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GIRIS

Movzunun aktualhg@r va islonmo daracasi. Qeyri-bircins materiallardan
texnikanin miixtalif saholorindo genis istifado edilir. Son illor xassolori, xiisusi
halda elastiklik modullar1 se¢ilmis istiqgamotdo kosilmoz olaraq miioyyon bir
qanunla doayison ¢oxlu sayda yeni materiallar hazirlanib [55] .

Materialin ~ bircinsltyi  forziyyasi onun bir ¢ox mihiim mexaniki
xiisusiyyatlorini nozoro almir. Qeyd edok ki, materialin elastiki cisimlorin
gorginlik-deformasiya voziyyotino tosir edon osas xassolorindon biri onun geyri-
bircinsliyidir. Son illorde tokmillogdirilmis xassalors malik materiallarin, x{isuson
do texnologiyasi istehsal morholosindo material doyisikliyini mogsadli sokildo
hoyata kegirmoyoa imkan veran funksional gradient materiallarin (FGM) totbiqi
genislonmigdir. Bu sobobdon do geyri-bircins cisimlorin tohlilinin miixtalif
aspektlorini togdim edon ¢oxlu sayda elmi-todqigat islori meydana ¢ixmisdir.

1980-ci illorin ikinci yarisinda materialin  makroskopik xassslorinin
mogsadyonlii  sokildo doyisdirilmosi ilo materiallarin  istehsali {igiin  yeni
texnologiyalarin tatbiqi yolu ila sigrayis olds edildi. Bu, miiayyon bir sokilds iki vo
ya daha c¢ox fazali materiallar1 osason ziddiyyatli xiisusiyyatlorlo birlosdiron
kompozit materiallar  sinfinin  funksional gradient materiallarin(FGM)
konsepsiyasina inkisafi ilo hoyata keg¢irildi. FGM termini 1980-ci illorin sonunda
Yaponiyada geyri-bircins mikro struktur vo xassalari niimayis etdiron miithandislik
materiallart sinfinin tasvirt kimi yaranmigdir. FGM-nin hayata kecirilmasinin asas
mogsadi istilik vo mexaniki tesirlore moruz qalan strukturlarin istismar
xiisusiyyatlorini yaxsilasdirmaqdir. Forgli materiallarin seg¢ilmosi fazalar vo
materiallar arasindaki kontakt saholorindo xassolorin ciddi uygunsuzlugu
sababindon yaranan qaliq gorginliklorinin saviyyssini artirir vo bu iso 0z
novbasindo materialin deqradasiyasina sabab olur . Belo gorginliklorin tesirini
minimuma endirmok ti¢iin FGM torkibi elo qurulur ki, biitiin montajin material

xiisusiyyatlori kasilmoz olaraq bir faza komponentindon digorine doyissin [55].



Qeyri-bircins cismlorin todqiqgindo osas yanasmalardan biri materialin
elementar funksiyalarla (hiperbolik, eksponensial, xotti, kvadratik vo s.) ifado
edilon mexaniki xassolora malik olmasi forziyyosidir. Bu yanasma mexanikanin
miivafiq maosalalorinin  hollinds klassik metodlardan istifado etmaya ,qeyri-
bircinsliyi modellasdirmoaya va tohlil etmoya imkan verir. Naticads toyin edilon
analitik hallor bir ¢ox hallarda daha miirokkob moasalalaorin halli ii¢iin istinad kimi
qabul edils bilor. Material xassalorinin elementar funksiyalar soklinds verilmasi
geyri-bircins cisimlarin doqiq tohlili liglin genis imkanlar agir.

Ortuklor vo 16vholor miihondis qurgularinda genis istifado edilon
konstruksiyalardir.Ortiiklor  nazoriyyasi miiasir mexanikanin  nazikdivarl
konstruksiyalarinin  hesabat iisullarin1 isloyib hazirlayan sahosidir.Ortiiklor
nazariyyasindo qeyri-bircins Ortiiklorin todqiqi xilisusi yer tutur. Qeyri-bircins
ortiikklorin deformasiyas1 zamani bas veron miirokkob proseslor miioyyon
forziyyalor osasinda miixtalif totbiqi nozoriyyslorin yaranmasina sobab olur.

Qeyri-bircins ortiiklor {iglin mdévcud totbiqi nozoriyyolorin totbiq olunma
oblastlarinin 6yronilmasi , yeni daha doqiq totbiqi nozariyyalorin yaradilmasi geyri-
bircins ortiiklarin elastikiyyat nozariyyasinin tigdl¢iilii tanliklori asasinda tadqiqini
zoruri edir.

Qeyri-bircins ortiiklorin garginlik-deformasiya vaziyyatinin tohlili ilo alagadar
bir ¢ox masalalar yalniz elastikiyyot nozoriyyasinin tonliklori asasinda korrekt hall
edilo bilor. Qeyd edok ki, geyri-bircins Ortiiklorin elastikiyyot nozoriyyosinin
tonliklori osasinda Oyronilmasi onlarin mexaniki vo hondast strukturlarini daha
adekvat sokildo nozora alir. Qeyri-bircins Ortliklorin elastikiyyat nozariyyasi
tonliklori osasinda todqiqi bir ¢ox riyazi ¢atinliklorlo baghdir. Lakin bu fiziki
noqteyi nazordon yeni keyfiyyat vo komiyyat effekti yaradir.

[55,90]-da geyri-bircins elastiki cisimlarin tadqiqi sahasinds olds olunan osas
naticolorin  xtilasosi verilir, qeyri-bircins elastiki cisimlor {iglin  mdvcud
todgigatlarin inkisaf tarixi nazardon kegirilir, istifade olunan analitik, adodi-analitik

tisullar saciyyalondirilir.



Kasilmoaz geyri-bircins cisim iigiin elastikiyyot nozariyyasinin asasiari [32] —do
sorh edilib. [37]-do iso elastikiyyat nozoriyyesinin sado {i¢olgililii masalaloring
baxilib.

Sfera tliglin elastikiyyat nozoriyyasi mosalasinin  todqiqine ¢oxlu sayda elmi
islor hosr edilib. Ik dafa sfera iiciin elastikiyyat nozoriyyasi mosalosi Sen-Venan
torofindon Gyronilib [35,77]. [22]-do elastikiyyat nozoriyyasi tonliklori asasinda
sfera liglin Sen-Venan monada sorhad sortini 6doyon timumi hall alinib vo sferanin
gorginlik-deformasiya voziyyati tadqiq edilib. [18]-do elastikiyyat nozoriyyasinin
tonliklori osasinda kicik qalinliqli izotrop sfera iiglin bircins hollor qurulub.
Elastikiyyat nozariyyasi tonliklori asasinda alinan asimptotik hallorin komakliyi ilo
bir ¢ox totbiqi nozariyyalorin doqiqliyi dyranilib. Kicik qalinligh sferanin tigol¢iilii
asimptotik noazariyyasi verilib. [33]-do galin sfera {iglin oxa nazoron simmetrik
masala tadqiq edilib va bircins hoallor qurulub. [17]-ds orta lay1 yumsaq olan tiglayl
sferanin ti¢olgiilii gorginlik-deformasiya voziyyati asimptotik vo adadi tisulla tohlil
edilib. [6,7,10,46]-da novbaloson bork vo yumsaq laylardan ibarat radial ¢oxlayli
sfera ticlin burulma mosalasi dyronilib. Zaif sénan sarhad 1ay1 xarakterli hallorin
varlig1 vo Sen-Venan prinsipinin ¢oxlayli sfera {i¢iin klassik qoyulusunun dogru
ola bilmomasinin miimkiinliiyii gostarilib. [54,58,59,79,84-87,94]-d> radial geyri-
bircins sfera tiglin odadi Vo analitik tisullarin totbiqilos ti¢olgiilii masalalora baxilib.

[19,20,29,40-42]-do qalinliq boyu geyri-bircins 16vhalorin riyazi nazariyyasi
verilib. [40]-da asimptotik tsullarin totbigilo radial qeyri-bircins silindr va
pyezoelastiki materialdan olan 16vha tigiin {i¢ol¢iilii masalalor 6yranilib.

[2,4]-da bark voyumsaq laylardan ibarat radial geyri-bircins silindr ti¢lin geyri-
bircins va bircins hollor qurulub. Ugdlciilii garginlik-deformasiya vaziyyatinin
tohlili naticasinda ¢oxlayli silindr ii¢liin burulma vo dartilma-sixilma totbiqi
nozariyyalari verilib. [3]-do doyison qalinligh geyri-bircins izotrop konik ortiik
iciin elastikiyyat nozoriyyasi masalasina baxilib va doyisoan qalinligli konik
ortiiylin gorginlik-deformasiya voziyyatinin xarakteri miioyyon edilib. Ortiiyiin
icolgiilii garginlik-deformasiya vaziyyatini hesablamaga imkan veran asimptotik
diisturlar alinib. [5,8,9,27,28,44,45,47,53,73]-do radial geyri-bircins silindr iigiin
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elastikiyyat nozoriyyasinin masalalori asimptotik tohlil edilib. [49]-da radial geyri-
bircins kigik qalinliqli transversal-izotrop silindr iiclin asimptotik inteqrallama
tisulunun totbiqi ilo elastikiyyat nozariyyasinin oxa nazoran simmetrik mosalasing
baxilib. Ciddi anizotropiya halinda bazi sorhad lay1 xarakterli hallorin sénmadiyi
va silindrin oturacaqlarindan onun daxilino dogru yayilaraq gorginlik-deformasiya
voziyyatini oturacaqlardan uzaq mosafodo doyiso bildiyi gostorilib. [14] geyri-
bircins kigik qalinliqli transversal-izotrop konik Ortiiyiin gorginlik-deformasiya
voziyyatinin elastikiyyat nozoriyyosinin tonliklori asasinda asimptotik inteqrallama
isulu ilo tohlilino hasr edilib. [15]-do doyison qalinligli geyri-bircins transversal-
izotrop dairovi 1ovhanin gorginlik-deformasiya voziyyoti Gyronilib. Transversal-
izotrop qeyri-bircins  16vho {i¢lin bircins hoallin yayilan hoall vo sarhad layi
xarakterli hoallin comindan ibarat oldugu gostorilib. [11,48,52]-do radial geyri-
bircins kigik qalinliglt transversal-izotrop sfera iiclin asimptotik integrallama
tisulunun totbiqi ilo elastikiyyat nazariyyasinin 0xa nazaran simmetrik mosalalori
todqiq edilib.

Asimptotik dsullarin totbigi ilo geyri-bircins Ortiiklor {igiin elastikiyyot
nozoriyyasi  masalolorinin  holli ilk dofo A.Byuffler, K.Fridrixs, R.Dressler,
[.1Vorovig, Y.A.Ustinov, A.L.Qoldenveyzer, Q.S.Sapiro, V.A.Lomakin,
M.F.Mehdiyevin islarinds yerins yetirilib [21].

Sonlu oOlgiilii elastiki cismlor iiclin elastikiyyat nozoriyyasi mosalalorinin
hallinda bircins hallar iisulu xiisusi rol oynayir.Bu tsulun [16,18-21,40,80-82]-do
silindr,sfera,konus va 16vha tgiin elastikiyyat nozoriyyasi  masalalarina totbiqi
verilib.

[81]-do silindrin  yan sathi gorginliklordon azad oldugda, yan sath
baglandiqda, yan sothdo bircins qarisiq sorhod sortlor1 verildikdo elastikiyyot
nozoriyyosinin oxa nozoran simmetrik dinamik masaslalori aragdirilib. Bircins hallor
qurulub vo tezliyin miixtalif qiymatlorinde gorginlik-deformasiya vaziyyastini
hesablamaga imkan veron asimptotik ifadolor alinib. Oturacaglarda miioyyon
sorhad sotlori verildikdo homin sorhad sortlorini doqiq 6dotmoyo imkan veron
timumilogmis ortoqonalliq sortlori toyin edilib.Silindrin sorbast rogsi mosalosing
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baxilib. Kicik qalinliqlt sferanin macburi vo sorbast raqsi masalslari hall edilib.
Kigik qalinligli konik oOrtiik {ciin elastikiyyat nozoriyyssinin osas sorhod
masaloalori bircins hollor tisulu ilo dyronilib.

[82]-do transversal-izotrop silindr iiciin elastikiyyot nozoriyyosinin statik vo
dinamik mosalolori todqiq edilib. Alinmis asimptotik hollor osasinda silindrik ortiik
icin movcud olan bir sira totbiqi nozoriyyalorin totbiq olunma oblasti miioyyan
edilib. Kicik qalinligh transversal-izotrop sfera vo konus iiglin elastikiyyot
nozariyyasi masalalorinin  doqgiq vo asimptotik hallori qurulub, gorginlik-
deformasiya vaziyyastinin xarakteri miioyyan edilib.

[76]-da qeyri-bircins anizotrop silindr ii¢clin Almansi-Micel masalasi odadi-
analitik Usulla todqiq edilib. [66]-da Yunq modulu radial koordinatdan asili,
Puasson omsali iso sabit olan izotrop silindr {iciin klassik Lame masalosinin
analoqu nozordon kegirilib. [68]-da silindrik anizotropiyaya mailk ¢oxlayl silindrin
oyilma deformasiyasi masalasina baxilib. [69]-da verilmis geyri-bircinsliya malik
ortotrop silindrin gorginlik-deformasiya voziyyoti Oyronilib. [88]-do elastiki
modullar1 radiusdan qiivvot funksiyasi soklindo asili olan geyri-bircins
pyezoelastiki silindr {i¢iin imumilogmis miistovi masalonin doqiq halli qurulub.

[63]-do radial geyri-bircins silindr iiglin elastikiyyat nazariyyasinin ti¢olgiili
mosalasi diskret ortoqonallasdirma {isulu ilo odadi hall edilib. [64]-do splayn
kolokasiya vo sonlu elementlor iisullart osasinda radial geyri- bircins silindrin
icolciilii goarginlik-deformasiya voziyyati oyronilib vo alinan odadi naticalor
miiqayisa edilib.

[72]-do radial qeyri-bircins ortotrop silindrin burulma masalasine baxilib.
[92]-do miintozam daxili tozyige moruz qalan radial geyri-bircins silindrin
gorginlik-deformasiya voziyyati tohlili edilib. [95]-do Yung modulu radiusa
nozaran eksponensial ganunla dayison geyri-bircins silindr {igiin elastiklyyat
nozariyyasi masalasi dyranilib.

[91]-do radial geyri-bircins silindr {igiin elastikiyyat nozoriyyasinin oxa
nozaran simmetrik masalasinin diiz inteqrallama tisulunun tatbigilo analitik halli
alinib.
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[67,70,71,75,89,96]-da radial qeyri-bircins silindr {i¢iin termoelastikiyyat
nazariyyasi masalalori analitik vo odadi tisullarla todqiq edilib.

[24,26,30,38,56,65,74,78,83,93]-do  ¢oxlayli miihitdo elastiki dalgalarin
yayilmasi masalalori yranilib.

Isin magsadi. Elastiki modullar1 radiusa nozoran xatti ganunla doyison radial
geyri-bircins kigik qalinligli sferanin yan sothindo miixtalif sorhad sartlori
verildikdo elastikiyyat nozariyyasinin oxa nazaron simmetrik masalalorini todgiq
etmok; radial geyri-bircins sferanin gorginlik-deformasiya voziyyatinin xarakterini
miiayyan etmok.

Elmi yenilik. Dissertasiyada alinan asas noticalor asagidakilardan ibaratdir:
-Kigik galinligh radial geyri- bircins sfera {igiin elastikiyyat nazariyyasinin oxa
nozoron simmetrik mosolosi todqiq edilmis, qeyri- bircins vo bircins hallor
qurulmusdur. Sferanin yan sothi goarginliklordon azad oldugda birincs hallin
yayilan, sado sorhod effektli xarakterli vo sarhad lay1 xarakterli hallarin comindan
ibarat oldugu gostorilmisdir. Homin hoalloro uygun gorginlik -deformasiya
voziyyatinin xarakteri mioyyon edilmisdir. Sferanin dgolcili  gorginlik -
deformasiya voziyyatini hesablamagq iigiin asimptotik diisturlar alinmigdir.

-Sferanin yan sathi baglandiqda va yan sathds bircins qarisiq sarhad sartlori
verildikda baxilan masalalarin bircins hollorinin yalniz sorhad layr xarakterli
halldan ibarat oldugu miioyyon edilmisdir.

-Radial qgeyri-bircins ki¢ik qalinlighh sfera {glin burulma masalasi
Oyranilmisdir. Sferanin yan sathi garginlikdon azad olduqda bircins hallin yayilan
Vo sorhad layr xarakterli hollorin comindon ibarat oldugu gdstorilmigdir. Sferanin
yan sathi baglandigda isa burulma masalasinin yalniz sarhad lay1 xarakterli hallo
malik oldugu alinmusdir.

-Radial geyri- bircins kigik galinligli sferanin burulma ragsi masalasi tadgiq
edilmisdir. Sferanin galinligin1 xarakterizo edon parametrin kicik qiymatlorinds
dispersiya tonliyinin koklori arasdirilmig, homin kokloro uygun yerdoyismo Vo

garginliklor ti¢lin sads asimptotik diisturlar alinmisdir.



Tadqiqatin iimumi metodikasi. Todgiqatin metodikast bircins hallor
tisuluna, elastikiyyot nozoriyyasi tonliklorinin asimptotik inteqrallanmasi tisuluna,
xiisusi toramoali diferensial tonliklor sisteminin togribi hall iisuluna asaslanir.

Nazari vo praktiki ahamiyyati. Bu is nozori ohomiyyat kosb edir.
Yerdoyismoa vektorunun vo gorginlik tenzorunun komponentlori {i¢iin alinan
asimptotik diisturlar vasitasilo radial geyri-bircins sferanin gorginlik -deformasiya
vaziyyatini talob edilon dogigliklo hesablamaq miimkiindiir. Alinmis hallor vasitasi
il sfera ticlin movcud olan miixtalif totbiqi nazariyyalorin totbiq olunma oblastin
giymatlondirmok, radial geyri- bircins sfera iiglin daha dogiq totbiqi nozariyyalor
qurmag olar.

Isin aprobasiyasi. .Dissertasiyanin noticolori “Riyaziyyatin nozori va totbigi
problemlori” Beynslxalq konfransinda(Sumqaylt,2017) , 1* international science
and engineering conference ( Baku ,2018 ) Beynolxalq konfransinda, XXXIX
International Scientific =~ Practical conference “Advances in Science and
Technology (Moskva,2021) Beynolxalq konfransinda, “Riyaziyyatin nazori va
totbiqi problemlori” Beynolxalq konfransinda (Sumgqaylt,2021),Azarbaycan Dovlot
Iqtisad Universitetinin “Riyaziyyat vo statistika” kafedrasmin elmi seminarinda
moaruzas edilib.

Dissertasiya isinin yerino yetirildiyi taskilatin adi. Dissertasiya isi Ganca
Dovlot  Universitetinds yerins yetirilmisdir.

Isin qurulusu vo hacmi. Dissertasiya isi giris, iki fasil, naticalor va istifado
olunan adobiyyat siyahist va alavalordon ibarat olmagla 125 sohifo hacmindadir.
Dissertasiyada 1 sayda sokil, 10 sayda qrafik, 96 adda adobiyyat mévcuddur.

Birinci fosildo kigik galinlighh radial qgeyri bircins  sferanin asimptotik
nazariyyasi sarh edilib.

1.1-ds 0, 7 polyuslarinin daxil olmadig1 va elastiklik modullar1 radiusa nozoron
xotti qanunla doyison radial geyri-bircins sfera tigiin sorhad masolasinin qoyulusu
verilir. Forz edilir ki, sferanin yan sothi yiikdon azaddir vo onun oturacaqlarinda

(konik kasiklordo) iso sferani tarazliqda saxlayan sorhod sortlori verilir.



1.2-do tarazliq tonliklorinin sferanin yan sothinds verilmis bircins sorhad
sartlorini 6doyan doaqiq halli vo xarakteristik tonlik qurulur.

1.3-do sferanin qalinhi§in1 xarakterizo edon parametrin kigik qiymaotlorindo
xarakteristik tonliyin koklorinin asimptotikasi toyin edilir vo homin koklors uygun

asagidaki li¢ qrup bircins hollor miioyyan edilir:

1) ut) = B(cos@ In (ctg g) —1), (0.1)
. . 0
uld = —B(sm@ln(ctg Ej+ctgt9], (0.2)
2) up?(p.0)= ZE,u;f)( p.0), (0.3)
ug” (p,0)= ZEu(”( 0) (0.4)

3 0:0)= {H‘{_ 2(G:o+ 40)” _2(2G/010+ zo)ﬁg"pz)m(gz)}mj(e)’

uézj) (,0,0): 5|:_p+ ZGO +3ﬂuo 1 +O(8):|mj(9),

2(GO+/10)ﬁ02j
3)
a) u§(p,0)= ZD u§?(p.0) (0.5)
ug(p,0)= ZDk ug?(p,0), (0.6)
burada

(3 Y(0,0) =76 [((Gy + Ao JroChyoy +(2Go + A0 )sh 7oy Jsh(ou0) -
- (Go + ﬂo)VOkPSh 70kCh(70k,0) + 0(5)]mk @),

uis? (p, 0)= 5[((60 + 20 )70k —Goshyo Jeh(yo0)—
—(Gy + A7 oshyacsh(yoe) + O(&) Im; (6),

Yox -lar
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Sh(27/0k )+ 2y0k =0

tonliyinin halloridir.

b) B2 (p,0)= ZF.uE,?”( p.0) (0.7)

U2 (p,0)= iF.u(“)( p,0), 0.8)

burada
U(p?'z) (0.0)=74 [((Go + 20 )aiSh 7o, +(2G, + 4 )chyg; Jeh(ygi ) -
(G + 40 )i chyish(yi.0) + O(e) m; (6),

ui? (p,0)=l((Go + 40 Jraishroi — GoChy g Jsh(yoi0) -
= (Go + 2 Jproichyaich(ygi0) + O(e) i (6),
Yoj-lor

sh(2y4i) — 274 =0,

tonliyinin halloridir.

