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ANALYTICAL APPROACH TO A CLASS OF BAGLEY-TORVIK
EQUATIONS

NAZIM I. MAHMUDOV!, ISMAIL T. HUSEYNOV!, NTHAN A. ALIEV?, FIKRET A. ALIEV??

ABSTRACT. Multi-term fractional differential equations have been studied because of their ap-
plications in modelling, and solved using miscellaneous mathematical methods. We present
explicit analytical solutions for several families of generalized multidimensional Bagley-Torvik
equations with permutable matrices and two various fractional orders which are satisfying
a € (1,2,8 € (0,1] and « € (1,2],8 € (1,2], both homogeneous and inhomogeneous cases.
The results are obtained by means of Mittag-Leffler type matrix functions with double infinite
series. In addition, we acquire general solutions of the Bagley-Torvik scalar equations with %—
order and %—order derivatives. At the end, we present different examples to verify the efficiency
our main results.
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1. INTRODUCTION

Fractional differential equations (FDEs), have been attracted growing attention because of
their extensive applications in miscellaneous problems in science and engineering like to anoma-
lous diffusion [8], vibration theory [16], electrical circuits [19], stability analysis [9], control theory
[24], stochastic analysis [2], time-delay systems [17] and bio-engineering [7].

FDEs containing not only one fractional derivative [3]-[5] but also more than one fractional
derivative are intensively studied in many complex systems. Recently, the authors illustrate the
physical processes with two essential mathematical ways : multi-term equations [6],[23],[36] and
multi-order systems [18],[19].

Multi-term fractional differential equations (FDEs) have been studied due to their applica-
tions in modelling and solved using various mathematical methods. Luchko and Gorenflo in
[23], solved the multi-term FDEs with constant coefficients and with the Liouville-Caputo frac-
tional derivatives by using the method of operational calculus. Furthermore, in [6], Bazhlekova
have considered the multi-term fractional relaxation equations with Liouville-Caputo fractional
derivatives by using Laplace transform technique and studied the fundamental and impulse-
response solutions of the initial value problem (IVP). Extension of the multi-order FDEs with
variable coefficients in terms of generalized fractional derivatives have investigated by Restrepo
et al. in [36].

In mechanics, fractional-order differentiation operators are more productive and effective tool
in learning the mechanical properties of real materials. Bagley-Torvik equations with %—order
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derivative or %—order derivative illustrates the motion of real physical systems in a Newtonian

fluid. In 1984, Bagley and Torvik [43] have investigated the following differential equations with
fractional-order

2s,/1up o k 1
W) + 22 (CDG ) (1) + ulr) = — (), >0, (1)
with zero initial conditions
u(0) =0, 4/(0)=0, (2)

where s - an area of the plate, u - viscosity, p - fluid density, m- mass, k - spring of stiffness and
f(+) - an external force. An analytical solution have introduced by Podlubny [32] in the form :

u(r) = /G(r —s)f(s)ds, 7 >0,
0

with

G(r):;i(—l)p <Z)pr2p+1g<p> (2%@\/;)’

1 3
p=0 p! ELET

where Eép g() is the p-derivative of a two parameter Mittag-Lefller functions.

As one of the important special cases of multi-term FDEs, Bagley-Torvik equations have been
discussed by means of analytical methods in [13],[31],[44],[47]. In [31], Pang et al. have stud-
ied the general analytical solutions of the generalized Bagley-Torvik equations An analytical
approach on defense expenditure and economic growth with Liouville-Caputo fractional differ-
entiation operator of order 0 < a < 2 by means of three-parameter Mittag-Leffler functions
using the Laplace integral transform method. In [44], Z. Wang and X. Wang have changed the
following Bagley-Torvik equation

u"(r) 4+ 1 (YD) (r) + u(r) =0, p>0, (3)
1

where a = 5 or a = %, to the sequential FDEs and introduced a general solution of (3) by using
the approach related to characteristic roots. In [13], Fazli and Nieto have investigated existence
and uniqueness results and also approximations of the solutions to the Cauchy problem for the
following Bagley-Torvik equation with fractional order of o € (1,2):

(D*+ AD® + B) u(r) = f(r), r€(0,1], ()

u(0) =a, u'(0)="b,

where D? is the Liouville-Caputo fractional derivative, f : [0,1] — R is a given continuous
function, a,b, A, B are real numbers. In [47], Zafar et al. have considered a general form of the
Bagley-Torvik equation as follows:

Mo (CDg,u) () + Ay (Cpgw) () + ou(r) = f(r), >0,
u(0) = up, u'(0) =y,

and introduced analytical representation of solutions in terms of ”generalized G-function” by
using Laplace transform technique.

()

In the view of numerical methods have been applied to get approximate analytical solu-
tions of the Bagley-Torvik equations like Adomian decomposition method [35], hybrid functions
method [26], wavelet technique [41] and others. In [10], Diethelm and Ford have considered the
discretization of Bagley-Torvik equations by means of fractional linear multistep methods and
Adams type predictor-corrector pairs. In [42], Srivastava et al. have investigated the solutions
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of a fractionally-damped generalized Bagley— Torvik equation whose damping characteristics are
well-defined by means of the Riemann—Liouville and Liouville-Caputo types fractional differen-
tiation operators via the homotopy analysis method (HAM) which is implemented for computing
the dynamic response analysis.

In the same vein as the above articles, we study an IVP of inhomogeneous generalized mul-
tidimensional Bagley-Torvik equations involving two fractional orders in various intervals as
below:

(“Dgu) (r) = B (“Dg.u) (1) = Au(r) = g(r), 1€ (0,T],

u(0) =up, v (0)=ug, wuo,uy<R",

(6)

where CDS‘+ and CD§+ are Liouville-Caputo type fractional differentiation of orders o and (8
in different intervals 1 < a <2, 0<f<landl <a<21<8<2 ¢g:[0,7] >R"isa
continuous function and A, B € R™*"™ denote constant matrices which are permutable matrices,
that is, AB = BA.

