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CONSTRUCTING AN OPTIMAL CONTROLLER FOR MANEUVER OF

QUADROTOR IN 3-D SPACE∗

F.A. ALIEV1,2, M.M. MUTALLIMOV1,2, A.A. TUNIK3 , N.I. VELIEVA1,4, U.Z. RASULOVA5

S.M. MIRSAABOV1

Abstract. In this paper, based on a linearized mathematical model of the dynamics of a

quadrotor, an optimal controller is constructed to control the spatial motion of a quadrotor

when it is raising to a given altitude with simultaneous heading maneuver in a horizontal plane.

Moreover, the maneuver trajectory must satisfy certain boundary conditions. The feature of this

paper is the application of LQR synthesis to optimize the control of the translational motions

of a quadrotor along all three axes of the inertial coordinate system, as well as to control its

rotational motion relative to the vertical axis. The effectiveness of the developed control laws has

been proven by modeling the above-described spatial motion of a quadrotor using the MATLAB

package.

Keywords: quadrotor, dynamic model, optimal controller, LQR-synthesis given altitude, yaw

angle.
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1. Introduction

The development of computer technology and information technologies currently allow the use

of mathematical modeling as a tool for solving control problems of complex technical systems

at a qualitatively new level. The application of the modern mathematical packages of apply-

ing programs makes it possible to carry out multilateral studies with high accuracy and with

minimal expenditure of all resources. One of such complex systems is unmanned aerial vehicles

(UAVs), in particular quadrotors, which have recently become increasingly popular as afford-

able and relatively inexpensive technical means for distant collecting information, monitoring

the environment, delivering small-sized cargo, and several other problems.

Currently, in engineering practice, a significant place is occupied by mathematical problems,

which, in one setting or another, can be associated with the control of mechanical systems [1]. It

should be noted that among the various problems of stability and motion control of the UAV, the

problem of developing mathematical modeling and motion control of the quadrotor is relevant.

[3, 6].

A quadrotor is a very maneuverable aircraft that has low dissipation since its dynamics is

highly susceptible to atmospheric disturbances due to its relatively small mass and relatively
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low speed. Its control system should solve the problems of angular and spatial stabilization,

the quadrotor reaching a given altitude (takeoff), landing, hovering, and flight along a given

trajectory [5, 10]. In the general case, rather high requirements are imposed on the quadrotor

control system in terms of accuracy and speed, taking into account the specified restrictions.

There are a large number of works devoted to modeling the quadrotors motion [2-10], where

various versions of the equations of motion with various systems of automatic control and sta-

bilization are given.

Thus, in [3], a dynamic model of a quadrotor was constructed, which was obtained using the

Lagrange method. In [6], based on a mathematical model of the apparatus motion, algorithms for

the synthesis of quadrotor control are presented. Here, two options for controlling the horizontal

motion of the apparatus are considered. The first one considers the quadrotor position control,

while the second one considers the control of the quadrotor cruising speed.

This work proposes an algorithm for constructing a controller for performing the maneuver

in the 3 −D space, consisting of the quadrotor climb to a given altitude along the axis z, and

turning in the horizontal plane at the given heading angle ψd when the aircraft is moving. At

the same time, we impose the following boundary conditions on the trajectory of this maneuver.

Let us have the arbitrary starting point of the quadrotor on the horizontal plane of the fixed

inertial frame Ps = [x0, y0, 0]
T and the arbitrary attitude vector Ai = [ϕ0, θ0, ψ0]

T . Here ϕ, θ are

the roll and the pitch angles respectively. Then the final position of the quadrotor must have

the form Pf = [0, 0, zd]
T , where zd is desired altitude, and the final value of attitude vector must

be Af = [0, 0, ψd]
T .

Based on the proposed control algorithm, the calculations, which provide the simulation of

the closed-loop system, were carried out, and the specific examples illustrate their results.

2. Problem statement

Consider a quadrotor Fig.1 with given physical parameters, the motion of which can be controlled

by changing the rotation speed of the propellers.

Figure 1. Quadrotor.

The aircraft moves relatively to a fixed inertial frame of reference, connected with the Earth

and given by coordinate axes Ox,Oy, and Oz perpendicular to each other, and the Oz axis is

directed opposite to the gravity vector. As it was stated above, the problem is to make the

quadrotor move from the starting point (x0, y0, 0), with initial angles (θ0, φ0, ψ0) to a given

point (0, 0, zd) with angles (0, 0, ψd), which means raising the quadrotor to a given altitude and

turning along the yaw angle.
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The further statement of the problem is justified by the fact that, due to the symmetry of the

construction of the quadrotor concerning its axes, it is possible to decompose the control system

for its spatial motion into four independent subsystems. These include systems controlling

motions along the axes Ox,Oy,Oz, and rotational motion relative to the vertical axis Oz [3, 9].