1.4-do (0.1), (0.2), (0.3), (0.4), (0.5), (0.6), (0.7), (0.8) hollorinin xarakteri
mioyyon edilir. Gostorilir ki, (0.1), (0.2) yayilan halldir. Bu holloro uygun
gorginlik voziyyoti sferanin @ =const kosiyindo tosir edon gorginliklorin P bas
vektoru ilo ekvivalentdir. (0.3),(0.4) sorhad effekti xarakterli holldir. (0.3),(0.4)
haline uygun gorginlik voziyyati Ortiiklorin totbiqi nozoriyyssindaki sorhad
effektini miioyyan edir. (0.5)-(0.8) halli sorhod lay1 xarakterino malikdir. Sorhad
lay1 xarakterli hallor sferanin oturacaqlarinin (konik kasiklarin) atrafinda lokallasir.
Bu hollarin birinci haddi geyri-bircins 16vhalor nozariyyasindoki Sen-Venan sorhad
effektino ekvivalentdir. Qeyd edok ki, sarhod lay1 xarakterli hollor ortiiklorin heg
bir totbiqi nozariyyasinin tasvir eds bilmadiyi yeni hallardir. (0.1)-(0.2) va (0.3)-
(0.4) hollari sferanin daxili gorginlik-deformasiya voziyyetini toyin edir. (0.3)-
(0.4), (0.5)-(0.6), (0.7)-(0.8) diisturlari ilo toyin edilon gorginlik voziyyati ixtiyari

@ =const kasiyindo 0z-6ziino tarazlasandir.6 =6, (j =12) konik kasiklorinden

uzaqlasdigda (0.3)-(0.4), (0.5)-(0.6), (0.7)-(0.8) hallari eksponensial qanunla soniir.

11



Toyin edilon yayilan , sado sorhod effekti xarakterli vo sorhod layr xarakterli

hallorin

4 0
up(pi6) =y + 3By (p160)+ 3 DU (0i6)+ ZF.U‘“’( pi0) (09
j= =

u9<p;e>=us>+iEu<z><,>i U (p0)+ S FUSA(p10),  (0.10)
j=1 k=1

i=1
comi baxilan masalonin timiimi hallidir.
(0.1), (0.2)-yo daxil o1an B sabiti € =const kasiyindos tosir edon gorginliklorin P
bas vektoru ila

B (0.11)
47G,sh(2¢)

boraborliyi vasitasilo toyin edilir.

1.5-do sferanin oturacaqlarinda ( konik kaosiklords) verilmis sorhad sortlarinin
0dadilmasi mosalasing baxilir. Naticads (0.9), (0.10)-a daxil olan sabitlorin toyini
liclin geyri-bircins 16vholor nozoriyyssindon molum olan sonlu vo sonsuz xotti
cobri tonliklor sistemi alinir.

1.6-da asimptotik inteqrallama tisulunun birinci iterasiya prosesino asason
tarazliq tonliklorinin sferanin yan sothinds verilmis geyri-bircins sarhad sortlarini
6dayan xiisusi halli qurulur.

1.7-ds yan sathi baglanmis qeyri-bircins sfera {igiin elastikiyyat nazariyyasinin
oxa nozoron simmetrik mosalasi Oyranilir. Bircins va geyri-bircins hallor qurulur,
gorginlik-deformasiya voziyyatinin xarakteri miioyyon edilir.

1.8-do yan sothindo garisiq sorhoad sortlori verilmls geyri-bircins sfera {i¢lin
elastikiyyat nozoriyyasinin oxa nazaran simmetrik masalasi tadqiq edilir. Gostarilir
ki, sferanin yan sothindo bircins qarisiq sarhad sortlori verildikds toyin edilon hall
sorhod lay1 xarakterino malikdir.

1.9-da yan sothi gorginliklordon azad,oturacaglarinda iso qarisiq sorhad sorti
verilmig sfera liclin elastikiyyst nozoriyyasi masslosing baxilir.Betti teoremina
osason Umumilosmis ortoqonalliq sorti miioyyon edilir vo sferanin oturacaglarnda

verilmis sorhod sortlori doqiq 6dadilir.
12



1.10-da materialin qeyri-bircinsliyinin  gorginlik-deformasiya voziyystino
tosirini giymotlondirmok mogsadilo kicik galinligh radial geyri-bircins vo bircins
izotrop sfera ti¢clin masalo adadi hall edilir. Radial geyri-bircins va bircins izotrop
sferalar iiglin alinan naticolor miiqayise edilir. Qeyri-bircinsliyin gorginlik-
deformasiya vaziyyatino tasiri giymatlondirilir.

Ikinci fasildo radial qeyri-bircins kigik qalinliglt sferanin burulma mosalosi
Oyranilir.

2.1-do yan sothi yiikdon azad olan , oturacaglarinda iso onu tarazligda saxlayan
sarhad sortlorinin verildiyi radial geyri-bircins kicik qalinligli sferanin burulma

masalasi Oyranilir. Asimptotik tahlil naticasinde

1 ul(p;0) =Cpe? (%sin Oln (ctg Z(gﬁ +ctg 6’} (0.12)

2.u?(p;0) = z e 8(1“’){45|n(—(1 p)j——cos(—(l p)ﬂm @),  (0.13)

n=1
bircins hallori alinir.

Gostorilir ki, (0.12) holli yayilan hoalldir vo sferanin daxili gorginlik-
deformasiya vaziyyatini toyin edir. Bu hallin toyin etdiyi gorginlik vaziyyati

@=const kosiyindo tosir edon gorginliklorin M burucu momentilo

bur.

miitonasibdir. (0.12) halli sferanin daxili gorginlik-deformasiya vaziyyatini
mioayyan edir. (0.13) hallina uygun gorginlik vaziyyati sorhad lay1 xarakterino
malikdir vo onun asimptotik ayrilisinin birinci haddi qeyri-bircins 16vhalor

nazariyyasindaki Sen —Venan sorhad effektina ekvivalentdir. 6=6; (j=12)

konik kasiklorindan tizaglasdigda (0.13) halli eksponensial ganunla soniir.

Burulma masalasinin timumi halli (0.12),(0.14) hallarinin comindan ibaratdir:

u,(0;0)=Cse? (%sin 6In (ctg Z@D + ctg 9) +

+Ze 5(1“’){4sm(—(1 p)j—@cos(—(l p)ﬂm 9),

=1

(0.14)
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2.2-do yan sothinds ikinci nov sorhod sorti verilmis radial geyri-bircins kigik
qalinlighh sferanin burulma masolasi Oyronilir. Bircins va qeyri-bircis hallor
qurulur. Yan sothi baglanmis sfera {igiin sorhad lay1 xarakterli

u,(p;0) = kilZe_g(’”l) Sin(? Q- p)jm'n (0), (0.15)

halli tayin edilir. Gorginlik-deformasiya voziyyastinin xarakteri miioyyon edilir.

2.3-do elastiki modullar1 radiusdan asili ixtiyari kosilmoaz funksiya olan yan
sathi garginliklordon azad sferanin burulma masalosi todqiq edilir.

2.4-do do elastiki modullar1 radiusdan asili ixtiyari kosilmoz funksiya olan yan
sathi baglanmus kigik galinligli sferanin burulma masalasi 6yranilir.

2.5-do yan sothi yiikdon azad radial geyri-bircins kigik qalinlighh sferanin
burulma rogsi dyraniiir. Masalonin doqiq halli qurulur. Yan sothdo verilmis bircins
sorhad sortlorinin 6dodilmasi naticosindo

Nz,Q, 1, p,) = 4L(j;2)7 (Qp;Qp,) - ZQ[plL(j% (Qoy;Qp,) +
4

74—
4

(0.16)

+ P2 L("%+7 (Qp1:Qp, )] +Q°pip, L(l%zli+7 (Qp1;Qp,) =0,
4 4

dispersiya tonliyi alinir. £ -0 oldugda Q=0() vo Q-—>o sortini 6doyan
tezliklor tigiin (0.16) dispersiya tonliyinin koklorinin asimptotikast vo hamin
koklara uygun hallar ii¢lin asimptotik ifadalor tayin edilir.

2.6-da yan sothi baglanmis radial geyri-bircins kigik galinligli sferanin burulma

rogsi mosalosing baxilir. Yan sothds verilmis bircins sorhad sortlorinin

o0dadilmasindon alinmis

L(O;CZ)) - (Qp;Qp,) =0, (0.17)

|22+
4

dispersiya tonliyinin koklori asimptotik tohlil edilir. Alimir ki,e —0 olduqda

Q—> o (& —const) sartini 6dayan tezliklor ti¢lin dispersiya tonliyi yalniz

Z, = %km(g) (0.18)
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koklarinag malikdir.Homin kokloro uygun yerdoyismo Vo gorginlik tenzorunun

komponentloari {igiin asimptotik ifadslor qurulur.
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FOSIL |

RADIAL QEYRI-BIRCINS SFERA UCUN ELASTIKIYYOT
NOZORIYYOSININ OXA NOZORON SIMMETRIK MOSOLOSININ
ASIMPTOTIK TOHLILI

1.1.Radial geyri-bircins sfera iiciin sarhad mosalasinin qoyulusu

Radial geyri bircins izotrop sfera iiciin elastikiyyat nozariyyasinin oxa nazaran
simmetrik mosolosino baxaq. r,d,¢ sferik koordinat sistemindo sferanin malik
oldugu oblast1

C={relnl0el6:6,], pe024]}
ilo isara edok. Forz edok ki, 0 vo 7 polyuslar1 baxilan sferaya daxil deyil (sakil 1).
r,0,¢ sferik koordinat sisteminds tarazliq tonliklor sisteminin ifadssini yazaq

[34]:

oo, loo,, 1
ar” e 6; +=(20,, —0,, =0y +0,,Ct90) =0, (1.1.0)
oo,, loo, 1
arm r 5999 + B +(009 = 0, 106) =0, (112)
ooy, 100, 1
o+t Ty (0 T 20,0190) =0. (1.1.3)

(1.1.1)-(1.1.3)  tonliklorina daxil olan 0y,0,0,,,04,0;,, 0 —gorginlik
tenzorunun komponentlori yerdoyismo vektorunun U, =u_(r;8),u, =U,(r;8),

u, =u,(r;0) komponentlorilo asagidaki qaydada ifads edilir [34]:

o, A oV
=(2G+A)—+Z| 2v, +v,ctgf+—2 |, 1.1.4
O-rr ( )ar r( r 0 g 6(9) ( )

LoV, —V—"+6V"j, (1.1.5)

ro6 r  or
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owf:ﬂG+ﬂﬁ%+ﬂ{@i+i?;j+@6+l)ﬁ0@9 (1.1.6)

or
a%_z%i QG+@1%%+1—4@9+aG+@ (1.1.7)
o, Y,
,=G|Ze_2| (1.1.8)
or r
v,
o —9 —2 vy ,Clgo | (1.1.9)
0 00

Forz edok ki, elastiklik modullari radiusa nozoran xotti ganunla doyisir:
G(r)=G.r, A(r) = A.r (1.1.10)
(1.1.4)-(2.1.9)-u (1.1.1)-(2.1.3)-do yazib (1.1.10)-nu noazars alaq:

( 2 2
(2G. + )| 1 oV +38V +(G. + 4) Oy +%ctge +
or? or ogor or
G.[d%, ov, ov,
+T[892 +¥Ctgg—3V9Ctgg—3£—4VrJ20, (1111)
2
G| r2Ve 3% _(octg7g4 @ MCCR) etm96V9—
aor? or r 00 06?
A (5G, +24.) o, (1.1.12)
5Vt =0.
rsinéo r 00
v, 3(ov, v 1(0%, ov, c0s20
P+ L2 -2+ = +—2ctgh - v, |=0. 1.1.13
or? r(@r rj rz[aez 00 9 sin?g * ( )
Forz edok ki, sferanin yan sathi yiikdon azaddir:
el =0, O, =0, (1.1.14)
a@hr:o,m:La. (1.1.15)

vo sferanin oturacaqlarinda (konik kaosiklordo) iso sferami tarazliqda saxlayan
ixiyari sarhad sortlari verilib.

(1.1.13), (1.1.15) masalasi sferanin burulmasini xarakteriza edir.
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1.2. Umumi hollin vo xarakteristik taniliyin qurulmasi

(1.1.11), (1.1.12), (1.1.14) mosalosini tadqiq edok.

Olciisiiz yeni

e \1y

P :lln(L] (1.2.1)

doyisoni daxil edok. Burada ry =11, , & :%In (r—z} p €[-11] -dir. Qeyd edok ki,
I

1
¢ sferanin qalinligini xarakterizs edon kigik parametrdir.

Yeni daxil edilmis Olciisiiz  doyisona asason (1.1.4)-(1.1.7)-nin ifadosini

yazaq

1 ou ou
G, | ou, au,
O ,=—/|—2+¢& —=—Uy, ||, 1.2.3
1 ou ou, |
G pp = ;{,10 8—; +26(Gy + Ao U, +&(2G, + Ao uyCtgl + 4, 6—;_, (1.2.4)
ou ]
Cpy = 1 Ao —L+26(Gy + Ao U, + A9U,Ctg 0 + £(2G, + /10)8“—9 . (1.2.5)
£ op 00 |
Qeyd edok ki, (1.2.2)-(1.2.5) —do
Vv ' o o o o G.r,
u :_r, u :_6’ O :i’O' :—rg’O' :—W’O' :ﬁ,G = *0,
A T T T

Ay = % —Olguistiz kamiyyatlor; t 1s9 elastiki modul 6l¢uisiine malik xarakteristik

komiyyatdir.
(1.2.1)-0 asason (1.1.11), (1.112)-tarazliq tonliklorinin yerdoyigmolorlo
ifadasi vo (1.1.14) sorhad sortlori tigiin aliriq:
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2

(2G, + 4

2 o°u, au
+&(Gy + 4g) au—actgt9+% +&°Gy| — 2+~ =
8p 060 002 00

2

ou, ou

, 0u,
G, +26G, —2 +(5G, +24y)e? —2 +&(G, + 4
op? op 00

2

ou o°u
2 [ (%
+£°(2Gy + Aq)| —=ctgh +

(26, 0)[ 00 06°

=0,

p=t1

ou ou
{(ZG0 + Ao)a—pp + gxlo(ugctg 6+2u, + a—;ﬂ

ou
op 00

(1.2.6)-(1.2.9) sarhad masalasinin hallini
u,(p;0)=a(p)m(@); u,(p;6)=d(p)m'(6)

soklindo axtaraq. Burada m(¢) funksiyasi

=0.

p=t1

m"(6) + ctgem' (6) +(22 —%jm(@) ~0

Lejandr tonliyinin hallidir.
(1.210)-u (1.2.6)-(1.29)-da yazib, (1.2.11)-i nozars alaq:

(26, + 20)(@"(p) + 26 (o) - 576, 27 42 Ja(o) -
— 5(Gy + /10)(22 —%)d'(p) +382@0(22 —%)d (p) =0,

Gy (d"(p) +26d'(p)) — & (G +(26G, mo)(z ——Dd(p>+

+&%(5G, + 24,)a(p) + &(G, + Ay)a'(p) =0,

19

ou
op ae

—uectgze]—gz(ﬂo +3G,)u, =0.

(1.2.6)

(1.2.7)

(1.2.8)

(1.2.9)

(1.2.10)

(1.2.11)

(1.2.12)

(1.2.13)



(26, + A0)a(p) + ezo(2a<p) - (zz . ﬂd (p>ﬂ

G,[d'(p) +e(a(p)—d(p))] =0.

p=tl

(1.2.12),(1.2.13) sisteminin hollini yazaq:
a(p)=e T[pe™ A+ pe A, + g™ A+ e AL
d(p) = 7[te™ A +aye ™" Ay +1,677 Ay + a8 A,
burada s, —lar

1

(2G, + 1,)G,s* —Kzz —ijeo(zeo + 1) + G, (10G, +3ﬂbo)}s2 +

2
+(22—%j Go(zcaomo)—z(zz—%jeg+ZGO(6GO+AO)=0

tonliyinin koklaridir; p, = G,s? — [22 — %)(ZGO + A9) — 2Gy;

te =—(Gp + A)s — (4G, + 4); Ok =(Gp + 4g)s — (4G, + 4);
(1.2.16),(1.2.17)-ni (1.2.14), (1.2.15) bircins sorhad sartlorinds nazars alag:

Quie ™ A + Q™A + Q8 "2 Ay +Qpne™ A, =0,
D, e A + D, ™A, + De 2 A, + D,,e%2A, =0,
Q™A + Qe A, +Qe% Ay +Qye ™2 A, =0,
D, A + D, ™A, + D,e®2 A, + D,e 2 A, =0,

burada
Dy =457 + (1, — 2G,)S, —(zz —%j(zeo + 1) + 6G, + 24,;
D, = —4S¢ + (2G, — A4)S, —(22 —%)(2@0 +Ay) +6Gy +2,;

Qu = (2G, + 1,)G,S2 + Gy (A, — 2G,)sf — [2G, (2G, + A,) +

+(z2 —%jGO(4G0 +3/10)}sk +(22 —%)4@0 (Gy + o) +2G, (2G, — 4y);

20

(1.2.14)

(1.2.15)

(1.2.16)

(1.2.17)

(1.2.18)

(1.2.19)



Qu =—(2G, + 14)GyS: + Gy (A, — 2G,)s? +[2G, (2G, + A,) +

+(22 —%)Go(AfGo +3/10)}3k +4G, (G, +/10)(22 _%)JF 2G, (26, — 4p);(k =12).

(1.2.19) bircins xatti tonliklor sisteminin geyri-trivial hallinin varlig1 {i¢tin homin

sistemin asas determinanti sifra barabar olmalidir;

Que ™ Qe Qe ™ Qe

s = D™ D,e™ Dpe ™ D,e® ~0. (1.2.20)
Q™ Qe ™ Qe® Q,e ™

ES —&S &S —&S
D™ D,e ™ D™ Dy,e™

Sonuncu barabarlikdon asagidak: xarakteristik tonlik alinir

A(2,6) = (Qy1D2; —Q;,D51) - (Q12Dy; — Q11Dy,)sh?* (£(5, +5,)) +
+(Qu1D1, —Q15D,1) - (Q11D5, — Qz;Dy4)8h? - (£(5, = 5,)) = 0, (1.2.21)

(1.2.21) xarakteristik tonliyindon hesabi sayda Z, koklori toyin edilir. Homin

koklara uygun Ay, Aoy, Ay, Ay sabitlori (1.2.20) determinantinin hor hansi bir
sotrinin uygun cobri tamamlayicilart ilo miitonasibdir. Qeyd edilon sotir olaraq
determinantin birinci satrini secok. Noticodo aliriq:
1 1 1 1
Ay :CkA(ﬁ’ Ao :_CkA(lgi Ay :CkA(li)%’ Ay :_CkA(lé)l’

burada
A = Dyy(Q15Dz5 — QpoDyp)e™ — Dpy(Qyy Dy, — QypDpp )1 2%) 4
+ Dy (Qp Dy, — Qp,Dpp)e 27,

_ -2
AS) = Dy (Q12Dy, —Q,5Dy5)e ™ — Dy, (QyyD,, — QppDyy)e™ 722 &
+D,,(Qy;Dy — QD)o 22,

—£(2
AS) = Dy (Qp D, — QpyDyy ) oP72) —

25— :

— D,y (Q11Dz5 — Qp,Dy3)e” ™ + Dy (Qy Dy — Qpy Dy )e™?;

A(llt)l = D;1(Qp:D1, - Qp Dzl)eg(sz_zsl) — Dy (Q1Dy; - Q12D11)eg(251+52) +
+ D1,(Q11D5, — QyDyp)e 2.
(1.2.21) xarakteristik tonliyinin biitiin koklori tizro comlomo aparmagla (1.2.16),

(1.2.17)-ya asason (1.2.12)-(1.2.15) sarhad masalasinin halli iigiin aliriq:
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u,(p;0) = ZCkak (P)m(6), (1.2.22)

k=1

Uy (p30) = éckdk (P)M, (6), (1.2.23)
burada

- 1 - 1 1 - 1
a,(p) =7 |pe™ Al - pe A + p,e™ AY - pre " AY]
d (p)=e"% [tleéslpA(ll% - qle_gslpA( 1+t eéssz(ll% - qze_éssz(llz)t]

Umumilosmis Huk qanununa osason gorginlik tenzorunun komponentlori {igiin

yaza bilorik:

O =7 2.Cy {(zeo +A0)ay () + ez{Zak CREEA (p)ﬂmk ©),

k=1

(1.2.24)
000 = & LCGo [ (0) + £(@(0) ~ 0y () mi (0), (1.2.25)
7 =52 ClAaai () + 260 + A2 () -

(1.2.26)
—e( ——j(ze + 20)d, (p)}mk(e) 246Gy (p)mk(e)ctge}

0

To =5 2C, {roas (0) + 26(Gy + 4)ay () -
_8[

1.3. Xarakteristik tanliyin koklorinin tadqiqi vo asimptotik hallorin qurulmasi

(1.2.27)

-hll—\

jﬂ d (pﬂmk (6) + 2:Gyd (p)mk(e)ctge}

A,(z,¢) funksiyasi ciit funksiyadir.
Teorem 1. £ >0 oldugda (1.2.21) tonliyinin koklori ¢oxlugu A(z,¢)

hesabi ¢oxlugdur vo
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A(z,€) = A (DA, (z,8) JA4(2, )

boraborliyi dogrudur:

1. A(z) goxlugu z = igkéklerindsn ibaratdir.

1
2. A,(z;€) coxlugu O[e ZJ tortibino malik dord adad kokdon ibaratdir.

3. A;(z;¢) coxlugu O(g’l) tartibino malik hesabi sayda koklardon ibaratdir.

Isbati. A (z;¢) funksiyasin1 & -na nozoron siraya ayiraq:

2
A (z2;€) = 52(s§ —sf)zslsz(z2 —%){ho +hz? +%[h226 +h,z* +

+h,z% + hsh%gz[hﬁzg +h,z° +hgz* + hyz® + h10]+....} =0. (1.3.1)

(1.3.1)-do h; =h;(G,; 4q) —dir.
(1.3.1)-don aydindir ki, z = ig adodlori (1.2.21) tonliyinin kokloridir.

Gostarak ki, (1.2.21) tanliyinin digor kokloari € — 0 oldugda oo -a yaxinlasir. Oks
halda, £ —0oldugda z, —z, # olarsa, tonliyin z, koklorinin limit ndqtelori

coxlugu

AD () = (322 —s? )2 5152((2:)2 —~ %)(ho +h (z:)z)z 0 (1.3.2)

tonliyindon toyin edilir. (1.3.2)-den ahmur ki, z, = ig VO Z, =2/~ hyh " -dir.
z, =+/—hoh* -0 trivial holl uygundur.Demoli (1.2.21) tenliyinin yuxarida toyin
edilon z = ig koklarindon basqa digor mohdud koklor yoxdur.

& — 0 oldugda oo —a yaxinlagan koklori asagidaki qruplara ayiraq :
1% &, >0 (¢ — 0 olduqda)
Tutaq ki, asimptotikanin bas hoddi asagidaki kimidir:
Z, =& “Yoi Xok =0@1) O<a<1. (1.3.3)

23



(1.3.3)-ii (1.3.1)-do yazaq:

22 hllozk n h—;z§k€4‘6a n O(max(gz_za L ghba ))=0.

1 1 1
Burada a) O<a<§; b) a:? c) §<a<l hallarma baxag.

