 39]). On the
other hand an inner neighborhood of the ¢ Reifenberg domain is a Lipschitz domain
for small & (see [5]).

Our problem (3.1) is invariant under a normalization and a scaling though the
problem considered here is highly nonlinear.

LEMMA 3.5. [4] Assume that a(x,&) satisfies (3.2), (3.3), (3.4) and the (J,R)-
BMO condition. Suppose further u € W} (Q) is the weak solution of the Dirichlet

P
problem (3.1). For fixed > 1 let uy = 7, fj = % Define
a(x, A .
a (x,&) = ( 7 5)7 x, & eR". (3.8)

Then a; (x,&) satisfies (3.2)—(3.4) and the (J,R)-BMO condition with the same con-
stants cg,cy,¢2, 0 and R. Furthemore u) € Wp1 (Q) is the weak solution of

{dival(x,ux,vux):fl in Q, (3.9

u; =0 on JQ.

LEMMA 3.6. [4] Under the same conditions as in Lemma 3.3 we define a,(x,&) =
a(rx, &), ur(x) =u(rx), fr(x) = f(rx) and Q, = {x/r:x € Q}, r>0. Then

1. ay(x,&) satisfies (3.2)—(3.4) with the same constants.

2. ay(x,&) satisfies the (6,R/r)- BMO condition.
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3. Q, isthe (8,R/r)- Reifenberg flat.
4. u, € Wy () is the weak solution of diva,(x,Vu,) = f, in Q, and u, =0 in
0Q,.

4. Main result

The main theorem is stated as follows.

THEOREM 4.3. Let ¢ satisfy the condition (2.9) and 2 < p < co. Assume there
exists 6 > 0, which dependent at ¢y, ¢y, ¢z, p, n, such that if a(x,&) satisfies (3.2),
(3.3), (3.4) and the (6,R)- BMO condition, Q is the (0,R)-Reifenberg flat and f €
M, (). Then the weak solution u € Wp1 (Q) of the problem (3.1) belongs to WI,17(p(Q)
with estimate (1.1).

We mean 6 to be a small positive constant, which is determined later in the proof
of Theorem 3.1. Before we will obtain interior Wp1 (Q), 2 < p < e estimates for the
elliptic equation

diva(x,Vu)=f in Q 4.1)

assuming that a(x, &) satisfies the (6,R)-BMO condition. By a scaling we take R =8
and that Bg C . We consider the following problem

divap,(Vv) =0 in Bs. 4.2)
We say that v € Wp1 (Bg) is a weak solution to (4.2), if

/B 5 (VV)(x) - Vo (x)dx =0 4.3)

for each ¢ € W) (Bs).
Our sufficient regularity for (4.2) is the following interior W.! -estimate.

LEMMA 4.7. [4] Suppose that a satisfies the condition (3.4). Then for any weak
solution v € W, (Bs) of the problem (4.2) we have

19V 5,y < Cfi IVo(x)[Pdx
5
for some constant C > 0.

We consider the L, -average of f instead of its BMO seminorm.

LEMMA 4.8. Suppose that a satisfy the condition (3.4). Given € > 0, there exists
a small § = &(g) > 0 so that for any weak solution u € W, (Q) of (4.1) with the
following normalization conditions

7{ Vu(x)|Pdx < 1
Bg
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and

§ (BlaBIOl + 17 P)x < 8.
6
Then there exists a weak solution v € Wp1 (Bg) of the problem (4.2) such that

|(u— upg)(x) —v(x)|Pdx < €P.
Bg

For the proof we use argue by contradiction. If not, there would exist & > 0,
{ax} ;s {w}, and {fi}7; such that uy € Wp1 (Q) is a weak solution of

divag(x, Vi) =divfy in Q

with
j{ |Vug(x)|Pdx < 1 4.4)
Bg
and 1
§ (Blaw BIWP + AW < 5.
Bg
but

/ }(”k — By ) (X) — Vk(X)|pdx > sé’
Bg

for any weak solution v € W, (Bg) of
div g, (Vi) =0 in B,
Using Poincare’s inequality and (4.4) we see that {u; — ’Zkﬁe}:: , is uniformly
bounded in W, (B) . Then there exist a subsequence {u,} and ug € W, (Bs) such that
ug; — g in Wpl (Bs)-

