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GIRIS

Movzunun aktualligr va islonma daracasi.

19-cu osrin ovvallorindo klassik elastikiyyot nozoriyyasi biitov miihit
mexanikasinin miistoqil akademik fonnino ¢evrildi. Bu nozoriyyonin osas
hipotezlorindon biri materialin bircinsliyi forziyyasi idi. Lakin 19-cu asrin sonlarinda
molum oldu ki materialin bircinsliyi forziyyasi onun bir sira real xassolorini nozora
almur [83].

Qeyri-bircins  cisimlorin  gorginlik-deformasiya voziyyotinin  elastikiyyot
nozariyyosinin tonliklori osasinda todqiqi  miirakkob riyazi masalolordir. Elastiki
cisimlorin gorginlik-deformasiya voziyyatinin elastikiyyot nozoriyyosinin tonliklori
osasinda Oyronilmasi onlarin mexaniki , hondos1 strukturlarini daha adekvat sokildo
nozoro aldigindan, yeni keyfiyyot effektinin yaranmasina sobob olur. Elastiki
cisimlorin gorginlik-deformasiya voziyyatinin Oyronilmosilo olagoadar bir cox
masalalar yalniz elastikiyyat nazariyyasinin tonliklori asasinda korrekt hall edils bilor
[3,4,71].

Bir ¢ox hallarda geyri-bircins materialin xassalorinin dyronilmasi magsadila
eiastiki materialin elementar funksiyalarla ifado edilon mexaniki xassolora malik
olmas1 forz edilir. Material xassolorinin elementar funksiyalar soklinds verilmasi
geyri-bircins cisimlor {igiin elastikiyyot nozoriyyasi masalolorinin hollindo klassik
metodlardan istifado etmoyo vo daha miirokkob masalalorin halli {igiin istinad kimi
qabul edila bilacak hallori qurmaga imkan verir.

[42,83]-da son illords geyri-bircins elastiki cisimlorin tadqiqi ilo bagl aparilan
elmi islorin inkisaf tarixi vo xiilasasi verilir. Qeyri bircins elastiki cisimlor ti¢iin
elastikiyyot nozoriyyasi masolalorinin hall iisullart K.Fridrixs, R.Dressler, I.I.Vorovig,
A.L.Qoldenveyzer, Y.A.Ustinov, V.P.Plevako, V.A.Lomakin,M.F.Mehdiyevin
islorinds verilmisdir.

Qeyd edok ki geyri bircins cisimlor iigiin elastikiyyot nozoriyyasi mosalolorinin
hollindo asimptotik iisullar xiisusi yer tutur [7,10-12,30,71,72].Elastikiyyat

nozoriyyasi moasalolorino asimptotik iisullarin totbiglori iki miihiim istigamatdo yerino
4



yetirilir. Birinci istigamata aid todqiqatlar elastikiyyst nozariyyesi tenliklorinin iig
iterasiya prosesinin superpozisiyasindan ibarat asimptotik inteqrallanmasi1 metoduna
osaslanir. Ikinci istiqgamat bircins hollor iisuluna osaslanir vo homin istiqamot
[.LVorovic , ©O.S.Malkina, N.N.Bazarenko, Y.A.Ustinov, M.F.Mehdiyev,
M.A.Slenevin islorinds 6z hollini tapib.

Qeyri bircins siiindir {gilin  elastikiyyat nozoriyyasi mosalalori bir ¢ox
todgiqatlarin asas predmetidir. [2]-do ndvboloson bark vo yumsaq laylardan ibarat
radial coxlayli silindir igiin elastikiyyot nozoriyyosinin oxa nozoron simmetrik
masalasi tadqiq edilib. Zaif sonan sorhad lay1 xarakterli hallorin movecudlugu va Sen-
Venan prinsipinin klassik formada ifadesinin dogru olmamasinin miimkiinliiyii
gostarilib. Coxlaylt silindir {liciin yayilan halli vo zoif s6non sorhod layr xarakterli
hallori nozars alan dartilma-sixilma tatbiqi nazariyyasi qurulub.

[1]-do bark vo yumsaq laylardan toskil edilmis radial ¢oxlayl silindir {igiin
burulma mosslasi Oyronilib.Toyin edilon yayilan vo sorhod layr xarakterli hallora
asason ¢oxlayl silindir {i¢iin burulma tatbiqi nozoriyyasi verilib.

[37]-ds elastikiyyat nozariyyasi tanliklorinin asimptotik inteqrallanmasi tisulu ilo
elastiki modullart radiusdan asili ixtiyari kasimoz funksiya olan radial geyri-bircins
transversal-izotrop silindir tiglin oxa nazaran simmetrik masala dyranilib. Asimptotik
tohlil asasinda radial geyri-bircins transversal-izotrop silindrin gorginlik-deformasiya
voziyyatinin xarakteri miiayyan edilib va ciddi anizotropiya halinda zaif sonan sarhad
lay1 xarakterli hallorin varlig1 gostarilib.

[70]-da geyri-bircins anizotrop silindir {igiin Almansi-Migel masoloasino baxilib.
[59]-do verilmis qeyri-bircinsliyo malik ortotrop silindrin gorginlik-deformasiya
voziyyati Oyronilib. [80]-da elastiki modullar1 radiusdan qiivvet funksiyasi soklindo
asili olan geyri-bircins pyezoelektrik silindir iiglin miistovi masalonin analitik halli
qurulub. [58]-do silindrik anizotropiyaya mailk c¢oxlayli silindrin oyilmo
deformasiyast masolosino baxilib. [50,51]-do radial geyri-bircins silindir {igiin
elastikiyyot nozoriyyosinin tii¢ol¢iilii mosolosi diskret ortoqonallagsdirma, splayn
kollokasiya vo sonlu elementlor iisullari ilo adadi hall edilib. [52]-do radial geyri-

bircins silindrin gorginlik-deformasiya voziyyoti elastikiyyot nozoriyyosi tonliklori
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osasinda splayn aproksimasiya, sonlu elementlor iisullar1 ilo hall edilib vo alinan
hallor miigayiso edilib. [85]-do miintozom daxili tozyiqo moruz qalan radial geyri-
bircins silindrin gorginlik-deformasiya voziyyati oyranilib. [90]-da Yung modulu
radiusa noazoron {Ustlii ganunla doyison qeyri-bircins silindir Ugiin elastiklyyot
nozariyyasi masalasi hall edilib.[65]-dos radial geyri-bircins ortotrop silindrin burulma
maosalosi tadqiq edilib.

[56,63,64,69,81,89]-da radial geyri-bircins silindr {iglin termoelastikiyyot
nozoriyyasi mosalolori dyronilib.

[7]-da bircins hallor iisulu ilo kigik qalinliglt izotrop silindir ligun elastikiyyot
nozoriyyasi masalosing baxilib. Alinmis asimptotik hall ilo totbiqi nozariyysler
asasinda qurulan hoallorin miiqayisasi aparilib.

[72]-do kigik qalinligh transversai-izotrop silindrin asimptotik nozoriyyasi
verilib. Silindrin yan sothindo miixtolif sorhod sortiori verildikdo kigik galinligh
transversal-izotrop silindir tigun statik vo dinamik mosalalora baxilib.Silindrin yan
sathi gorginliklor ndon azad olduqda, yan sath baglandiqda,yan sothds qarisiq bircins
sorhod sortlori verildikdo alinan xarakteristik vo dispersiya tonliklorinin koklori
asimptotik  tohlil  edilib. Yerdoyismo vektorunun vo gorginlik tenzoru
komponentlarinin homin koklora uygun asimptotik ifadslori qurulub.

[32]-do Puasson omsali sabit olan, digor elastikiik modullar1 iso radial
istigamotdo qilivvat funksiyasi soklindo doyison radial geyri-bircins pyezoelektrik
silindir {igilin {i¢olciilii termoelastikiyyot nozoriyyosi mosolosine  baxilib.
Diferensial kvadratura metoduna osason miixtolif sorhod sortlori daxilindo
yerdoyismo, gorginlik vo istilik saholori {iglin ododi noticolor alimib. [78]-do
geyri-bircins silindirdo Laplas cevirmosi vo siralar tisulunun totbiqi ilo
termoelastikiyyot mosoalosi todqiq edilib. [87]-do xassolari radial istigamotdo
quvvat funksiyas: soklindo doyison qeyri-bircins pyezoelektrik laylardan
ibarat coxlayl silindir Uglin termoelastikiyyot masalosinin analitik halli
qurulub.