(1.3.4)

1 1
O<a< > \£) > <a <lolugda (1.3.4)-do &£ — 0 sortilo limito ke¢dikdo alinir ki,

1
Yok =0-dir. Bu isa (1.3.3)-2 ziddir. & = > oldugda isa (1.3.4)-don

2h +318 =0
h2
barabarliyi alinir.

Zk -ni1

soklindo axtaraq.

(1.3.6)-n1 (1.3.1)-do yazdigda son naticado aliriq:

1 _ hy(8hyh; —2hyhy) T
e [ho e J(k ~1.4)

2°) &2, —const (& — 0olduqda)

Bok = Xox» P =

Zk -ni1
Z, = Yok O(e)
£
soklindo axtaraq.
(1.3.7)-ni (1.2.21)-do yazmaqla } lgiin aliriq:
sh?(2y4) — 475, =0.

(1.3.8) tonliyi hesabi sayda koklara malikdir.

3% &, > © (& — 0oldugda)

(1.3.5)

(1.3.6)

(1.3.7)

(1.3.8)

[81] —do totbiq edilon qayda ilo gdstormok olar ki, &, —>® (¢ —>0

oldugda) hali miimkiin deyil.
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(1.2.21) xarakteristik tonliyinin miixtolif koklorino uygun hollorrin

asimptotik ifadeslorini quragq:

1)
3
a) 7=——
) 2
u® =Bl coséIn ctgg -1
ul = —B(Sineln(ctg §j+ctg¢9j, (1.3.10)
o5 =o') =0, (1.3.11)
2G
- ~—=0 B, 1.3.12
“ " sin%o ( )
2G
@ _ 0
o), =— B. 1.3.13
 sin?@ ( )
b) z=—=
ut) =Mcosd; u,=-Msiné, (1.3.14)
O'Sg oly = ;2 = O'Sg =0. (1.3.15)

(1.3.14) halli sferanin miitloq bark cisim kimi horokatini xarakterizs edir.

2) pes )i+ &P+ (1.3.16)
u?(p,0)= ZE,UE,,Z)( p.0), (1.3.17)

ug? (p.0)= ZE Uy’ (p,0), (1.3.18)

o' (p.0)= ZE 7 (p,0), (1.3.19)

(2)—ZE Q¥ (p.0), (1.3.20)
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o) =ZE Qy (0, 0), (1.3.21)

o® —ZE QP (p.0). (1.3.22)

burada

ul(p,0)= {1%(— oyt ﬂc?jpz}o(ez)}mj(@),

2(Go +49 ) 2(2G, + /10)

2G,+34, 1
(2) N 0 0 0 (9),
K 2.6) ({ o 2(G, +/10)1802j ' (g)lmj( )

T;?(p,e):{z(@—”o)( 7 )z, +0s )} m, (6),

2G, + /4

G,(2G, +34y) .2 ( »
(2 _ 0 0 0 ) 1

8 (écio: ;ﬂ)b) oo? 1)+ 0(8)}% (0),

QP (5.0)-| “C ) () o),

Q(f,f)(pﬁ){ 2Cols ﬂé,—mGO(ZGO+3ﬂ°)+0(8)}mj(9)-

2G, + A, G, + 4,
3)
a) Z, =& (yo + &y +-..) (1.3.23)
u?(p,0)= ZDk u$s?(p,0) (1.3.24)
U (p,0)= i u§ (p,0), (13.25)
23’91’=ZD T$9(p,0), (1.3.26)
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31)—ZD Q% (p,0), (1.3.27)
Gé'é”—ZDkQ(“)( p.0) (1.3.28)

o = ZD QG (p,0), (1.3.29)

burada
u§?(p,0)= 1o [((Go + A 70 Chyoi +(2Gy + A sy Jsh (7o) —
Gy + & ok shyoch(yow0) + O(£) Im, (6),
u@? (0,0)=£[((Go + Ao Jrox — Goshyo Jeh(youp) -
—(Gy + Ao)orash 7o (7owo) + O(&) Imy (6),
Q" (0,0)=2Gy(Gy + 4 Jyoe " (roxch o + shyo Jeh(roe) -
— Yok S 70 Sh(yo0)+ O(&) Iy (),
T3P (0,0)=2Gy(Gy + 40 Jyow [yoxchyash(vouo) -
~ 70PN 75 Ch(yg0) + O (&) I (6),
Q%™ (p,60)=—-2G,(Gy + 4 Jyoke " [(¥orchrox —Shrox )h(rou o) —
~ 7ok P8y 2 )80 70k +O(&) Imy (6),
QS (0,0) = Aoyoe [2Gy 70 shyorch(yor ) + O(£) I ()

Yok -lariso

sh(2y/ )+ 276, =0 (1.3.30)

tonliyinin halloridir.
b) 2 =& Ny +&yy +...) (1.3.31)
5 (p.0)= ZF.u,S? ?(p.0) (1.3.32)
ug?(p,0)= ZEU‘S 2(p,0) (1.3.33)
(3 2) _ Z F,T/§,3 2(p,0), (1.3.34)
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32)—ZFQ(32(p, 6), (1.3.35)
o) = ZFQ“Z)( p.6) (1.3.36)

562 =_°'21Fngv2> (p,6) (1.3.37)
burada
U2 (p,0)=75((Go + o Jyaishyai +(2Gq + 20 Jehyg; Jeh(rgi0) -
~(Go + 40 Jraiehygish(yeip) + O(e) i (6),
u$?(p,0)=&l((Go + 4o )76ish7ei — GoChyei Jsh(x5i0) -
~(Gy + o Jorsichyach(yaio)+ Ol) i (6),
QS?(0,0)=2G4(Gy + 2 Jrae [(vashya: +chyg Jsh(yo) -
~rupthygch(yg o)+ 0(e) i (0),
T2 (0,0)= 2G4 (Gy + 4o Jyailyaish7sich(ysi) -
~ 702N 755h(75,0)+ O(e) i (6),
Q¥ (p,0)=—-2Gy(Gy + A Jygie (i 7oi — chygi Jsh(roi0) -
~ Yo N 75e(y5,0)+ O(e) I, (6),
QY2 (p,0)= Aoyee " [2Go7achyshlyy o) +O(e) I, (6),
Yoi-lor iso

sh(2y01) — 270 =0, (1.3.38)
tonliyinin holloridir.

Kigik parametrin yiiksok tortibli tdromanin qarsisinda yerlosdiyi iki tortibli
5°y"(6)-9(6;6)y(6) =0, (1.3.39)
diferensial tonliyino baxaq (burada J kigik parametrdir vo 0 < & < &, -dir). Ogor

1) § —0 oldugda q(6;5)~ qu(9)5 ¢ asimptotik ayrilisi dogrudursa;
k=0
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2) q,(0) =0(6, <0< 6,),
3) Re(67/0,(6) )2 0(5 < (0;5,))

sortlori 6denilirso, onda (1.3.39) tonliyinin asimptotik hollinin bas haddi 6 —0

olduqda
1
4 _ t
y1(¢9;5):q04(6?)exp{ 5t j JA @t + = j\/qlﬁ (1+ 0(s)),  (1.3.40)
_ t
Y,(6;5) = q04(6’)exp{ 1jq/qo(t)dt += j\/& (1+ O(s)), (1.3.41)
diisturlari ilo toyin edilir [43].
(1.2.11) Lejandr tonliyindo
y(6)
m(0) = 1.3.42
©) sind ( )
ovazlomasi aparaq. Naticads alirq:
1
"6 2 N=0 1.3.43
V() (2 s Jy(0) (1.3.43)

(1.3.16)-ni (1.3.43)-do yazib (1.3.40)-(1.3.42)-ys osason (1.2.11)-in asimptotik
hallinin bas haddi ti¢iin aliriq:

6 =6, —in otrafinda:

m, (6) = 1 ! exp{— g_% J- B2 (6-6, )}[1+ 0(82]}

Jsin6 ¢/ g2

6 =6, —nin otrafinda: (1.3.44)

1

m, (0) = L ! exp{géw/— BE(0-6, ):|[1+ o[eZD,

Jsin 0 ¢/ g2
(1.3.7)-ni (1.3.43)-do yazib (1.3.40)-(1.3.42)-yo asason £ — 0 oldugda (1.2.11)-in

asimptotik hollinin bas hoddi iigiin alirq:
6 =6, —in otrafinda:

1 1 [ 2
my (6) :WGXP[—E \/Tw(e_gl)tho(g))’
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6 =6, —nin atrafinda:

(1.3.45)

m, (6) = \/Texp[ L y2 (-6, k1+o (¢)).
k

(1.3.9),(1.3.10), (1.3.17),(1.3.18),(1.3.24),(1.3.25),(1.3.32), (1.3.33) hollorinin comi
(1.2.6)-(1.2.9) mosalasinin timiimi hallidir:

4 0 0
up(p;é?):ug)+ZEjug( ;9)+kle UG (p; )+Z£Fiu§’2)(p;9), (1.3.46)
i=1 - i=

o]

uy(p;0)=u +ZE ui (p;0)+ ZD uSH (p; )+ZF,u32)( 0.0),  (1.3.47)

(1.3.11)-(1.3.13), (1.3.19)-(1.3.22),(1.3.26)-(1.3.29),(1.3.34)-(1.3.37)  diisturlart

asasinda gorginlik tenzorunun komponentlori {i¢lin yaza bilorik:

ZE Q7 (016)+ XD (16)+ L FQL(010) (1.3.48)
:ilEJT 2(p; )+§DKT,§E’1)(/?;6’)+_wlFiT,ﬁf‘Z)(P;é’), (1.3.49)
agg—siznG°98+leE O (16)+ £D,QE (pi6)+ SFQP?(0i6).  (1350)
o= e B LEQS (00)+ £, (00)+ TFQL(0i0) (135

1.4. Bircins hallors uygun gorginlik-deformasiya vaziyyatinin tahlili

Yerdoyismo vektorunun komponentlorini

u,(p0;0)= B(cose In(ctg gj —1) + iTnan (p)m, (0), (1.4.1)
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U, (p;0) = —B(Sin 0 In(ctg §j+ ctgé?] + iTndn (p)m, (6),

n=1

soklinds ifado edok.

(1.4.2)

(1.4.1),(1.4.2)-ds ikinci toplanana (1.2.21) xarakteristik tonliyinin A,(z; &)

vo A5(z;¢) koklari coxluguna uygun hallor aid edilib.

(1.4.1),(1.4.2)-ya asaon 0,0, lclin alinq:

po?
2G, . & ) ( oyt
s B+ T.(ow (p)M, (0) + o1’ (p)m, (6)ctgb),

=1

Opp =

G0 = zTa (P)m, (6),
Qeyd edok ki,
o 0) =" 8, 0)+ 26y + )y ()~ @86 + ) 2 o)
oi? (p) =—2G,d, (p),

oo (P) = %(d'n () + (@, ()~ d, ().

(1.4.3)

(1.4.4)

(1.4.1),(1.4.2) hallilo @ =const kasiyindo tosir edon gorginliklorin P bas

vektoru arasindaki slagoni 0yranak [81,82]. Qeyd edok ki,
1
P =27 sin Hj(apa C0SH — 0Ty, SiN 0)92‘3" dp,
-1

(1.4.3),(1.4.4)-i (1.4.5)-d» yazaq:
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1 o
P:Zwsinﬁj{— 2620 Bsin 6+ > T,0,,(p)m,(6)coso —
L sincé n=1

~Y T (02 (p)m, (0) + o2 (p)m, (B)ctgH)sin e}ezwdp =
n=1

= —47G,sh(2¢)B + 27z sin eiT{}(azn (p) - (1.4.6)

n=1 1

1
-2 (p))e** dpm, (9)cosd - [ (off (p)e** dpm, (6)sin 9} -
x|

= —47G,sh(2&)B + 27 sin eiTn (yan;] (0)c0sO — 11,,m,, (@) sin 9),

n=1
burada

1
1, = [ (p)e*% dp,
]

1
ton = [ (0 (0) =2 (0) B2 dp.
-1
(1.2.12), (1.2.13) tonliklorinin hor iki torafini e?® -ya vurub, alinan boraborliklori
[-11] parcasinda inteqrallayib, (1.2.14), (1.2.15) sarhad sortlorini nozora almagla

son naticado yaza bilorik:

1
20, + (22 - ZjMZn =0

(1.4.7)
t, +u,, =0.
(1.4.7) sitemindon aliriq:
fin = g =0 (1.4.8)
(1.4.8)-i (1.4.6)-da yazaq:
P =—-42G,sh(2¢)B (1.4.9)

(1.2.21) xarakteristik tonliyinin A, (z;&),A3(Z;¢) koklori ¢oxluguna uygun
(1.3.19)-(1.3.22), (1.3.26)-(1.3.29), (1.3.34)-(1.3.37) diisturlar1 ilo toyin edilon

garginlik vaziyyati ixtiyari € =const kasiyindo 6z-6ziina tarazlasandir.
Ixtiyari € =const kosiyindo (1.3.17), (1.3.18) hollarina uygun M, -ayici

momentini vo Qs —kosi¢i qiivvosini hesablayaq :
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1
M =esind [ ol (0;0)(e? —che)e®”dp =

-1

_ssind[SE, (462(;6 ;lo)ﬁgjpm(g)jmj(e)(efp _chs)ePdp=  (1.4.10)
-1j=1
8Gy(Gy +Ay)
326, + 4y) sin HZE zojm (0)+0(e).

Q¥ = gsin HIG(Z) (p;0)e*?dp =
|

. 1s 2G, (G, + 4,
=¢sin HIUZIEJ-E[ ZOC(S 1/1 0),Bozj(l—Pz)"fo(E)}mj(e)ezgpdp: (1.4.11)

_ 864Gy +4y) o
3(2G, + 4,)

sm@ZE zojm (0)+0(e).

ixtiyari 6 =const kasiyinds (1.3.24), (1.3.25),(1.3.32),(1.3.33) hollerins

uygun M, -oyici momentini vo Qy,s —kasici qlivvesini hesablasaq naticads alirq:

M =0(e?), (1.4.12)

¥ =0(e. (1.4.13)
(1.4.10)-(1.4.13)-don aydindir ki, oayici momentin vo kosici qiivalorin bas
hissalorini (1.3.17),(1.3.18) halli toyin edir. (1.3.9),(1.3.10) yayilan hallidir.(1.3.9),
(1.3.10) hollina uygun gorginlik voziyyoti sferanin ixtiyari & =const kosiyina
totbiq edilon qiivvelorin bas vektoru ilo ekvivalentdir. (1.3.17),(1.3.18) hallina
uygun gorginlik voziyyeti oOrtiiklorin totbiqi nozoriyyesindoki sorhod effektini
miioyyan edir. (1.3.17), (1.3.18) hallari ilo toyin edilon gorginlik voziyyoti M, -
ayici momenti vo Qs —kasici qlivvasile ekvivalentdir.

(1.3.9),(1.3.10), (1.3.17), (1.3.18) hoallori sferanin daxili gorginlik-deformasiya
voziyyatini  toyin edir. (1.3.24),(1.3.25),(1.3.32),(1.3.33) holli sorhad lay1
xarakterino malikdir. Bu hollorin birinci hoddi qeyri-bircins  16vhalor
nozoriyyosindoki Sen-Venan sorhod effektino ekvivalentdir. Qeyd edok ki,
(1.3.24), (1.3.25), (1.3.32), (1.3.33) sorhad lay1 xarakterli hallor ortiiklorin klassik

Kirxof-Lyav nazariyyasinda toyin edilmoyib.
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(1.3.44),(1.3.45) diistularindan alimr ki, 6=86; (j=12) konik kosiklorindon
uzaglasdigda  (1.3.17),(1.3.18),(1.3.24), (1.3.25), (1.3.32),(1.3.33) hollori

eksponensial qanunla soniir.
Qeyri bircins sferanin gorginlik-deformasiya voziyyoti yayilan holl, sado

sorhad effekti xarakterli vo sorhod lay1 xarakterli hallorin comindon ibaratdir.

1.5. Kicik qalinhqh geyri-bircins sferanin oturacaqlarinda verilmis

sorhad sartlorinin 6dadilmasi.

Forz edok ki, sferanin oturacaqglarinda ( konik kasiklordo)
Ge@‘ezen = f1.(0), 0,09‘0:0[] = o (p) (1.5.1)

sorhad sortlori verilir.

Qeyd edok ki, f, (p), f,,(p)(N=12)

1
27esin, [ (f,(p)cosé, — f,,(p)sin 6, )e’Pdp =
N . (1.5.2)
=27sin@, [ (f,,(p)cosd, — f,(p)sin 6, )e**dp,
-1

tarazliq sortini 6doyan vo £ -na nazoron O(l) tortibino malik hamar funksiyalardir.

(1.4.9)-a asason B sabitinin P bas vektoru ilo ifadasi

B~ (15.3)
47G,sh(2¢)

diisturu ils toyin edilir.

(1.4.1),(1.4.2)-ys daxil olan T, sabitlorini toyin etmok ii¢iin Laqranjin variasiya

prinsipindon istifads edok [34,81,82 ]. (1.4.1),(1.4.2) hallori tarazliq tonliklorini vo
yan sothds verilmis (1.1.4) bircins sorhad sortlorini 6dadiyine asason, Laqranjin
variasiya prinsipi ti¢lin yaza bilarik [81,82]:

2 1
> [log — f15 (), + (00 — o) (p))&p]‘ezgjezapdp 0. (1.5.4)

j=11
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(1.4.1)-(1.4.4)-t (1.5.4)-da yazib oT -i asili olmayan variasiya

hesab etmoklo (1.5.4)-don asagidaki sonsuz xotti cobri tonliklor sistemi aliriq:
> 9,Tc =7 (i=L) (1.5.5)
k=1

Burada

1 2
g = [o (p)d; (p)ezgpdp[ka(en m; (@, )]+

-1 n=1

: 2
v o (o) (p)e? dp(Z i (6, ' (6, Xt ) .
-1 n=1

+ [oa (p)a, (p)ezﬁ‘l’dp(zz‘im';(@n m; (6, )j

)= £ 0] 008, 0o, 0] 03,0067 00|

f (p)=f + .
1n(/3) 1n(/0) 5 rsin’ Osh2e

(1.5.5)-in sag torofindo yerloson ifado miioyyan sortlori 6dodikds (1.5.5)
sonsuz xotti cobri tonliklor sistemi holl oluna bilondir.

(1.5.5) sisteminin asimptotik hollini quraq.(1.3.19), (1.3.21)-0 osason

1
0'/()? = 0[82 ], o' = O(1)-dir . Konik kesikds verilmis f,,(p)-nu

fon(0)= £ 4+ £02), (1.5.6)

soklinda gostarak. Qeyd edok ki, (1.5.6)-da

1
fa) = [fon(P)dp, 52 = f,(0)— £ (n=12) —dir. (15.7)
-1
(1.3.19)-a asason

1 ) 14 )

J-O',Eaa) dP:J-ZEjT,éj)(P;H) dp =

-1 0=6, 1j=1 o=,
13 2(G, + ) .

= [YE.g| =222 g2 (1- p*) +0(g)|m’ (6,)dp =
J‘ljz—‘i J({ 2G, + 4, Foill=7) (6)} i(Gn)de
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4

=1 2G, + 4
_ey g | 8Go+ ) po 11
_81221E1{3(260+zo)ﬂ01+0( )}\/sm@ Ny

= ZgEj j‘{Mﬂozj 1-p%) +O(g):|dpmlj(0n) =

VB 1 N 8Gy+4) e
(_ —Ectgen][l+0 ¢ D 3(2G, + Ay 1/Sln9

(1.5.8)-0 asason

f c?

1
dp = 0[82 J
0=0,

1
dp—O[sZ} (n :1;2)
0=0,

(1.5.7),(1.5.9)-a asason aliriq:

fan = I fan(0)dp = I o)

P =00, (n=12)
Namolum E; (] =14) omsallarini

soklindo axtaraq.

(1.5.10),(1.5.12)-1 nozars almagqla (1.5.12)-ni (1.5.5)-ds yazaq:

0 —

lekEkO =70, (1=14),

k=1

burada

sing, sing,

Ijk:[ -1 - -1 ]B(GOJF%) 'BOZk (\/_ﬁozk_\/_ﬁoszo)

3(2G, + 4,) 4,ﬂ02j1802k

=3 { ("5 | fln(p)[zz(‘f3 £

\/ s kl\/sme
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(1.5.8)

(1.5.9)

(1.5.10)

(1.5.11)

(1.5.12)

(1.5.13)
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(1)

f, = lim \/_ :
Namolum D, , F, omsallarini
Dy =&(Dyy + €Dy +...), (1.5.14)
F=e(F+eq+...) (1.5.15)

soklindo axtaraq. (1.5.5)-0 osason yaza bilorik:

ZMK,Dko—r (i=12..) (1.5.16)

1 1
M D = 2G, (G, + = ok
ik = 2G0(Co + ) sing, sing )4y242,

1
X <7’0j N j[70k0h70k5h(7/0k,0) — Yok PN Yok (7o 0) ] X
|

<{(Gy + A0)70iChyoj + (2G, + Ag)sh g ]Sh(7o,-p) —(Go + 40)70; PN 74 Ch(7o,-p)}><

1
xdp = 7ok \ " 70j I[(VOkChﬂfOk _5h70k)0h(70k,0)—70kP5h(70k,0)5h70k]x
e

X {[(Go +49)70;Chyo; _GoShVOj]Ch(J/oJ‘P)—(Go +/’LO)70jpSh7/OjSh(7ij)}dp >;

W<( i FV_;‘ [ £ (oGo + 20)7056N76; — Goshrg; EN(ro;0) -
2

— (Go + o), 25N (10, 2)sN 70, Jp + 7r’ T £ () Go + Zo)7osch70; +
_701 -1

+(2Gy + 20)sN 70, B(7030) — (Go + A0) ;8 0;cN (0 2) P,

2 Ni(jl)FiO =75, (1=12,..) (1.5.17)

i=1

1 _
N =2G, (G, + Lo
of %) sm9 sme \/7/Oi7§j

1
<70j VT 7/§i ,[[70i5h7/0i0h(70ip) - 70iPCh70iSh(70i,0)]X
)

X {[(Go +40)70i8N 70 + (26, + 4g)chyg; kh(ijp) —(Gy + ) 702Ny, Sh(VOjP)}X
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5 1
xdp — 741~ 76; [ [(raish 7o — hy)sh (7i2) — 70126 (7o) chyg | x
A
X JLl(e‘o +20)70SN70; —GoChyy; JSh(VOjP) —(Gy + /10)70j,00h70j0h(70jp)}d,0 >,

2
/_7,0. 1
—J_[ fin (P){[(Go +40)70iSN70; _GOChVOj]Sh(VOjP)—

2 1
=S [(-1"
iz nzzlw/Singn <( ) 4/—7/021' b

v L
—(Gy + 40) 708N (705 P)SN 7 }dp+%j fon (P){[(Go +20)70iSNy0; +
4\/—701' -1

+(2Gy + A )chyo; Eh(70;0) — (Go + 4)70;26N70;5N (70 0) )
(1.5.12),(1.5.14),(1.5.15)-0 daxil olan E,,,D,,,F,(n=12,....) sabitlorinin toyini

Uclin alian xotti cabri tonliklor sisteminin matrislori uygun olaraq (1.5.13),

(1.5.16),(1.5.17) sistemlarinin matrislori ilo eynidir [39,40].