For each fixed bounded domain U in R", a;p, (&) is uniformly bounded and
equicontinious. Indeed, if & € U, then the growth condition implies that

o (O] < f, Jawe )ldx s §, (418D dv= (14 |2~ 14 |U] <o

Similarly, by using (3.4) and the Lipschitz continuity of a(x,&) in & for almost
every x, we find

Ve g (6))] <j§ |V5ak(x,§)|dx5j§ dx< 1.
Bg Bg

If we apply the Arzela-Ascoli compactness criterion, then we obtain a subsequence
{@p,(&)} and a vector field ag(&) such that axp, (&) — ao(&) locally uniformly
in R". In fact, we use the Arzela-Ascoli compactness criterion on each B;(0), i =
1,2,... and obtain @ g, (&) uniformly convergence to ag(&) in B;(0) and as usual, the
diagonal subsequence technique yields the locally uniform convergence.

Now taking k large enough we reach a contradiction.
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COROLLARY 4.3. Under the same conditions as in Lemma 4.8 we have

|V(u—v)(x)|Pdx < €”. 4.5)
By
Corollary 4.3 follows from Lemmas 4.7 and 4.8.

LEMMA 4.9. For given € > 0 there exists a small 6 = §(€) > 0 such that for any
weak solution u € W (Q) of (4.1) with

# 1Bla.B)x)"dx <3, “6)

and
BiN{xeQ:M(|Vul)(x) < 1}N{xe Q: M(|f|”)(x) < 67} #0, 4.7)

then there is a constant ¢3 > 0 which dependent only on ¢y, ¢, ¢» and n, we have

‘{xe Q: M(|Vul?)(x) > cé’}ﬁBl‘ <elBy.

Proof. From the condition (4.7), we see that there is a point xy € B; such that for
each p > 0 we have

f( Vu()Pdx < 1, j{ f(x)|Pdx < 87
By (x0) Bp(xo)

Then, since Bs C B7(xp) C Bg C Q, we find

71{96 |Vu(x)|Pdx < <%>n~71{97(x0) Vu()lfdr < (%)n

By the same reason, we have

[ s < (2)'e

We fix any 1 € (0,1) and set A = +/(7/6)". Normalizing a, u and f to a;, u; and
[y, respectively, as in Lemma 3.3 we have under the conditions of Lemma 4.8, which
gives us there exists a weak solution v, € Wp1 (Bg) of

diV677L7Bﬁ(VV)L)=0 in Bﬁ,

such that
¢ Vv rdx<nr
B,

for some small § = (1) > 0 satisfying normalization conditions. Continuing, we use
inequality

§ VP <24 (Vo —m) 0P + Vi @ S 17+ 15 1.
By By
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By Lemma 4.7, we get
vallz.ss) < no

for some constant ng > 0. Note that for n; = max{2ng,+/(8/5)"} the following em-
bedding

{xe B :M(|Vu, |P)(x) > nl} € {x € By : Mp,(|V(up, —v;)|")(x) > nb} (4.8)

is valid.
Then using (4.8) and the weak type inequality (2.2), we obtain the following esti-
mates

erBl M(|Vug |?) (x Anl)p}‘
:){xeBl M(|Vuy |P)(x) > nf )
<|{xe B M (Vs —v)) () > nf }|
< [ W —v)wlrax <.
2
Now we select 11 > 0, thereby 6 = 6(n) > 0 satisfying

‘{x € By M(|VulP) (x) > (Anl)l’}| <nP<eB|. O

Now let’s fix €, &, c3 given in Lemma4.9. Then the lemma follows as the scaling
invariant form of Lemma 4.9 using the Lemma 3.4.

LEMMA 4.10. Let y € Q and r > 0 be small with Bg,(y) C Q. Suppose that a
satisfies (3.4) and the (8,8r)-BMO condition. Then for any weak solution u € Wpl (Q)
of the problem (4.1) satisfying

B,(y)N{xeQ:M(|Vul?")(x) <1} N{x € Q: M(|Vul?)(x)} #0,

we have
{x e Q:M(|Vul?)(x) > 5} NB-(y)| < |B,(y)].