[43]-do yan soth yiikdon azad olduqda, yan soth baglandiqda izotermik

bircins transversal izotrop silindir Uglin timumilogmis termoelastikiyyot

6



nozoriyyast masalasi Frobenius tisulu ilo tadqiq edilib.

[64]-do radial geyri-bircins silindir {igiin termoelastikiyyot nozoriyyasi
mosalosino baxilib. Materialin xassolori radial istigamotdo qlivvot funksiyasi
soklindo  doyisdikde yerdoyismo  vektorunun, gorginlik tenzorunun
komponentlorinin vo stasionar temperaturun radial,silindrin oxu boyu vo
dairovi istigamotdo paylanmasi toyin edilib. [82 ]-do Yung modulu radiusdan
asili eksponensial vo ya qiivvat funksiyasi oldugda,Puasson omsal1 iso sabit
galdigda radial geyri-bircins silindir {i¢lin oxa nozoron simmetrik mosolonin
doqiq hollori qurulub.

[55 ]-do Dbircins maqnit sahosinda yerloson va elektrik,istilik,mexaniki tosira
moruz qalan, magqnit, elektrik,istilik,mexaniki xassolori radiusdan asili eyni bir
quivvat funksiyasi soklindo doyison geyri-bircins pyezoelektrik silindir iigiin doqiq
hall tayin edilib.

[84]-do elastiki xassolori radiusdan asili ixtiyari funksiya olan silindrin
yan sathino onun oxu boyu yonalmis koordinatdan asili qlivve tosir etdikde
silindir iiciin elastikiyyot nozoriyyasinin oxa nozoron simmetrik mosoalosinin
diiziino inteqrallama tisulu il analitik halli miiayyon edilib.

[81]-do miixtalif termomexaniki yiikiin tosir etdiyi anizotrop silindirds
temperaturun, yerdoyismonin vo gorginliklorin paylanmasi tohlil edilib. Materialin
xassolori radiusdan asili qiivvat funksiyasit oldugda baxilan masslonin doqiq holli
qurulub. Xassalori radiusdan asili qiivvat funksiyasi olan pyezoelastiki silindir ti¢iin
timumilosmis miistovi masalo hall edilib.

Silindirds elastiki dalgalarin yayilmasinin tadqiqi deformasiya olunan bark cisim
mexanikasinin ~ klassik  mosalolorindon  biridir.[14,16,31,53,54,57]-do  bircins
silindirds, [8,21,35,36,41,44-49,66,73-77,79,88,86]-do iso qQeyri-bircins silindirds
elastiki dalgalarin yayilmasi mosoalasi todqiq edilib. [40]-da metal vo keramika
laylarindan ibarat radial geyri-bircins silindirds elastiki dalgalarin yayilmasi
Oyranilib. [68]-da geyri-bircins va ¢oxlayli pyezoelektrik silindir {i¢iin baxilan statik
vo dinamik masololor Rits iisulu ilo adodi holli edilib. [67]-do elastiki xassolori

radiusdan asili qiivvat funksiyasi olan silindrin sarbast vo macburi raqsi masalasing
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baxilib. [8,21,35,36,41,44-49,66,73-77,79,88,86] -do iso geyri-bircins silindirda
elastiki dalgalarin yayilmasi masalosina baxilib. [11]-do normal dalga metoduna
asasan dogurani boyu qeyri-bircins silindirds stasionar dalga prosesi tadqiq edilib.

[15,23,24]-do maye ilo doldurulmus silindirdo normal dalgalarin yayilmasi
Oyronilib, mayenin soth dalgalarinin yayilmasina tosiri qiymotlondirilib. [33,34]-do
uzununa dalgalarin silindirdo yayilmasi prosesindo silindrin yan sothindo soth
dalgalarinin yayilmasina baslangic deformasiyanin tosiri qiymotlondirilib. [29]-da
maye ilo doldurulmus geyri bircins transversal-izotrop silindirdo uzununa dalgalarin
yayilmasi masalasine baxilib.

[27]-do radial geyri-bircins transversal izotrop silindirdo normal elastiki
dalgalarin yayilmasi masolosi dyranilib. Silindrin elastiki modullar1 vo materialinin
sixlig1 radiusdan asili eksponensial-iistlii funksiya olduqda silindrin yan sathinin
yiikdon azad oldugu vo ya yan sothinin bork baglandigi hallarda normal dalgalarin
yayilmasi masalasi todqiq edilib. [28]-do yan sothi baglanmuis radial qeyri-bircins
transversal izotrop silindirde burulma dalgalarin yayilmasi masalasino baxilib. [13]-
do elastikiyyot nozoriyyasinin tonlikloti osasinda adadi-analitik tisullarla silindir {i¢iin
dinamik mosalalor dyranilib.

Isin mogsadi. Elastiki modullar1 radiusa nozoren xotti qanunla doyison radial
geyri-bircins silindrik oOrtiiylin yan sothinds miixtalif sarhad sartlori verildikds onun
gorginlik-deformasiya voziyyatini elastikiyyat nozoriyyasi tonliklori osasinda todqiqi;
ikilayli vo tiglayl silindirdo elastiki dalgalarin yayilmasit masalasinin adadi-analitik
tisullarin totbiqi ilo tohlili.

Elmi yenilik. Dissertasiyada alinan asas noticalor asagidakilardan ibaratdir:

- Radial geyri-bircins silindrik Ortiiyiin = gorginlik-deformasiya vaziyyati
elastikiyyot nozoriyyasi tonliklori asasinda todqiq edilmis, geyri-bircins vo bircins
hallor qurulmusdur.Silindrik Ortiiylin yan sathi gorginliklordon azad olduqda toyin
edilmis hallorin tosnifati aparilmis vo birincs hallin yayilan, sade sorhod effekti
xarakterli, sorhod lay1 xarakterli hallorin comindon ibarat oldugu gostorilmisdir.
Silindrik Ortiiyiin  gorginlik-deformasiya voziyyeotini hesablamaq tiglin asimptotik

disturlar alinmisdir.



- Radial qeyri- bircins silindrik Ortliylin yan sothindo bircins qarisiq sorhod
sartlori verildikds birincs hallin yayilan vo sorhad lay1r xarakterli hallorin comindon
ibarat oldugu gostorilmisdir.

- Radial geyri- bircins silindrik ortiiylin yan sothi baglandigda bircins hallin
yalniz sorhod lay1 xarakterli holldon ibarat oldugu miioyyon edilmisdir.

-Radial geyri-bircins silindrik ortiiyiin burulma mosalasi 6yronilmisdir.Silindrik
Ortiiylin yan sothi gorginlikdon azad olduqda bircins hollin yayilan vo sorhod lay1
xarakterli hallorin comindan ibarat oldugu ,silindrik 6rtiiyiin yan sothi baglandiqda iso
burulma masalasinin yalniz sarhad lay1 xarakterli hallo malik oldugu alinmigdir.

-Radial geyri-bircins silindrik ortiiylin yan sathi gorginlikdon azad oldugda,yan
soth baglandigda burulma rogsi masalalori todqiq edilmis, doaqiq vo asimptotik hoallor
qurulmusdur.

-Radial ikilayli va ti¢layl silindirds elastiki dalgalarin yayilmasi masalasi adadi-
analitik tisullarin birgo totbiqi ilo dyronilmisdir.

Tadgiqatin iimumi metodikasi. Todqiqatin metodikasi elastikiyyot nozariyyasi
tonliklorinin  asimptotik inteqrallanmasi {isuluna,variasiya prinsipino, diskret
ortogonallasdirma tisuluna asaslanir.

Nozari vo praktiki shomiyyati. Bu is nozori ohomiyyot kosb edir.Ortiiklorin
totbiqi nozoriyyalarinin tosvir eds bilmadiyi yeni sinif hollor miioyyon edilir. Alinan
asimptotik diisturlar vasitesilo radial geyri-bircins silindrik Ortiiylin - gorginlik-
deformasiya vaziyyati hesablamaq, silindrik ortiik liciin mévcud olan miixtalif tatbiqi
nozoriyyoalorin totbiq olunma oblastini qiymotlondirmok vo  daha doqiq totbiqi
nozariyyslar qurmagq olar.