1.6.Qeyri —bircins hallin qurulmasi.

Forz edok ki, sferanin yan sathindo

1 ou ou,, +
Gpp = ;{(ZGO + /10)8—; + eﬂo(ugctgé’ + 2up + %j:” 1 = fl (9), (161)
p=t
G, | ou ou s
e T AT oY

geyri-bircins sorhad sortlori, sferanin oturacaqlarinda (konik kasiklarda) iss sferani

tarazliqda saxlayan ixtiyari sarhad sortlori verilir.
(1.6.1),(1.6.2)-do f*(€),g"(0) kifayat godor hamar funksiyalardir vo &
kicik parametrino nazoron O(1) tortibino malikdir.

(1.2.6),(1.2.7) tarazliq tonliklorinin (1.6.1),(1.6.2) sarhad sortlorini 6doayan

xiisusi hallina geyri-bircins hall deyilir [40].
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& -nun kigik parametr oldugunu forz etmoklo asimptotik inteqrallama tisulunun

birinci iterasiya prosesine asason geyri-bircins halli
U= uo+au, +e2u,+..)
P pO Pl p2 =)y

soklinds axtaraq [25].

(1.6.3)
(1.6.4)

(1.6.3),(1.6.4)-i (1.2.6), (1.2.7),(1.6.1),(1.6.2) —do yazdiqda asagidaki

sarhad masalalorini aliriq:

( ou
9 (2G, + Ay) =22
op op

a0 G, OU g o
op op

ou 20
op

0,

(2G, + A) =0,

p=t1
OU g

G
06,0

=0.

p=%1

0 ou 1 augo
%((ZGO +Ay) a—p’” + AgUgoCtg & + 225U 4 + A, 20 |*

+G 48u”O + 0Ugo + Yoo ctgd |=0
N op o0 op ’
ou o%u
O, Mo, Moo 1,5 CU0 a5 Moo _
op| \op o6 0p00 op
ou
(2G4 + 2) b 4 AoUpoCtg 0+ 2gU o + A 200
op 0 )
Gy| Len y Moo -0,
°\ 3p 00 00 .
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(1.6.5)

(1.6.6)

(1.6.7)

(1.6.8)

(1.6.9)

(1.6.10)

(1.6.11)

(1.6.12)



((ZG e a) M2 4 5 ctgo+ 240U 1 + g %j n
,o 00

ou
+G, A — 0—3%+%ctge+
op P00 T 60
au 2 o°u
L S0 Ctg@+a Uo ;270 -0, (1.6.13)
00 0p00 06
ou
0 8u92 2L Uy ||+ (BGy +24,) =22 +
op op 06
Uy A, ug0 OUgy
o o= U+ (2Gg + o) B +3Gy < -
0pof sin“o op
, 0, (1.6.14)
-Gyl 1+ —— |uy, + (2G, +2,0) ctg@ 0,
sin” 6
(2G, + A UpCtg0+ 2700, + 4, M |~ 1% (0)
0T oUn Cl9 R P -1 Y (1.6.15)
p=11
ou N
G,| Moz | Dot ~ 9,5 (). (1.6.16)
op 06 -

(1.6.5)-(1.6.8),(1.6.9)-(1.6.12),(1.6.13)-(1.6.16) sarhad masalalori hall

edilmokls u, va u, -nin (1.6.3),(1.6.4) ayriligina daxil olan U ,, Uy omsallari
asagidaki gaydada tayin edilir:
U,o =b1(0), Uy =D,(0),

U= ﬁ(zbl(e) +b,(0)ctgd + by (0))p + by (6),

Ugs = (b,(6) ~ by (8)p +b, (),

burada
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2G, + 4,

2b, (0) + b, (8) + b, (8)ctgd =
L (0) +b,(0) + Db, (0)cty 26, (2G, + 37,)

f,1(0),

18500 + o) - 9y 1 b (0)ctg0) - | 2G,ctg 8, +—200%0
2G, + A, 2G, + 4
1 2G, (2G, +34,) .
b, (6) + 2204280 +3%0) 1 oy _ 4 (4,
iy 0+ 2202 )b ) 0, 0)

f,(0) = fi’ (6’); f[(ﬁ); 0, (0) = g, (H)Egl— ©)

Yerdayima vektorunun va garginlik tenzorunun komponentlari ii¢iin aliriq:

_1 __ ' 2
u, =~ [0(0)+ e[ 6. 7 (20(0)+b,(0)ctg0 + B, (0)p +b5(0) + O]

4y =~ [b,(0) + £((6,(0) ~b;(0))p + b, (0)) + O],

f," (0)+ 1, (9)
2

o, = ph(0) + +0(e),

o » = p0,(0) + 3O 69000

Oy =[2G (04(0) + b, (O)etg) + ZGO% 31 1(0+0@),

0= ;[ 2Gu 00 +0,(0)90) + 50 ) 140) + O]
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1.7. Yan sathi baglanmus kicik qalinhigh geyri-bircins sfera iigiin

elastikiyyat nozoriyyasi masalosinin tadqiqi

Forz edok ki, sferanin yan sothi baglanib

up‘pzil =0, 7D
Uplpmss =0, (L.7.2)

va sferanin oturacaqlarinda (konik kasiklords) onu tarazliqda saxlayan
Canlog, = T (P): Oy, , = Tan(P), (L7.3)

sarhad sortlori verilib (n=1;2 ).
(1.2.6),(1.2.7),(1.7.1),(1.7.2) sorhad masalasinin hallini (1.2.10) soklindo axtaraq.
Noticado aliriq:

(2Gy + 4)(@" (p) + 252 (p))—ezeo(zz %ja(p) -
~£(2G, +/10)(22 —l)d'(p)+3gzeo(z2 —ljd(p) =0,

4 4 (1.7.2)
Go[d”(p)+ 2¢d'(p)) - €% (G, +(2G, H«o)(z2 —%Dd(p) +
+£%(5G, +24g)a(p) + (G, +49)a'(p) =0, (1.7.5)
a(p)|,_., =0 (1.7.5)
d(p)),_., =0. (1.7.7)

(1.7.4),(1.7.5) diferensial tonliklor sisteminin (1.2.16),(1.2.17) hallini (1.7.6),
(1.7.7) sarhad sortlorinds yazaq:

P8 A + pe™ Ay + e 7 Ay + pe™ A, =0,

te A +0,A, +t,e "2 A + 0,62 A, =0,

P A + pie Ay + e Ay + pe 2 A, =0,

te A +ge A, +1,e%2 A +q,6 2 A, =0.

(1.7.8)

(1.7.8) bircins xatti tonliklor sisteminin geyri-trivial hallinin varligi ti¢lin
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pe™  pe™  pe ™ pe®
te ™ e®  te ™™ e®2
O L o i ) (1.7.9)
pe™  pe Tt pPet e

te®™ qe®™ te® ge™

boraborliyi 6donmalidir.

(1.7.9)-dan

Ay (z;:6) = (P, — P20y Nt P2 — Pty Jsh?(e(s; +5,))+
+(put, — P20 (P10, — Pty)sh?(e(s; —s,)) =0,

xarakterisrik tonliyi alinir.

(1.7.10)

(1.7.10) xarakteristik tonliyi hesabi sayda z, koklorino malikdir. Qeyd
edilon kokloro uygun Ay, Ay, Ay, Ay sabitlori (1.7.9)-a daxil olan determinantin

birinci sartinin uygun cabri tamamlayicilart ilo miitonasibdir:

Ay = MkA(lzl)’ Aoy = _MkA(lzz)' Ay = MkA(lzia)’AAk = —MkA(124)-
burada
A = p,01(a, —t, )™ —t, (0, — P, Je 2% 0, (pit, — Pyt Jo o2,
A7 = Pty (0, —tp e —ty(py0y — Poty o° % + 0, (pyt, — p,ty o2,
AT = 0 (0t )™+t (Pt — Po0y e~ — 0y (i, — Pty o 17,

AT = Pty (on —t,)e ™ +t,(pyt, — p,0 )6 — gy (pyt, — poty oo+,
(1.7.10) xarakteristik tonliyinin biitiin kokleri {izro comlomo aparmagqla (1.7.4)-

(1.7.7) sorhad masalasinin halli {i¢iin aliriq:

u,(p;0) = éMkak (P, (6), (1.7.12)
Uy (9;6) = kz M. dy (2)m (6). (1.7.12)

burada
_ 2 - 2 2 - 2
a, (p) =7 (pe™ AR — pe P AD + p,e® AT — p,e P AY),

- 2 - 2 2 - 2
d(p)=€e"? (tleélpA(ll) — € ﬁlpA(lz) +tze$2pA(13) —0,€ 63sz(lzl))-
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Teorem 2. &€ -0 oldugda (1.7.10) tenliyinin koklori coxlugu O(e™)

tortibino malik hesabi sayda koklordon ibarotdir.

Isbati. A,(z;¢) funksiyasini &-—na nozoron siraya ayiraq:

Ap(z:6) = 4‘92(522 _312)23152(60 +/10)2<4GO{(260 +/10)£22 _%j+
4G, + 4, ) | & 12 26 1

+2Gy —Go| —2—2 | |+=-14G{ (22——j _ %% (22__)+
Go +4 3 4) 2G,+4, 4

2
426Gy +4) ”“0)}[460(260 mo)(z2 —%)+8G§ —8G§£4G° Moj ]X (1.7.13)

2G, + A G, + 1,
] 2
X Z(ZZ—E}LM +4(ZGO+AO)2(22—E) +
4)" 26,7y 4

+16G,(2G, +20)2(22 —% +16G§}+....> =0,

(1.7.10) tonliyinin mohdud koéklorini

soklindo axtaraq.

(1.7.14)-i (1.7.13)-da yazib, son naticads aliriq:

2 __ Go(4Go+4)” | A-6G, .
(26, + 4 NGy + 4g)? 4(2Gy +4g)’

2
Lo == - 4G, (Zfo _l) —— (ZIEO _Ej +
24G,(2G, + 4) 240 4 2G, + 4, 4

2(6G, + 4,) , 1 2 8G; (4G, + 4,)° y
+—ZGOO+20 }{4@0(26()”0)(% 4j+8c50 EGO +Oﬂo)2 }

2
x Z(ZEO—ljJrM +4(zfo—1) (2G,+ 4, f +
4)" 26, + 4

+16G,(2G, + zo)(zfo - %j +1GG§};....
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(1.7.14)-15 toyin edilon z, mahdud kokiins trivial hall uygundur.

Gostarak ki, A,(z;¢) funksiyasinin sifirlart & -0 oldugda co—a yaxinlagir.

Oksini forz edok. Tutaq ki, £ — 0 oldugda z, — z, # co-dur. (1.7.10) tonliyinin z,

koklorinin limit noqtalari coxlugu

A5 () =168, (57 —53)Go (Go + 4p)° {(ZGO + /10)((2:)2 = %) +
(1.7.15)

+2G, -

Gy (4G, mo)?}: 0
(G +4)° |

tonliyindon toyin edilir.(1.7.15)-don aydindir ki, (1.7.14) diisturu ilo toyin edilon
mohdud koklor yoxdur

Demoli (1.7.10) tonliyinin biitiin koklori & — 0 olduqda «o—a yaxinlagir.
& — 0 oldugda homin koklori asagidaki qruplara ayirmaq olar:
1) ez, -0,
2% ez, — const,
3% &, >,

Teorem 1- in isbatinda totbiq edilon qaydaya asason alinir ki, burada yalniz

3°) &z, —const hali miimkiindiir.
Zk -ni1

7, =20 L 0(e), (1.7.16)
&

soklinds axtarag.
(1.7.16)-n1 (1.7.10)-da yazib 9, iiciin aliriq:

4(G, "‘/10)2 52 =

sh2(268,, ) — 0 70/ 52 _
( Ok) (3(30+/10)2 0k

(1.7.17)

(1.7.17) tonliyi hesabi sayda koko malikdir. (1.7.16)-ya osason alinir ki,

(1.7.10) tonliyinin ¢ — 0 olduqda &z, — const sortini 6doyan vo oo-a yaxinlagan

hesabi sayda kokii var.
(1.7.10) xarakteristik tonliyinin (1.7.16) ilo toyin edilon kdklorine uygun

hollorin asimptotik ifadslorini quraq:
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a) z, =& (O + &0y +...), (1.7.18)

ul (p;0) = ¥ Byu? (0:6), (1.7.19)
k=1
us? (p;0) = Z By u%? (0:0), (1.7.20)
on = ZlBlkTp(f’” (0;0), (1.7.21)
ol = Z By Q%Y (0:0), (1.7.22)
os = Z Bleé,f'l) (0:0), (1.7.23)
k=1
ol = Z By QG (p:0), (1.7.24)
burada

(3 & (0;0) = 0 [(Gy + Ag) 0, Sh Sy Sh (5 ) — ChSy, ((Gy + Ag) Oy o (g ) —
- (360 + 40)sh (S ) +O(£) M, (6),
Ui (0:60) = £(Gq + A9) Sy [sh S (S ) — 6N 8 (S 0) +O(&) Imy (6),

2G
Q(Sl) k[(G + Ag) 00 Sh 6, Ch(Ogy p) — (G + Ag) Oy o8N (S p)CN Sy —

—(2G, + /Io)ch(éok p)chdy, +0(&)Im, (8),
T,Sf’l) = 2G50 [(Gg + 49) i S Iy S (i £) = (Gg + A9 ) Fgic PCN (S p)CN O +
+G,chdy, Sh(Sy, ) + O(e)]m, (6),

2G
éf’l) k[ (Gy + 49) 0k Sh g, Ch(Sgy ) +

+(Gy + /10)50k/00h S0 S(ok ) + ACh 8 ch(Sgy ) + O () Iy (6),

Q(3 D= kCh50k[ZG ch(dyp) +O(5)]mk ),
5Ok-lar
2(G, + 4y)
sh(28, )———2 %25 =0, 1.7.25
(@30) 5o (17.25)
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tonliyinin kokloridir.

b) 2, = &7 (S + &0y +...),

u®? (p;0) = ZBz. 82 (p;0),

U (p;0) = Y. Byu$? (p;0),

i=1

ol = L BT (010),

oh) = z B,Qu” (p:0),
of? = Z B,iQ§? (36),

057 =3 B.QE % (010)

burada

(3 ? (9;0) = 04 [(Gy + A9) 541 Sg;Ch(S; p) — Sh 6 (G + A) O o8N (61 0) —

- (360 + 44)ch(S4; ) +O(&) Im; (6),

U (p;6) = £(Gy + Ay ) 34; [N Sy (83 ) — psh S, (5 0) + O(€) Jm (6),

2G
065.[(6 + A0)30:€N SN (S 0) — (Gg + A ) Sgi 8N SiCh (i 0) -

Q(3 2) _
—(2G, + /10)Sh50i3h(50i,0) + 0(5)]mi (0),

T = 2G04 [(Gy + Ao )30t 34 (S ) — (Gg + Ag)5g; o8N Sy S (S p) +
+Gyshdy,ch(5g; ) +O(e) Jm; (),

QéiS'Z) 2G0

+(Gy + 10)50i/05h 00iCh(Jg; p) + A9 Sp;sh(6y; ) + 0(5)]mi 0),
/10

50|[ (G +/10)50|Ch50|8h(§0|p)+

QG2 = 55.sh50. [2G,sh(5y 0) +O(&)m; (6),

50i 'IQr
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(1.7.26)

(1.7.27)

(1.7.28)

(1.7.29)

(1.7.30)

(1.7.31)

(1.7.32)



2(Gy + 4)

sh(25,:) +
(2001) 3G, + A

Sy =0, (1.7.33)

tonliyinin kokloridir.

(1.7.10) xarakteristik tonliyinin (1.7.16) asimptotik ayrilisina malik olan koklori
ticlin Lejandr tonliyinin asimptotik hallinin bas hoddi (1.3.45)-0 osason

0 =6, — in atrafinda:

1
m, (6) = ————=-ex [— o (60 kl O(e)), (1.7.34
«(0) 5o SN0 Pl-& Vo (0-6,)[1+0(g)), ( )
6 =6, — nin otrafinda:

1 1 [o2
mk(ﬁ):mexp[e \/;C)I((Q_HZ)kl_i_o(g))’

diisturu ils toyin edilir.

(1.7.34)-don almir ki, & =6; ((j =12) konik kasiklarindon sferanin daxilina dogru

uzaqlasdiqda (1.7.19),(1.7.20),(1.7.27),(1.7.28) hallori eksponensial ganunla soniir.
Qeyd edilon hallor sorhad lay1 xarakterino malikdirlor.
(1.7.19),(1.7.20),(1.7.27),(1.7.28) hallarinin birinci hadleri geyri-bircins 16vhalor
nozariyyasindoki Sen-Venan sorhad effektino ekvivalentdirlor.

(1.7.19)-(1.7.24),(1.7.27)-(1.7.32)-y» daxil olan namalum By, B,; sabitlorini

konik kasiklorde verilmis (1.7.3) sorhad sortlorindon toyin etmok li¢iin Laqranjin
variasiya prinsipindon istifado edok. (1.7.19),(1.7.20), (1.7.27),(1.7.28) hallori
tarazliq tonliklorini vo yan sothdo wverilmis (1.7.1),(1.7.2) sorhad soertlorini
6dadiyine asason Laqranjin varasiya prinsipi ti¢iin yaza bilarik [34,80.81]:

2 1

2 J[(O'ee — 3 (P))gue + (O'pe — £y (p))&lp]‘e:ej e*?dp =0, (1.7.35)

=11

(1.7.19), (1.7.20), (1.7.21),(1.7.23)-1i (1.7.35)-do yazib dBy, -n1 asilt olmayan

varisiya hesab etmokls aliriq:

kZMé,-”BfS) =755, (j=12..) (1.7.36)
=0
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1 1 1 o2
1

X J. {[(Go + Ag) 0ok 8N (S 0) + AOCh(é‘Okp)]Ch(é‘Ok) -

— (Gy + A9) 8o Sh 8y ch(Sy p) f[s 80iCh(Spp) — pehSysh (S, p)1dp +

1
+ /S j{(Go + 49)00k SN S Sh (I ) —
4

~[(Gy + 20) 8o PN (o ) = GoSh (S ) ey }x
< {(Gy + 49)8y;5h 85N (8y; p) — ch Sy x

x[(Gy + 29)8;,60(S55.0) — (3G + A )sh(J6; ) [jdp)

Tin = _1 n _5 - G +/1 f «
" nz—l\/Sin 0, z{/_ 5021' <( ) \/—OJ( 0 O)J-l an (P)
x [shch(8y; ) — pehdy;sh(Sy; 0) [ +

1
+ [ £ (DG +26)85;5h84; (54 0) -
1
—€hd;[(Gy + 49)55; pch(S;0) — (3G, + ﬂo)Sh(50jp)]}dP>
By =£(BY) +BY +...).

(1.7.27),(1.7.28),(1.7.29),(1.7.31)-i (1.7.35)-do yazib &B,; -ni asih olmayan

variasiya hesab etmoklo aliriq:

Z NPBY =7, (j=12..). (1.7.37)

1 1 1 /
N'(JZ) B 4152 (Sln 0, "~ sin 01JZG°50150i ((Go +40) 34, _5021' 8
0i

X _[ {[(Go + Ag)00i pCh (84; ) + Ayh (50i,0)]5h (60i) —

— (Gy + Ap)4ich84;8h(J; ) flch 80N (6p) — psh,;h(Sg; 0)1dp +

T~ 5 _[{(Go + Ag)00iCh 6yiCh (64i 0) —
~[(Go + 46) 3426 (55 2) — GoCh(Sy 0) Jsh I

49



x Gy + 4)3y;Ch S, (S, p) — Sy %
x[(Gy + 20)36;25N(84;,0) — (3G, + 4 )ch(Sy; 2) idp),

= :JS;H o (0" -8 (G, +zo)jf3n(p)x

><[Ch50j8h(5ojp)—p6h50jch(50jp)]dp+

+ }1 40 (DH(Go + 20) 80N 56N (5 ) —

—sh3y; [(Gy + 25)6n; 28N (8;0) — (3G, + g)ch(Sy; £) o),
B, =&(BY +BY +..)).

Bl(f ), B(n) (n=12,...) sabitlorinin toyini ti¢iin alinan xatti cabri tonliklor sisteminin

matrislori uygun olaraq ,(1.7.36), (1.7.37) sistemlorinin matrislori ilo eynidir.

Forz edok ki, sferanin yan sothindo

u,| . =10 (1.7.38)

Ug| ., =92 (0), (1.7.39)

geyri-bircins sorhad sortlori, konik kosiklordo iso sferani tarazligda saxlayan

ixtiyari sarhad sortlori verilir.
(1.7.38),(1.7.39)-da f, (0), g, (0) kifayst godor hamar funksiyalardir vo & kigik
parametrina nozaran O(1) tortibina malikdir.

Qeyri-bircins halli, yoni (1.2.6),(1.2.7) tarazliq tanliklarinin (1.7.38),(1.7.39)

sarhad sortlorini 6dayan xiisusi hallini qurag. Homin halli
U, =Uyg+ely+&U,+...., (1.7.40)
Uy =Uyy + &gy +E°U,, +...., (1.7.41)
soklindo axtaraq [25].
(1.7.40), (1.7.41)-i (1.2.6),(1.2.7), (1.7.38), (1.7.39)-da yazib, asagidaki sarhod

masalalarini aliriq:
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51

i((2(30 +
op

J G, OUy, _o,
op op

= f2i (‘9)’

2
Q |
o
N
[l
o

upo ‘p:il

uHO‘pzil = g_Zi (9)

((ZG + 10) L 4 JoUyoCtgd + 22,U
op op

ou 2
+G,| 4 p°+au‘9°+au‘%ctge =0,
op 0pol Op

OU 4 82u
0\ | Mo +36, Moo _g
o0\ % 2p * a0 %o 00 op
upl‘p:i]_:O’

ugl\p:ﬂ =0.

(26, + ) 222 4 20, clgB + 200U 3 + 1 N |
8,0 p 00

OU augl

—=Ctgl +
08 06

éupl
+ G, 45 —3UpyoCtge —4u o —3—7=

2
aupo ctg 6 + 0°Ugy + 0 upono’

00 0p00 00
ou
O\ g,| Ve . Mot 1 (5G, + 24
op op 00
o%u 8“61

Aty (26, +4g) ke “90 113G,

+ 4 —
0pol sin“ 6 op

—Go(l 2 ju90+(26 +/10) 90ctg9 0,
sin?@

ugz\p:ﬂ =0.

