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1. Introduction  

 
In this paper we will consider the initial-boundary value problem for a 

parabolic equation with a polynomial non-linearity relative to the unknown 
function   ),( txu

                     )(=),(),(),( uftxcutxua
t

txu
+Δ−

∂
∂ , 

where . Theorems on the existence of solution for 

nonlinear equation are given in [3], [7]. The method of statistical modeling for 
solving the initial-boundary value problem for a linear equation are considered in 
[1] and also the case, when the right-hand side is a finite series, was given in [2], 
[9]. The representation of the solution this problem in that work is given in the 
form of a mathematical expectation, which are determined based on trajectories of 
branching processes. Further, in this paper some results of the above mentioned 
work would be used to derive probabilistic representation for our problem. 
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In the present paper under the assumption of the existence of the solution, an 
unbiased estimator is built using trajectories of a branching process. We will use a 
theorem of mean value to write out a special integral equation, that equates the 
value of function  with its integral over a spheroid and balloid with center at 
the point . A probabilistic representation of the solution to the problem in the 
form of mathematical expectation of some random variables is obtained. This 
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probabilistic representation uses branching process whose trajectories are used in 
the construction unbiased estimator for the solution. The derived unbiased 
estimator has finite variance, and is built up from trajectories of branching 
processes with a finite average number of branches.  

 
2. Description of the problem 

   
Let  be a bounded domain in D mR  with boundary D∂  and [ ]TD 0,= ×Ω  is a 

cylinder in 1+mR . The following relations define functions ( )DCxy ∈)(0 , 
, [ ]( )TDCtxy 0,),( ×∂∈ ( )Ω∈Ctxf ),( , ( )Ω∈Ctxan ),(  )0,1,2,=( Kn  and the 

coefficients is  . 0,>a 0>c
Let's consider the initial-boundary value problem for the following parabolic 

equation for Ω∈),( tx :  

                         ),,(),(=),(),(),(
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+Δ−
∂
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with the initial and boundary conditions:  
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                                   (2) 

Assume functions    and coefficients ,  are such that 
there exists a unique continuous solution of this nonlinear problem 

),,( txan ),(0 xy ),( txy a c

[ ]( ) [ ]( )TDCTDCtxu 0,0,),( 2,1 ×∩×∈  ([3], p.201, [7], p.556). Relative to the 
functions   we will make the following assumptions:  ),,( txan )0,1,2,=( Kn

                                     ,),(sup
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nn
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and  

                                           .<
0=

∞∑
∞

kak
k

 (3) 

 The purpose of this paper is to derive unbiased Monte Carlo estimators for 
solving the problem (1)-(2) with finite variance at some arbitrary point . Ω∈),( tx

 
3. Integral representation of the solution  

   
The basis for building the derived unbiased estimators will be the formula for 

the "parabolic mean" used in solving the heat equation. Various equations for the 
mean of parabolic equations were considered in [5], [6]. With the help of the 
fundamental solution, and Green's formula, we can transform this differential 
equations into an integral equations. In doing so we apply the results of lemma 3.1 
([10], p.106). We will obtain a special mean equation which equates the value of 
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the function  with its integral over a "balloid" and its surface with center at 
the point . 

),( txu
),( tx

As is known, the fundamental solution, ),;,( τytxZ , of the heat equation 
 is  0=uaut Δ−
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Let . With the help of this fundamental 
solution, we define the family of domains , which depend on the parameter 

 and the point , as  
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, where  is the distance from )(xR

x  to the boundary of the domain : D∂ { }.,,inf=)( DxDxxxxR ∈′∂∈′−  In this 
case Ω∈),( txQr . Applying the results of lemma 3.1 [10] for equation (1), we 
obtain the following integral representation:  
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 where  
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To obtain a probabilistic representation, we will consider these expressions in 
detail. 