THEOREM 4.4. Let |{x € Q:M(|Vu|?)(x) > c§} NB,(y)| > €|B/(y)|. Suppose
that a satisfies (3.4) and the (0,8r)-BMO condition. Then for any weak solution
uc Wpl (Q) of the problem (4.1) and for any small ball B,(y) with Bg, C Q we have

B(y) C{xe Q:M(|Vul")(x) > 1} U{xe Q: M(|f|")(x) > 6"}

Now we extend this results for the interior estimates to study the well-posedness in
WPI (), 2 < p < oo, of the Dirichlet problem (4.1) with f € M), ,(Q) in the bounded
Reifenberg flat domain Q C R". Let a(x,&) has a small BMO seminorm. We con-
sider the situation that dQ is the (§,N)- Reifenberg flat, where N is a sufficiently big
number. We are under the geometric setting

By CQp CByN{x,>—-2N8}, 1<p<N. (4.9)
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Consider Dirichlet problem

{div ay:(Vv) =0 in B, “10)

v=0 on JB{.

The idea is that we can find local estimates in Bg of the weak solution u € Wpl (Q)
of (4.1) by studying comparison with solutions of the problem (4.10) by studying the
deviation of the nonlinearity a(x,&) of (4.1) from the coefficients of a By (&) and by

measuring the deviation of dQ from being a flat boundary at scale 6 and at the origin.
We remark that under conditions (3.2)—(3.4), the matrix Vea B, (Vv(x)) is uni-
formly elliptic and bounded

Veag:(VW(x)8)E > col|” and Veay: (Vv(x)) <c (4.11)

for all & € R" and almost every x € By .
The sufficient regularity of (4.10) for our boundary estimates is the following in-
terior regularity.

LEMMA 4.11. [4] Let v € Wp1 (B{) be a weak solution of the problem (4.10).
Then

V¥l < 1900
for some constant C > 0.

LEMMA 4.12. [4] Let a(x,&) satisfy (3.4). Then, for given € > 0, there exists
0 = 6(€) > 0 so that for any weak solution u € Wp1 (Q) to the problem (3.1) with the
following normalization conditions

Bf € Q¢ C BeN {x, > —125}, (4.12)
7{ IVaulx)|Pdx < 1 4.13)
Qe
and
]g_z (IBla, Q6] (x)[” + | f(x)|7)dx < 67 (4.14)
6

Then there exists a weak solution v € Wp1 (B;r ) of the problem (3.10) such that
/B+ [~ e ) () — ()P < . (4.15)
6

We want to extend v to Qg. We know that v =0 on 83; in the trace sences, it
is natural to use the zero extension. Under the same conditions as in Lemma 4.12, we
have

7{ IV (1= v) (x)[Pdx < P (4.16)
Q)
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LEMMA 4.13. Assume that u € WI} (Q) is the weak solution of the problem (3.1)
and a(x,&) satisfies (3.4). Then there is a positive constant c¢3(co,cy,c2,n) such that
for given € > 0 there exists a small 6(g) > 0, if

f Bla,Q)(x)[Pdx < 8" (1<r<N), 4.17)

Bf CQ, CB,N{x, > —2r6} (4.18)

and
B, C{xeQ:M(|Vu(x)|")(x) < 1}U{xe Q: M(|f|")(x) < 87} #0. (4.19)

Moreover
|{x€ Q:M(|VulP) (x) > cg}UB,| < S}B,}.

Proof. By the definition of the maximal function and from (4.19), there exists a
point xo € Q; such that for p >0

7{ Vu(x)|Pdx < 1, ?{ £ () Pdx < 87 (4.20)
Qp (x0) Qp(xo)
We note that xy € Q;, Q, C Qy, C Qq,. Then from (4.20)

Q, B
?{\vu( |de<‘2|]{ V() [Pdx < |2|N"
Q ‘Qr‘ 2r | |

and

¢ Irwprars s,
Q

By Lemma 4.12 and by normalizing Lemma 3.5 with A = /2", for any 1 > 0,
there exists a small 671 and a weak solution v; € W, (Q,) of

diVE)L,Bﬁ*(VVA):O in Bg,
v, =0 on 0JB{.