The structure of the paper is systemized as below. Section 2 is a preliminary section where
we recall important definitions, results and necessary lemmas from fractional calculus, special
functions and FDEs. In Section 3 and Section 4, we establish exact analytical solutions in
terms of Mittag-Leffler type matrix functions for homogeneous generalized multidimensional
Bagley-Torvik equations of two fractional orders which satisfying « € (1,2],8 € (0,1] and
a € (1,2],8 € (1,2] with inhomogeneous initial conditions and inhomogeneous generalized
multidimensional Bagley-Torvik equations a € (1,2],8 € (0,1] and « € (1,2],5 € (1,2] with
zero initial conditions, respectively. To verify our results we make use of substitution method
firstly for homogeneous case with inhomogeneous initial conditions and then for inhomogeneous
case under zero initial conditions with the help of fractional analogue of variation of constants
formula. Then, we prove that our solutions in terms of M-L type matrix functions coincide with
the results in terms of generalized Wright matrix functions in [20]. Afterwards, with the help
of superposition principle, we obtain the explicit analytical solution for the Cauchy problem
for a class of inhomogeneous multidimensional Bagley-Torvik equations with matrix coefficients.
Furthermore, we provide exact analytical solutions to scalar Bagley-Torvik equations with %—
order derivative or %—order derivative, respectively. To verify our main results obtained in Section
3 and Section 4, we provide examples in Section 5 and Section 6 is for the conclusion and future
work.

2. PRELIMINARIES

We embark on this section by briefly introducing the essential structure of fractional calculus
and fractional differential operators (for the more salient details on the matter, see the textbooks
[32], [20]-[11]). We begin by defining the basic gamma and beta functions which are fundamental
for fractional calculus.

Definition 2.1 ([46, 34]). The gamma function I' : (0,00) — R is defined by:

oo

INa) = /7“167 dr, a>0.
0
The beta function is determined as:
1
B(c,d) = /761(1 — )4 tdr, for ¢,d>0. (7)

0
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Furthermore, the beta function can be expressed with the aid of gamma function [46] as below:
I(c)l'(d)
I'(e+d)’
Definition 2.2 ([28, 37, 30]). The Riemann-Liouville (R-L) integral operator of fractional order
a > 0 is given by

B(c,d) = for ¢,d> 0.

T

Ig g(T) = F(la) /(7‘ — ) g(rydr, for T>0. (8)
0

The R-L derivative operator of fractional order o > 0 is defined by:

n

d
Dy, g(r) = d”([ ()), where n—1<a<n.

Definition 2.3 ([11]). Suppose that o > 0, 7 > 0. The Liouwville-Caputo derivative operator of
fractional order a is given by:

dn
CD8‘+g( ) = 1§ (dTng(T)) , where n—1<a<n.

Note that here we use the constant of integration 0 for the lower limit of the integral.

The R-L fractional integral operator and the Liouville-Caputo fractional derivative have the
following properties whenever o > 0 [32]:

= 7ig®(0)

I3 (CD810(r) = 9() = X By

01 (149(7)) = g(7).
The relationship between the R-L and Liouville-Caputo fractional derivatives are as follows [28]:

n—1

“Dgg(r) = Dig(r Z (Z_QH a>0. )

=

The Mittag-Leffler function (M-L) is a generalization of the exponential function, first pro-
posed as a single parameter function of one variable by using an infinite series [27]. Extensions
to two or three parameters are well known and thoroughly studied in textbooks such as [15],
but these still involve single power series in one variable. Extensions to two or several variables
have been studied more recently [23, 18, 38].

Definition 2.4 ([27]). The classical M-L function is defined by:

%0 i

u
:E S E— 0 R. 10
u) iZOF(ia—i—l)’ @=bue (10)

The two-parameter M-L function [15] is given by:
Eaplu) =Y ———0, a>08cRuck 11

The three-parameter M-L function [33] is determined by:

E7 (u):m&u—i, a>0,8,yeRuelR (12)
a,B = T(io + ) i! ’ ’
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where (7); is the Pochhammer symbol denoting (W(j)l). These series are convergent, locally

uniformly in w , provided the o > 0 condition is satisfied. Note that
Egp(u) = Bag(u), Bai(u) = Ba(u), Bi(u) =e".

Definition 2.5. [18] The M-L type function is defined by double infinite series as below:

l—l—p> )\l,up l _
AR ONPIN OV S ( — 2F el 4 8>0,yeR, (13

The following lemma will be of significance for our results in the main theory of Section 3 and
Section 4.

Lemma 2.1 ([18]). For any 7 € R and any parameters a, 3,7, p, A € R satisfying o, 5 > 0 and
v—1> ||, we have:

CD8‘+ [7’7_1Ea75ﬁ(/\7'0‘, ,U,T’B)} = 77_0‘_1Ea7577,a()\7'a, ur?).
Proof. We have
pn—v
“Dy < & > - F(;—V—&—l): p> v,
* L(u+1) 0, otherwise.
Therefore, given the condition v — 1 > |«], we can obtain that
2o (14 p)INpprlotpBia—1 >

(1 l,\ D la+pB+vy—1
N9 ot | ey ()
gt L(la+ pB + 7)llp! I'p! L(la+pB+7)

=0 p=0

l+p |)\l'up7_la+pﬁ+fy a—1

:ZZ D(la+pB + 7 — a)llp!

=0 p=0
=7y 1Ea”37,7_a()\7'a,u7"8).

This completes the proof. Il

Definition 2.6. Let \;,p; € C, oy, 3; € R, i =1,2,...,p, j = 1,2,...,q. Generalized Wright
function or more appropriately Fox-Wright function p¥,(-) : C — C is defined by:

s TN+ aik)
(u],ﬁg) La k=0 ]g[ L(uj + Bk )k'
7=1

This Fox-Wright function was established by Fox [14] and Wright [45]. If the following con-

dition is satisfied:
q P
S-S -
j=1 i=1

then the series in (14) is convergent for arbitrary u € C.

In terms of Laplace integral transform method, Kilbas et al. [20] have considered the Cauchy
problem for FDEs with two fractional orders by using generalized Wright functions, in both
homogeneous and in-homogeneous cases. It is necessary to note that our results by means
of a M-L type functions with double infinite series are identical with the results in terms of
Fox-Wright functions in [20].
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3. ANALYTICAL REPRESENTATION OF SOLUTIONS TO GENERALIZED BAGLEY-TORVIK
EQUATION: « € (1,2] AND S € (0,1]

In this section, firstly, we consider the Cauchy problem for the homogeneous linear generalized
multidimensional Bagley-Torvik equation in the form of:

(€D2,u) (r) — B( D0+u) (r) — Au(r) =0, re (0,7,

(15)
u(0) = ug, '(0) = ug,
where a € (1,2] and S € (0,1].

Theorem 3.1. The analytical solution v € C?([0,T],R™) to the IVP for homogeneous multidi-
mensional Bagley-Torvik equation (15) is represented by:

u(r) = (1 +r*AEq o—g,a+1(Ar°, Bra_ﬁ)) ug + rEq q—p2(Ar?, Bro Py, r>0.