Isin aprobasiyasi. Dissertasiyanin naticolori “1¥ international science and
engineering conference”,Baku Engineering University (Baku, 2018) Beynolxalq
konfransinda, XXXIX International Scientific Practical conference “Advances in
Science and Technology (Moskva,2021) Beynolxalq konfransinda, “Riyaziyyatin
totbiqi mosalolori vo yeni informasiya texnologiyalari” Beynolxalq konfransinda
(Sumgqaylt,2021),Baki Dovlst Universitetinin “Totbiqi analizin riyazi tsullar”

kafedrasinin elmi seminarinda , Azorbaycan Dévlot Iqgtisad Universitetinin
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“Riyaziyyat vo statistika” kafedrasinin elmi seminarinda moruzo edilib.
Dissertasiyanin naticalori elmi jurnallarda 6 moaqals [17], [18], [19], [39], [60], [61], 3
konfrans materiali [6], [20], [62] olmagla ¢ap olunub.

Dissertasiya isinin yerina yetirildiyi toskilatin adi. Dissertasiya isi Gonco
Dovlat Universitetindo yerino yetirilmisdir.

Isin qurulusu vo hacmi. Dissertasiya isi giris, ¢ fosil, notico vo istifado
olunan adabiyyat siyahisindan ibarat olmaqgla 129 sohifo hocmindadir. Dissertasiya
1sinin imumi hocmi 215871 isaradir (titul sohifasi 397 isaro, miindoricat 1656 isaro,
giris 23837 , birinci fasil 82000 isars, ikinci fosil 64000 isaro,ligiincii fosil 42000
isaro, notico 1981 isaro). Dissertasiyada 12 sayda sokil, 90 adda odobiyyat
movcuddur.

Birinci fasildo radial geyri-bircins silindrik Ortiiylin asimptotik noazariyyasi
verilir.
1.1-do yan sothindo hamar yiik, oturacaqlarinda iso onu tarazligda saxlayan
gorginliklorin  verildiyi radial qeyri-bircins silindrik ortiik {igiin elastikiyyot
nozoriyyasi mosalosine baxilir. Forz edilir ki, elastiklik modullar radiusa nozoron
xotti ganunla dayisir.
Asimptotik inteqrallama {isulunun birinci iterasiya prosesino osason baxilan
sorhad masalasinin xiisusi halli,yoni geyri-bircins hall qurulur.Tarazliq tenliklorinin

silindrik Ortiiylin yan sathinds verilmis

gn
Gpp‘p:ﬂ =G nl’ 0.1)
. ¢
Gpg‘pzil = Cs ﬁ, (02)

sarhad sartlorini 6dayan xiisusi hallarinin tayini ti¢iin alqoritm verilir,

1.2-do silindrik Ortiiyiin yan sothi gorginliklordon azad oldugda tarazliq
tonliklorinin  biitiin hoallori,yoni bircins hoallor qurulur. Asimptotik integrallama
lisulunun ii¢ iterasiya prosesina asason asagidaki hollor miioyyan edilir:

1) a =0 ikigat moxsusi adadino uygun hall:
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bikvadrat tonliyinin kokloridir.
3) a) o, =& Ly + By +...) (0.8)
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D (p;£) =X TULY (08), (0.10)
k=1

burada
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b) a, =& (B, +B, +...) (0.12)
U2 (p;¢) =X FU S (0:¢) (0.13)
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U/()?;Z) (:0;5):|:(2ﬂ0| Sln IBO| ﬂ0| COSﬂoleOS(,BOI )

2ﬂ0|pCOSﬂOI Sln (ﬂ0| + O ]exp( ﬂOI + gﬂll )5)’

U 923;2) (&)= {zﬂozipcosﬂm cos(Byip) + (2§1+—ee1)ﬂ0i CoS By + 235 Sin By j X

csin(f )+ O(g)]exp(%(ﬂm e+ -)g],

Bui-ler
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SiNn2fy —2, =0 (0.15)
tonliyinin koklaridir.

(0.3), (0.5), (0.6), (0.9), (0.10), (0.13),(0.14) hollorinin

u,(p:&)=u + _Z4:DjU/(3j2) (p:&)+ ekiTkU,‘i” (0:€)+ £ FUS? (), (0.16)
j=1 =1 i=1

u(p;&)=u + z DUL (pi6)+ e XTUG  (0:£)+eXRUE? (0i8) (017)
j= = i=

comi baxilan masalosinin timumi hollidir.

1.3-do bircins hollorin tosnifatt vo onlara uygun gorginlik-deformasiya
vaziyyatinin tohlili verilir.Gostarilir ki, birinci iterasiya prosesilo toyin edilon (0.3)
halli yayilan halldir va bu hallarin tayin etdiyi gorginlik vaziyyati silindrik Ortiiyiin
ixtiyari £ =const kosiyindo tosir edon qiivvolorin bas vektoruna ekvivalentdir.
(0.5),(0.6) hollina uygun gorginlik vaziyyoti Ortiikklorin totbiqi nozoriyyasindoaki
sarhad effektini miioayyan edir.

Ucgiincii iterasiya prosesilo toyin edilon (0.9), (0.10), (0.13), (0.14) hallori sarhad
lay1 xarakterino malikdir.

1.4-ds silindrik ortiiyiin oturacaqlarlnda verilmis sorhod sortlorinin 6donilmasi
masalasing baxilir.Laqranjin variasiya prinsipindon istifado etmokls (0.16),(0.17)-ys
daxil olan sabitlarin tayini {igiin xatti cabri tonliklor sistemi alinir.

1.5-do yan sothi baglanmis qeyri-bircins silindrik ortiik ticlin elastikiyyot
nozoriyyoasi masolosi todqiq edilir.Gostorilir ki,baxilan mosalo silindrik ortiiyiin
oturacaqlarinda lokallagsan vo oblastin daxilino dogru eksponensial ganunla sénon
sorhad lay1 xarakterli hollo malikdir.

1.6-da yan sathindo
=0,

u ‘ =

o-p‘f‘p=il -
bircins qarisiq sorhad sortlori verilmig geyri-bircins silindrik ortiik {igiin elastikiyyat
nozoriyyasi mosalosi Oyronilir. Asimptotik inteqrallama tisuluna asason bircins hollor

qurulur.Gésterilir ki, birinci iterasiya prosesi ilo yayilan hoall toyin edilir.Homin hallo
13



uygun gorginlik voziyyoti £ =const kosiyindo tosir edon qilivvelorin bas vektoruna
ekvivalentdir. Sorhad effekti xarakterli hallin toyin edildiyi ikinci iterasiya prosesi
toyin edilmoyib.Ugiincii iterasiya prosesi geyri-bircins 16vhoalor nazariyyesindoki Sen-
Venan sorhoad effektinin analoqu olan sarhad lay1 xarakterli hall toyin edilir. Umumi
hall yayilan holl vo sorhod lay1 xarakterli hollin comindon ibaratdir.Daha sonra
silindrik Ortliylin oturacaqlarinda verilmis sorhad sortlorinin  6donilmasi yerino
yetirilir.
1.7-da yan sathi baglanmis silindrik ortiiyiin oturacaqlarinda
o, =Ar,c,, = A(2r* +3r) npu z=-15
o, =Ar’ o, = A(r’ +4r) upu z=15.
sorhod sortlori verildikdo kicik qalinlighh radial geyri-bircins vo bircins silindrik
ortilylin  gorginlik-deformasiya voziyyatinin odoadi  holli hagqinda maosalaya
baxilir.Qeyri-bircinsliyin gorginlik-deformasiya voziyyatina tasiri qiymatlondirilir.
Ikinci fasildo radial geyri-bircins silindrik ortiiyiin burulma masoelosinin
asimptotik nozoriyyasi verilir.
2.1-do yan sothi yiikdon azad,oturacaglarinda iso onu tarazligda saxlayan
gorginliklorin verildiyi radial qeyri-bircins silindrik Ortliylin  burulma mosalasi
Oyranilir. Forz edilir ki, silindrik ortiiylin elastiki modullar1 radiusdan asili ixtiyari

kasilmoaz funksiyalardir. Gostorilir ki, masalonin halli & = const kasiyinda tasir edo
gorginliklorin M, burucu momenti ilo miitonasib olan yayilan hall vo serhod lay:

xarakterli hallin comindon ibarotdir.

2.2-do yan sothi baglanmis, oturacaqlarinda iso onu tarazligda saxlayan
gorginliklorin verildiyi elastiki modullar radiusdan asili ixtiyari kosilmoz funksiyalar
olan radial geyri-bircins silindrik Ortiiylin burulma masalasino baxilir.Sorhad lay1
xarakterino malik holl miiayyan edilir.