 
4.  Probabilistic representation of the solution  

 
To derive the probabilistic representation of the solution to our problem we 

will represent each term in (4) as the mathematical expectation of some random 
variable. Let's consider each term in the integral representation separately 
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We will make a transformation similar to transformations in the following way. 
We will parameterize the surface ),( txQr∂  with the help of the parameter 

( ∞∈ 0, )ρ  and unit vectors  in the following manner. We will first 
transform to the polar coordinates, 

(0)1Sw∈
)(= τ−+ tRxy . In doing this, we make a 

change of variables ττ −t=1 , then 
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),( ωρy  and )(ρτ  are determined by the following formulas  
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and the random variable ξ , is distributed with the probability density )(1 ρq , ω  is 
a random point on the surface, , and has density ,  is the unit 
sphere,  is the surface element, 

(0)1S )(2 wq (0)1S
ds mσ  is the area of unit sphere, and (.)Γ  is the 

Gamma function. 
Let's consider following terms 
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We transform to polar of coordinates wxy ρ+= , and in doing so make a few 
changes of variables such as  
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where ),( ωξy , )(ξτ  are determined by formulas (5)-(6), and ),,( 11 ωνξy , ),( 1 νξτ  
are determined by formulas (7)-(8). 
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is valid. 
Theorem 1.  For finding the solution of the problem (1)-(2) the following 
probabilistic representation is valid:  
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 So, theorem 1 gives us a representation of the solution to the problem (1)-(2) 
in the form of a mathematical expectation of some random variables. Thus makes it 
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possible to finding the solution by using a simulation of these random variables on 
the trajectories of branching random processes. 

When applying the methods of Monte Carlo for the solution of the derived 
equations, the convergence of the iterative method was assumed. We can show, 
under what conditions the nonlinear integral operator, , in expression (11), 
which determined below, is a contraction operator and has a fixed point. (see [10], 
p.156). 

)(uF

 
5. Constructing branching random processes 

   
In accordance with representation (11), we will construct a random process in 

the space Ω . Let  
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We will determine a random branching process in Ω  corresponding to the 

probabilistic representation in the following way. Let n
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, and α  be a real 

number so that 1<<0 α . (Further conditions on α  will be specified). 
Suppose we have a particle initially at the point . Let  and 

assume  be known. For a one step transition the particle moves with 
probability 
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here, with probability nn a
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particles behaves independently from the others (similar to the original). 
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This process will terminate if all particles absorbed in Ω , or if all particles get 
to . The parameter Ω∂ α  allows us to regulate the number of branches: the smaller 
α  the fewer of branches in the process. 

The sequence of coordinates of the particle is determined in the following way 
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where  and { }∞ 0=nnξ { }∞ 0=nnω  are sequences of independent random variables with 
probability densities )(1 ρq , and independent isotropic vectors respectively. 
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where , and { }∞′ 0=nnξ { }∞′ 0=nnν  are sequences of independent random variables, 
obtained using the following algorithm (the Neumann acceptance-rejection 
method): 

The details of the rejection algorithm go as follows. 
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where  and { }∞ 0=nnξ { }∞ 0=nnν  are sequences of independent Gamma distributed 
random variables with parameter  and Beta distributed random variables with 

parameters  respectively. 

/2)(m

)(2,2/m { }∞ 0=nnω  are independent isotropic vectors.  
Let  is a trajectory of a branching process, where  KK ,,,,,1),,(= 210 iTTTtxT
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i
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i
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iiiiiiii ntxntxntxT K

is a point distribution at time step . The case  corresponds to the absence of 
particles in 

i 0=il
Ω . Such a point distribution is called zero and is denoted by θ . A 
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point distribution  may be interpreted in the following way: for  at each 
point  there are  number of particles 

iT K1,2,=i
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i tx j
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Lemma 1.   A branching process { }iT  with probability one terminated in the 
domain , or converges to the point distribution  Ω
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Proof. The process can be considered as a branching diffusion process for the 
particles that are diffusing in the bounded domain Ω  with absorbing boundaries. If 
the average number of particles, which generate one particle for the one step is 