Experimental verification of this assumption showed that the errors of such an approximation

are quite small, and for practical application, they can be neglected [3, 9].

Fig.2 represents the kinematic scheme of the quadrotor. As noted in [3], let ξ = [x y z]
′
be the

radius vector of the quadrotor center, ψ, θ, φ are the yaw, pitch, and roll angles, respectively. fi
is the lifting force of the i-th propeller with a motor Mi(i = 1, 4). The prime here and below

denotes transposition.

Let

u = f1 + f2 + f3 + f4,

total thrust, where fi = kiω
2
i , (i = 1, 4), ki > 0 are experimentally determining thrust coeffi-

cients, and ωi is the angular velocity of i-th motor Mi(i = 1, 4). In addition, suppose that the

rotational torques are defined as

τ̃ψ = [(f2 + f4)− (f1 + f3)] · l ,

τ̃θ = (f2 − f4) · l,

τ̃φ = (f3 − f1) · l,
where l is the distance from the motor to the center of gravity of the quadrotor. These rotation

torques are the functions of the squares of the motors’ rotation speeds.

Figure 2. Kinematic scheme of a quadrotor.

According to [3, 6], the equations of motion of such system have the form:

mẍ = −u sin θ, (1)

mÿ = u cos θ sinφ, (2)
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mz̈ = u cos θ cosφ−mg, (3)

ψ̈ = τ̃ψ, (4)

θ̈ = τ̃θ, (5)

ϕ̈ = τ̃φ. (6)

In the equations (1) – (6), m – is the mass of the quadrotor, g = 9, 8/–is the gravity acceleration,

u along with τ̃ψ, τ̃θ, τ̃φ – are control actions that are functions fi. Note that the action uis used

to control the altitude of the vehicle, the controlτ̃ψ allows the heading angle stabilization.

Now, under the assumptioncos θ cosφ ̸= 0, the control of the flight altitude u of the apparatus

we determine by the following relationship:

u = (r1 +mg)
1

cos θ cosφ
. (7)

As r1, in contrast to [3, 6], we take

r1 = a1ż + a2z + a3. (8)

Then, taking into account (7) and (8), we obtain from (3)

mz̈ = a1ż + a2z + a3.

Similarly, to control the yaw angle, we take

τ̃ψ = b1ψ̇ + b2ψ + b3. (9)

Then at cos θ cosφ ̸= 0 and taking into account (7)–(9), from formulas (3), (4) we obtain:

z̈ =
1

m
(a1ż + a2z + a3), (10)

ψ̈ = b1ψ̇ + b2ψ + b3. (11)

In this case, equations (1), (2) pass to the following equations

mẍ = − (r1 +mg)
tan θ

cosφ
, (12)

mÿ = (r1 +mg) tanφ, (13)

and equations (5), (6) remain unchanged. Note that the unknown coefficients a1, a2, a3b1, b2, b3
must be chosen from the condition of asymptotic stability in the vertical direction and in the

yaw angle, which, in turn, will ensure that the condition z → zd, ψ → ψd is satisfied, for given

zd, ψd.

It is known from the theory of differential equations that the roots of the characteristic equation

k2 − a1
m
k − a2

m
= 0,

for differential equation (10) are located in the left complex half-plane if a1, a2 are negative, i.e.

Re(ki) < 0, i = 1, 2. Since z = −a3
a2

is the particular solution of the inhomogeneous equation

(10), the general solution of this equation will have the form
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z = c1e
k1t + c2e

k2t − a3
a2
,

for which z(t) → −a3
a2

at t → ∞. Using notationsa1 = −az1 , a2 = −az2 , −a3
a2

= zd, and

expression (8), we obtain the following formula for r1:

r1 = a1ż + a2z + a3 = −az1 ż − az1z + az1zd = −az1 ż − az1(z − zd), (14)

which corresponds to formula (22) from [6]. Then equation (10) transforms into the equation

z̈ =
1

m
(−az1 ż − az2(z − zd)) . (15)

Similarly, from equation (11) we obtain

ψ̈ = −aψ1ψ̇ − aψ2(ψ − ψd). (16)

Note that for positive values of the coefficients aψ1 , aψ2 , az1 , az2 , in (15), (16) the condition

of asymptotic stability of these systems is satisfied, which, in turn, ensures the fulfillment of

ψ → ψd, z → zd.