2.3-do bircins hollor iisulu ilo yan sothi yiikdon azad vo elastiki modullari
radiusdan asili qiivvat funksiyasi olan radial geyri-bircins silindrik ortiiyiin burulma
mosalosi Oyronilir.Yan sothdo verilmis bircins sorhod sortlorini 6dotmoklo alinan

xarakteristik tonliyin koklorinin tosnifati aparilir vo homin koklors uygun hallor

14



qurulur.

2.4-do bircins hollor lisulu ilo yan sothi baglanmis vo elastiki modullar
radiusdan asili qiivvat funksiyasi olan radial geyri-bircins silindrik oOrtiiyiin burulma
masalasi Oyranilir.

2.5-do elastiklik modulu vo materialinin sixlig1 radiusa nozoron xatti ganunla
doyisan, yan sothi yiikdon azad radial geyri-bircins silindrik Ortiiyiin burulma ragsi
mosalosi todqiq edilir. Yan sothdo verilmis bircins sorhod sortlorini 6dotmoklo
dispersiya tonliyi  alinir. Masalonin doqiq halli qurulur.Dispersiya tonliyinin
koklarinin asimptotikasi tayin edilir, homin koklors uygun yerdoyisma va gorginliklor
liclin asimptotik ifadslor qurulur.

2.6-da elastiklik modulu vo materialinin sixlig1 radiusa nazoran xatti gqanunla
doyison, yan sothi bark baglanmis radial geyri-bircins silindrik ortiiyiin burulma rogsi
mosalasing baxilir. Masalonin doqiq ve asimptotik holli qurulur.

Ucgiincii fosilda radial ikilayli vo radial ii¢layl silindirdo elastiki dalgalarmn

yayiilmasi tadqiq edilir.

3.1-do radial t¢layh silindirdo oxa nazoron geyri simmetrik elastiki dalgalarin
yayillmasi adodi isulla Oyronilir. « -dalga adadinin Q-tezliyindon asililigini ifado
edon o, =, (Q) disperiya oyrilori qurulur.

3.2-do radial ti¢layli silindirdo oxa nozoron simmetrik elastiki dalgalarin
yayillmas1 masalasine baxilir.Haqiqi ¢, adadlori geyri-mshdud silindrin oxu boyu
yayilan vo enerji dasiyan bircins dalgalar1 toyin etdiyindon fiiglayli silindir {igiin
asimptotik vo adadi iisullarin birgs tatbiqi naticasinds haqiqi o, = ¢ (Q) disperiya
ayrilari qurulur.

3.3-do radial iiclayli geyri-mohdud silindirdo burulma elastiki dalgalarinin
yayillmast mosoalasi nazordon kegirilir.Disperiya oyrilorinin miimkiin asimptotikalari
tayin edilir vo ¢; = ¢, (Q) disperiya ayrilori qurulur.

3.4-do radial ikilayli silindirdo oxa nozoron simmetrik elastiki dalgalarin

yayillmas1 masalosi diskret ortoqonallagdirma tisulu ilo ododi hall edilir.
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I FOSIL
RADIAL QEYRI-BIRCINS SILINDRIK ORTUK UCUN ELASTIKiYYOT
NOZORIYYOSININ OXA NOZORON SIMMETRIK MOSOLOSI

1.1. Radial geyri-bircins silindrik ortiik ii¢iin sarhad masalasinin qoyulusu.
Qeyri-bircins hall

Radial geyri-bircins izotrop silindrik ortiik {li¢iin elastikiyyat nozoriyyasinin oxa
nazoron simmetrik mosalasine baxaq. Forz edok ki, silindrik ortik r,@,z silindrik
koordinat sistemindo I'={r [;;1r,], @ €[0;27] z €[-1y;l,]}hocmine malikdir.

I, ¢,z silindrik koordinat sisteminds tarazliq tonliklorinin ifadasini yazaq [25] :

aO' 80 Grr — O

LAt A % =0, (1.11)
or 0z r
aGFZ + ao-ZZ + Grz — 0 (112)

or 0z r

(1.1.1)-(1.1.2) tarazhq tenliklorine daxil olan o,,0y,,0,,,0,, — gorginlik

tenzorunun komponentlori yerdoyismo vektorunun u, =u,(r;z), u,=u,(r;z),

komponentlori ilo asagidaki kimi ifados edilir [25] :

o =(2G + 1) +z(“—f+% , (1.1.3)

or r oz
o, = (26 + 1) M(%ﬂ—f , (1.1.4)

oz or r

u ou., ou

=(2G+ )L+ A —L+—= |, 1.1.5
oo ( ) r ( or oz ( )
o, = G(‘?“f + j (1.1.6)
oz or
Forz edok ki, elastiklik modullar1 radiusa nazaran

G(r)=G.r, A(r)=Ar (1.1.7)

xotti ganunu ilo doyisir.

(1.1.3)-(1.1.6)-n1 (1.1.1),(1.1.2)-do yazib (1.1.7)-ni nazars alaq:
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2 2 2
(26, + 1) 24 4 226G, + 4)2u, _ 2 1G4 1) 6, T o, (118)

or r or r oroz oz

2 2 2
G, T 2oy (g, 4 5 W 4 (26 +A)ou, +(26.+2)7 % —0. (1.1.9)

or r or oroz r oz oz

Yeni ol¢iisiiz
pziln(L} g=L (1.1.10)
g ro ro

doyisonlori daxil edok. Burada ¢ = lIn (r—ZJ silindrik Ortliylin gqalinligini1 xarakterizo
h

edon kigik parametr; I, =/, pe [— 1;1], e [— I;I], I :I_O —dr.
0

Yeni daxil edilmis 6lgiisiiz doyisonlords (1.1.3)-(1.1.6)-nin ifadssini yazaq:

ou ou
o _(2Go + /) 24 dlu, +eP — | (1.1.11)
PP & ap P a(:
ou 1 0u
— g
1 ou ou
=(2G, + A U+ Ay ——L +eP —= | 1.1.13
O-(pgo ( 0 2’0) Yo, 0(5 8,0 aé ( )
ou ou
o, =G| 6% —2~ 10 (1.1.14)
o0& € oOp
u u o o o o
Burada u,=—", u.=-*%, o,=—""0,=""%*%,0,.=—"%, o,,=—2,
P ry 4 ry Pp G, & G, P G, PP G,
Ao :%, G, = G(;ro — Olgiisliz kamiyyatlor; G, iso elastiki modul dl¢iisiine malik
1 1

xarakteristik komiyyatdir.

(1.1.10)-a osasan (1.1.8),(1.1.9) tigiin alirg:

2
8u§

Ipos

2 +

o%u ou
(ZGO+AO)( P 4g p]+g(GO+/10)e‘§"
op op
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2

ou o°u
+ Age?e® —= + Gye’e®? ——£ —2Gye’u,, =0, (1.1.15)
o0& o0&
o%u au o%u au
Go| —5 +e&— |+(2G, + 4o )e?| 2% — +e? —2 |+
op op o0& o0&
o%u
+(G, + 1, )ee” —~ =0. (1.1.16)
opog
Forz edok ki, silindrik ortiiylin yan sothindo
app\p:ﬂ —t*(&), (1.1.17)
el 1y =07 (S) (1.1.18)

sorhad sortlori, oturacaglarinda iso onu tarazliqda saxlayan ixtiyari sorhod sortlori

verilir,
(1.1.17), (1.1.18)-do t*(&), d*(£) funksiyalari & —na nozoron O(1) tortibino

malik kifayat qodor hamar funksiyalardir.

(1.1.15)-(1.1.18)sorhad mosalasini asagidaki kimi yazaq:

(A +0,A +07A,JT=0, (1.1.19)
&=(E,+o.E o], =b"(¢) (1.1.20)
Burada
A - (2Gy + 2o )02 + £0) - 2G,&” 0
0 Go(0? + &0)
A - 0 6% (£(Gy + 40 )0 + £2,
e? (£2(2G, + Ay )+ (Gy + A )ed) 0 ’
A, - £°G,e*? 0
0 (2Gy + 4y )=%e*? |
(ZGO+20)8+/10 0
E,=| ¢ s |
0 =05
&
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2
=g =i 0= B =) @) o =(0,0,)
(1.1.15), (1.1.16) tarazliq tonliklorinin (1.1.17), (1.1.18) sorhod sortlorini 6doyon
xiisusi hollino geyri-bircins hall deyilir.