Proof. Having found explicit form for u(r), it remains to verify that this is a solution of (15)
indeed. Starting from the left-hand-side by using Lemma 2.1 and the following Pascal identity
for binomial coefficients:

l — —
<+p>_<l+p 1>+<l+p 1)7 Lp> 1.
P D p—1

(CD8+U) (r) = ACDS‘+ (ro‘E(l a—B,a+1 (AT, Bro‘_ﬁ)) ug + CD8‘+ (TEOC,a_ﬁ’Q(ATOC, Bro‘_ﬁ)) ug

we arrive at

Al+1 Bprla—i-p(a—ﬁ)—l-a

:CD8+<AF ZZ(l+p_1)r(la+p(a—ﬁ)+a+1)

=1 p=0
N ii (l +p— 1) Al gpplatp(a—p)+a )u
p—1 JT(a+pla—B) +a+1)) "

1+ p— 1 Al+1Bp,r.la+p(a—ﬁ)+1
C
i DW‘”;%( )itasim-pre

o 00 1+ p— 1 Al+prrla+p(a—B)+1 ,
+
22 ( 1 )I‘(la+p(a ) +2)>“

-2 (7 e
23 (300 ) v sia )
O N G
Y (0 e

0o 00 I +p Al+2BpT(l+1)Ot+p(a—:3)
=A
“0+ZZ( )F((l+1)a+p(a—5)+1)u0
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Al+1 gptlplat(p+1)(a—p)

+ZZ( >Za+<p+1>< A+

=0 p=0

+1 pp..(4+1)a+p(a—pB)—a+1
== F((l+1a+pla—-pB)—a+2)
I+ Al p+1 la+(p+1)(a—,8)—a+1
i3y ( P) I
== I'lla+ (p+1)(a=B)—a+2)

= Aug + AQTQEa’a,g,aH(ArO‘, Br“_ﬂ)uo
+ ABra_BEaja_/Bﬂ_ﬁH (Ar®, Bro=P)ug
+ ArE, o—p2(Ar®, Bro‘fﬁ)ué)
+ Br' PEy o pa_s(Ar®, Bro=P)u]
In a similar way, we get:
B ( D0+u> (r) = ABCDE, (w ampart(Ar®, Bra—ﬁ)) g
+ B CD@ (rEa7a_/372(A7“°‘, Bro‘_ﬁ)) ug
= ABr* PEq 0 pa_pi1(Ar®, Bro P ug
+ BTl_/BEa7a,572,,3(AT'a, Bro—f)uy,
and
Au(r) = Aug + A*1°Fqy o p.ar1 (A%, Bro PYug 4+ ArEq o g.2(Ar®, Bro P,

Taking a linear combination of above results, we attain the desired result. Il

Secondly, we consider the Cauchy problem for the inhomogeneous linear generalized multidi-
mensional Bagley-Torvik equation in the form of:

(“Dgu) (1) = B (“Dg,u) () = Au(r) = g(r), 1€ (0,T],

(16)
u(0) =ug, ' (0) = uy,

where a € (1,2] and § € (0, 1].

Theorem 3.2. The inhomogeneous generalized multidimensional Bagley-Torvik equation (16)
with zero initial conditions has the following solution:
T
u(r) = /(7’ — s)o‘*lEma,g,a(A(r —5) B(r — S)O‘*B)g(s)ds, r>0.
0

Proof. By using the method of variation of constants, any solution of inhomogeneous system
u(r) should be satisfied in the form:

,
u(r) = /(r - s)aflEma,g,a(A(r —5)%, B(r — s)“fﬁ)h(s)ds, r>0.
0
where h(s), 0 < s <risan unknown vector function and «(0) = 0. On the other hand, in this
case, the R-L and Liouville-Caputo type fractional derivatives are equal in accordance with (9).
Therefore, in the work below we shall apply R-L derivative instead of Liouville-Caputo one to
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verify the solution of differential equation. So, having Liouville-Caputo fractional differentiation
on both sides of (3), we attain the following results:

(CD&uﬂﬂ@ﬁﬂ&@?Lﬁ+</ﬁsﬂlE@a@JAﬁsWJﬂr@a5M@ﬁb)

0
s

2 T
B r<21—a><j / (=)' [ (57" B (Al = 7 Bls — 7" g7

0

- 1_a dTQ// _S 1 a - a 1Eaa 6a(A(3—T)Q,B(S—T)afﬁ)g(T)des
- —Oé d,r.Q// a lEonc B, (A(S—T)a,B(S—T)a_ﬁ)g(T)dng
_ — g)lmo(s — ) (s — 7))(B(s — )2 B)P N deds
- T@-a)dr? //7’ g%( > I'(la+pla—pB) +a) g(r)dsd

o0 l
Z l+p A Bi” / dT/ la+p( —B)ta—144
p ) T(la+pla—p)+a) dr2

i l+p AlBp de /T(r _ T)la+p(a—,8)+1
p JT(la+pla—p)+ a)dr?
0

% % ! 2
S () s [ e g
par T(la+pla—B) +2)dr?
= 0
d2
dr2

0
&2 | &L (14 p— 1\ (A(r — 7)) (B(r — r)B)p
+dr20/(r7);p§< P ) Cla+pa-p+2 200
02 © & (14 p— 1\ (Alr — 7)) (B(r — 1) By
+d2/“_”§:§:<p—1> Mla+pa-p+zy

e [ e (14 p = 1) (A=) (B )PP
=o0)+ [r=n S5 (U ) e

0
s [T+ p =1\ (A(r — 7)Y (B(r — 1) )P
+foe-mm s (U0 ) ey s
0

()+A/r—7a1 <Z+P> (r = 7)) (B(r — 7))

Mot plo— B ta) 047
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Jo- L+ P\ (Alr = 7)) (B(r — 7)* )P
+BO/T_T Blzz( ) la+p(a—ﬁ)+a—6)g(7>d7

=0 p=0

"+ A / )" B pal A =), Br =) #)g(r)dr
0

+ B /(7’ - T)a - 1Ea,af,8,afﬁ(‘4(r - T)aa B(’f’ - T)Oé—ﬂ)g(,,-)d,r’
0

Similarly, we have:

(“Dgsu) () = (D, u) () = D, ( / (r = $)° ' Eaapal(A(r — )%, B(r — )" B)g(s)ds>
0

= i r—s) 58 s — 7)1 S—T s — 1) P T
- do/ d0/< )" Boapa(Als — )% Bls )" )g(r)d

(r— s)_ﬁ(s — T)a_lEa7a_57a(A(S —7)% B(s— T)O‘_ﬁ)g(T)des

/
] (=) (s =) Eo 0o Als = 7)°, B(s = 7)°)g(r)dsdr
o

o L+p) (A(s = 7)) (B(s — 1)*F)”
(r—s)" 1;]020( > Sla Tolamg) oy o(rdsdr

o l
Z l+p A'BP / dr/ r—s) la+p( —B)+a—14,
(1 Fla+pla—B)+«) dr

S A'BP d lat+p(a—B)+a—0
2( ) za+p<a—ﬁ>+a>dr/(“ L
- 0

><B(1 Byla+ pla—pB)+ a)g(r)dr

T

00 l+p AlBP d o N
Z::< p )F(la+(p+1)(a—5)+1)dr/(7’—7')l +(+1)( B)Q(T)dT

N L4 p) (Al =) (B =)y
ZZ( > (latplo—p)ta—p) 71

=0 p=0

=B /(r — T)O‘fﬁflEa,a,rB,a,g(A(r —7)% B(r — T)o‘*ﬁ)g(T)dT,

Au(r) = A / (r = 9% Ea o palA(r — )% B(r — ) %)g(s)ds,
0
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If we substitute last two expressions into Equation (16), we verify that h(r) = g(r) for 0 < r < T.
Proof is complete. O

Therefore, we find the explicit formula of solutions to linear inhomogeneous generalized mul-
tidimensional Bagley-Torvik equations by applying the classical ideas to find solution of (16).

Theorem 3.3. A unique solution u € C?([0,T],R™) of the Cauchy problem for inhomogeneous
generalized Bagley-Torvik equation (16) has the formula:

u(r) = (1 +r*AEq o—g,a+1(Are, Bra_5)>u0 +rEqy o-p2(Ar®, Bro‘_ﬁ)ué)

+ /T(T — S)a_lEa7a_57a(A(T —$), B(r — S)O‘_B)g(s)ds, r > 0. (17)
0

3.1. Special case: Bagley-Torvik equation of l-order derivative. If we choose a = 2,

8= % and A = QSW , B = ——, we get classical scalar Bagley-Torvik equation. We consider

the Cauchy problem for homogeneous linear Bagley-Torvik equation in the form of:

{u”(?‘) + BB (C D2 () + Eu(r) =0, e (0,T),

" (18)
u(0) =up, v (0) = ug,

Theorem 3.4. A unique solution u € C*([0,T],R) of the homogeneous Bagley- Torvik equation
with the inhomogeneous initial conditions (18) has the formula:

k k 2s k 28,/
u(r) = (1 — ETQEQ 3 4(— Eﬁ’ — \ﬁ ))uo + rEz s 2( ETQ, 3)u0, r > 0.

19

(19)
The Cauchy problem for inhomogeneous linear Bagley-Torvik equation in the form of :
25\/P (C' 13 k _1
u'(r) + == (O Dau)(r) + ulr) = g(r), 1€ (0,71, (20)
u(0) = ug, ' (0) = uy,

has the following solution:

Theorem 3.5. A unique solutionu € C%([0,T],R) of the inhomogeneous Bagley- Torvik equation
with the inhomogeneous initial conditions (20) has the formula:

k k 2 k 2
u(r) = (1= 202 By g g (= r?, = 808 Jug 1By g (= 2o, =SV
m m m

19

/r—s 232 Z(T—S)Q,—%(r—s)%)g(s)ds, r > 0. (21)

The exact solution of the Cauchy problem for inhomogeneous linear Bagley-Torvik equation
in the form of :

2 1

u(r) + 5 (OD u)(r) + Fulr) = Tg(r), € (0,7, (22)
u(0) =0, «/(0)=0,

has the following solution:

Theorem 3.6. A unique solutionu € C%([0,T],R) of the inhomogeneous Bagley- Torvik equation
with the homogeneous initial conditions (22) has the formula:

u(r) = /G(r —s)g(s)ds, r >0, (23)



248 TWMS J. PURE APPL. MATH., V.11, N.2, 2020

where

2
Gr) = By p(—or?, 3,

)

Remark 3.1. The Cauchy problem (16) has also a solution in terms of Fox-Wright matrix
functions below.

u(r) = {i S [ PR ‘Bra_ﬁ]

2, Alplata=p (1+1,1)
_ ’ a—p8
BZ ! hI}l[(la—i—oz—ﬁ—i—l,a—ﬂ) ’Br ] 4o

>, Alplatl (I+1,1)
10 ’ ‘
2 1[([054-2,0[—/6’)

Bra_’ﬂ ug)
1=0

+ /(r — s)a_lGayﬁ;A,u(r —s)g(s)ds, r >0,
0

where

— Alple (1+1,1)
1! (

Ga,B;A,u(T)Zil\I’l la+a,a - 8) ’BTQB} .

=0

Proof. Using the definition of Fox-Wright function [14, 45], we arrive at

{00 Alpla X2 D(l+1+p) Bryp(a—p)
u(r) =

! — !
— = Fla+1+pla—pB)

> Alplota—p 2 F(l—|—1—|—p) Bprp(a—ﬁ)}
Uug

| — — |
por ! = FNla+a—-B+1+pla—p)) p!

N i Alylo+1 i T(l+1+4+p)  Brrela=h) y
I ZTla+pla-p)+2)  pl 0

Al(T _ 8)la+a71 (l + 17 1)

(lao+ o, —

10, [ 5 ‘B(r - s)a—ﬁ] g(s)ds

i I+ p> AlBPylotp(a—p)
I'(la +pla—p)+1)

p Al Bptlplat(p+1)(a—B)
)F(la+ p+Da—p+1) "

l p> AprTla-&-p(a—ﬁ)—i-l y
T(la+pla—B)+2) °

AprTlaer(afB)Jrafl

+0/ii <l;p> o+ pla— B) + o) "%

X (l+p—1\ AlBrletpa—h)
=<1
{ +ZZ< P )F(za+p<a—ﬂ>+1>
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o (l+p—1\ AlBpplatra—F)
23 (50 ) ssa e

=0 p=1
i i (z +p— 1) Al gpyla+pla—p)
U,
1=0 p=1 ~1 JT(la+pla—pB)+1) [ °
X & (l+p\ AlBprlatpla-p+l
+ u
;2( T(la+pla—pB)+2) °
&> l+p Al Bpplatp(a—pB)+a-1
d
+/l§:zo< > la+p(a—5)+a)g(s)s
0 0 p
N l +p\  AlBppletpa—p)ta
=<1
{ +;pzo > Fla+pla—p5)+a+1) o