It should be noted here that we will obtain an identical result by applying the vertical motion

stabilization algorithm.

Let

p1 = [(z − zd),
d(z − zd)

dt
]′.

Let denote

A1 =

[
0 1

0 0

]
, B1 =

[
0

1

]
, u1 =

r1
m
.

Then from (14), (15), we obtain

ṗ1 = A1p1 +B1u1,

p1(0) = p01.
(17)

Further, in this case, we will use the following integral-quadratic performance index

J1 =

∞∫
0

(
p′1Q1p1 + u′1R1u1

)
dt,

where the matrices Q1R1 are providing solutions to the synthesis problem for the translational

motion control along the axis z. As a result of solving the synthesis problem and applying the

standard LQR synthesis procedure, we obtain the state feedback coefficients u1 = −Kzp1 in the

form Kz =
1
m [az1 , az2 ] oru1 =

r1
m = 1

m [−az1 ż − az2(z − zd)], which provides z → zd att→ ∞.

Similarly, we can state the synthesis problem for heading angle control. In this case, let us

assume that

p2 = [(ψ − ψd),
d(ψ − ψd)

dt
]′.

Let denote

A2 =

[
0 1

0 0

]
, B2 =

[
0

1

]
, u2 = τ̃ψ.
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Then from (4), we obtain

ṗ2 = A2p2 +B2u2,

p2(0) = p02.
(18)

Further, as in the previous case, we will use the following performance index

J2 =

∞∫
0

(
p′2Q2p2 + u′2R2u2

)
dt,

where the matrices Q2R2 and are providing solutions to the synthesis problem for rotational

motion control of the quadrotor relatively axis Z by the angle ψ. Solving this synthesis problem

and applying the same standard LQR synthesis procedure, we obtain the state feedback coef-

ficients u2 = −Kψp2 in the form Kψ = [aψ1 , aψ2 ] or u2 = τ̃ψ = −aψ1ψ̇ − aψ2(ψ − ψd), which

in turn provides ψ → ψd at t → ∞. It is worth noting here that the use of LQR synthesis for

controlling a quadrotor has demonstrated its effectiveness not only for controlling the flight of

a single quadrotor but also for controlling the flight of a group of quadrotors [9, 11].

As shown in [2], as time tends to infinity, from (14) and (15) we obtain r1 → 0. Then, for large

values of timeT , the value of r1 will be sufficiently small, and then from (12) and (13) we obtain

ẍ = −g tan θ
cosφ

, (19)

ÿ = g tanφ. (20)

Further, likewise to [3, 6], considering the angles θ, φ as small in (19) and (20), and taking

into account equations (5), (6), we obtain the following relations that determine the changes of

these coordinates:

ÿ = gφ, (21)

φ̈ = τ̃φ, (22)

ẍ = −gθ, (23)

θ̈ = τ̃θ. (24)

Since in this work we consider not only climbing the quadrotor to the given altitude but also

turning to a given heading angle, we require that when the drone reaches the given altitude, the

x, y and coordinates, as well as the roll angle φ and the pitch angle θ, must equal zero. This

requirement is ensured by solving the following problems of controller synthesis.

First, instead of (21), (22), we consider the standard model of the system in the Cauchy form:

ṗ3 = A3p3 +B3u3,

p3(0) = p03,
(25)

where p3 = [y, ẏ, φ, φ̇]′- is the state vector, u3 = τ̃φ- is control, the matrices A3, B3 have the

form
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A3 =


0 1 0 0

0 0 g 0

0 0 0 1

0 0 0 0

 , B3 =
[
0 0 0 1

]′
.

The performance index of this system is a standard integral quadratic criterion:

J3 =

∞∫
0

(
p′3Q3p3 + u′3R3u3

)
dt. (26)

Choosing the weighting matrices R3, Q3 in the criterion (26) in the appropriate form, where

these matrices provide the solution to the synthesis problem of the motion control along the

y axis and rotation by the angle φ and using the standard LQR - synthesis procedure, we

obtain the state feedback coefficients u3 = −Kyp3 in the form Ky = [ay1 , ay2 , aφ1 , aφ2 ] and this

provides y → 0, φ→ 0 for t→ ∞ .