(1.7.42)

(1.7.43)

(1.7.44)

(1.7.45)

(1.7.46)

(1.7.47)

(1.7.48)
(1.7.49)

(1.7.50)

(1.7.51)

(1.7.52)
(1.7.53)



(1.7.42)-(1.7.45), (1.7.46)-(1.7.49), (1.7.50)-(1.7.53) sorhad masaloleri hall

edilmoklo u, vo u,-nin (1.7.40), (1.7.41) ayriligina daxil olan u , U, omsallari

asagidaki kimi toyin edilir:

1o =220+ 1;0)

p0

oo =222 (p 41 4.9, 0),

G, 1.1 .
=————|21,(0)+=0,(0) +=9,(0)ctgl 1)° -
ey | 21O+ 3000+ 50,000 o+~ o

x{[—gzje) (p+1)7+ 92(9)(,0+1)jct90+(f2(6’) + 9'22(9)}“’;1)2 +

1
2G, + 4,

2o Moz @)+ ;@ g0+ gz 0)+ 0;0) + (170 + 1,0)] [0+,
2 2

L1 (B g ) 2O L@ 4
um—{ | 210250, 0) |+ 0 }(pu) :

(21, 0)+ (g5 @) kp D]+

[GO(Z fz(e)+§(g;w)+ gz(e)ct@w)j+

+ [(G;T:%) f,(0)+ 9, (@}(p +1),

burada f,(6) =, (0) - f, (9), 9,(0)=9,(0) -9, (6).

Yerdoyisma vektorunun va garginlik tenzorunun komponentloari {igiin aliriq:
Gy
2(2G, + Ay)

1 A 0 _
580090 (p 1) - {(92( (o2 +9; 0)p+ 1 Jigo +

26, + 4o\ 4
+ [ f,(0)+ 922(9)

[2f2<e)+%g'2(9)+

P

u :y(erl) + fz‘(9)+g{—

2
J(" = +(2f2(9)+(92(9))')(p+1>}+

1
+
2G, + A,

{Go[zfz(e)%(g;(engz(e)ctge)jmo@(g;(ew
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+ g OFt90+2(6:(0)+ 5:0)) +(£0) + 15 (9)))}(p+1)}+0(82),

u, = g,(0 )(p+1)+g2(9)+g{ Zé (};o f,(0)+ £g2(0)j
0
+ ngg) - fzf)}(ml)z {—(GOZC:O%) f,(0) + 92(6’)}(,0 +1)} +0(£?),
=2 Eo 1) 1,0) v0(e) |
PP el 2
00 =2 S 5,(0)+ 0(5)},
gl 2
7 =2 2 1,00+ 00
”oel 2
099—1[/10 f (6’)+O(5)}
&

1.8. Yan sathinda qarisiq sarhad sortlari verilmis Kkicik qalinhqh geyri-bircins

sfera iiciin elastikiyyat nozoriyyasi masalosinin tadqiqi.

Forz edok ki, sferanin yan sathindo

o, 1.8.)

=0,

1.8.2)
qarisiq sarhad sortlori, sferanin oturacaqglarinda iso onu tarazligda saxlayan

Coolgg, = Ton (D) o, = Ten() (1.8.3)
sorhad sartlori verilib (n=1;2).

(1.2.6).(1.2.7),(1.8.1),(1.8.2.) sorhod mosalasinin hallini (1.2.10) soklindo

axtarag. Son naticods aliriq:
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(2G, + 4g)(@" (p) +2ea'(p)) - 5260(22 + %ja(lo) - (1.8.4)
_ £(G, +AO)(22 —%]d'(p) +3gzeo(z2 —%)d(p) —0,

Gy (d"(p) + 220" (p)) —e{eo +(26G, +ﬂo)(z2 —ljjd (0)+

4

+82(5G, + 24,)a(p) + £(G, + A,)a'(p) =0, (1.8.5)
a(p)|,_., =0, (1.8.6)
Gold'(p) +£(alp) ~d(p))],_,, =0. (1.8.7)

(1.8.4),(1.8.5) diferensial tonliklor siteminin  (1.2.16), (1.2.17) halini
(1.8.6),(1.8.7.) sorhad sortlorinds yazagq:

P& A + Pe™ Ay + e 7 Ay + pe™2 A, =0,
D, A + D, A, + D, *2A, + D,e*2 A, =0,
PE™A + pie A, + e Ay + pye 2A, =0,
D, A +D,e A, + D2 A, + D,,e 2 A, =0,

(1.8.8)

(1.8.8) bircins xatti tonliklor sisteminin geyri-trivial hallinin varligindan aliriq:

pe™™  pe™  peT? pe™
D™ D,e™ Dpe® D,e*

Az = = 0, (189)

ES —&S &S —&S
pe pe ™t pe? p,e
D™ D, e®™ D% D,e *

(1.8.9)-dan asagidaki xarakteristik tonlik toyin edilir:

As(z;¢) = (p1D22 ) D21)( P,Dy; — p1D12)Sh2(‘9(Sl +3, ))+
+(p1D12 — P D21)( P.D2, — P, D11)3h2(5(32 - 51)) =0,

(1.8.10) xarakterik tonliy1 hesabi sayda z, koklorino malikdir. z, koklorins uygun

Ay Aoy Ay Ay sabitlori Tigiin yaza bilorik:

burada
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(1.8.10)

3 3
Ay = HkA(ll)' Aoy :_HkA(12)’
Ay = HkA(lss)’Am( =—HkA(fZ



A(131) = p2 D21(D22 - DlZ)eésl _ D12(p1D22 _ p2 D21)e—s(252+sl) n
+D,,(p,Dy, — P, D,y %),

Af) = p,D1y(D;, ~ Dy e — Dyy(PiDy; — P, Dy Je7 752 +
+D,,(p,Dy, — p,Dyy @,

A(1332 = D11( P02 — P, D21)e_8(251+82) - D21(p1D22 - P Dll)eg(zsl_SZ) +
+D,, pl(D21 - Dll)eész :

A(lsz - Dll(plDlz — P Dzl)eg(sz_zsl) - D21(p1D12 - P2 Dll)eg(ZSﬁSZ) +

+ D, py(Dy ~ Dy 2.
(1.8.4)- (1.8.7) sarhad masalasinin halli iigiin aliriq:

U, (pi0) = éHkak (P (6), (1.8.12)
U (936) = kz H, dy (2 (0). (18.12)

(1.8.11),(1.8.12)-doa, (p),d, (p) funksiyalart
& (p) =€ (e ™ AT} — pie AT + e AT — pye A,
dy (p) =& ™% (t,e*AY) — e A +1,e A7) — e AT),
diisturlar ilo toyin edilir.

Teorem 3. ¢ >0 olduqda (1.8.10) tenliyinin koklori coxlugu O(s™)

tortibino malik hesabi sayda z, = ok O(g),sh*2a, 0 - koklerinden ibarotdir.
g

Teorem 3-iin isbat1 Teorem 2-nin isbat1 prosesinds totbiq edilon gqaydaya

osason aparilir.

(1.8.10) xarakteristik tonliyinin koklorina uygun hallorin asimptotik

ifadoalorini quraq:

a) 7, =& (ay, +s0ty +...), (1.8.13)
us? (0:0) = 3 Byul? (0:0), (1.8.14)
k=1
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us (p;6) = ZBskU‘“’(p:@),
/()391) = Z;BSkT,EE’l) (0;0),

o) = ZB Q5 (0:6),
oY = ZB QR (p;0),

O = ZB Q%Y (0:0),
burada
US? (:6) = g [(Gy + Ao )chagsh(age p) +O(2) Imy (6),
U™ (0;0) = sy [(Go + A )chag ch(arg, p) + O(&) Iy (6),
T3 (0,0) = 2Gy (Gy + A )agy [chag (e p) +O() Iy (6),

Q5 (0;0) = 2G, (G, + 49) % a, [Ch%kCh(%kp)+O(‘9)]mk(‘9)

QR (;0) = 2G, (Gy + 4) Ok[ chagch(ag, ) +O(e)Jm, (6),
Q§Y =0
o -lar

tonliyinin kokloridir.

b) z;, = & oy + 8ty +...),

u®?(p;0) = 234. $2(p;0),

U (p;0) = . Byu$? (p;0),

i=1
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(1.8.15)

(1.8.16)

(1.8.17)

(1.8.18)

(1.8.19)

(1.8.20)

(1.8.21)

(1.8.22)

(1.8.23)



(3 2) _ Z B4IT/§|3 2) (p;0), (1.8.24)

o5l = Z B4Q%? (p;0), (1.8.25)
o5 = Z B,i Qi (03 ), (1.8.26)
O = Z B, Q%2 (0;0), (1.8.27)

burada

U§? (;6) = a5 [(Gy + Ao )shazgich(a ) +O(&) Im; (6)
UG 2 (0;6) = s [(Gy + A9)sh g sh(ezi ) + O(£) I; (6),
T2 (0,0) = 2Gy (Gy + A )agi[shagich(ag 0) + O(e) Imy (6),

Qi (p16) =2G, (Gy +4g) % - shagish(agp) +O(e) i (6),

(32)(,01@) 2G (G +ﬂ'0) gl[ ShOlmSh(Otol,O)-i'O(c‘?)]m (0)

Q52 (p:0) =0(D).

oy -lor ch®ay, =0 (1.8.28)
tonliyinin kokloridir.

(1.8.10) xarakteristik tonliyinin koklori {iclin Lejandr tonliyinin asimptotik
hollinin bas hoddi
6 =6, —in otrafinda:

_ 1 _ -1 2 _
mk(e)——mexp[ e a2 (6 91)k1+o(g)), (1.8.29)

6 =6, —nin otrafinda:

m, (6) = Jiexp[ a2 (06, k1+o B)

 Sind
diisturu ils tayin edilir.
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(1.8.14), (1.8.15),(1.8.22),(1.8.23) hallori sorhod lay1 xarakterino malikdirlor
vo onlarin ¢ parametrino nozoron ayriliiglarinin birinci hoddlori geyri-bircins
l6vhalor nazariyyasindoki Sen-Venan sorhad effektino ekvivalentdirlor.

(1.8.14)-(1.8.19),(1.8.2)-(1.8.27)-ys daxil olan B, ,B,; sabitlorini (1.8.3) sorhad

sartlorindan toyin edok. Laqranjin variasiya prinsipine asason aliriq [34,81,82]:

i (o0 = fo5 ()05 + (0,0 — fe; (), |, €*7dp =0, (1.8.30)
j=1-1 j

(1.8.14),(1.8.15),(1.8.16),(1.8.18)-i (1.8.30)-da yazib OB, - n1 asili olmayan

variasiya hesab etmoklo alirq:

kZMg’)Bg‘k’) =75, (j=12..) (1.8.31)
=0

2G, (G, + A))a’. o
Méjs): 0o *+ Jo)an, Ok( : : JCh%kCh%j[V_agkaojx

4/a§ka§j sin &, ~sin 6,
1 1
X ISh (o pIsh(ag;p)dp — /- agj ok ,fCh(OKOkP)Ch(%jP)dP}
3 ]

2. agchay j

1
5= 9 [a; [ fon()sh(ao; p)dp +
4/_a§j

n=1 sin @, -1

+(=1)" T agj _[ fs (p)Ch(anp)dp}

By, = (B +BY +...).
(1.8.22),(1.8.23),(1.8.24),(1.8.26)-n1  (1.8.30)-da yazib  JB,-ii asili olmayan

variasiya hesab etmokls aliriq:

'21: Ni(j3)|3§?) =75 (j=12....). (1.8.32)
i=
N(3) = ZGO(GO +ﬂ,0)053j053i 1 _ 1 sha, sha [\/?a X

’ 4 agiagj sing, sing, o 0] 0i “0j

1 1
X ICh(OCOiP)Ch(%jP)dP A\ agj Ao ISh (egip)sh (%jp)dp}
1 -1
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2
agishay;

2 1
Tie = Zm N [0‘0j I fen (P)Ch(0)dp +

n=1 In Qn -1

+(-D" - ag; [ fs, (P)Sh(%jp)dp}

B{",B{" (n=12,...) sabitlorinin tonliyi fi¢iin alnan sonsuz xotti cobri tonliklor

sisteminin matrislori uygun olaraq (1.8.31),(1.8.32) sistemlorinin matrislori ilo

eynidir.
Forz edok ki, sferanin yan sothindo
Upl, = 15 ) (1.8.33)
AR HO)! (1.8.34)

geyri-bircins sorhad sortlori, konik kosiklordo iso sferani tarazligda saxlayan
ixtiyari sarhad sortlori verilir.

Qeyri-bircins halli, yoni (1.2.6),(1.27) tarazliq tonliklorinin (1.8.33),(1.8.34)
sarhad sartlorini 6dayan xiisusi halli qurag. Halli

U,=U,+el,+..., (1.8.35)

Uy =& (Uyg + Uy, +....), (1.8.36)

soklinds axtaraq [25].
(1.8.35), (1.8.36)-ni (1.2.6),(1.2.7), (1.8.33), (1.8.34)-da yazdigda,son naticado

asagidaki sorhod mosalasini aliriq:

9 [ (26, + )20 | Zg, (1.8.37)
op op
0 (g | _, (1.8.38)
op 0 op ’
Upo| _, = T3 (0), (1.8.39)
OUy, 0
0— - .
P, (1.8.40)
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0
oo i)
U 4 82u ou

+G,| 4 60 4 260 ¢t 0 | =0,

o( ap apae op gj (1.8.41)

0 ou,, ou 0%U au

R )

) (1.8.42)

Ul .= 12(6),

o[ 00 . (1.8.43)
Nop 00 ) 7 (1.8.44)
((2@ zo 1+ﬂo ]

OU 1 OUgy | OUg
+G, —4u,—3— ~+—_ctgo+
op 00 00

2

+ Mo g T Tl | (1.8.45)
00 0pol 00

i G %+aupl

opl L op 00

Ao er OUg
Ugo + (2G, + + 3G, —%* —
%ap(%, sinZ g o0 ( ﬂo) op
1.8.46

G (1+S|n 9)u90+(26 +20)au9° ctgé =0, (1.8.46)

UPZ‘,):ﬂ:

N (1.8.47)

Go| =22 + =g (0). (1.8.548
°\ o ae 3

P p==x1

(1.8.37)-(1.8.40), (1.8.41)-(1.8.44), (1.8.45)-(1.8.48) sorhod mosololori holl

edilmoklo u, vo u,-nin (1.8.35), (1.8.36) ayriligina daxil olan U , U, omsallari

asagidaki kimi tayin edilir:

[ 1 A e -
Upo = (ZGO ) C,(0) 26, + /. C,(O)ctgd 26, + /. C1(9)j(p +1) + 157(0),

60



Uso =Co(0), Upy =(P+1)C,(6) +Cy(0),
burada
C.(0) + A€, (0)ctg0 - 4Ci(0) = E2 ) 1. 0)

4Gy Gy + o) (v . (26 1
2G, + g SORSOLD) (2@0 + 7, Sin20

+2G,Ctg 249j x

) Jo iy 9a0)
C0)+ 55 2 GO = -5,

f3(0) = 15°(0) - 15 (9), 9:(8) =95 (0) — 95 (0).
Yerdoayisma vektorunun komponentlori iigiin aliriq:

upz( L c0)-—T c(0)ctgo-

2G, + A4 2G, + 4,
_ ZG:i o Cl'(e)j(p +1) + f5(0)+O(e),

u, =& '[CL(0) + £(CL(0) (p +1) + C5(6)) + O(e)]

1.9. Konik kasiklarda qarisiq sarhad sartlori verildikds ki¢ik qalinhgh radial

geyri-bircins sfera iiciin elastikiyyat nazariyyasi masalasinin tahlili

Forz edok ki, radial geyri-bircins izotrop sferanin yan sothi yiikdon azaddir

Gpp‘p:ﬂ =0, (1.9.2)

7l =0 (1.9.2)
Va sferanin oturacaqlarinda isa

Uply_, =7:(P), (1.9.3)

O-pe‘gzgs = fs (10)’ (194)

qarisiq sarhad sortlori verilir (s =1;2).
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1.2. -do almmis noaticoys oasasan (1.2.6), (1.2.7), (1.9.1), (1.9.2) sorhad

masalasinin hallini yazag:

0, (p.0) = kza (P)m, (6), (1.9.5)
Uy (p,0) = kzd (P (6). (1.9.6)

Burada m, (6)=M P ,(cos@)+T,Q ,(cosé);a.(p) Vva d,(p) ise (1.2.12)-

Zk—E Zk—a
(1.2.15) sarhad masalasinin hallidir.
Sferanin birinci gorginlik-deformasiya voziyystino uygun yerdoyismo Vo

gorginliklari uY,u?, o), %) ils, ikinci grginlik-deformasiya vaziyystine uygun

yerdayismo Vs garginliklari iss u?,u$?,of3, o3 ilo isars edak.

Betti teroremino asason ixtiyari & =const kasiyindo

iy iy
[uPsR +uDe@ )rsinair = [UP oD +uPe® )rsin adr. (1.9.7)

n n

borabarliyi dogrudur [81,82] .

Birinci gorginlik-deformasiya voziyyati olaraq k-c1 elementar halli, ikinci
gorginlik-deformasiya voziyysti olarag n-ci elementar hollii gotiirok. Noticodo
(1.9.7)-don aliriq:

1 1
Jufo +uo k2 sinaip = [(uPoll) +uPcl) b2 sinddp. (1.9.8)
-1 1

Burada

ul =a (p)m (6), uy? =d, (L)m (6),
ul? =a,(p)m, (0), ug” =d,(p)M, (6),
o5 = ay (P)M (6) — @y M, (O)ctg o,

%) = oy (P)M, (6),

o 0) =21 a0+ 260G + )y ) o[ 2 2, + 7)),
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oy () =2Gydy (p),

oy (p) = £ Coldy (p) + (8 (0) —di (P)].

(1.9.8)-2 asasan
sin ém, (9)m,, (9) [ (dy (0) ey, (p) — 8, (P) sy () B dp +
+cosém, (9)m, (9) [ (d,, (P) @y (p) — dy (P) @2, (0) B*P dp + (1.9.9)

+my, (O)m, (0)sin 6 [ (a, ()@, (0) - d, () oy () °F dpp = 0.

(1.9.9) barabarliyi ixtiyari @1iiglin dogru olduguna asasan yaza bilarik:

1

[(d, (P (p) - dy (P) 0y, (0) B*Pdp =0, (1.9.10)
[(d (P, () -2, (p)wy (p) *Pdp =0, (1.9.11)
[ @y (P) s, (p) —d,, () () B> dp = 0. (1.9.12)

)
(1.9.10) boraborliyi eynilik kimi &donilir. (1.9.11), (1.9.12) boraborliklori

ekvivalentdirlar va hamin barabarliklordan

1

[(d (P (p) -3y (P) s, (P)B*Pdp =0, (n=k oldugda)  (1.9.13)

-1
timumilogmis ortoqonaliq sorti alinir.

(1.9.3), (1.9.4) sorhad sortlorini 6dadok:

3 d, (P, (6,) = 7, (p), (1.9.14)
Zw ()M (6,) = f.(p). (1.9.15)

(1.9.14) boraborliyini @y, (p)e*? -ya, (1.9.15) borabarliyini iso a, (p)e*® —

ya vurub alinan ifadslori [-11] -ds integrallayaq:

» 1 ' 1
> | du(P)ay (p)e**dom,(0,) = [ 7.(p)au (p)e*Pdp,  (1.9.16)

n=1
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o 1 1
S [ om0 (PP dom, (0) = | f.(0)a (p)e*dp. (s=12) (1.9.17)

n=1_1 1
(1.9.16) vo (1.9.17) ilo tayin edilon ifadalori torof -torafo ¢ixaq:
o 1 .
2. | da(p)oy (p) -2y (p)esy ())dpm, (6;) =

n=1_1

= [ @, (P)ow (p) — T, (P)a (p))e*" dp.
)

(1.9.18)

(1.9.18) boraborliyinds (1.9.13)-lo toyin edilon iimumilogsmis ortoqonalliq sartini

nazoars alag:

I(dk (P)ey (p) — &y () g (p))dpm, (6;) =
- (1.9.19)

= [, (P (p) - £, (p)a (P)e** dp. (s=12)
-1

(1.9.19)-a asasan
PO (coso)M, +QY (cosé,)T, = gy,

o o @920
sz_i (cosé,)M, + sz_i (cos&,)T, =q,-
2 2

(1.9.20)-do

[ s (P)aoy (p) - T, (L), (p))e** dp
O = _11 , (s=12)
I(dk (p)ay (p) —a (p)wy (p))dp

-1

(1.9.20) xotti cabri tonliklar sistemindan namslum M, T, sabitlori tayin edilir.
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1.10.9dadi hesablama

Materialin  qeyri-bircinsliyinin  gorginlik-deformasiya vaziyyatino tasirini
giymatlondirmok moagsadils kicik qalinligli radial geyri-bircins va bircins izotrop
sferanin gorginlik deformasiya vaziyyati haqqinda mosalays baxaq. Farz edoak Ki,

sferanin yan sothi ylikdon azaddir vo sferanin oturacaqlarinda (konik kasiklords)

Ty = Ar? sin(%j, o,y =0; @ =3 oldugda,

Gy =0, G,y = Ar{co{%) —1) ; 6 =80°olduqda.

sarhad sortlori verilir.
Bircins sfera ticiin G = 0.261-10'*Pa, 1 =0.592-10"Pa, ,geyri-bircins sfera ti¢iin
iso G =(0.261-10"r)Pa, A = (0.592-10"'r)Pa- dur.
Asagidaki hallara baxagq:

1) Sferanin malik oldugu oblast I = {r €[11.5],60[3°;80°],p e [0;27z]},
sferanin qalinlig1 xarakterizo edon parametr iss ¢ =0,2-dir,

Sakil 2-6-da orta xatt istiqamatinds u,,u, yerdayismoalorinin va o,,,0,4,04

garginliklorinin radial geyri-bircins sferada vo bircins sferada galinliq boyu
paylanmasi gostorilmisdir.

u, radial yerdsyigsmasinin geyri-bircins vo bircins sferanin qalinligi boyu

paylanmasi yalniz kamiyyat etibari ilo forglonirlor. Daxili sathdan 0,38 masafodan

xarici satha gador u, radiusa nazeron diiz miitonasib asililiq qanunu ilo doyisir
(sokil 2).
Radial qeyri-bircins va bircins sfera {iciin U, Yyerdsyismosinin qalinliq boyu

paylanmasi radiusa nozaron diiz miitonasib asililiq qanunu ils bas verir.