[+ p Aprrla+p( —-B)+1 ,
*ZZ< P ) (lo+pla—p)+2) "
O /1 Al Bpplatpla—p)+a—1
23 () e
0 l

Ilao+pla—B) + )
14+ 7r*AEq a8 .a+1(Ar?, Bro‘fﬁ)) uy + 7B 0 p.2( AT, Bro~ Py,

g(s)ds

I
S

+ [ (r =8 EnapalA(r — )% B(r — s)*P)g(s)ds, r>0.

o,

Therefore, our solution in terms of M-L type matrix functions coincide with the solution by
means of Fox-Wright matrix functions shown in [20]. O

4. REPRESENTATION OF SOLUTIONS TO GENERALIZED BAGLEY-TORVIK EQUATIONS:
€ (1,2], Be(1,2]

In this section, first, we consider the homogeneous linear generalized multidimensional Bagley-
Torvik equation in the form of:

(D2 ) (r) — B< D0+u) (r) — Au(r) =0, re (0,7,

(24)
u(0) = uo, u'(0) = uy,
where 1 <a<2,1 <8 <2.

Theorem 4.1. The analytical solution u € C?([0,T],R™) to the IVP for homogeneous general-
ized multidimensional Bagley-Torvik equation (24) is:

u(r) = <1 +r*AEq a—8,a+1(Ar?, Bro‘_ﬁ))uo + (r + 7 AE, 0 gata(Ar?, Bro‘_ﬁ)>u6, r > 0.

Proof. Having found explicit form for w(r), it remains to verify that this is a solution of (24)
indeed. Starting from the left-hand-side by using Lemma 2.1 and the following Pascal identity
for binomial coefficients:

l -1 -1
)= (50 =
P D p—1



250 TWMS J. PURE APPL. MATH., V.11, N.2, 2020

we arrive at
(CD5) (1) = ACDG, (1 Fa s (Ar*, B

+ A CDS‘+ (rO“HEa a—B,a+2 (Aro‘, Bro‘_ﬁ)> ug)

- I+1 pplatpla—p)+a
T(a+1) llp[) Fla+pla—p)+a+1)
N i io: l + p— 1 Al+1Bprla+p(afﬁ)+oz )u
e\ p-1 JT(a+pla—p)+a+1)) "

Al+1 gpplatpla—B)+a+l

a+1 oo oo
C ma r l—{—p—l)
Dy A0
+ 0+( I‘(a+2)+lz;pzzzo< D Fla+pla—p)+a+2)

N i i <l +p— 1) Al+1 gpplatp(a—pB)+a+l )u/
p—1 JT(la+pla—B) +a+2)/ "

=0 p=1
<A o0 i": (l +p— 1) Al+1 gpplatp(a—p)
= (A+
— L(la+pla—pB)+1)
N Z <l +p— 1> Al+1 grplotp(a=p) )u
o\ p—1 JT{a+pla-p)+1))"
l+p—1\ AlBppletpla=p)+1
+ (Ar+ ( )
( ;pzﬁ I'(la + pla—p) +2)
N i i (l +p— 1) Al gpyplotp(a—B)+1 ) )
Uu,
=\ p-1 JT(la+pla—p)+2)/ "

1+2 gp,.(I+1)a+p(a—B)
- L((I+ Da+pla—p)+1)
—I—p) Al+1 gpt1plot(p+1)(a—B) y
p JT(a+(@+1)(a—pF)+1) "

ler Al+1BpT(l+1)oc+p(a B8)+1
A
* ”LO*%%( ) ((+Da+pa-A+2) "

+ZZ <l—|—p> Al Bpt1plot(p+1)(a—p)+1 )u’
L 2 o+ (p+1(a—p) +2)/"

= Aug + A’r*Ega—par1(Ar®, Br* "Yug + ABr* P Eq o g a—pi1 (Ar®, Bro~Pug
+ Arufy + A’I”a+1Ea7a_@’a+2(ATa, Bra_ﬁ)ug + ABTO‘_BHEQ’Q_@,C!_B_FQ(Ara, Bro‘_ﬂ)ug.

Similarly, we obtain:

B( D0+u> (r) = AB°D?, (ra ot (Ar, Bro=h )) up
+ABODS, (1 Boop asa(Ar®, Br?) )
= ABr* PEy o popi1(Ar®, Bro—P)ug
+ ABTQ_5+1EO(7@_57OC_5+2 (Are, Bra_ﬁ)ug



N.I. MAHMUDOV etal.: ANALYTICAL APPROACH TO A CLASS ... 251

and
Au(r) = Aug + Aer‘ana,@aH(Ar“, BroPYug + Arug,
+ Aro‘+1Ea7a_5,a+2 (Are, Bra_ﬂ)uf).
Taking a linear combination of above results, we attain the desired result. ]

Secondly, we consider the Cauchy problem for the inhomogeneous linear generalized multidi-
mensional Bagley-Torvik equation in the form of:

(“Dgu) (r) = B (“Dg,u) (1) = Au(r) = g(r), 1€ (0,T],

(25)
u(0) =ug, ' (0) = uy,

where o € (1,2] and S € (1, 2].

Theorem 4.2. The inhomogeneous generalized multidimensional Bagley-Torvik equation (16)
with zero initial conditions has the following solution:

u(r) = /(r — s)o‘_lEava_ﬁ,a(A(r —35)Y, B(r — s)a_ﬁ)g(s)ds, r > 0.
0

Proof. In a similiar way, we can prove this theorem according to the proof of Theorem 3.2. O

Therefore, we find the explicit formula of solutions to linear inhomogeneous generalized mul-
tidimensional Bagley-Torvik equations by applying the superposition principle to find solution
of (25).