Next, consider the rotational and translational motions control ( θ, x). In this case, we denote

p4 = [x, ẋ, θ, θ̇]′, A4 =


0 1 0 0

0 0 −g 0

0 0 0 1

0 0 0 0

 , B4 =
[
0 0 0 1

]′
, u4 = τ̃θ.

Then from the subsystem (23)-(24), we get

ṗ4 = A4p4 +B4u4,

p4(0) = p04.
(27)

To synthesize the optimal linear controller of the problem (27) in this case, we will use the

following performance criterion

J4 =

∞∫
0

(
p′4Q4p4 + u′4R4u4

)
dt,

where Q4 and R4 are weight matrices that provide a solution to the problem of LQR-synthesis

of motion control along the axis x and rotation by the angle θ. As a result of applying the

standard LQR -synthesis procedure, we obtain the state feedback coefficients u4 = −Kxp4 in

the form Kx = [ax1 , ax2 , aθ1 , aθ2 ] and this ensures x→ 0, θ → 0at t→ ∞.

Then, substituting u1 = −Kzp1, u2 = −Kψp2, u3 = −Kyp3 and u4 = −Kxp4, respectively,

into (17), (18), (25), and (27) and solving these Cauchy problems, we obtain solutions that are

the corresponding trajectory coordinates and Euler angles of the quadrotor.

Thus, as a result of the quadrotor motion control synthesis, we have a 3-D space trajectory

(x(t), y(t), z(t)), for whichθ → 0, x→ 0, y → 0, φ→ 0,ψ → ψd, z → zd at t→ ∞.

Now, let us look at a concrete example.

Example 2.1. Let us give the initial conditions as follows:

z(0) = z0 = 0, z′(0) = z′0 = 0, ψ(0) = ψ0 = 0, ψ′(0) = ψ′
0 = 0,

y(0) = x0 = 50, y′(0) = y′0 = 0, φ(0) = φ0 = 0, φ′(0) = φ′
0 = 0,

x(0) = x0 = −20, x′(0) = x′0 = 0, θ(0) = θ0 = 0, θ′(0) = θ′0 = 0.
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Next, let us assume that zd = 200, ψd = π/4. As matrices Ri, Qi, i = 1, 2, 3, 4 we take

R1 = R2 = 1, Q1 = Q2 =

[
1 0

0 1

]
,

R3 = 104, Q3 =


1 −2 −4 6

−2 4 8 −12

−4 8 16 · 104 −24

6 −12 −24 36 · 104

 , R4 = 1, Q4 =


1 −2 −4 6

−2 4 8 −12

−4 8 16 −24

6 −12 −24 36

 .
Note that for these data, because of applying the standard LQR synthesis procedure, we obtain

feedback coefficients in the form Kz = Kψ = [1.0000, 1.7321],

Ky = [0.0100, 0.1083, 5.5123, 6.8574] and Kx = [1.0000, 3.2854, 29.2887, 9.7251].

Because of the calculations carried out according to the compiled program on MATLAB, we

obtained that at t → ∞ we have x → 0, θ → 0, y → 0, φ → 0, z → zd, ψ → ψd which are

confirmed by the following graphs (Fig.3, Fig.4, Fig.5. and Fig.6).

Figure 3. Coordinate x (m) and pitch angle θ (rad) vs. time t (sec).

Figure 4. Coordinate y (m) and pitch angle φ (rad) vs. time t (sec).
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Figure 5. Coordinate z (m) and heading angle ψ (rad) vs. time t (sec).

Figure 6. The motion of the center of mass during climbing to the given altitude with the heading maneuver.

3. Conclusion

(1) The paper considers and solves the problem of synthesis of the quadrotor control system

in the climbing mode with a subsequent heading turn in a horizontal plane, providing

the position and the attitude boundary conditions in the final point.

(2) Determination of the control laws governing the translational motion of a quadrotor

along the three axes of the inertial coordinate system and the rotational motion about

the vertical axis is done using LQR synthesis procedures.

(3) The obtained control laws represent simple static state feedback. The simplicity of these

laws is a significant advantage in terms of their practical application.

Based on the results obtained, the flight of a quadrotor in the above-mentioned flying mode was

simulated. The simulation results demonstrate the effectiveness of the proposed control laws in

terms of the quality of transient processes in the above subsystems, as well as the acceptable
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values of the pitch and roll angles, which is very important from the point of view of the dynamic

feasibility of these laws.
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