We have
| ¥l = v <, @21)
Q

where v is extended by zero to Q,. We choose n; and ng, so that
{x€eQi:M(|Vuy |P)(x) > nl} C{x e Qi :M(|V(uy, —v;|P)(x) >nf)}.  (4.22)
By the definition of the maximal function

Mo, ([Vvi|?) = M(xq, Vv, |P),
Mo, (|V(up —va)I”) = M(xa,|V(uz —va)|").

We choice Mg, (|V(uy —v3)|P) < nd such that for p >0 and y € Q; we have

§ 0,0V () = vy ()P < .
Qp »)



506 T.S. GADJIEV AND V. S. GULIYEV
If 0 < p <3, then Q,(y) C €3 and so
§ V@< d zo,() (V)P + [V (1) dx S b
Qo (v) Qo ()

In case p > 3, then Q,(y) C Qo (x0),

|92p‘

1Qp| Qop (x0)
L ‘B2p|

S A% B o)

§ W Vs (x)|Pdx
Qp(y)

|Vu(x)|Pdx < 1,

by (4.20) and (4.18). Thus y € Q; such that M(|Vu, |P) <n?. So we get con? < €|By].
Thus lemma is proved. [

THEOREM 4.5. Assume u € V°Vp1 (Q) is the weak solution of the problem (3.1) and
a(x, &) satisfies (3.2)~(3.4) and the (6,N)-BMO condition. Let N be a sufficiently big
number, Q be the (8,N)-Reifenberg flat domain and let

[ € Q: M(Vul?)(x) > B} N B,(y)| > elBa(y). (4.23)

Then for each y € Q and small r > 0 we get
QNB(y) C{xeQ:M(|VulP)(x) > 1}U{xe Q: M(|f]")(x) > 67}. (4.24)
Proof. Letfix y € Q and 0 < r < 1. From Theorem 4.4 we get Bg,(y) C Q. Now
consider the case that there is a boundary point y° € dQ such that y° € Bg,(v). We

assume contradiction. Then there exists a B,(y) in which conditions (4.23) and (4.24)
does not satisfy. Then for a point xo € QN B,(y) and for all p > 0 we obtain

jf Vu()Pdx < 1, jf 1 (x)|7dx < 87 (4.25)
QNB, (x0) QNBy(x0)

Then for the point xg € QN By, (y°) with y* € 9Q we have
X0 € QNB.(y) C QN By, (y°). (4.26)

Recall that Q is the (§,N)- Reifenberg flat and y° € Q. Then there exists a coordinate
system {zj,...,z,} such that

W4+8rz,=0, y=2, xo=2z0, QNBo(z)CQNB-(0) 4.27)

and
By, (0) C By, NQ C By, (0) N {z, > —2N&r}. (4.28)

By (4.25)—(4.28) we conclude
[{z€Q:M(|VulP)(x) > c§ } NB1o,(0)| < (€/10")|B1o,| = €|B,|.
But (4.27) implies
[{z€ Q:M(|Vul?)(x) > ¢} NB(2)| < €| B,|.
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This is contradiction to (4.23). Thus, the proof is complete. [J
Now we ready to prove Theorem 4.3.

The proof Theorem 4.3. By a scaling Lemma 3.4 we take R =N and take A large
so that
|{er:M(\Vu7LV’)(x)>c;H<£}Bl}. (4.29)

From Theorem 4.5 by induction we have for all positive integer k.
k
i 2(k—i
xeQiMIVuP)() > ) < Bell{re @ MUfN W > Gy

+ef{x € Q: M(|VulP)(x) > 1}]. (4.30)
From (4.30) we have

< pk k
Y Ax € Q:M(|Vuy|P)(x) > &) S 1 f2lla, () + €2 2 e )k
k=1

S 1+l o0 Z (cfer)*

by Lemma 3.4. We choose § small. Then c‘; €1 < 1 and the series above is summable.
Then by Lemma 3.4 and Corollary 2.1 we have

VueM,,(Q)

with the estimate
IVullm,o < COL+ (| £lla, (@)

where C = C(Cy,Cy,Ca,p,n,|Q|).
Thus, the proof is complete. [J
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