Theorem 4.3. A unique solution u € C%([0,T],R™) of the inhomogeneous generalized multidi-
mensional Bagley-Torvik equation (25) has the formula:

u(r) = (1 +1r%AE, o8 a+1 (AT, Brc“*ﬁ))uo + (r + 1M AE, o gara(ArY, Bro‘*ﬁ))ug
+ /(7“ — 8) ' BpapalAlr — )% B(r —s)*P)g(s)ds, r>0. (26)
0

Proof: The proofs of Theorem 4.3 is straightforward approaches by following the general case
above, so we omit it here. [

4.1. Special case: Bagley-Torvik equation of %-order derivative. If we choose a = 2,

8= % and A = —%, B = —%, we get classical scalar Bagley-Torvik equation of %—order
derivative.
We consider the Cauchy problem for homogeneous linear scalar Bagley-Torvik equation in
the form of: ,
{u"(r) + 22D w)(r) + Eu(r) =0, 1€ (0,T], o)
w(0) = uo, u'(0) = ug,

has the following solution:

Theorem 4.4. A unique solution u € C*([0,T],R) of the homogeneous Bagley- Torvik equation
(27) with the inhomogeneous initial conditions has the formula:

o k 2 k 2 251//1/ 1
u(r) = (1 - EZ%’?’(_ET ,—77“2)>u0

m
k k 25,/
+ (r — —1r3E, 1 ,(——1?, —Mr%))%,r > 0. (28)
m m m

19
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The solution of the Cauchy problem for inhomogeneous linear sacalar Bagley-Torvik equation
in the form of:
9 3
u(r) + 22 (OD u)(r) + Kulr) = Lg(r), e (0,T), (29)
u(0) =uo, u'(0) = ug,
has the the following integral representation:

Theorem 4.5. A unique solutionu € C2([0,T],R) of the inhomogeneous Bagley-Torvik equation
(29) with the inhomogeneous initial conditions has the formula:

B ko, ko5 2s\/p 1 ko, k 5 2sip 1\ ,
u(r) = (1= By o or == ) Juo (1= S By g g == B
1 / k 2s\/up 1
— —8)By 1 5(——(r —s)?, — - d 0. 30
t— [ =8By o= 9% ==L = 5)h)g(s)ds, 7> (30)

The exact solution of the Cauchy problem for inhomogeneous linear Bagley-Torvik equation
in the form of :
" 25\/iP (C 13 k 1
u'(r) + == (D) (r) + gulr) = 5g(r), e (0,T], (31)
u(0) =0, 4/ (0)=0,
has the following solution:

Theorem 4.6. A unique solution u € C%([0,T],R) of the inhomogeneous Bagley- Torvik equation
with the homogeneous initial conditions (31) has the formula:

u(r) = /G(T —s)g(s)ds, r >0, (32)

where L 5
2 SVHP 1
G(?") :TE2’%’2(_ET ,—TT‘2).
Remark 4.1. The Cauchy problem (25) has also a solution in terms of Fox-Wright matriz

[14, 45] functions below:

u(r) = {i Axlawl [ (la(j:;,lo’él_) 5 ‘Bra—ﬂ}

o l.lata—pB
—327‘4 o 1, [ ( (+1.1) 8) ‘Bro‘_ﬂ]}uo

pre i lat+a—-0+1,a—

>, Alplatl (I+1,1)
- ’ a—p
+{ZZ; T { (la+2,a - B) ’Br }

o Alrla—&-a—ﬂ—&-l (l—l—l 1)
— B — 190 ’ ‘B a=p /
lz_; I 1{(la+a—6+2,a—ﬂ) " ] 1o

r

+ /(T — s)o‘_lGa,g;)\M(r —s)g(s)ds, r >0,
0

where o
A'r L0 [( (1+1,1)

Gapau(r) Z N la+a,a—f) ’

Bro‘_ﬁ} .
1=0
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Proof. Using the definition of Fox-Wright function [14, 45], we arrive at

o= (S [ ]

0o AlTla-‘roz—,B (l—i—l,l) a—p
-B)_ 1\p1[(la+a—6+l,a—ﬂ) ‘Br ] to

O Alplatl (l +1 1)
) a—f
+{l§_% T 1@1[(1044-2,04—5) ‘BT }

0 Alplata—p+1 (l +1, ].) a—pf /
B;llwl [ (la+a—p+2,a—p) ‘BT ] "
LS Al(’l“ . S)la+a—1 (l +1 1) B

) _ a— d
+/lz; . 10, [ (ot oo p) ‘B(T s) ]9(8) s
0 1=
0o i <l + p> AprT,loHrp(a*ﬁ)
- —=\p L(la+pla—B) +1)
i i <l +p> Al gpt1plat(p+1)(a—p) }
=\ p Flla+(p+1)(a—-p)+1)
0o 00 l+p Aprrla+p(a*ﬁ)+1
' {;Z( P >T(la+p(a—5)+2)
=0 p=0
i i <l +p> Apr—i-lTlOc-f-(p"‘l)(a_ﬁ)""l } ,
_ U
—=\p Llla+(p+1)(a—p)+2)
" oo oo I+p Aprrla+p(Oé—5)+a_1
d
" /;pzo ( p >F(la+P(a RN
o 1=0 p=

B X (l+p-—1 Al Bpplotp(a—B)
_{HZZ< p )F(la+p(a—5)+1)
[+p— 1> Al Bpylatp(a—p)

p—1 JT(la+pla—p)+1)

I+p—1 Al gpylatp(a—pB)
p—1 )F(la+p(a—ﬁ)+1) v

N [I+p—1\ AlBrplatpla=p)+l
< p >F(la+p(a—5)+2)

1
X /l4+p—1\ AlBpplotpla—p)+
3 (50 e e

l+p—1 Al Bpylotpla—p) y
I'( ) [

p—1 la+pla—p)+1
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oo o0 I+p Aprrla—i-p( —B)+a—1
/ZZ( )T ota gy
=0 p=| p
> /1 +p Al Bpplatpla—p5)+a
Z( >F(la+p<a—6>+a+1) 0

{1 AN
{ (l +p> AprTla+p(afB)+a+1 } .

0
=0 p
+A
' ?% F(la+pla =) +a+2)
0

(l

14+ r*AEy o BaH(Ara,Bro‘_B))uo

_l’_

_|_

_l’_

— p

0
Al Bpplatp(a—B)+a—1
—;p) ! g(s)ds

o IFlao+pla—B)+ @)

4
— O\ﬁ

+

/N

T+ ra+1AEa7a_g,a+2 (Are, Bro‘fﬁ)) ugy

+ [ (r =8 By pa(Ar®, BroP)g(s)ds, r >0,

o,

Therefore, our solution in terms of M-L type matrix functions coincide with the solution by
means of Fox-Wright matrix functions shown in [20]. O

5. ILLUSTRATIVE EXAMPLES

To end this paper, we give various examples to illustrate the above theoretical results for
scalar Bagley-Torvik equations.