Bircins sferada u,-nin daxili sothdo giymati radial geyri-bircins sferada u,, -

nin daxili sothds aldig1 qiymotdon boyiikdiir. Bircins sferada u, nin xarici sathdo
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aldig1 qiymot radial geyri-bircins sferada u,-nin xarici sothdo aldig1 qiymotdon
kicikdir (sokil 3).

Qeyd edak ki, u,,u, an bodyiik qiymetlorini sferanin daxili sathindo, on kigik
giymatlarini ise sferanin xarici sathindo alir.

Radial geyri-bircins sferada o,, gorginliyinin qalinliq boyu paylanmasi

kvadratik qanunla bas verir vo kvadratik parabola asagiya dogru gabariqdir (sokil
4).

Sferanin daxili sothindon 0,21 mesafods o,, on kicik qiymotini alir. Bircins
sfera liglin o, -in paylanmasi kvadratik qanunla yerina yetirilir. Bircins va radial
geyri -bircins sferalarda daxili sathdon 0,15 masafoys gador o,, garginliklarinin
giymatlori yaxindir. 115 <r <145 olduqgda bircins va radial geyri-bircins sferalar
tisiin o, garginliklorinin aldig1 qiymatlor farglonirlar.

o, gorginliyinin bircins vo radial geyri-bircins sferalar tign radius

rr
istigamatinds paylanmalar1 keyfiyyat etibar ilo eynidir.

o, 00rginliyinin radial geyri-bircins sfera {igiin qalinliq boyu paylanmasi
kvadratik qanunla bas verir vo onun grafiki yuxariya dogru gabariq paraboladir

(sokil 5). r=1,21 olduqgda o,, on bdyiik qiymatini alir. Bircins sfera ticiin do o, -

nin paylanmasi kvadratik ganunla yerino yetirilir. Daxili sathdon 0,07 mosafays

godar olan hissada bircins vo radial geyri-bircins sferalar ii¢iin o, gorginlikori

borabar giymotlor alir. Daxili sothdon 0,07 moasafodon xarici satho godor olan

hissodo o, gorginliklorinin paylanmasi forglonir.

Radial geyri-bircins sfera iiciin o,, gorginliyin paylanmasi radiusa nazaron
Xatti ganunla, bircins sfera {igiin iso o,,-nin paylanmasi ise radiusa nazeron tors
miitonasib qanunlala bas verir (soKil 6). o,, gorginliyinin bircins sferanin daxili
sothindoki giymati radial  geyri-bircins sferanin daxili sathindoki giymatindon
kigikdir. o, gorginliyinin bircins sferanin xarici sothindaki giymati radial geyri-

bircins sferanin xarici sathindaki giymatindan iss boyiikdiir.
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2) Sfera T'={re[11.04],0€[380°],p<[0;27]} oblastma malikdir vo
sferanin qalinligin1 xarakterizo edon parametr £ =0,02 -dur.
Sakil 7-11-do orta xott istigamatinds alinan naticalori gosterilib. u, radial

yerdoyismosinin sferanin gqalinligr boyu paylanmasi bircins vo radial geyri-bircins
sferalarda xotti ganunla bas verir (sokil 7).

u, bircins va geyri-bircins sferalar iigiin sferanin qaliligi boyu Xatti ganunla
paylanir. u,-nin geyd edilon paylanmasi materialin geyri-bircinsliyindon asili deyil
(sokil 8).

o,, garginliyi radial geyri —bircins va bircins sfera ii¢iin radius istiqamatinda
kvadratik qanunla paylanir (sokil 9). r=102 ds o, on kicik qiymatini alir.
Sferanin daxili vo Xarici sethlorinin yaxin otraflarinda o, -in giymotlori bircins vo

geyri-bircins sferalar {i¢iin demoak olar ki, eynidir.

o, 00rginliyinin sferanin qalinligi boyu paylanmas: kvadratik qanunla
yerina yetirilir (sokil 10) . r =1,02 olduqda o,, garginliyi an boyiik qiymaetini alir.

04 Gorginliyinin sferanin qalinligi boyu paylanmasi xatti qanunla bas verir.
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Il FOSIL

KICIK QALINLIQLI RADIAL QEYRIi-BiRCINS SFERA
UCUN BURULMA MOSOLOSI

2.1. Kicik qalinhgh radial qeyri-bircins sferanin burulma masslasi ii¢iin

bircins va geyri-bircins hallarin qurulmasi
(1.1.13), (1.1.15) burulma masslasine baxagq.

(1.2.1)-1o toyin edilon yeni daxil edilmis 6l¢iisiiz doyisonda (1.1.8),(1.1.9)-un
ifadosini yazaq [34]:

G, ( ou
ap(p :?[a—;—w(p}, (211)
au,,
Gr(p G(p@ V(p el e e . . .-
Burada o, :T’ o :T’ u, :r—-olgusuz komiyyatlar, t isa elastiki modul
0

olgiisiina malik xarakteristik komiyyatdir.

(1.2.1)-0 asasan (1.1.13)-tarazliq tonliyinin yerdoyismo ilo ifadasi vo (1.1.5) sarhad

sartlori ti¢iin aliriq:
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u, ou
W+£ctge sinze_u"’_?,u‘p}zo’ (2.13)

=0. (2.1.4)

(2.13), (2.1.4) soarhad masalasinin hallini
U, (Pi6) =c(P)M'(6), (2.1.5)
soklindo axtarag.

(2.1.5)-i (2.1.3),(2.1.4)-do yazib, (1.2.11)-i nazars alaq:
¢"(p) + 26¢'(p) —ez(zz +§jc(p) -0, (2.06)
lc(p) —gzc(,o)]\p:il -0 (2.1.7)

(2.1.6) tonliyinin hallini yazaq:

C(p) :Tle—g(,u"'l)p +T2e5(#—1)p’ (218)

burada u =.|z* +%-dir.

(2.1.8)-i (2.1.7) bircins sarhad sartlorinds yazaq:

+2)efIT —(u—2)e VT, =0,
(1+2) 1—(u-2) 2 (2.1.9)
(u+2)e*“IT, - (u—-2)e*“ ™71, =0.
A Ircins sisteminin geyri-trivial hallinin varligindan
(2.1.9) bircins sistemini i-trivial hallinin varligind
A4(z;g):(%—zz)sh(gx/422+7): 0, (2.1.10)

xarakteristik tonliyi alinir.
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(2.1.10) xarakteristik tonliyindan hesabi sayada z, koklori tayin edilir va
homin koklare uygun Ty, ,T,, sabitlori (2.1.9) sisteminin asas determinantinin har

hans1 bir sortinin uygun cobri tamamlayicilari ilo miitonasibdir [81,82] :
Ty =T (2— ﬂ)eg(ﬂ_l) Ty =—To 2+ ,U)e_g(wl) (2.1.11)

(2.1.10) xarakteristik tonliyinin biitiin koklori iizro comlomos aparmagla
(2.1.8), (2.1.11)-0 asason (2.1.6),(2.1.7) sarhad masalasinin halli tigiin aliriq:

U, (p;0) = Zc (P, (), (21.12)

burada

6 (p) = 26 *P[2sh(gu, (1- p)) — wch(ens (1- p))]

A,(z;¢) ciit funksiyadr.

Teorem 4. (2.1.8) tonliyinin koklori ¢oxlugu sonlu z = J_rg koklorindon vo O(s™)

tortibino malik hesabi sayda

(n=12,..) (2.1.13)

koklarindan ibaratdir.

(2.1.10) xarakteristik tonliyinin geyd edilon koklorine uygun hallarin asimptotik

ifadalorini yazaq:

3
a) z=——
) 2
@ . . @ 1 . 2 9
u,’(0;0) =Cse Esmeln ctg 5 +Ctgé |, (2.1.14)
1 2Ge” ..
oL =- sin020 Coi 0% =0. (2.1.15)
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7 n?

B Z‘ = +i
) 452

ul?(p;0) = Zeg(“"){%ln(—(l p))——co{—(l p)ﬂm @), (2.1.16)

=1

(2) _ ZZG (7; n +4]e—g(1+p)sm( ) (1_10))”1;1 6), (2.1.17)
&*

o= S0 Peod D1y -asn Dt )

x {Zm}] (9)ctg9—£2 + 72 Zgnjlmn (9)}.

(2.1.13)-1 (1.3.43)-do yazib (1.3.40), (1.3.41), (1.3.42)- yo asason ¢ — 0 oldugda
(1.2.11) Lejandr tonliyinin asimptotik hallinin bas haddi tigiin aliriq:

(2.1.18)

6 =6, -in otrafinda

1

m)z2 1 mn
mn(e){gj mexp[—z—g(e—eo}(uow»,

0 =0, -nin otrafinda

1

m)yz2 1 m
m, (0) = (?) Y exp[z—g CE 02)}(1 +0(¢)), (2.1.19)

0 =6, -in otrafinda
(2.1.14),(2.1.15) hallarinin comi (2.1.3),(2.1.4) masalasinin timumi hallidir:

u,(0;0) =Cpe? (%sin fln (ctg 2(%)} +ctg QJ +

+Ze €(1+p){4sm(—(1 p))—@co{—(l p)ﬂm ),

n=1

(2.1.20)

(2.1.15),(2.1.17),(2.1.18) diisturlarina asason gorginlik tenzorunun komponentlori

liciin yaza bilarik:
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o287 0, S0 Moo T )
(2.1.21)
—4sin(@(1—p)ﬂ{2mn(0)ctg0 ( r‘zjmn(e)},
2 de
zze €<1+p>£4 +4Jsm(—(l p))m ). (2.1.22)
n=1 3

(2.1.20) holli ilo @=const kasiyindo tosir edon gorginliklorin M, burucu
momenti arasindaki alagoni dyranok [81,82]. Qeyd edak ki,

1
My, = 272 5in° 0 [ 0 6% dp (2.1.23)

-1

(2.1.21)-1 (2.1.23)-do nazars alag:

M. =2 2Gge” ~£(1p) m
bur = 27 Sin 6’[ C,+ ZGe co (1 p) |-

| sin?é n=1

— 4sin(@ (1- ,O)H{Zm;1 (0)ctgl — (2 + 7[2n; Jmn (6’)}5’5’) dp =
2 de

:2%sin29{ 2GOC je“fpd +ZG{ jezf(p ”co{ (- 1)]d,0+
&

sin? @

+4e5}e28(”Dsin(%(p—l)jdp}{Zm (O)ctgl — [ m (9)}

&

= 27 sin 0{ G, OSh(A"g)+ZG0 L
sin?é = | 166% + zn?

&

8
(- cos(m))+
|

%(—H e cos(zzn))}{Zm (O)ctg 6 — [

= —27G,sh(4¢)C,,

Jm ) } (2.1.24)

(2.1.24)-don alinq ki, C, sabiti sferanin yan sathi goarginlikdon azad olduqda,
@=const koasiyindo tesir edon gorginliklorin M, burucu momentilo

mutonasibdir.
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(2.1.14) halli sferanin daxili goarginlik-deformasiya voziyyatini miioyyan
edir. (2.1.16) hallino uygun gorginlik vaziyyati sorhad lay1 xarakterino malikdir vo
onun asimptotik ayrilisinin birinci haddi geyri-bircins 16vhalor nazariyyasindoki
Sen —Venan sarhad effekilo ekvivalentdir.

(2.1.19)-dan aydindir ki, #=6; (j=12) konik kasiklorindon iizaglasdiqda

(2.1.16) halli eksponensial qanunla soniir. (2.1.24)-0 asasan

Cy=mMour (2.1.25)
272G sh(4e)

Forz edok ki, sferanin oturacaqglarinda (konik kasiklordo)

%\HS = f.(p) (2.1.26)

sorhad sortlori verilir.
(2.1.21)-i (2.1.26)-da yazib (2.1.25)-i nazars alaq:

e i _4sin [? 1- p)j - @cos(? 1- p)j:| x

n=1|_ 2

M bur.er
msh(4e)sin® 6,

L (s=12) (2.1.27)

tz+ T i (0,) — 2m, (&)ctges} f,(0) -

de
(2.1.27)-nin hor iki torofini e*¥c, (p)-ya vurub, alman ifadoni [-1;1] —do

integrallayaq:

OZ {16] sm(—(l p))sm(—(l p)j p—%} sm(—(l p))

A

xco{%(l—p)j p——jcos(—(l p))sm(—(l p)jdp+
+”22k i co{—(l p)jcos(—(l p)jdpMm 42”2]m 4,) - (2.1.28)

—2m, (6, )ctg 95]= I f (p)e®”) {4sin(%(l— p)) - %CO{%G— p)ﬂdp,

burada f. (p) = f.(p)— " Moy 1 (s=12)
A zsin? O,sh(4¢)’ T

Son naticads (2.1.28)-don aliniq:
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2 1

21,2
: 7k & *
m, (0.)ctgd. —| 2+ =—— |m, (6.) = f e?(PHh)
k( S) g S ( 452J k( s) GO(1682+7Z'2k2):|.1 s(p)

[—co{—a o) 4sin(%(1—p)ﬂdp,

burada m, (0) = AS)P 1(cos€)+A§2)Q 1(C0s0);P ;(cosd) vo Q ;(cost)

k_f k_f k_E k_E

(2.1.29)

uygun olaraq birinci vo ikinci név Lejandr funksiyalaridir [81]; AP vo AP

namolum sabitlordir; s =1;2.

(2.1.29)-a asasan yaza bilarik:

[thgele(l)l(coselh(zf—%)PZ 1(00391)} @ 4

k7§ k_E

1 “
+ {thg Hle(l) L (cos@,) + (zf - ZjQz . (cosel)]Aéz) =,
k_E k—E

(2.1.30)
{thgHZP(l) 1(c036?2)+(z|f —%)P , (cosé, )}A&” +

%, %,

+{20tg¢92Q(1) , (c0s8,) +(zf —%)Q 1(cosez)]Aéz) =1,

Zy —E Zy —E

burada

2 1

* € 0 e gainl K N K {?E B :ﬂ .
I GO(1652+7z2k2)_j1fs (p)e {43"1(2(1 p)) —co 2(1 p) | |de;

d
PY (cos®)=—| P . (cosd) |,
;( )= 46 ZK-;( )

21,2
QW | (cosh) = dg[Q l(cos@)] s=12; 7, =i Z 7“; .

Zk** x— g

(2.1.30) sistemindon AL , A sabitlorini toyin edok:

AY =
Ak Ak

burada
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. 1
A(I:(L) — |2[20tg HlQ(l) 1 (Cosel) + (Zlf — ZJQ 1 (00891):| —

Iy ——

Z_i
2 )

_If{thgezQ(l) 1(cos¢92)+(z|f —%)Q 1(005492):|,

Zy _E Zy _E

7 —= 7 —=
k™5 k

2

AR = Il*{2ctg 6,PM | (cosé,) + (zf - %)P . (00392)} -

Zy _E

_ IZ{thg 6,PY  (cosé,) + (zf — %)P 1 (00391)},
2

A, = 4ctgoctgo, |_(Zl;1>l (6,60,) +
1
2

Zy —E Zy —E

+ 2(2,3 - %){ctg 6L (6,:6,) +ctg,L", (8,6, )} +

1 2
+(Z|f _Z) L(O’O)l (6,;60,);

Z_i
)

L™ (6,;6,)=P™, (cosd,)Q" | (cosh,) -

%= &, &y
~PY (cos6,)Q™, (cos#); (n,i=0;)
Zk_E Zk_E

Forz edok ki, sferanin yan sathindo

G, (ou .
O sy ::_;?-(_Eiﬁl-_-gu¢7j ::tl (60

p=x1

(2.1.31)

qgeyri-bircins sarhad sortlori, sferanin oturacaqlarinda (konik kasiklords) isa sferani

tarazliqda saxlayan ixtiyari sarohd sartlori verilir.

(2.1.31)-do t;"(0) funksiyalar1 & parametrine nozoron O(1) tortibino malik

hamar funksiyalardir.

(2.1.3) tonliyinin (2.1.31) sarhad sortlorini 6dayan xiisusi hallini qurag.

Hoamin hall geyri-bircins hall adlanir.

Asimptotik inteqrallama tisulunun birinci iterasiya prosesina asasan qeyri-

bircins hoalli
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1
Uy (P.6) = Uy + s + 8°Uyp + U5 +.) (2.1.32)

soklindo axtaraq [25].
(2.1.32)-ni (2.1.3),(2.1.31)-do yazib, naticods asagidaki sorhad mosalalarini

aliriq:
0 ou, g
— 1 G,—& |=0, d.
a,,( : a,,J (2133)
ou
G, e _o. (2.1.34)
8,0 p=t1
ou ou
Sfof3p )
o P op
ou
Go( "’1—u¢OJ =0.
op - (2.1.36)
ou u
aﬁ(eo( 02 —U¢1]]+3Go 2y
o op op
o%u , au )
+G A 9+(ct 20 — ju =0, 2.1.37
°[ 00> a0 O 90 inzg )0 ( )
ou N
o] v e
p=t1
ou
9 Gyl =2 —u,, | |+3G, —2+
op op ° P
d%u , 2
+ oL et 6’+(ct 20 — )u =0, 2.1.39
0{ 06? 0 J 9 sin2g ) ™ ( )
c [auq)3 . ] 0 (2.1.40)
0 P @2 '
P p=t1
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(2.1.33)-(2.1.34),(2.1.35)-(2.1.36), (2.1.37)-(2.1.38),(2.1.39)-(2.1.40) sorhod

masalalarini hall etmakls U, nin (2.1.32) ayrilisina daxil olan U, omsallari tayin

edilir:

U, =€(60),

Uy = P8 (0) + €, (9),
burada

. . c0s20 t,(6)
e () +e (0)ctgd — e (0)=--1
1( )+ 1( ) g S|n2(9 l( ) 2G0
6, (60) +e,(0)ctg0— g ey (0) = 20D
sin? 0 2G,

4(0) =t (6) +1; ().
Yerdayisma vektorunun u, komponenti vs garginlik tenzorunun komponenti tigiin

alingq:

U, = % [91(9) +&(0e,(0) +e,(0)) + 0(82)]'

Gpgo — tl(ze) p+tf(‘9);tl_(9) +O(8),

O = So [(€1(6) - e,(0)ctg0) + £((6, () — e, (B)ctg0) p +
&

+e,(0) — e, (0)ctgd) + O(e2)]

2.2. Yan sathi baglanmus Kicik qalinhgh geyri-bircins

sfera iiciin burulma masalasi

Yan sothi baglanmuis kicik galinligl geyri-bircins sferanin burulma

mosalasina baxag:
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d%u au d%u, ou
¢’+52(— Mo g €529, —3U¢J:O, (2.2.1)

? +2¢ ? +
op® op 00 00 07 sinZg e

=0. (2.2.2)

u,| =
Plp=+1

(2.2.1),(2.2.2) sarhad masalasinin hallini (2.1.5) soklinds axtaraq. (2.1.5)-i (2.2.1),
(2.2.2)-do yazib (1.2.11)-1 nazars alaq:

o () +225p) ~&7( 7+ o) =0 223)
c(p),_,, =0. (2.2.4)
(2.2.3) tonliyinin hallini yazaq:
C(,D) — Qle—f(/h“l)/? + Qzeg(/l—l)P’ (225)
[, 3 .
buradau=,/z° + 2 -diir.
(2.2.5)-i (2.2.4) sorhad sortinds yazagq:
e(u+l) -&(u-1) _
e +e =0,
N Q (2.2.6)
e—S(ﬂ+1)Q1 + eS(ﬂ—l)Q2 =0,

(2.2.6) bircins xotti cobri tonliklor sisteminin qeyri-trivial hollinin varligindan

asagidaki xarakteristik tonlik alinir:

sh(g\/422 +7)= 0, (2.2.7)

(2.2.7) tonliyi hesabi sayda

, (n=12,..) (2.2.8)

koklarine malikdir.
(2.2.8) koklarino uygun Q,,Q,, sabitlori (2.2.6) sisteminin asas detrminantinin
birinci satrinin uygun cabri tamamlayicilar ilo miitonasibdir:
Qu = Qo ™, Qy =—Qye ™
(2.2.7) xarakteristik tonliyinin biitiin koklari tizra comloma aparmagla (2.2.3),

(2.2.4) sarhad masalasinin halli ii¢iin yaza bilarik:
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U, (9:6) = 6, (P)m, (6), (2.2.9)

k=1
burada
e (p) = 2e7°¢Psh(gu(L- p))
(2.2.7) xarakteristik tonliyinin (2.2.8) koklorine uygun hoallorin asimptotik

ifadaloarini yazaq:

u,(p;0) = ize—‘f(p*l) sin(% 1- p))m;, ), (2.2.10)

k=1

&, =Gy > e D [4sin(? (1- p)j 4 ?co{? (1- p)ﬂm; ), (2.2.11)

k=1

72n?

g, =—2G, ie—g(f”l) sin(@ 1- p)j{Zm;} (0)ctgl — (2 +=— ]mn (9)}. (2.2.12)
k=1 2 de

(1.2.11) Lejandr tonliyinin asimptotik hallinin bas haddi (2.1.19) diistiiru ils tayin
edilir. (2.2.10 ) hallino uygun gorginlik voziyyati sorhad lay1 xarakterino malikdir.

Forz edok ki, sferanin oturacaqglarinda (konik kasiklordo) onu tarazligda saxlayan
Ty, = 9s(P): (s=12) (2213)

sarhad sartlori verilir.
(2.2.12)-ni (2.2.13)-d» yazaq:

—2G, > e ¢t»Hh sin(? 1- p)j x
n=1

2n?

{Zm;(es)ctges [2+ - jmn (03)} 0. (p) (2:2.14)
E

(2.2.14)-in hor iki torofini e*¥c (p)-ya vurub, ahmnan ifadoni  [-1;1]-do

integrallayagq :
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26,3 jsin(% (1—p)jsin(% (1—p))dpx

n=1_1

-1

2.2 1
X |:2mn (Qs)ctg 95 - (2 + Z—rljmn (05)j| = '[gs (p)eg(pﬂ) sin
&

Son naticads (2.2.15)-don aliriq:

72k?

2m, (6,)ctg o, —(2+ > jmk 6,) =
de

1 1 (p+1) w: (ﬂk j
S e Dsin| == (1- p) |dp.
%G, _Ilgs(p) , L=p) |dp

N (2.2.15)
[7 (1—p)jdp.

(2.2.16)

burada m, (8) = A®P ,(cosd)+ AP (cosd); AP, A namolum sabitlordir.
z

Z_i —_
k72 k72

(2.2.16)-ya asason

Zy——

Z_i
2 )

Zy _5 Iy ——

2

{thg 6,P"  (cosb,)+ (zf = %)P . (c0s6,)

= Z—
) )

Zy _E Iy ——

2

1
burada h; = —% [9,(p)est? sin(% (1—,0)jdp; s=1.2.
0-1

(2.2.17) xatti tonliklor sistemindon A®, A sabitlori toyin edilir.