1<K , then the constructed process is absorbed with probability 1, and the 
condition 1<K  is a necessary and sufficient condition for the average number of 
the branches of the process to be finite. Let's show that for the process, which was 
described above, 1<K . In accordance with our suggestions, the series 

∞∑
∞

<=
0=

n
n

anM  converges. We will fix 1<<0 α . Taking into consideration that 

nn a
M
απ = , we find that 

 
1.<==

=)(),;,(),;,(),;,(=

1=
321

1=
321

1=
332211

n
n

n
n

n
n

an
M

n

dnytxpdytxpdytxpK

∑∑

∑∫∫∫
∞∞

∞

ΩΩΩ

++++

++

ααααπααα

μπταμταμτα
 

Thus, the current process terminates and the general number of particles, which 
took part in the process, is finite [4]. If the process does not terminate inside , 
then starting at some time all the particles go to the boundary, 

Ω
Ω∂ . There exists a 

, so that starting at  that has the following form, 
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obvious, that coordinates of the vector process { }∞
0=nn

i
nx  form bounded martingales 

relative to { } . This is why the coordinates, and the process ∞ℑ 1=nn { }∞
0=nn

i
nx  itself 

converge with probability one. If , then it is obvious that . Let's 
suppose . As far as the process converges, then  

0=it∞ Ω∂∈∞∞ ),( ii tx
0>it∞

              0.),(=
)

0
,

0
(1)

0
,

0
(

→−+
i
n

i
ni

nt
i
nx

i
n

i
ni

nt
i
nx

txrEconstxxE  

Applying Lebesgue's theorems about bounded convergence, we obtain  
 
                                  ( )( ) 0.=,

1/2

)
0

,
0

(
ii

i
nt

i
nx

txrE ∞∞  

Thus  almost surely. Then from the definition for  via 
formula (12), we obtain , i.e. , and the lemma has been 
proven. 

0=),( ii txr ∞∞ ),( txr
0=)( ixR ∞ Ω∂∈∞∞ ),( ii tx

Further, we will give a recurrence formula for the average number of particles 
in the n-th generation. Let ),( τyI A  be the indicator of set Ω∈A . Let's define 

 as the average number of particles of the first generation, 

which are in the set 

( ) )(=),,( 1),( ATEAtxK tx

A . Let ( )),(),,( τytxdK  means that differential is taken from 
the second argument. ( ) ( ) (AtxKAtxK ),,(=),,(1  ) 1=),,(0 AtxK , if  and 

, if 
Atx ∈),(

( ) 0=),,(0 AtxK Atx ∉),( . Then for the average number of particles in the 
-st generation, which will be in 1)( +n A , obeys the following recurrence:  

                 ( ) ( ) ( )=),(),,(),,(=),,(1 ττ ytxdKAyKAtxK nn ∫
Ω

+  

                 ( ) ( ) .1,2,=,),(),,(),,(= KnytxdKAyK n ττ∫
Ω

 

The process  has KK ,,,,, 210 nTTTT ( ) KtxK =),,( Ω . Here ( )Ω),,( txK  is the 
average number of particles in the first generation or the average number of 
particles which arise from one particle, ( )Ω),,( txKn  is the average number of 
particles in -th generation. From the recurrence it follows, that if n ( ) btxK <),,( Ω  

, then . For the process , will be )=( constb n
n bDxK <),( KK ,,,,, 210 nTTTT 1<K  

and we thus have ( ) 1<),,( ΩtxKn . 
In the next section we will construct an unbiased estimator of the solution of 

problem (1)-(2) using branching processes trajectories. 
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6. Construction of  unbiased and ε  -biased estimators of the solution  
 
We will give the sequence of estimators { }∞ 0=),( kk txζ  with the following 

recurrence. Let ),(=),(0 txutxζ , )),((=),( 1 txtx kk −Ψ ζζ , where  

            

⎪
⎪
⎪
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⎪
⎪
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π
τ

τ
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yyW

y

tx i
n

i
n  (16) 

Case 1. If { }),(),(=),(),( 2211 τττ yoryytx → ; 
Case 2. If ),(=),(),( 33 ττ yytx →  and particle is generated, ;  0≠n
Case 3. If ),(=),(),( 33 ττ yytx →  and particle is absorbed. 