Example 5.1. Let « =2, [ = % Consider the following Cauchy problem for Liouville-
Caputo type Bagley-Torvik equation of %-order derivative:

u’(r) + 8(CD8fu)(r) + 3u(r) = 0.5sin(r), r € (0,1],
u(0) =2, 4/(0) =4,

where m=2,s=4,u=1,p=4,k =6 and g(r) = sin(r).
Using by Formula 21, the explicit analytical representation of solution to the IVP (33), can
be represented in the integral form:

) = (2 67By g (307, ~rh)) 4 By (3%, s
PR 15

+ % /(r — §)Ey s ,(=3(r — 5)%, —8(r — s)2)sin(s)ds, 1> 0. (34)

LR

Now we are going to illustrate Example 1 for u(r):
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0.2 04 0.6 0.8 10

Figure 1. The graph of the solution u(r) to the Bagley-Torvik equation of 1-order derivative .

Example 5.2. Let « =2, (= % Consider the following initial value problem for Liouville-
Caputo type Bagley-Torvik equation of %—order derivative:

{u”(r) + ZO(CD(ljfu)(r) + 4u(r) = cos(r), r € (0,1], (35)

u(0) =1, 4/(0) =3,
where m =1,s =5,u=2,p =2k =4 and g(r) = cos(r).

Using by Formula 30, the exact analytical representation of solution to the Cauchy problem
(35), can be expressed in the following form:

ulr) = (1 B 4T2E27%,3(*41"2, 7207“%)) + (3T - 127’3E2é,2(*4r2, —20r2)
T
+ /(T’ — S)EQ 1 2(—4(7“ — 3)27 —20(7" — 3)%)003(8)d87 ro> 0. (36)
727
0

Now, we are going to illustrate Example 2 for u(r):

02 04 0.6 0k 10

=100 -

WL

-200 -

Figure 2. The graph of the solution u(r) to the Bagley-Torvik equation of 2-order derivative.

6. CONCLUSIONS AND FUTURE WORK

The main contributions of our research work are as follows:

e we introduce the exact analytical representation of homogeneous and inhomogeneous
linear generalized multidimensional Bagley-Torvik equations with two fractional orders
satisfying o € (1,2], 8 € (0, 1] by means of a M-L type matrix function via double infinite
series;



256 TWMS J. PURE APPL. MATH., V.11, N.2, 2020

e we propose the exact analytical representation of homogeneous and inhomogeneous linear
generalized Bagley-Torvik matrix equations with two fractional orders satisfying a €
(1,2], B € (1,2] in terms of a M-L type matrix function via double infinite series;

e we obtain the explicit analytical representation of solutions to homogeneous and in-
homogeneous linear scalar Bagley-Torvik equations of %—order derivative and %—order
derivative;

e we verify that our solutions with regard to M-L type matrix functions are identical with
the results by means of generalized Wright matrix functions for multi-term FDZEs;

e we propose a new representation of solutions to the Bagley-Torvik equations with matrix
or constant coefficients.

There are a number of potential directions in which the results acquired here can be extended.

Our future work will proceed to study the asymptotic stability of the trivial solution with the
help of the Lyapunov methods [21] and relative controllability results of solutions with the aid

of

Gramian matrix and rank criterion to the Bagley-Torvik equations with a constant delay [22].

REFERENCES

[1] Abbas, S., Benchohra, M., Hamidi, N., Nieto, J.J., (2019), Hilfer and Hadamard fractional differential

equations in Fréchet spaces, TWMS J. Pure Appl.Math., 10(1), pp.102-116.

[2] Ahmadova, A., Mahmudov, N.I., (2020), Existence and uniqueness results for a class of fractional stochastic

neutral differential equations, Chaos Soliton Fract. 139.

[3] Aliev, F.A., Aliev, N.A., Safarova, N.A., (2019), Transformation of the Mittag-Leffler function to an expo-

nential function and some of its applications to problems with a fractional derivative, Appl. Comput. Math,
18(3), pp.318-327.

[4] Aliev, F.A., Aliev, N.A., Safarova, N.A., Velieva, N., (2020), Algoritm for solving the Cauchy problem for

stationary systems of fractional order linear ordinary differential equations, Comput. Meth. Differ. Equat.,
8(1), pp.212-221.

[5] Aliev, F.A., Aliev, N.A., Safarova, N. A.jet al., (2018), Solution of linear fractional-derivative ordinary

differential equations with constant matrix coefficients, Appl. Comput. Math, 17(3), pp.317-322.

[6] Bazhlekova, E., (2013), Properties of the fundamental and the impulse-response solutions of multi-term

fractional differential equations, Complex Analysis and Applications (Proc. Intern. Conf., Sofia), Bulg. Acad.
Sci. Sofia, pp.55-64.

] Bonfanti A., Fouchard J., Khalilgharibi N., Charras G., Kabla A., (2020), A unified rheological model for

cells and cellularised materials, R. Soc. open sci. 7,190920.

[8] Chena W., Suna H., Zhang X., Koroak D., (2010), Anomalous diffusion modeling by fractal and fractional

derivatives, Comp. Math. Appl., 59, pp.1754-1758.

[9] Cong, N.D., Doan, T.S., Tuan, H.T., (2018), Asymptotic Stability of Linear Fractional Systems with Constant

Coefficients and Small Time-Dependent Perturbations, Vietnam J. Math., 46, pp.665-680.

[10] Diethelm, K., Ford, J., (2002), Numerical Solution of the Bagley-Torvik Equation, BIT Numer. Math., 42,

pp-490-507.

[11] Diethelm, K., (2010), The analysis of fractional differential equations, An application-oriented exposition

using differential operators of Caputo type, Lecture notes in Mathematics, Berlin: Springer-Verlag.

[12] Ebadpour, G.J., Aliyev, N.A., Jahanshahi M., (2020), Transportation of a BVP including generalized Cauchy-

Riemann equation to Fredholm integral equation, TWMS J. Pure Appl. Math., 11(1), pp.30-42.

[13] Fazli, H., Nieto, J.J., (2019), An investigation of fractional Bagley—Torvik equation, Open Math., 17(1),

pp-499-512.

[14] Fox, C., (1928), The asymptotic expansion of generalized hypergeometric functions, Proc. London Math.

Soc., 27, pp-389-400.

[15] Gorenflo, R., Kilbas, A.A., Mainardi, F., Rogosin, S.V., (2014), Mittag-Leffler Functions, Related Topics and

Applications, Berlin: Springer-Verlag.

[16] Hong, D., Kim, Y., Wang, J., (2006), A new approach for the analysis solution of dynamic systems containing

fractional derivative, J. Mech. Sci. Technol., 20, pp.658-667.