Forz edok ki, sferanin yan sathinda

u(p‘p:il - tz_ (9)

{thgelP(l)l(coselh(zf—%)P 1(00391)} 3 4

+ {mg 6,.Q" | (cosh,) + (zf —%)Q L (cos@)

+{thg¢92Q(1) L (cos8,) +(z|f —%)Q L (cos@z)}Aﬁ) =h,

(2.2.17)

(2.2.18)

geyri-bircins sarhad sartlori, sferanin oturacaqlarinda (konik kasiklords) iss sferani

tarazliqda saxlayan ixtiyari sarhad sortlori verilir.
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(2.2.18)-do t, (8) funksiyalar1 & parametrina nozoron O(1) tortibino malik

hamar funksiyalardirlar.
(2.1.3) tonliyinin (2.2.18) sarhad sartlorini 6doyon xiisusi hallini qurag.Asimptotik
inteqrallama tisulunun birinci iterasiya prosesina asason geyri-bircins halli

U, (0,0) =Uyq + &y + U, + U 5 +... (2.2.19)

soklinds axtaraq [25].
(2.2.19)-u (2.1.3),(2.2.18)-do yazib, asagidaki sorhad mosalalorini aliriq:

Kl , Gl _o, (2.2.20)
op op
uw\p:ﬂ =t (0). (2.2.21)
ou ou
O, Mt _y ]4ac, Moo o, (2.2.22)
op op 7 op
u(pl\p:il =0. (2.2.23)
ou ou
9 G| =2 —u,, | |+3G, =&+
op op 7 op
d%u,, au 2 (2.2.24)
+G AR 9+(ct 20 — )u =0,
0[ PV Y 9V Gin7g ) o
_ (2.2.25)
“¢2‘pzﬂ =0.
ou
9 Gyl =2 -u,, | |+3G, —2 +
op op ° o
o%u , du 2
+ et 9+(ct 20 - )u =0, 2.2.26
O( 002 o0 0 IV Gin7g ) ( )
Uys|,_,, =0. (2.2.27)

(2.2.20)-(2.2.21),(2.2.22)-(2.2.23),(2.2.24)-(2.2.25),(2.2.26)-(2.2.27) sarhad

masalalirini hall etmakls u , -nin (2.2.19) ayrilisina daxil olan u , omsallari tayin

edilir;
81



4o =22 (p+1+1,0),

(p+1)?

U, =—t,(0) +1,(0)(p +1).

Yerdoayisma vektorunun va garginlik tenzorunun komponentlori ti¢iin aliriq:

u, —#(mmtz(mw{—tz(e) L ;1)2 +t2<0)(p+1)}+0(82),

7= 20 o 10)- 200~ 204 1,000 0067
&

Gy = cao[(t'2 6)~t,(0)ctgd)2 2* D ;60) -, @)ctgs + 0(5)}

burada t, (8) =t, (6) —t, (6).

2.3. Siiriisma modulu radial istigamatda ixtiyari ganunla dayisan

sfera ticiin burulma masalasi.

r,0,¢ sferik koordinat sistemids T'={r €[r;;1,], 8€[6,;6,], ¢<[0,2x]}
oblastina malik olan, 0 vo 7 polyuslarinin daxil olmadig1 radial gqeyri-bircins
kicik qaliliqi sferanin  burulma masalosine baxaq. Forz edok ki, G(r) —siirlismo

modulu r -don asili ixtiyari miisbot kosilmoaz funksiyadir.
(1.1.8), (1.1.9) —u (1.1.3) —do yazaq:

oV \Y; oV Y}
2 G(r) _ ¢ _ 9 +&(r) _ ¢ _ 9 +
or or r r or r
52 . (2.3.1)
Y
+G(2r) >+ —-ct 0—098220% =0,
00 00 sin“ @

r
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Forz edok ki, sferanin yan sothi yiikdon azaddir:

o, Vv
=G(r -2
( )( o r j
va sferanin oturcaqlarinda (konik kasiklords) sferani tarazliqda saxlayan

G(r)
Opp = . (89 vctg@}

sorhad sartlori verilir.
(2.3.3)-0 daxil olan f (r) funksiyalari

=0, (2.3.2)

r=rg

- £,(r), (s=12) (23.3)

0=05

b pl
27rsin® @, [ f,(r)rdr = 2zsin® @, [ f,(r)r*dr

n n
sartini odayir.
(2.3.1) tonliyinin hallini
v, (r;8) =v(rym(9), (2.3.4)

soklindo axtarag.
(2.3.4)-o0 daxil olan m(#) funksiyasi

1 1

m"(9)+ctgt9m'(9)+( 2 .
n-o

)m(g) =0, (2.3.5)

Lejandr tanliyinin hallidir [81,82].
(2.3.4)-i (2.3.1), (2.3.2)-da nazars alaq:

{G(r)(v(r) V(r)ﬂ 36“)[ (") - V(r)) Gr(j)(%—fjv(r):o, (2.3.6)
G(r)(v(r v(r)j

(2.3.6), (2.3.7)-ni

=0, (2.3.7)

r=r;

Av=w (2.3.8)

operator tonlik soklinds yazag.
(2.3.8)-do
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o N () v(r)
Av_{ G(r){G(r)(v (r) . ﬂ Br(v (r)- )
(| v -]

Skalyar hasilin

:0}; y:g—zz; s=1.2.
r 4

r=rg

u;v)y = rIZG(r)u(r)v(r)dr

n
qaydas ilo toyin edildiyi H(r;;r,) Hilbert fozas1 daxil edok.

Lemmal. A:H — H simmetrik operatordur.

Isbati: Ixtiyari u(r) € H,v(r) e H funksiyalari {i¢iin

(Av;u), —(v; Au)y, = rfG(r)Av(r)u(r)dr —rsz(r)v(r)Au(r)dr =

:rrjie(r)—Gr(zr)_e(r)(v'(r)_ﬂﬂ 3r(v(r) ()j}u(r)dr_
_EG(r)\_Gr(zr) G(r)(u (r)_ﬁﬂ Br(u (r) - ()j}v(r)dr:

:rf{ {e(r)(u (1) - ”ﬂv(r)—r [G(r)(v (- ”Hu(m

+3rG(r)(u'(r u(r ))v(r) 3rG(r)(v (r)- v(r )Ju(r)}dr =
- J r v(r)d{e(r)(u (r) - ﬂ r u(r)d{e(r)(v (r)—ﬁj}

+j3rG(r)u(r)v(r) u(r)v'(r))dr = rV(F)G(r)(u(r) u(r)j

n

n
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~feo(wo - D oeven- ruemn(ve -0

n

+ rfG(r) V' (1) —mjd(rzu(r))+ szrG(r)(u'(r)v(r) —u(r)v'(r))dr =

:rng(r) v'(r) - v(r )j(Zru(r)+r u'(r))dr — jG(r)(u (r)- u(r )j

< (2rv(r) + r2v (r)Jdr + j 3rG (r)(u'(r)v(r) — u(r)v'(r))dr = 0.

n
Yoni (Av,u), = (v, Au),, borabarliyi odanilir.
Ixtiyari v(r) € D, funksiyas1 ii¢iin

2

(Av,v),, = jG(r)Av(r)v(r)dr IG(F){ X ){G(r)(v (r)—gﬂ

_Sr(v'(r) —@j}v(r)dr = rf {_ rZ{G(r)(v'(r) —@ﬂ _

—3rG(r)(v'(r ())}v(r)dr_ [r2 v(r)d{G(r)(v(r V(r)ﬂ

_rf:arG(r)(v'(r)— (r))\/(r)dr— —r V(r)G(r)(v (r)_ﬂj

+ rIZG(r)(v'(r) —&rr)jd(rzv(r)) — j3rG(r)(v'(r) }/(r)dr =
= rfG(r)(v'(r) —QJ(Zw(r) +r2v'(r))dr —
- j3rG(r)(v (r) - )\/(r)dr jG(r) 2(r)=2rv(rv'(r) + (rv'(r)) ]dr =

_IG(r)(v(r) ()j ridr>0
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A operatorunun y, maxsusi adadlori iigiin y, >0 Vo k —oooldugda y, — -
dur. A operatorunun {v, (r)} (k =0,2,...) moxsusi funksiyalar1 coxlugu H(r;r,)

fozasinda ortoqonal bazis toskil edir [31,36]:
(Vt(r);vk (r)):até‘kt (2.3.9)

burada a, = (v, (r);v,(r))= rIZG(r)vf(r)dr-dir.

n

Ixtiyari v(r) e H(r;;r,) funksiyasi tigiin

v(r) = ZCkvk, C, = (V:Vi)w

a
ayrilist dogrudur [31,36].
7o =0 odadi A:H — H operatorunun maxsusi ododidir vo homin maxsusi ododo
uygun moxsusi funksiya v, (r) =r -dir.

(2.3.1), (2.3.2) sarhad masalasinin halli iigiin aliriq:

U, (r;0) = Vo )My (6) + évk(r)mk ), (2.3.10)

m, (6) = Bo(cose In (ctg @D _ 1}

9
m, (8) = A PY  (cosd) + B,QY (cosh); z, = /Z — 7

7 —= 7 —=
k™ k™

burada

(2.3.10)-a asasan

op =" ;c; 22 kZlﬁvk (r)(m, (6) —m, (O)ctgb), (2.3.11)
-360[v0-"m ) 2312)

6 = const kasiyinda tasir edan garginliklarin M, burucu momentini hesablayaq:

p)
Myyr, = 278in° 0 oy, 1 2dr (2.3.13)

n

(2.3.11)-1(2.3.13)-d» yazaq:
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Mbur;zﬂsinmf{— jﬁgg ki v, (r)(m. (6) mk(e)ctge)} r2dr =

n

:27zsin2<9[ 2B 2 erG(r)dr+

sin?
e (2.3.14)
+ kzl[j rG(r)v, (r)dr(m, (6) - m, (d)ctg «9)}} =
=—47B, j r’G(r)dr + 2zsin? eiﬁ rG(r)v, (r)drj(mk (@) —m, (6)ctg ),
n k=1\ n
(2.3.6) tonliyini r* -a vurub, alman boraborliyi [r,;r,] -do inteqrallayaq:
j {G(r)(v@(r)—ka”ﬂ SG(”[ -0,
g (2.3.15)
N Gr(zr)(4 jvk(r)} gr
(2.3.15)-asason
(zf —%j:fe(r)vk(r)rdr - Trsd{e(r)(v;((r) - Vkr(r)ﬂ t
' ' (2.3.16)

; 3rf rZG(r)(v[( (r) - V"r(r)jdr

n
(2.3.16)-da hissa-hisss inteqrallama diisturunu totbiq edib, (2.3.7)-ya asason aliriq
ki, (2.3.16)-nin sag torofinds yerloson ifads sifra barabardir. Son naticads (2.3.16)-

ya osason Yyaza bilarik:

rIZG(r)vk(r)rdr =0, (2.3.17)

n

(2.3.17)-ni (2.3.14)-do nozaro alaq:

b
My, =478, [ r*G(r)dr. (2.3.18)

n

(2.3.11)-1 (2.3.3)-do yazaq:
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2G(r) G(r) & : }
————2B,+—2>» v . (r)(m (8)—m, (0)ctgld = f,(r),
{ sin2g ° . kZzl « (N(M (6) —m, (O)ctg o) - (r) (2.3.19)
(s=12)
(2.3.18)-2 asasan
By =——7 Mowe (2.3.20)
4z [ r*G(r)dr
(2.3.20)-ni ( 2.3.19) —da yazaq:
> G(r)vy (r)(m, (6,) —m, (6 )ctg ;) =
k=1
— l’fs(l’)— rG(rr)zM bur. ’ (S :1;2) (2321)
27sin® 0, [ r’G(r)dr
(2.3.21)-i v, (r)-2 vurub, alinan ifadslori [r;;1,] -do integrallayaq:
kz:['[ G(T)Vk (r)vn (r)er(mk (‘93) — My (es)Ctg gs) =
=1\
2 ) (2322)
= [ f,(r)v,(r)rdr - Mrfur- [ G(r)v, (r)rdr,
g 27sin® @, [ G(r)r*dr "
(2.3.22)-ds (2.3.9) —u nazars alaq:
m;] (05)_mn (Hs)Ctges :if fs(r)vn(r)rdr -
(2.3.23)

Mb;“ rjz G(r)v,(r)rdr, (s=12)

2mx,sin” 6, [ G(r)ridr "

]
(2.3.23) sistemindan namolum A, , B, omsallar tayin edilir.
Asagidaki xiisusi hallara baxaq:
1) G(r)=G,r®
(2.3.6), (2.3.7) —don aliriq:

88



( r2v'(r) +4nv'(r) - G szv(r)=0, (2.3.24)

v(r
(v (r)- ( )j =0. (2.3.25)
(2.3.24) tonliyinin hallini yazag:
2,
v(r)=D,r * 2 +D,r 2, (2.3.26)

burada t =~'z* + 4; D,, D, -ixtiyari sabirlordir.
(2.3.26)-n1 (2.3.25)-do yazib

(zf —%)sh(Zg\/zz + 4): 0, (2.3.27)

xarakteristik tonliyini alirq.

w

(2.3.27) xarakteristik tonliyinin koklori goxlugu sonlu z; =+> koklorindon vo

2.2
O(s™) tortibino malik hesabi sayda z, :J_ri1/4+7i1 r; , (n=12,...) koklarindan
&

ibaratdir.

N

2y = —g kokiine uygun hall (2.1.14), (2.1.15) diisturlar ila tayin edilir.

2,2

Zy =i 4+

ul?(r;0) = Zr 2{58"1( ]——cos{—ln ﬂmn(e),

2.2
(2)—26 r 2 %+” r12 J—sin @In(:j]m 9),

koklarina uygun sarhod xaraktelari hollor asagidaki kimidir:

2¢ 2¢

ol = ZGOr_Z_Ssm(Z— In| -2 j——co{— In ﬂ(m'n (6) —m, (6)ctgd),
| |

2) G(r)=%

(2.3.6), (2.3.7)-ya asason
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2 n(r) +(%_ Z jv(r) — O’ (2328)

(v (r)— v(r)j

(2.3.28) tonliyinin hallini yazag:

=0. (2.3.29)

r=rg

1

1
V(r)=Dgr? | +Dgr2 (2.3.30)

burada p =~z —2;D;, Dy ixtiyari sabitlordir.
(2.3.30)-u (2.3.29)-da yazib

[5-2 fnleez-2)-0, 2331)

xarakteristik tonliyini alirq.

(2.3.31) tonliyinin koklari goxlugu sonlu z, =ig koklorinden vo O(e™) tortibli

2.2
2N 2, (n=12,...) koklarindon ibaratdir.

hesabi sayda z, = i
4e

Z, = —E kokiine uygun hall (2.1.12) diisturlar ilo tayin edilir.

— 2 koklarina sarhad lay1 xarakterli asagidaki hallor uygundur:

ul?(r;0) = Zr{iﬂ s{—ln r?Zj]—sin %'”(%Mm”(e)’

5

1 z°n°) . (m, (r
@ —3"G,r 2| =+ sin| = In| -2 | Im_(0),
ro Z 2 282] 2¢ \r n(0)

57
o? —ZG r 2| ™Meo 2@In(rrzD—sin(zﬂln(%jﬂ(mﬁ(ﬁ)—mn(9)0t99)-
&

& &

2.4. Siiriisma modulu radial istigamatda ixtiyari ganunla dayisan yan

sathi baglanms sfera ii¢iin burulma masaloasi
90



r,0,¢ sferik koordinat sistemids T'={r €[r;;1,], 8€[6,;6,], ¢<[0,2x]}
oblastina malik olan, 0 vo 7 polyuslarinin daxil olmadig1 radial gqeyri-bircins
kicik galinliqi sferanin burulma masalasine baxag. Forz edok ki, sferanin yan sathi
baglanib

ul =0, (2.4.1)

r ‘r:rs
va sferanin oturacaqlarinda (konik kasiklordo) sferanin tarazligda saxlayan

Opp = G(r)(ae vctgeJ

. = f,(r), (s=12) (2.4.2)

0=0,

sorhad sortlori verilir,

(2.4.2)-yo daxil olan f funksiyalart

r, r,
27esin® @, [ f,(r)rdr = 2zsin? 6, [ f,(r)rdr

n n
sartini 6dayir.
(2.4.1),(2.4.2) masalasinin hallini (2.3.4) soklinds axtarag. Son naticads aliriq:

{G(r)(v (r- v(r)ﬂ SG(F)( (r) - v(r)) Gr(zr)(%—zzjv(rho, (2.4.3)

v(r)|,_. =0. (2.4.4)

(2.4.3),(2.4.4)-u
Bv=w (2.4.5)
operator tonlik soklinds yazaqqg. (2.4.5)-do

et )

v(r),, :0} 7/:%—22; s=12.

Lemma 2. B: H — H miisbat operatordur.

Isbati: Ixtiyari u(p) € Dg, V(p) € Dy funksiyalari iigiin
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(Bu;v)y —(u;BY)y = rfG(r)Au(r)v(r)dr —TG(r)u(r)Bv(r)dr =

n n

= T{V{G(f)(v'(f) - QH u(r) - r{G(r)(u'(r) - @ﬂ v(r) +

+3rG(r)(u(r)v'(r)—u (r)v(r)) dr = jr u(r)d(G(r)(v (r) —ﬂﬁ

- Ir v(r)d(G(r)(u (r) - u(r )D +3jG(r)(u(r)v'(r)—u'(r)v(r))rdr =

_G(r)(v (r)— ()]r u(r) —f G(r)(v'(r)—i:)jd(rzu(r))-

iy

G(r)(u (r)- ()) 2v(r) +rj2 G(r)(u'(r)—ﬂjd(rzv(r)ﬂ

n

+3IG(r)(u(r)v (r)—u'(r)v(r))rdr I G(r)(u (r)_QJ

x (2rv(r) + rav'(r))dr — j G(r)(v'(r) - Qj(Zru(r) +réu'(r)dr +

n

+ BrfG(r)(u(r)v'(r) —u'(r)v(r))rdr :rjz G(r)@ru'(r)v(r) —

=3ru(r)v'(r))dr + rf G(r)@ru(r)v'(r) —3rv(r)u'(r))dr =0.

n
(Bu;v), =(u;Bv), boraborliyi dogrudur. Yoni B:H —H simmmetrik

operatordur.

Ixtiyari v(r) € Dy funksiyas iigiin

r? (r)
(Bv;v), = jG(r)Bv(r)v(r)dr = jG(r){ o0 ){G(r)(v (r)—Tﬂ

~a{ver) —Qj}v(r)dr -- I r V(r){G(r)(v G —Qﬂ

- fBrG(r)(v (r)- QjV(r)dr = —I’ZV(I’)G(r)(v'(r) _ 9)

n

n
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+TG(F) v'(r)— v(r )jd(r v(r))— j3rG(r)(v (r) - v(r ))v(r)dr_

= T2 () - 20w () + (v (r))? Jir = [ () (v (r) —v(r))2dr =

't _ () 2
= [G(n)| v'(r)-=+] r’dr>0.
n
Forz edok ki, (Bv;v),, =0-dir. Yoni

jG(r)(v(r) ()j r’dr=0 (2.4.6)

(2.4.6)-da inteqralalti funksiya monfi deyil. (2.4.6) baraboarliyi ixtiyari funksiya

ticlin dogru oldugundan aliriq ki, inteqralalt1 funksiya sifra borabordir:

rZG(r)(v'(r)—irr)j =0 (2.4.7)
(2.4.7)-ya asasan
v(r)—Q 0 Vo v(r)=Cr (2.4.8)

(2.4.8)-1 vo (2.4.4) sorhod sortindo yazdiqda alinq ki, v(r)=0 -dir. (Av;v)=0
boraborliyi yalmiz  v(r)=0 oldugda o6donilir. Demali, B:H —>H miisbat
operatordur [31,36].

B operatorunun y, moxsusi adadlori iigiin y, >0 voa k —> o oldugda y, — o -
dur. B operatorunun {v, (r)} (k =0.12,...) moxsusi funksiyalar1 coxlugu H(r;r,)

fozasinda ortoqonal bazis toskil edir [31,36].
(2.4.3), (2.4.4) sarhad masalasinin halli tigiin alirg:

uw(r;g) = ka (r)m (9), (2.4.9)
k=1
burada
m, (0) = AkP(l) L (cos@) + BkQ(l) ,(cosh); z, = %_ Vi
Zy _E zk_E

(2.4.9)-a asason
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71, =2 S (Mm@ -m@ctge), @410
(2.4.10)-nu (2.4.2)-do yazaq:
3 G, (N, (6,) ~ M, (6,)ct96,) = 1, (1), (s=12) (2.4.11)

k=1
(2.4.11)-i v,(r)-o vurub, alman ifadoni [r;r,] -do integrallayag vo {v, (r)}
(k =0,1,...) maxsusi funksiyasilarinin ortoqonalligini nazars alag:
: 1"
m, (6,) —m, (6,)ctgd, =— [ f (r)v,(r)rdr, (s=12) (2.4.12)
n
(2.4.12) sistemindon namolum A, , B, omsallar tayin edilir.
Asagidaki xiisusi hallara baxaq:
1) G(r) =G,r?
(2.4.3),(2.4.4)-0 osason aliriq:

r2v'(r) +4rv'(r) —G+ ZZJV(r) =0, (2.4.13)

v(r),_, =0. (2.4.14)

(2.4.13) tonliyinin (2.3.26) il tayin edilon hollini (2.4.14)-ds yazib

sh(2e/2? +4)=0, (2.4.15)

xarakterisktik tonliyini aliriq.

%n?

4%

(2.4.15) tonliyi hesabi sayda z. =i, |4+ (n=212,...) koklora malikdir.

Qeyd edilon koklara uygun soarhad lay1 xarakterli hollor asagidak: diisturlarla toyin

edilir:

ul?(r;0) = —i r2 sin[@ In (r—ZDmn 9),
n=1 2¢ r

1
% =15 . (m,. (r n m r
2 =N"G.r 2| =sin —In(—z) +—cog —In| — || |m,(O),
“ro nzzl ° l:Z 2¢ \Ur 2¢& 2¢ \ 1, 0
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o® ——ZG r 2sm(z—ln( D(m (6) —m, (6)ctgo).

2) G(r) = %

(2.4.3),(2.4.4)-0 osason aliriq :
rav'(r) + %— zzjv(r) =0, (2.4.16)
()., =0 (2.4.17)

(2.4.16)-n1n (2.3.30 ) ilo tayin edilon hallini (2.4.17)-ds yazib

sh(ng/ z° - 2): 0 (2.4.18)

xarakteristik tonliyi aliriq.

2n?

4g%

(2.4.18) tonliyi hesabi sayda z. =+i,|2 - (n=12,...) koklorino malikdir.