Here  are independent realizations of the estimators ),()( τζ yi ),( τζ y . 
So called "weights", i.e. multipliers, are multiplied by the estimator at each 

step, and are determine in the following way:  

                  
,

)(
),(

),(=),(

,
2

2exp1=),(

1
0

2/
0

mn

n
n
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yaM
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m
yW
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⎠
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⎝

⎛
⎟
⎠
⎞

⎜
⎝
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+
−−

α
τ

ττ

ξντ
                              (17) 

where ξ  is a Gamma distributed random variable with parameter , /2)(m ν  is Beta 
distributed random variable with parameter , which is used to determine 
the point 

)(2,2/m
( )),(),,,(=),( 1133 νξτωνξτ yy  by formulas (7)-(8). 

Let  be a kℜ σ -algebra which generated by the sequence , , , 
,  The following statement is valid.  

),(=0 txT 1T K

kT .K

Theorem 2.   The sequence { }∞ 0=),( kk txζ  forms a martingale on . If 
, then 

{ }∞ℜ 0=kk

mcqM 1< ),( txkζ  is a uniformly integrable martingale.  
Proof. By definition, ),( txkζ  is kℜ  measurable. From the properties of 
conditional expectation and formulas (16)-(17) we get 
  

   ( ) ( )( ) +ℜΨℜ+ ),(=|),(=|),( 1111 τζαζζ yEtxEtxE nnnnn  

=),(),(),( 33
)(

1=
33

1=
3222 τζτπατζα yyWEyE j

n

i

j
ii

i
n ∏∑

∞

++  

              ++ ),(),(= 222111 τζατζα yEyE nn  
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                    ),(
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Using the probabilistic representation (11) it follows that 
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Thus, the sequence { }∞ 0=),( kk txζ  forms a martingale on { }∞ℜ 0=kk . For proving 
that ),( txkζ  is uniformly integrable it's enough to show that Ctxk ≤),(ζ , 

. Let the parameter )=( constC α  be chosen from the condition 1<
1

α≤
mqc

M . 

Since  
                                [ ]( ) [ ]( )TDCTDCtxu 0,0,),( 2,1 ×∩×∈  

and Ω  is a bounded domain, then consttxu ≤),(  for Ω∈),( tx . 

Further 1,
2

2exp1=),( 2/
0 ≤⎟

⎠
⎞

⎜
⎝
⎛

+
−−

m
yW m ξντ  and taking into account the 

conditions of the theorem, 1.),(),(=),(
1

0 ≤
mn

n
n qca

yaMyWyW
α

τττ  

Finally, from here we obtain ).=(,<),( constCCtxn ∞≤ζ  It follows that 
the sequence { ),( txn }ζ  is uniformly integrable, and theorem has been proven. 

Further, using the estimator ),( txnζ , we will build a biased estimator which is 
easy implementable on a computer programs. 

We will take ε  sufficiently small, and will consider the ε  - neighbourhood of 
the boundary:  

                                ( ) [ ]{ } ( ) [ ]{ }.0,0,= TDD ×∂∪×Ω∂ εε ε  
Let  be the time index of the absorption of the process inside the domain, 

and  the time index of first passage in (
1N

εN )εΩ∂ . Then { }εNNN ,min= 1  is the 
stopping time of the process. Then the probability of absorption of a trajectory at a 
point will be equal to:  

                    
( )
( )⎩

⎨
⎧

Ω∂Ω∈
Ω∂∈

ε

ε

π \),()(,
),()(1,

=),(
0 nn

nn
nn txif

txif
txg  

From lemma 1 it follows that ∞<N . 
Theorem 3.  Let us the conditions of theorem 2 be satisfied. Then ),( txNζ  is an 
unbiased estimator for  with finite variance.  ),( txu

 214 



Sh. FORMANOV et.al.: SOLUTION OF INITIAL-BOUNDARY… 

Proof.  Since ),( txnζ  is a uniformly integrable martingale, and  is a Markov 

time, then by Doobs optional sampling theorem [8] for the martingale , 
we get 

N
{ }∞ 0=),( kk txζ

),(=),( 1 txEtxE N ζζ . By definition ),(1 txζ , the formulas (16)-(17), and 
the probabilistic representation it follows that  
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In accordance with the conditions of theorem 2 ( ) ∞<),( 2txE Nζ  and thus it's 
variance is finite. The theorem has been proven. 