=
=)

N
i

‘ww
ML}

[40

[41]

42

43

[44]

N.I. MAHMUDOV etal.: ANALYTICAL APPROACH TO A CLASS ... 257

Huseynov, I.T., Mahmudov, N.I., (2020), Delayed analogue of three-parameter Mittag-Leffler functions and
their applications to Caputo type fractional time-delay differential equations, Math. Meth. Appl. Sci., pp.1-25.
Huseynov, LT., Ahmadova, A., Fernandez, A., Mahmudov, N.I., (2020), Explicit analytic so-
lutions of incommensurate fractional differential equation systems, Appl. Math. Comp., 125590,
https://doi.org/10.1016/j.amc.2020.125590.

Kaczorek T., (2010), Positive linear systems with different fractional orders, Bull. Pol. Acad. Sci. Tech. Sci.,
58, pp.453-458.

Kilbas, A.A., Srivastava, H.M., Trujillo, J.J., (2006), Theory and Applications of Fractional Differential
Equations, Amsterdam: Elsevier.

Liu, S., Jiang, W.,Li, X., Zhou, X., (2016), Lyapunov stability analysis of fractional nonlinear systems, Appl.
Math. Lett., 51, pp.13-19.

Li, M., Debbouche, A., Wang, J.R., (2017), Relative controllability in fractional differential equations with
pure delay, Math. Methods Appl. Sci., 41(18), pp.8906-8914.

Luchko, Y.F., Gorenflo, R., (1999), An operational method for solving fractional differential equations with
Caputo derivatives, Acta Math. Vietnam, 24,pp. 207-233.

Mahmudov, N.I., (2003), Approximate controllability of semilinear deterministic and stochastic evolution
equations in abstract spaces. STAM J. Control Optim., 42, pp.1604-622.

Mahmudov, N.I., Matar, M.M., (2017), Existence of mild solution for hybrid differential equations with
arbitrary fractional order, TWMS J. Pure Appl. Math., 8(2), pp.160-169.

Mashayekhi, S., Razzaghi, M., (2016), Numerical solution of the fractional Bagley-Torvik equation by using
hybrid functions approximation. Math. Methods Appl. Sci., 39(3), pp.353-365.

Mittag-Leffler, G., (1903), Sur la nouvelle fonction Fq(z). C. R. Acad. Sci Paris, 137, pp.554-558.

Miller, K.S., Ross, B., (1993), An Introduction to the Fractional Calculus and Fractional Differential Equa-
tions, New York: Wiley.

Odibat, Z., (2020), Fractional power series solutions of fractional differential equations by using generalized
Taylor series, Appl. Comput. Math., 19(1), pp.47-58.

Oldham, K.B., Spanier, J. (1974), The Fractional Calculus, San Diego: Academic Press.

Pang, D., Jiang, W., Du, J., Niazi, A.U., (2019), Analytical solution of the generalized Bagley-Torvik equa-
tion, Adv. Differ. Equ., 2019(1), pp.1-13.

Podlubny, 1., (1999), Fractional Differential Equations, New York: Academic Press.

Prabhakar, T.R., (1971), A singular integral equation with a generalized Mittag-Leffler function in the kernel,
Yokohama Math. J., 19, pp.7-15.

Rainville, E.D., (1960), Special Functions. New York, Macmillan, 365p.

Ray, S.S., Bera, R.K., (2005), Analytical solution of the Bagley-Torvik equation by Adomian decomposition
method, Appl. Math. Comput., 168(1), pp.398-410.

Restrepo, J.E., Ruzhansky, M., Suragan, D., (2020), Explicit representations of solutions for linear fractional
differential equations with variable coefficients, arXiv:2006.15356v1.

Samko, S.G., Kilbas, A.A., Marichev, O.1., (2002), Fractional Integrals and Derivatives: Theory and Appli-
cations. London: Taylor & Francis, 976p.

Saxena, R.K., Kalla, S.L., Saxena, R., (2011), Multivariate analogue of generalised Mittag-Leffler function,
Integr. Transf. Spec. F., 22, pp.533-548.

Srivastava, H.M., Aliyev, N.A., Mammadova G.H., Aliyev, F.A., (2017), Some remarks on the Paper, entitled
?Fractional and Operational Calculus with Generalized Fractional Derivative Operators and Mittag-Leffler
Type Functions” by Tomovski, Z., Hilfer, R., and Srivastava, H.M., TWMS J. Pure Appl. Math., 8(1),
pp.112-114.

Srivastava, H.M., (2017), Remarks on some fractional-order differential equations, Integral Transforms Spec.
Funct., 28, pp.560-564.

Srivastava, H.M., Shah, F.A., Abass, R., (2019), An application of the Gegenbauer wavelet method for the
numerical solution of the fractional Bagley-Torvik equation, Russian J. Math. Phys., 26(1), pp.77-93.
Srivastava, H.M., Jena, R.M., Chakraverty, S., Jena, S.K., (2020), Dynamic response analysis of fractionally-
damped generalized Bagley-Torvik equation subject to external loads, Russian J. Math. Phys., 27, pp.254-268.
Torvik, P.J., Bagley, R.L., (1984), On the appearance of the fractional derivative in the behavior of real
materials, J. Appl. Mech., 51, pp.294-298.

Wang, Z., Wang, X., (2010), General solution of the Bagley-Torvik equation with fractional-order derivative,
Commun. Nonlinear Sci. Numer. Simul., 15(5), pp.1279-1285.



258 TWMS J. PURE APPL. MATH., V.11, N.2, 2020

[45] Wright, E.M., (1935), The asymptotic expansion of the generalized hypergeometric function, J. London Math.
Soc, 10, pp.286-293.

[46] Whittaker, E.T., Watson, G.N., (1927), A course of modern analysis, fourth ed. Cambridge: Cambridge
University Press, 608p.

[47] Zafar, A.A., Kudra, G., Awrejcewicz, J., (2020), An Investigation of Fractional Bagley-Torvik Equation,
Entropy, 22(1), 28.

Nazim I. Mahmudov, for a photograph and biography, see TWMS J. Pure Appl. Math., V.8, N.2, 2017,
p-169.

Ismail T. Huseynov - was born in 1992. He is
a Research Assistant in the Department of Math-
ematics at the Eastern Mediterranean University,
T.R. North Cyprus. He has graduated his B.Sc
and M.Sc with honors from the Department of
Mechanics and Mathematics at Baku State Uni-
versity. His research interests include fractional
differential equations, fractional calculus, special
functions and their applications to physics and bi-
ology.

Nihan A. Aliev, for a photograph and biography, see TWMS J. Pure Appl. Math., V.6, N.2, 2015, p.163.

Fikret A. Aliev , for a photograph and biography, see TWMS J. Pure Appl. Math., V.1, N.1, 2010, p.12