& parametrinin kigik oldugunu forz etmoklo asimptotik inteqrallama tisulunun

birinci iterasiya tisuluna asason geyri-bircins halli
up::8_1th-+5upl4—gzup2—+-~) (1.1.21)
uézef%p@—%a%1+gﬁ%2+~n) (1.1.22)

soklindo axtaraq [5,12,37,38]
(1.1.21), (1.1.22)-ni (1.1.15)-(1.1.18)-do yazib, asagidaki sorhad masalalorini

alingq:
o%u
(2G, + 49)—2> =0, (1.1.22)
op
0%U.
G, Py =0, (1.1.23)
0
ou
(2G, + 4,)—2 =0, (1.1.24)
ap p=t1
ou
G,—2 =0. (1.1.25)
ap p=%1
(2G, + 4 )%uz +G )62“50 +(2G +z@)aup0 =0 (1.1.26)
0 0 apz 0 0 oEdp 0 ap , g
o%u ou o%u
o5 +Gy—+(Gy + Ay —2> =0, (1.1.27)
op opos

=0, (1.1.28)
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ou ou
0[—“’ ﬂJ =0. (1.1.29)
o5 op ) .
o%u o%u ou
(2G, + 4,) §2+(GO+,10) (26, + A2+
op 0pos op
o%u ou o%u
02 2 o%u
&2 0
G, 5 +(Go+ﬂ~o) £ ( 0 /10)/98105ét
2u ou ou
+(2Gy + Ay )——5> +(2Gy + Ay )—2> + Gy —=- =0, (1.1.31)
4 o op

=t*(&), (1.1.32)

=d*(¢) (1.1.33)

o%u o%u o%u 2 5%u
(ZGO+AO)a ”3+(Go+/10)[ 2, o P 50

A a0z P ame 2 apaé}(zeomo)x

ou ou ou o%u o%u
x—L2 4 Jo| =S4 p—t |+ Gy| —2+2p—L2—2u , |=0,  (1.1.34)
op PE PE o o0& g

o%u o%u o%u 2 9%
Gy —> +(Gy + 4 £2 4 p Pl P 7 00 L (2G, + Ay
op opos ~ 0pos 2 0pod
au ou, o°U o%u
x| =24 p—L0 4 51 +2p 9;0 =0, (1.1.35)
o FTog T or PE

=0, (1.1.36)

p=x1

ou ou ou 2 0u
(2Gy + 49—+ Ag| Uy + —2+ p P 0
op oc e 2 o
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+p =0. (1.1.37)

G 8u§3+8up2 aup1+p26upo
VM op o oE 2 o&

p=x1

(1.1.22)-(1.1.25), (1.1.26)-(1.1.29), (1.1.30)-(1.1.33), (1.1.34)-(1.1.37) sorhad
moasalalari hall edilmakla (1.1.21), (1.1.22) ayrilislarina daxil olan U 4, Uy omsallari

asagidaki qaydada toyin edilir:

U0 :bl(f)’ Uso :bz(f)’ (1.1.38)
ﬂ@ '
U =555 7 E)+ D (E))p+Dy(6) (11.39)
Usy =—p0}(&)+b, (&), (1.1.40)
burada
B 2G, + 4 B 4Gy Ay .,
s LG BP0 SR

ey Got+g Ao ,
S e LM ceom i B

2
2AS(E) Gy + 2o BIE)= 4Gy 1) 5 )
0 0

426(Go + ) Vi n Ao f—(en) 2Go + Ao -
o[22~ el A o) Do) -2 oar (@), sy

O (X RERCE

. 8(320((560 +/10)b1(§)+
o+ 4 2G, + A,

d(£)=d"(£)-d (&) t(&)=t"(5) -t (&)

Yerdoyisma vektorunun va garginlik tenzorunun komponentlari {igiin aliriq:

0= 6 50 e (0 o)

2G, + 4,

B0k 1y (£)— 240b1()— 4Gy + 20 Jo2(E).
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U, =7, (&) + 6= pbi(€)+by(£)) +O(e? )]

4G, (Gy + 4y) 2Godo (| _
| Otk ) 2 i) (o)

_ 8602 (GO + ﬂ’O) _ 41065 b’ 4GO (GO + ﬂ’o)bm
+3{ (2Gy + 2o )° b{¢) (2Gy + 4 )’ () 2G, + Ay o(8)+

2Go Ay o | (0 +1) o 2G, - 2Goy
e | e g @ o2

(,0—1)2 " ' p2 -1) 4GO(GO+}“0)
(ST be)s (o) ) AL ),

G A AT

2G, + A

__ 4G, (G + 4o ) s 2Gy 4,
= 2 i) 2o 1y(6) (o 41) 0 (0)

+5{(460(60 +2,)  2GyA ]b,,( o) [ 2Gydy  4GyA(G, ”0)}

2G, + A, (2G, + 4, ) 2G, + 4, (2G, + A, )

(o +1) Ay .- 2G, 42 2Gy A,
- t +1)+ - X

oale?=1) [ 262 86y(Gy+Ag) )y lo? 1)
o e e 2Gra P

4GO (GO + /10) " ZG G + 2‘ 2 m
- 1o ~1
o e rIbi(E) s ZG ( bie)

_%_o%<p+1>bg<¢>—d-<fxp+1)}+o(62),

2G, + 4,

_ 4G, (G, + 4o) 2GoAy Ao ()
o =" { 2G, + b1(§)+2c;o+zob2(§)+{2e gt ©

_ 2GuA o)+ 4G, 2, (G, +z)b1(§) 2G, A5

2G, + 4, (2(3 +2 ) ( )2 2(5)"‘
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+ b +—b +0 ,

_ ol 4Go(Go +10)b£(§)+ 2Gy A, b1(§)+8 _ 4Go(Go "‘/10)><
2G, + 4, 2G, + 4, 2G, + A,

by 4Gy A0 (Gy + 4) _ 2GyZq
prte) S0l 2O )

4G, (G, + o) 2G5 / 2Gy4,
+ + b (& )+ ———Dby (&) +
[ 0t ) 2O (o) 29

4Gy (Gy + 4),., A .-
S0 By R )] ol

Silindrin yan sathindo

gn

pp\p:ﬂ =G> (1.1.44)
_. &

el o =G 2 (1.1.45)

sarhad sartlori verildikda qgeyri-bircins halli [30,37]-da totbiq edilon alqoritm asasinda
quraq (s=12).

(13

Tam “n”-lor lglin tarazliq tonliklor sisteminin (1.1.44), (1.1.45) sorhad

sortlorini 6doyon xiisusi hallorini toyin etmoklo onun hamar funksiyalarla verilon
(1.1.17), (1.1.18) sorhad sortlorini 6dayan hallarini yan sothds verilmis ti(f), di(ﬁ)

funksiyalarin1 avvalcadon ¢oxhadlilorlo approksimasiya etmoklo qurmagq olar.

(1.1.44), (1.1.45)-i asagidaki kimi yazaq:

p=t

n
& =(E,+0,E )0 :55%, (1.1.46)

burada &, =(q.;c, )" —dir.
Asagidaki komokg¢i masaloyo baxaq. Forz edok ki, silindrin yan sothindo
& =(E, +0,E,) =5.e* (1.1.47)

U‘ p=t1
sorhad sartlori verilir.
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(1.1.19), (1.1.47) sorhad masalasinin hallini
u(p;&)=g(p)™ (1.1.48)

soklindo axtaraq.
(1.1.48)-d> g(p)=(u(plwl(p)) - dir.
(1.1.48)-i (1.1.19), (1.1.47)-do nozors alaq:
(A + Ay + 522, )g =D, (1.1.49)
(Eo + AEL)T| ., =5 (1.1.50)
(s =12 —dir).
(1.1.49), (1.1.50) sorhad masalasinin halli B spektral parametrinin meromorf

funksiyasidir vo onun polyusu
(A + Ay + A )5 =0, (1.1.51)
(Eo + AE1)D|,_,, =0, (1.1.52)
bircins masolosinin spektri il tist-iisto diisiir.

L =0 ododi (1.1.51), (1.1.52) mosalosinin ikigat moxsusi adoadidir vo sifrin

otrafinda hamin masalonin halli

d(p)= 873 B 0(p) (1.1.53)

ayrilisina malikdir [30,37].