Further, by using ),( txNζ  we will build a biased, but practically 
implementable estimator  in the following way. ),( txN

∗ζ
Let  when  ),(=),( txytxΦ ,Dx ∂∈ [ ]Tt 0,∈  and )(=,0)( 0 xyxΦ  when ,Dx∈  

 is the closest point to the bound ),( ∗∗ tx Ω∂ .  is obtained by substituting 
 into 

),( txN
∗ζ

),( NN txu ),( txNζ  along ( )∗∗Φ NN tx , . Let's estimate the bias in . It's 
clear that  

),( txN
∗ζ

                        .),(),(),(),( txtxEtxutxE NNN ζζζ −≤− ∗  

If , then 1= NN { }θ=NT  and the process is terminates without hitting . In 
this case  and the bias is equal to the zero. If , then  

( )εΩ∂

),(=),( txtx NN ζζ ∗
εNN =

                        ),,,;;,,;,,(= 222111 k
N

k
N

k
NNNNNNNN ntxntxntxT K

where ,  and the number  does not depend on . 
Taking into account that 

Ω∂∈),( i
N

i
N tx .,1,2,= ki K k N

1),( ≤τyWn  for arbitrary , and n Ω∈),( τy  , we have  

         ( )[ ] ( )[ ] .)(,)()(,)(),(),(
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NN txutxtxtx ζζ

Let )(εL  be the absolute value of continuity of the function , then the 
following is valid 

),( txu

                      ( ) ( ).),(),( 21 k
NNNN nnnELtxutxE +++≤−∗ Lεζ  

Since the average number of particles in the -th generation is  N
                           ( ) 1);,(=21 ≤Ω+++ txKnnnE N

k
NNN L  

(see section 4), we will find, that, the bias doesn't exceed )(εL . Finiteness of the 
variance follows from 1),( ≤τyWn . 
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Following cases , , , 
 (

)(exp=)( uguf )(cos=)( uguf )(sinh=)( uguf
)(cosh=)( uguf g  is constant), have been in detail considered in [10] and the 

corresponding branching probabilities have been obtained. 
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Qeyri-xətti parabolik tənlik üçün qoyulmuş başlanğic-sərhəd məsələsinin 
statistik  modelləşmə üsulu ilə həlli 

 
Ş. Formanov, A. Rasulov, Q. Raimova 

 
XÜLASƏ  

 
İşdə məchul funksiyaya nəzərən  polinomial   qeyri-xətti olan parabolik tənlik üçün 

başlanğıc-sərhəd məsələsinə baxılır. Bu məsələnin həllinin ifadəsi riyazi gözləmə 
formasında verilir. Sonra məlum nəticələrdən istifadə edərək baxılan məsələnin ehtimal 
dilində ifadəsi verilir. 

Açar sözlər: başlanğıc sərhəd məsələsi, parabolik tənlik,statistik modelləşmə üsulu. 
 
 

Решение начально-краевой задачи для нелинейного параболического 
уравнения методом статического моделирования 

 
Ш. Форманов, А. Расулов, Г. Раимова 

 
РЕЗЮМЕ 

 
В работе рассматривается начально-краевая задача для параболического 

уравнения с полиноминальной относительно неизвестной функции нелинейностью. 
Представление решения данной задачи дается в форме математического ожидания. 
Далее используя известные результаты, выведено вероятностное представление для 
данной задачи. 

Ключевые слова:  начально-краевая задача, параболическое уравнение,  метод  
статического моделирования. 
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