Bu koklor asagidaki sorhod lay: xarakterli hallari toyin edir:

ul?(r;0) = —i 2r2 sin(@ In (r—zﬁmn ),
2¢& r

n=1

5
@ 561 2lsinl @il 2L ™ cod P inl 2
Ty _nZ:lGor {sm(zg In( rZD+ . 005(2(9 In( rzjﬂmn(e),

(2) _ er ZG S|n(2_|n( )j(m (9) m (H)Ctgﬁ)

2.5. Radial geyri-bircins sferamin burulma ragsi

r,0,¢ sferik koordinat sistemids T'={r €[r;;1,], 8<[6,;6,], ¢<[0,2x]}
oblastina malik radial geyri-bircins izotrop sferanin burulma rogsi mosslasineg

baxaq. Hesab edacayik ki, 0 vo 7 polyuslar sferaya daxil deyil.

95



Sferik koordinat sisteminds sferanin burulma ragsini ifado edan harokar

tonliyini yazaq [34]:

ro -

or r 060 r gatz'

Forz edok ki, G -elastiklik modulu vo g -sferanin materialinin sixlig

0c,, 100, 30,,+20,Ct90 0%, 25.1)
+ = .

radiusa nazaran
G(r)=G.r,g =g.r (2.5.2)
Xatti ganunu ilo doyisir.
(1.1.8),(1.1.9),(2.5.2)-n1 (2.5.1)-do yazaq:

o%u ou U o%u_ ou r2 0%
2¢+§ Mo Yo +i2 2 To o @_Mu(p =90 % (253
op° plop p G. ot

p?l 00* 00 9 5in%0

n+r _dir

v : r
R TS PRI . _ o] ee s . . _
burada u, = E -Olgiisliz komiyyat; p = E -Olciistiz dayisan; r, =

Forz edok ki, sferanin yan sothi yiikdon azaddir:

ou, u
Opp = GO'D(_(/) B _(0]

=0, (2.5.4)
op p

P=Ps

Vo sferanin oturacaqlarinda (konik kasiklorda)

= ris (), (s=12) (2.5.5)

0=0,

G My uctgé
O 5, = —_— =
[ 0 00 1) g

sarhad sortlori verilir.

Burada

O-rgo :O-_(DE’ G G.r, i

o, = 0:%-61(;1'151'12 komiyyoatlor; elastiki  modul

PY t O o t
olglisuno malik xarakteristik komiyyaotdir.
(2.5.3) tonliyinin hallini
u,(p,0,t) =v(p)m(@)e'*, (2.5.6)
soklinds axtarag.
(2.5.6)-ya daxil olan m(@) funksiyas1 (2.3.5) Lejandr tonliyinin hallidir.

96



(2.5.6)-n1 (2.5.3), (2.5.4)-d> yazaq:

N

(' (P) (P, =0,

2.2

Vi(p)+ Vi) +| Q7 - A
p P

(2.5.7)

(2.5.8)

burada Q2 = gg—ro “Slciisiiz tezlikdir: s =1:2 -dir.

*

(2.5.7) tonliyinin hallini yazaq:

V(p)=p | = (Qp)A+Y ——(Qp)B
2o oo

(2.5.9)

Burada J F(Qp), Y \/ﬁ(ﬂp) -birinci vo ikinci név Bessel funksiyalaridir
7+~ 27+~
4 4

[81,82].
(2.5.9)-u (2.5.8) bircins sarhad sarlorinds yazaq:

2
QI ——(Qp)——J = (Qp,)
i 22+£ 2 ,02 zz+% 2

QY'’

Z2

+7
4 P2 4

2
QJ' Qp,)——J Q A+
[ m( 01) o0 m( 101)}
oy @p)-2Y,(©Qp)|B=0
1/zer% ! P1 1/22+£ ! ’

A+

B =

(2.5.10)

0.

(2.5.10) bircins xatti tanliklor sisteminin geyri-trivial hallinin varlig: tigiin

QJ'

QJ '\/ﬁ (Qpy) -
2ty Pr

23

boraborliyi 6dan
97

molidir.

Q QY' Q
ZZ+Z( pl) 224% ( pl) ,Ol
2 2
Qp,)——1J Q QY' Qp,)——Y Q
22+Z( 102) ,02 22+Z( 102) 22+Z( 102) ,02 22+Z( 102)

2y

\/ﬁ Qo)

=0,(2.5.11)




(2.5.11)-2 asasan

A(z,Q2, p1, p,) = 4'—% (Qp1;Qp,) - ZQ[plL(jL (Qp;Qp,) +
7%+ 2.0
’ ) (2.5.12)
|_(0 1) L(ll)

+ Qp,:Qp,) |+ Q2 Qp,;Qp,) =0,
P2 E( L1 ,02)] P1P2 E( 01,Q0,)

dispersiya tonliyi alinir.

(2.5.12)-do LV (Qp;;Qp;,) = L‘S’r (Qp, YUF (sz)—JJ")T?(QPz)x
77+ 77+~ Z°+—
4

xYEL_(Qpy); (s=01 j=01) - dir.

Jz? +Z
(2.5.12)- dispersiya tanliyi hesabi sayda z, koklarina malikdir vo hamin kdklara

uygun A, B, sabitlori (2.5.10) sisteminin asas determinatinin har hansi bir satrinin

uygun cabri tamamlayicilar ilo miitonasibdir :

2
A =C | QY —(Qp,)——Y ——(Qp,) |, (2.5.13)
B, =—C,| Q' (Qp,)-21, (Qp,) (2.5.14)
k=L \/E 20 zf+£ 5) | 5.

(2.5.9), (2.5.13),(2.5.14)-i (2.5.6)-da nazoros alib,( 2.5.12) dispersiya tonliyinin

hesabi sayda koklari tizro comloms aparad:

u,(p,0,1) = 2P [QL(\?L (Qp;Qp,) -
Zk+*
4

k=1
(2.5.15)
2
=192 (Qp;Qp,) M (F)e'.
/72 12k+z ? ‘
(2.5.15)-0 asasan
6,0 =3 Gop | ALY (Qp100p,)- 2109 (0p:0p,) |x
0 k=1 ° [ 1 Zk+z ? Po 1 Zk+z ? (2516)

x (M, (8) —m, (0)ctgO)e',
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Gp(p:ZGO L(ll) (Q/O QpZ)__QL(lo) (Q QIOZ)_
k=1 Zk +Z Zk +Z

P2
(2.5.17)
2Q (o 4 “
- =L (QpiQp,) + —— L0 (QpiQp,) My (B)e™.
P zk+Z PP \/E

Burada

LED_ (©Qp;Qp,) = 3¢ (Qp)Y“) - (Qp,) = I (Qp,)Y L (Qp) -dur.
zk+f 2 Zk+f +f 2 zk+f 2 zk+f

(2.5.12) dispersiya tonliyinin koklarinin tadqiqi igiin

2=h L —1-e p,=lte (2.5.18)
2r,

E =

isaraolomosi aparaq. ¢ -sferanin qalinligi xaratkterizo edon kigik parametrdir.

Bessel funksiyalarinin xassolorine vo (2.5.18)-0 asason (2.5.12) dispersiya

tonliyinine daxil olan L(\%(Qpl,ﬂpz) L(jl)—(Qpl,sz) L(\%(Qpl,sz)
2°4- 2°4= 2°4-
4 4 4

L0 - (Qp;;Qp, ) ifadalorrinin & -na nozeren ayrilislarmi yazaq:

Wz+—
4

L(O?? - (Qpy;Qp,) = ‘;‘9{1—?{292 2(22 +%) —1} +

4 2
+ & 2(22+Z] +1O(22+Z)—4QZ(22+1—1J+ZQ4+3 TS
15 4 4 4

de 7\ &2
L (Qpy;0p,) = —— (Qz—zz——)——x
P +4( 01,Q20,) ") 4 3

2
><|:ZQ4 — (422 +10)Q% + 2(22 +£j +4(z2 +%ﬂ+

4T 2
51208 62243 ot 4 6(22+Zj +36(22+Zj+15 Q° —
15| 2 4 4
3 2
~2 22+Zj —20(22+Z) —23(22+Z) b (2.5.20)
4 4 4

(2.5.19)
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2%4+°

4

292—6(22+Zj—3 - 294—4Q2(22+1—1j+
4 3 4
2
+10(22+Z)+2(22+Z) i3leto L 294—1292(22+1—1)+
4 4 15 4
2
+50(22+Zj+1o(22+zj +15 |65 + 1| 40° —60* 2(22+Zj+3 +
4 4 45 4
2 3 2
+6Q° 2£zz+zj +16(22+Z) +9 —4(22+Zj _70(22+Zj _
4 4 4 4

g%+ } (2.5.21)

) 2 7
L,0) : _ 2 2 2
L= (Qpy;Qp,) = {—1—3—{29 —2(2 +Zj—1}g -

+

Wl

—196(22 +Zj—45
4

2
+1O(22+Zj—492(22+1—1j 204 +3]gt L 10(22 +Z) +
4 15 4

+50(22 +9 2004 —1292(22 +1741j+15}g5 -

3 2
_L —4(22+Zj —70(22+Z) —196(22+Zj—6£24 2(22+Z)+3 +
45 4 4 4 4
7\ 7
+692(2(22+Zj +16(22+Zj+9J—45}6+.. . (2.5.22)

& — 0 olduqgda dispersiya tonliyinin koklarinin asimptotikasini miioyyanlosdirak.
(2.5.18) vo (2.5.19)- (2.5.22) ayriliglarmi (2.5.12)-do yazagq:
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2
A(z,Q,g):£{9+QZ—22+8—[—224+(4QZ—3)22—
T |4 3
4
204 +1002 + 22 |+ 5| _ o, +(692—£)z + (2.5.23)
8 15 2
+(57QZ 6Q* — 347) 1208 e M 181, 1y
8 29 " 32

& —0 oldugda Q=0(1) sortini ddoyan Q -lar ii¢iin (2.5.12) dispersiya tonliyinin
z, =0(1) asimptotikasina malik iki koki var.
Qeyd edilon sonlu koklari
2, =2 + 82y +....k=12) (2.5.24)
soklindo axtarag.
(2.5.24)-ii (2.5.23)-do yazib , naticados alirq:

707 -12

9
Z
kO

£ —0 oldugda ©Q — oo sortini 6doyon tezliklor tigiin (2.5.12) dispersiya

tonliyinin koklori sonsuz olaraq artir (z, — ).

& — 0 oldugda Q — oo sartini 6dayan tezliklor tigiin asagidaki miinasibatlor
dogrudur:

1) Q—> o0 vo &2 — 0(e — 0 oldugda)
Yoni

Q=09 OQ,=0@1); 0<qg<l (2.5.25)
(2.5.25) sorti 6dondikds (2.5.12) dispersiya tonliyinin koklarinin asimptotikasini
miayyanlosdirak.
a) 2, =206 7, 2,,=0@1), 0<p<1 (2.5.26)
(2.2.25),(2.5.26)-m (2.5.23)—de yazaq:

AZQ.e) =22 {0262 72 67 4+ O(max(e 2, &) )= 0. (2.5.27)
T
& —0 oldugda Q,=0(1),z,, =0() olduguna ssason (2.5.27) -don alinir ki,

£ =q diir.
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Zk -ni1

2, =206 P+ 7,67 +...; 0< ,B<%. (2.5.28)

2, =208 P + 2,67 + .. %< B<1. (2.5.29)

soklinds axtarag.
(2.5.28),(2.5.29) —u (2.5.23) yazib son naticads aliriq:

ZIEO = QS-
b) z, = i(im(gl—ﬁ )); 0<p<1 (2.5.30)
&

(2.5.25),(2.5.30)-u (2.5.12) dispersiya tonliyindo yazib Bessel funksiyalarinin
asimptotik ayrilisindan istifads etmokls 6, tigiin

sin(26,) =0 (2.5.31)
miinasibatini aliriq.
(2.5.31) tonliyi 16vhalar nazariyyasinds burulma masalasi tigiin Sen-Venan sarhad
effektini toyin edon tonliklo eynidir. (2.5.31) tonliyi hesabi sayda o, koklorins
malikdir.

2) Q—> o0 Vo & —const ( & — 0 oldugda)
Yoni

o= o -oq (2.5.32)
&

barabarliklori dogrudur.

(2.5.12) dsipersiya tonliyinin koklarini
z, =7 +O(e) (2.5.33)
&

soklindo axtarag.

(2.5.32),(2.5.33)-ii (2.5.12) dispersiya tonliyindo yazib, J\/ﬁ(ﬂps),
4

Y \/ﬁ (Qp,) (s=12) Bessel funksiyalarinin bdyiik indeks {iglin asimptotik

74—
4

ayrilisindan istifado etmakla, son naticads y, -nin toyini iigiin aliriq [81,82]:
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sin(2,/02 — 72 )=0. (2.5.34)
(2.5.34) tonliyi hesabi sayda y, koklarina malikdir.
(2.5.15)-(2.5.17)-do p=1+en(-1<np<l)yazib ¢ kigik parametrino Nnazaran

ayrilis aparmaqla dispersiya tonliyinin (2.5.24) mohdud koklarine uygun bircins

hallar tiglin asagidaki asimptotik ifadolor toyin edilir:

u,(n,0,t)= %é(1+ O(g))m, (0)e'”, (2.5.35)
Oy = Z—jél(“ O(g))(m, (6) —m, (H)ctgH)e'”, (2.5.36)
o, =0(e). (2.5.37)

Dispersiya tanliyinin (2.5.30) ayrilisina malik koklarine

U, (7,0,t) = g [5, cos(S, (L—7)) +O(&) I, (O)e, (2.5.38)

Cgp = éeo [5, cos(S, —7)) +O(&)](m, (8) — m, (O)ctgH)e™™, (2.5.39)

5, = 20 3|57 sin(8, (1- 7)) + O(&) o, (B) (2.5.40)
& k=1

bircins hallori uygundur.
Dispersiya tonliyinin (2.5.33) asimptotikasina malik koklarine uygun bircins hallor

iSa

u,(7,6,t) = ki [Jgg — 2 cos(\/QS — 21 ;7))+ O(g)}'nk @), (2.5.41)

30 = 0o/~ cos 2] 7 L)

+0(£)](m, (6) —m, (O)ctgH)e'”,

(2.5.42)

SIS i i
o= 2f0s sl 7 a-m+owh @, @549
k=1
diisturlari ils toyin edilir.

(2.5.7), (2.5.8) sorhod mosalasini
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Bv = z%v
operator toanlik soklinds yazag.
(2.5.44)-do

Bv = {pZV”(p) +3pv'(p) + (92 2 - %)V(p);

Golo () ~v(p)), ., =0 (=12)]

Skalyar hasilin
P2
(Vi Vo)n = Ivl(P)Vz (p)pdp
PL

gaydast ilo tayin edildiyi H(p,, p,) Hilbert fazas1 daxil edok.

Lemma: B:H — H simmetrik operatordur.
Isbati:

(Bv,,V,) - (4, BY,) = | pBvy (o), (0)dp — | s (p)BV, (p)dp =
=T it s amtor (22002 uio) atore -

p1

- f PV, () +3pv,(p) + (szz - %)Vz (p)}vl(p)pdp =

= T[P?’V{ (P2 (0) =P Vo (P)V1(P) + 3™V (P)V, (p) -
P

~30%, (o) (0 o = | PP (i (o))~ P (P)I (i () +
P1 P1

+ [BoN(oa(0) -3 (I (o= Pa(Ni(o) -
PL

T o, (p))} ~lpow, (o) - (o (p3V1(p))} +
PL PL
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+ pf(3p2Vi (PIV,(p) =30V, (L)1 (p))dp = p° (V5 (p)V, (P) -

P1

(NP = [U(PIBP(0) + P (p))dp+

+ ()32 (0) + PNV ()dp+ [ (@7 (o)v, () -

=3V, (pVi(0))dp = 5 (V2 (P, V1 (102) = Ve (02)V2 (P7)) —
- ,013 (v, (pl)Vi (p1)—v (,01)V'2 (o1)-
(2.5.45)-ds (2.5.8) sorhad sartini nazar alaq:
(Bv,,v,)—(v,,Bv,) =0, yani (Bv,,V,)=(v;, Bv,)-dir.

(2.5.45)

B operatorunun {Vk (p)} moxsusi funksiyalart ¢oxlugu H(p;;0,) fozasinda

ortoqonal bazis toskil edir [31,36] :
(v, ()% ()= [va () ()P =0,
P
(2.5.6)-n1 (2.5.5)-d» yazaq:
> Gt (), (0) ~m (O)ctg e, =i ()"
(2.5.47)-ni pv,(p) -yavurub [p,; p,] —do integrallayaq:

iGo[ fvn (P)Vi (p)pdp)(m'k (6,) —m, (6, )ctg 95):

k=1 A
= [va(P)rss(0)Pdp.

(2.5.46)-n1 (2.5.48)-da nozaro alaq:

Gy [V2(p)dp = (m (8,) —m, (6,)6t90, )= [V, (p)zss (0) oo
P1 P1

(2.5.49)-a asasan
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Vs (P)rss (P}
m. (6,) —m, (6,)ctgd, = 2 ; , (s=12) (2.5.50)

[V2(p)dp
PL

(2.5.50)-do m, (0) = AnPZ(l)_ 1(cos6) + Esncgf)_1 (cos®) —dir.

2 2

(2.5.50) xatti tonliklor sistemindon A, B, namalum amsallari tayin edilir.

2.6. Yan sathi baglanmis radial geyri-bircins sferanin burulma raqgsi

Yan sotti baglanmig, 0 vo 7 poyuslarinin daxil olmadigi qeyri-bircins

sferanin burulma ragsi masalasine baxaq:

(52U ou_ u o%u_ éu
“’+§( “’——"’]+i2{ ? +—Lctgl -

op> plop p) p?\ 00> 00 (2.6.1)
2
_c0s20 j:g*ro2 0 u(p’
sin?0 ) G. oat?
u,| =0 (26.2)
P=Ps

Farz edok ki, sferanin oturacaqglarinda (konik kasiklordo)

=1 (), (5=12) (26.3)

0=0,

G My u ctgé
O 5= —_—
@0 0 00 7 g

sarhad sortlori verilir.
(2.6.1), (2.6.2) sorhad masalasinin hallini (2.5.6) soklinds axtaraq.
(2.5.6)-n1 (2.6.1),(2.6.2)-d> yazaq:
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3 (zz +4j (2.6.4)
V' (p)+ =V (p) +| QF =% v(p) =0,
p p

2.6.5
V(p)‘P:ps - 0 ( )
g a)2r2
burada Q7 = % -Ol¢tisuz tezlikdir.
(2.6.4) tonliyinin (2.5.9)-1a tayin edilon hallini (2.6.5) sorhad sortinds yazaq:
J\/ﬁ(gpl)A"‘Y\/ﬁ(Qpl)B =0,
‘ ‘ (2.6.6)

J - (Qp,)A+Y —— (Qp,)B =0.
7 7
ZZ+Z 22+Z

(2.6.6) bircins xatti cobri tanliklor sisteminin geyri-trivial hollinin valigindan

L(j%(ﬂpl;ﬁpz) =0, (26.7)
77+~
4

dispersiya tonliyi alinir.

(2.6.7) dispersiya tonliyi hesabi sayda z, koklorino malikdir. (2.6.7)

dispersiya tonliyinin koklori iizra comlomo aparmagla (2.6.4), (2.6.5) sorhod

mosalasinin halli ti¢iin yaza bilarik:

u,(p;6;t) = > p LT (Qp; Qp,)m, (). (2.6.8)
k=1 Zg +Z
(2.6.8)-2 asasan
Cpp = zeop—le% (Qp;Qp,) (M, (6) —m, (O)ctgH)e'”, (2.6.9)
k=1 Zy +Z

[ee] ) 2 ] o
o ,,=2.Gy QL(I’OZ) (Qp;Qp,)—= |_<°'2> -(Qp;Qp,) M (0)e'*.  (2.6.10)
k=

Jzig+— Jz2+=
1 kT P k™

(2.5.18) va (2.5.19) —a asasan (2.6.7)-don aliriq:
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2 4 2
del_e 292—2(22+Zj—1 + & 2(22+Zj +1O(22+Z)—
x| 3 4 15 4 4
—4Q2[22+1741j+294+3}+...}

(2.6.11)-don almir ki, £« >0 oldugda Q—>o (&2 —const) sortini 6doyan

(2.6.11)
0.

tezliklor tigiin (2.6.7) dispersiya tonliyinin koklori
z, =% +O(e) (2.6.12)
g

asimptotikasina malikdir.
(2.6.7) dispersiya tonliyinds (2.6.12)-ni va

o= o -oq (2.6.13)
&

asimptotik miinasibatlorini yazib, Bessel funksiyasinin boyiik indeks {igiin

asimpotik ayrilisindan istifads etmokls y, - nin toyini tigiin aliriq [81,82]:

sin(Zq/Qé —yf):o. (2.6.14)

Dispersiya tonliyinin (2.6.12) ayrilisina malik koklarina uygun bircins hallor

u,(;0;t) = é [sin(Zw/QS —7i (- 77))+ O(g)}nk (0)e'™, (2.6.15)
&= —%g [W/Qg 2 cos(QE — 72 (L-m)+ O(g)}nk(e)e‘“’t, (2.6.16)

0 =Gy i [sin(q/QS —ye(@-n)+ O(g)](m'k (0) —m, (O)ctgh)e'™  (2.6.17)
k=1
diisturlari ilo tayin edilir.
(2.6.4), (2.6.5) sarhad masalasini
Bv =z% (2.6.18)

soklinds yazagq.
(2.6.18)-do

Bv = {pzv”(p) +3oV'(p) + (szz _ %)V(p); v(p)\p:ps =0;(s :1;2)} -dir

(2.5.45)-0 osasan alinir ki, skalyar hasilin
108



(iVa)u = [V ()2 (0) ptlp
P1

qaydasi ilo toyin edildiyi H(p;;p,) Hilbert fozasinda B:H —H simmetrik
operatordur. B operatorunun {v, (0)} moxsusi funksiyalari goxlugu H(p;0,)

fozasinda otoqonal bazis toskil edir [31,36].
(2.5.6)-ni (2.6.3)-do yazaq:

é GoVy (P)(M, (6) —m, (O)ctg O)|y_y, =725 (). (2.6.19)

(2.6.19)-u pv,(p) -ya vurulub, slinan ifadoni [p;; p,] -do integrallayaq va {v, (0)}

moxsusi funksiyalarinin ortoqonalligini nazors alaq:

P2
[Va(P)755 (P)dp
m, (6;) —m, (8,)ctgb, = *— . (s=12) (2.6.20)
Go J-Vr% (p)dp
~
(2.6.20)-do m, (0) = Aan(l) L (cosd) +B.QW | (cosh)-dr.
"2 ™y

(2.6.20) xatti tonliklar sistemindan namalum A, B,, amsallar1 tayin edilir.
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