- 1 _ d(n+2)ﬂ2(-)
P(')_(n+2)!/|5To dp"?2

operatorunu daxil edok.
(1.1.47)-nin sag torofino P(-) operatoru ilo tosir etdikdo (1.1.46)-nin sag

toraofindoki ifado alinir.

(1.1.48), (1.1.53)-0 asasan aliriq:
0(pi) =" 35" 7, (o) (1.1.54)

(1.1.54)ii (1.1.19), (1.1.47)-do yazaq:
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é(/\)gk + FAT, + B2AT, )H“eﬁ‘f =0, (1.1.55)

o0

Z(Eo Oy + FE. Ok ),Bk_ze%

k=0

=5, (1.1.56)

p=xl1

(1.1.55), (1.1.56)-ya P() operatoru ilo tosir etdikdo naticods aling:
§n+2 §n+1 fn

(Aogo)m +(Aygy + Algo)m +(AyT, + AT, + Azgo)ﬁ +
gn—l _
+(A3; + AT, +A2g1)m+"'=0, (1.1.57)
- n+2 3 7 §n+l 7 B gn e - égn—l _

(EogO)(nJrz)!*(Eogl + E1go)m+(Eogz + E191)ﬁ+ (Eo O3+ Elgz)M+---:| - = (1.1.58)
765'1
:(TSF

(1.1.57), (1.1.58)-don g, () — larm toyini iigiin

AyG, =0, (1.1.59)

EoGo -, =0- (1.1.60)

AT, + AT, =0, (1.1.61)

(E.8, +E.G, ), =0. (1.1.62)

Ao + A + AT, =0, (1.1.63)

(Eo Ooi + E10ui )‘p:ﬂ = 0O (1.1.64)

rekurrent sarhad masalalari ardicilligi alinir.
Burada k =0;n vo 0ok — Kroneker simvoludur.

(1.1.59)-(1.1.60), (1.1.61)-(1.1.62), (1.1.63)-(1.1.64) sorhod masalalarini hall
etmoklo, (1.1.46) sorhad sortlorini 6doyon xiisusi hall
§n+2 §n+l gn

U(p;§)=m§o(p)+(n+1)!§1(p)+ﬁ§z(p)+~-+ 01 (0)+ Tnia(p)

=N
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barabarliyi ils toyin edilir.

1.2.Bircins hollin qurulmasi

(1.1.19) tarazliq tonliklorinin silindrik Ortiiyiin yan sathinin gorginliklordon
azad oldugu (Bi (&)= (’[i (&),d* (&) )T = 6) sortini ddoyan biitlin halloring bircins hallor
deyilir.

Bircins hallarin qurulmasi ilo masgul olaq. (1.1.20)-da b* (5) =0 yazad:

o =(E, +o,E )|, =0. (1.2.1)
(1.1.19), (1.2.1) sarhad masalasinin hallini
u,(o;&)=ulp)e™, u.(p;&)=w(ple™ (1.2.2)

soklindo axtaraq.

(1.2.2)-ni (1.1.19), (1.2.1)-do yazib naticads aliriq:

(A, +aA +a?A,)a=0, (1.2.3)
(E, + aEl)a‘p:ﬂ =0, (1.2.4)

burada a(p)=(u(p), w(p))' —dir.
(1.2.3), (1.2.4) spektral mosolasini € >0 oldugda asimptotik inteqrallama

tisulu ilo todqiq edok [5,12,37,38]. Bu iisulun totbiqi ilo aparilan asimptotik tohlil

naticasinda asagidaki ti¢ qrup hall tayin edilir.
1) (1.1.38)-(1.1.43)-do t*(£)=0, d*(£)=0 vyazdiqda asimptotik inteqrallama

tisulunun birinci iterasiya prosesine uygun asagidaki hall alinir:

u® :—LCe‘”, (1.2.5)
g 2(Go + /10)
uf) =c¢, (1.2.6)
Opp =0y = 0,2 =0, (1.2.7)
oW — GO(ZGO + 320)(:8&0_ (1.2.8)
= Gy + g
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(1.2.5), (1.2.6) holli (1.2.3), (1.2.4) spektral mosalosinin a =0 ikigat moxsusi
adadino uygundur. (1.2.5), (1.2.6) halli silindrik Ortliylin oxu boyu dartilmasini
mioyyon edir.

2) (1.2.3), (1.2.4)-iin hallini ikinci iterasiya prosesino 9sason

U@ (p)=Uy(p)+ etp(p)+---,

fw (P): EE(Wzo(P)“L 5W21(P)+ )’ (1.2.9)

a=¢& 2(050 +€0{1+--'),

soklindo axtaraq.

(1.2.9)-u (1.2.3), (1.2.4)-do yazib miiayyan ¢evirmalordon sonra aliriq:

4
ULZ)(p:§)=JZ=;D,-U,€f’(p;§), (1.2.10)

1y
uP (p;&)=e23.DUL (0: &), (1.2.11)

=1

burada
@ ( 5 £)— 2 2 26 2
U (p,f)—(GOJrlo){ZJrgel{aojp +£1+e oty —ZJp}jLO(g )}x
1

wcexp| -ty 4y ) |

2e 2+ 3e
Ué%Z)(p;(f):(Go +%){_a01(2p+1+; J+g|:( 2 1)agjp3+(0(0j83_

1
2

e
1

+ O(gz)}exp(%(aoj +eay; + )5]

b o _4Go(Got) , _ 26

el = ’ 2 3 !
2G, + A 2G, + g 2G, + A4

aoj —191‘
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2
~ab; +3=0 (1.2.12)

bikvadrat tonliyinin kokloridir.
(1.2.10), (1.2.11) hallorino uygun gorginlik tenzoru komponentlori asagidaki qaydada

toyin edilir:

4 21—e e ol
a;;)=g(GO+zo)jlejK2ez+§+—ell)zoa§jJ(p+1) %( —3p— 2)

el (p+1F + O(g)]exp(% (et + 0ty +- )gj (1.2.13)

l\)\l—‘

0'p§ £2(G, +/10)ZD [e2a01< )+O ¢9)]exp(\/_(050J +éeoy; +- )f) (1.2.14)

4
Gé? = (Go + 4 )_Zle [293 (1— 0551- )— 2620651-,0 + O(g)]x
J:

X exp %(aoj + &y +)§j (1.2.15)
&
a [ 2e,(1-e
ou =(Gy + 7)) 2. D;| 2e, - i( 1)/10 g, ZeSagjijO(g)}x
=L +&
X EXP %(ogoj + s, +).§j (1.2.16)
&

3) (1.2.3), (1.2.4)-iin hallini ii¢lincii iterasiya prosesino asason
u® (/O) = 5(“30 (p) + 5“31(10) + - ')’
W(S)(p)zg(w3o(p)+‘5W31(p)+'”)1 (1.2.17)
= ‘971(130 +&f, + )’
soklindo axtaraq.

(1.2.17)-ni (1.2.3), (1.2.4)-da yazib miioyyan ¢evirmolordon sonra aliriq:

a) UG (&)= ST USY (0;€) (1.2.18)
k=1
U8 (p;8)=eXTUEY ;&) (1.2.19)
k=1
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burada

U/(Jli;l) (,0; 5): |:£2ﬁ02k oS Boy + 1fe Box Sin Boy ]Sin (ﬁOKIO)_
1

— 2[5 pSiN By COS(/BOkp)_" 0(5)]9Xp(%(ﬁ0k + &0y + ')f),

Uéf;l) (p;¢)= H Zgl_:eel)ﬂOk sin Bo — 255 COSﬂOk)COS(ﬂOkp)_
1

- ZﬂoszSin Dok Sin(ﬂOkp)+ O(g)]exp(é(ﬁOk +&fy + ')e”j,

Poy-lar
Sin28,, + 20, =0, (1.2.20)

tonliyinin kokloridir.
(1.2.18), (1.2.19) hallorine uygun gorginlik tenzoru komponentlori asagidaki
qaydada toyin edilir:

ol = Z4Goﬂ0ka [(Bok cos By +5in By Jeos( By ) +
+ﬂ0kpsinﬂ0ksin(ﬂ()kp)+0(e)]exp[;(ﬂ0k + &y +---)§} (1.2.21)
o = Z4Goﬂ0kT [(c0s By Sin(By ) = pSIN By COS(By ) + O(2))]
x exp(;(ﬂw +&fy, + ---)5), (1.2.22)
ow = zzesﬂom [sin By cos(ﬂ()kp)+0(e)]exp( (Bok + By + ---)cfj, (1.2.23)
P = Z4Go/3§ka [sin Bk cO(Box ) = Box PSIN By SiN( By ) -
— Pok €08 iy COS( oy ) + 0(8)]exp@(ﬂ0k + &Py + ---)fj. (1.2.24)

b) UG (p;8) =3 FU S (p;&), (1.2.25)
i=1
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UED(pié)=3 FUSD(0:8), (1.2.26)

burada

U Sig;z) (,DJ f) = |:£2ﬂ02i sin By — %ﬂm COS Sy JCOS(IBin) -

2ﬂ0|pcosﬁ0| Sln (ﬁOI + O ]exp( ﬂOI + gﬂll )5}

UE (ié) - {mipcosﬂm cos{ )+ (zﬁr_eel)ﬂm cos By +2/755in fy j .
1

csin(fy )+ o(g)]exp@(ﬂm N -)gj,

Bi-lor
Sin2f,; — 20, =0 (1.2.27)

tonliyinin kokloridir.
(1.2.25), (1.2.26) hallorine uygun gorginlik tenzoru komponentlori asagidaki
qaydada toyin edilir:

0157 = =3 4Gy 55 (s sin s + 005 5 Jsin( ) +
+ i P COS By COS( By ) + 0(8)]6Xp[%(ﬂ0i + &y + - -):} (1.2.28)
o = _24Fi/f§ieo [sin By, cos( By p) — P COS By sin(By o)+ O(e)] x
x exp(%(ﬂm + gl + - .)gj, (1.2.29)
ol? = zzF 8335108 By sin(Bi ) + Ofe )] x
x exp(;(ﬂm + gl + - -)gj, (1.2.30)

Gg; 2= Z4FiGOIB02i [ B,i (sin By, +€0s By, )sin( By p) +
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+ 51 P COS [y COS(IBin)"' 0(5)]9Xp(% (IBOi +&fy + - )ij (1.2.31)
(1.2.5), (1.2.6), (1.2.10), (1.2.11), (1.2.18), (1.2.19) hallarinin

4 © . I’ ]
u,(pi&)=uy) + XD D (pi8)+ sXTUED (0 )+ eXFUS (038), (1.232)
j= = i=

4 00 . © )
u(pig)=ul) + LU (pi¢) + e XTULY (1) + eXFU LD (pi8) (12:39)
i= = i=

comi (1.2.3), (1.2.4) mosoalasinin timumi hollidir.
(1.2.32), (1.2.33)-0 asason gorginlik tenzorunun komponentlori asagidaki kimi

toyin edilir:

4 21-e €,
O p =&(G, +20)_21Djﬂ262 + Z(L+el)loa§j j(p+1)—%(p3 -3p— 2)—
J:

1

1 o)
el (p+1) + O(g)]exp(ﬁ(aoj + gy 4+ )gj + 346,54,

x[(Bow 08 By +sin fy Jeosl iy o) + By i By Sy 0) + O(e)] x
x expe (Boy + By +- .)gj - 2460 BEF. x
x[(oi sin i + c0s B )sin( B ) + i p €05 s C0s( B o) + Ol )] x
X exp@(ﬁOi +&fy + -)gj, (1.2.34)

0, =2(Gy + 4, )Z: D; (ezagj (pz _1)+ 0(8))eXp(%(aoj téoy; + - )ét) +
+ §4Goﬂgk-rk [(COSﬂOk sin( By o) — pSin By cos( By p) + 0(5))} X
X exp(% (Box + &Bu ++ )5) + é‘”:i BsiGo [Sin PBoi Sin(Boi p) -

— peos fiy; sin(fBy p) + 0(5)]9Xp(%(,30i +&fy +---)§j, (1.2.35)

4 2¢,(1—e
c,,=(G, + /IO)JZ;' D{Ze2 —%@1)&00{51 — Zesagjp+0(g)jx

1
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X exp(% (%j Téoy )+ )étj + izesﬂozk-rk [sin Pox COS( By ) + 0(5)] X
£ k=1
X eXp(% (Box + &Bu ++ )ég) + éZFie3ﬂ02i [COSIBOi sin(By0)+ O(g)] X

xexp@(ﬂm + By +---)§j, (1.2.36)

G,(2G, +34,)
O T Gy + A
0

Ce® +(Gy + 4 )3.D; 26, (- a? ) 20,02, p + O(e)]x
=1

x exp(% (ao | + ey + )5} + k%460 BET, [sin By, cos(By p) -
— BoPSiN By Sin( By ) — Bo €03 B COS(,BOkP) + 0(5)] X
EXP(% (Box + &Bu + - )5) + édfl:iGOﬂozi [Boi (sin Bo; + 08 By, )sin(Byip) +

+ S5 P COS Ly COS(IBin) + 0(5)]9Xp(% (IBOi +&fy + - )5) (1.2.37)

1.3.Bircins hallorin tasnifati

Asimptotik inteqrallama prosesi noticasindo toyin edilon (1.2.5),(1.2.6),

(1.2.10), (1.2.11), (1.2.18), (1.2.19), (1.2.25), (1.2.26) hallorinin xarakterini miioyyon

Yerdoyismo vektorunun komponentlorini agagidaki kimi yazaq:

u,(p;&)=u? +éMkuk(p)e“k§, (1.3.1)
ug(pi€)=uf + SMw, (o)™ (132)

(1.3.1), (1.3.2)-do ikinci toplanana ikinci va {iglincii iterasiya prosesi ila tayin edilon

hallar aid edilib.

(1.3.1), (1.3.2)-ys osason O, O li¢iin yaza bilorik:

G = kz_l M, oy (), (1.3.3)
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o _Go(2G, +3%)
= Gy + A

Ce” + 3 Moy (p)e, (13.4)
k=1

burada

!

51(p)= S (0 )+ e, 87, )

o2(p)== (20 + ao)eare™wi (o) + (Ui o)+ c, (o)

Silindrik Ortiiyiin ixtiyari & =const kasiyinds tosir edon gorginliklorin P bas

vektorunu hesablayag. P bas vektoru {igiin yaza bilarik [72]:
1
P=2m [(o. +0,.*”dp. (1.3.5)
x|

(1.3.3), (1.3.4)-ii (1.3.5)-do yazaq:

Go+ 4o

1 ©
P=2m= I‘{GO(ZGO Al 3V10)Ce‘g" + 3 M, o, (o)™ +
k=1

2G,(2G, +34,) sh(3¢) c.
3(G, + 4,) £

+imkalk<p>eakﬂezwdp=zw[
k=1

+2Mk}<alk<p>+02k<p>)e2€pdp.eﬂ:

472G, (2G, +34,)
- G, + 4,

Csh(3¢)+ 27 3 M, m, e (1.3.6)
k=1

1

Burada m, = [(oy (p)+ oy (0)**dp —dur.

-1

Asagidaki sorhod mosalosing baxaq:

pr‘g_gj = O (p)eakfj ’ (137)

ocel,_, =2k, (138)

(i=12)
&=const kosiyindo (1.3.7), (1.3.8) masolosinin toyin etdiyi gorginlik

voziyyatino uygun bas vektor
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P =2m=me* (1.3.9)

boraborliyi ilo toyin edilir.
Elastikiyyst nazariyyasi masalasinin hall oluna bilmo sortine asasen B, bas
vektoru & dayigeninden asili deyil. Lakin (1.3.9)-dan goriindilyi kimi B, bas vektoru

& doyisonindon asilidir. Yoni

R =0 (1.3.10)
boraborliyi dogrudur.
(1.3.9), (1.3.10) —a osason aliriq:
m, =0. (1.3.11)
(1.3.11)-i (1.3.6)-da yazaq:
p _ 47Go(26, + 3/10)sh(3g)C. (1.3.12)
3G, + 4)

Ikinci vo iigiincii iterasiya prosesino uygun gorginlik voziyyoti ixtiyari
& =const kosiyindo 6z-0ziinos tarazlasandir.

Birinci iterasiya prosesilo toyin edilon (1.2.5), (1.2.6) halli yayilan halldir.
(1.2.5), (1.2.6) hollinin toyin etdiyi gorginlik voziyyeti silindrik Ortiiyiin ixtiyari
£=const kosiyindo tosir edon qiivvelorin bas vektoruna ekvivalentdir. Ikinci
iterasiya prosesi ilo toyin edilon (1.2.10), (1.2.11) halline uygun gorginlik vaziyyati
ortiiklorin totbiqi nozoriyyesindoki sorhad effektini miioyyon edir. Birinci vo ikinci
iterasiya prosesina uygun (1.2.5), (1.2.6), (1.2.10), (1.2.11) hallari silindrik ortiiyiin
daxili gorginlik-deformasiya vaziyyatini toyin edir.

Ucgiincii iterasiya prosesi ilo toyin edilon (1.2.18), (1.2.19), (1.2.25), (1.2.26)
hollori sorhad lay1 xarakterino malikdir. Homin hollorin & parametrine nazaoron
ayrilisinin birinci haddi geyri-bircins 16vhoalor iiclin Sen-Venan sorhad effektino
ekvivalentdir [10]. Qeyd edok ki, sorhad lay1 xarakterli hollor oOrtiiklorin heg¢ bir
totbigi nozoriyyasinds toyin edilmoyib.

Ikinci vo iigilincii iterasiya prosesi ilo toyin edilon hallora uygun gorginliklor
silindrik Ortliylin oturacaqlarinda lokallasir va onun oturacaqglarindan ortiiyiin daxiling

dogru eksponensial gqanunla sondir.
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Qeyri-bircins silindrik ortliylin gorginlik-deformasiya voziyyati yayilan, sado

sorhad effekti vo sorhad lay1 xarakterli hollorin comindon ibaratdir.

1.4. Silindrik ortiiyiin oturacaqlarinda sarhad sortlorinin 6danilmasi

Forz edok ki, silindrik ortiiyiin oturacaqlarinda

c;pg\gzﬂ = f..(p), (1.4.1)

o gg‘gzﬂ = fos(p) (1.4.2)

sorhad sortlori verilib.

(1.4.1), (1.4.2)-yo daxil olan f,(p), f,(0) (5=12) funksiyalari tarazliq

sortlorini 6doyon vo & kigik parametrino nozoron O(1) tortibino malik hamar
funksiyalardir.
(1.3.12)-yo asason C sabiti

3(G, + A, )P

" 472G, (2G, + 34, )sh(3¢) (1.4.3)

boraboarliyi ilo toyin edilir.

(1.3.1), (1.3.2)-yo daxil olan M, sabitlori Laqranjin variasiya prinsipinden

istifads edilmaklo miiayyan edilir.
(1.3.1), (1.3.2) bircins hollori tarazliq tonliklorini vo silindrik Ortliyiin yan
sathinda verilmis bircins sarhad sortlorini 6dediyinden Laqranjin variasiya prinsiping

aSasan

s=1_1 +]

> } (o, = fi(p)lu, + (0 — frs(@)u;] -e*dp=0. (1.4.4)
&=

boraborliyi aliir [71,72].
(1.3.1)-(1.3.4)-i (1.4.4)-do yazib oM, —lan asili olmayan variasiya hesab etmokla

naticada
kz_‘inkMk :dOj ] (1.4.5)

(1=12)
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F o= [low (), (0)+ one (oW, (P - ) 4 elocrei))

-1

1

do; = [(fi(o; (0)+ £, ()27 dp &' + jl(flz(p)u o)+

-1

+ Tl ()7 dp e,

filo)= fulo)- g s

sonsuz xatti cobri tonliklar sistemi miioyyan edilir.
(1.4.5) —in sag torofindo yerloson ifado miioyyan sortlori 6dodikdo (1.4.5)
sonsuz xatti cabri tonliklar sistemi hall oluna bilondir [71,72].

(1.4.5) sisteminin asimptotik hollini quraq.
1
(1.2.14), (1.2.15)-0 asason 0/()? = 0[82], O'é(g? = 0O(1)—dir.

Silindrik Ortiiyiin oturacaqlarinda verilmis (1.4.1) sorhod sortine daxil olan
fis (,0) funksiyasini
fi(p)= £9 + 1,2 (1.4.6)
soklinds yazagq.
(1.4.6)-da

(1) _j fls( )dp,

fl(SZ) = i (P)_ fl(sl)'
(1.2.14)-0 asasan

14

ja(z)dp g2 IZD (G, + 4 )(ezaoj<p —1)+ O(g)>exp(i(a0j +

1j=1




(1.4.7)-yo osason

ja(z)dp O(&‘ZJ (1.4.8)

(1.4.6), (1.4.8)-0 asason

1
f,0 = 0[82 ] 9 =0(1) (1.4.9)

boraborliklori dogrudur (s =1;2).
(1.2.10), (1.2.11), (1.2.13)-(1.2.16), (1.2.18), (1.2.19), (1.2.21)-(1.2.24),
(1.2.25), (1.2.26), (1.2.28)-(1.2.31)-5 daxil olan namaolum D, T, F; omsallarini

Tk :TkO _|_ng1 + .- (1411)
Fi — FiO + ‘C’Fil A (1412)

soklindo axtaraq.

(1.4.10), (1.4.11), (1.4.12)-ni (1.4.5)-do yazib (1.4.9)-u nozors alaq :

zmkJ 0=Tc (k=14) (1.4.13)
J_

Mo =di}, (j=12..) (1.4.14)

ZQ“) Fo=d% (j=12...) (1.4.15)

burada
My = m[ 32G, (G, + 4o )’ ag; +8G (G, + 2o JAGZ +8Gy Ay + 742 )x
. | . |
x g0y, — 248G A (G, + Ay )ty ](exp(— @j + ex[{%n’

1

= 1260 2ol - s (260 Aol 2o oo -
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+[2(Gy + 20 )12 — o (2Gy + 29 )0 + o) fzz]eXp(a%klj}dP’

1
M jlk) = ,[4601802k {IBOk [COSﬂOK sin (ﬂOkP)_ psin By COS(ﬂOkP)]'

2(2G, + 4,)

0ot

-KZ,BOJ- COSfy; + sin By, ]Sin(ﬂojp)— 2By; oSN By, cos(ﬂojp)} +

+ [Sin Box COS(ﬂOkP)_ Bokosin By Sin(ﬂOKP)_ Box €08 Lo COS(,BOKP)]X

K ZGO% sin Bo; — 2/, cosﬁoijOS(ﬂoj,O)— 2By;pSin By Sin(ﬁmﬂ)}}dpx

G, +
ool Bl

&

i 2(2G _ _
déli) = Jz{fls(p)|:£2ﬂ0j COSﬂOj +(G+;j°)sm ﬂojjsm(ﬂij)_

—1s=1 0

—2y;psin [y COS(ﬂOjP)]"‘ fos (P)HGZEO% Sin Sy — 2/ COSﬂOjJ

0

|
X COS(IBij)_ 2[3,;psin 3, sin (ﬂij)]}dPEXp[(_ 1) ﬂzj j’
1
Qﬁ) = [4G, S5 Builsin B cos( B 0) — pcos By sin( )]
|

-HZﬁo,- sin f,, —Z(fBG°—j")cosﬂOchos(ﬂij)—Zﬂo,-px

o T4
X C0Sf3,; sin (ﬂij)J"' [ﬂOi sin [y Sin(ﬂin) +C0S 3 sin (:Bono) +

2G,
Gy + 4

+23y; 80 )sin(ﬂo,-p)]}dp(exp[— Mj ' exp(wn,

+ Soi P COS By COS(ﬂOiP)][ZﬂOjPCOSﬂOj COS(ﬂo,‘P)‘{

cosfy; +

& &

1
dgj = Ii{fls(P)Kzﬁoj sin fy; _Z(éGO—WCOSﬂOjJCOS(ﬂij)—
—1s=1 0 +ZO

38



—2/5,pCOS [y Sin (:301,0)]+ fos (p)[ZﬂijCOSﬂoj Cos(ﬁojp)+

OjI
&

+ (GOZ:;_OAO COSﬂoj + 2,Boj sin ﬂoj JSin (ﬂOjP)}}dpexp((_ 1)5 }

CfO
7 = lim -1

e—0 \/E

Dips Tip» Fip (p =12,.. ) sabitlorinin toyini {iglin alinan xatti cobri tonliklor sisteminin

matrislori uygun olaraq (1.4.13), (1.4.14), (1.4.15) sistemlarinin matrislori ilo eynidir
[71,72].
(1.4.14), (1.4.15) sonsuz xatti cobri tonliklor sisteminin reduksiya iisulu ilo holl

oluna bilmasi sartlori va bu tisulun yi1gilmasi [30 ]-da 6yronilib.

1.5. Yan sothi baglanmis radial qeyri-bircins silindrik ortiiyiin gorginlik-

deformasiya vaziyyatinin todqiqi

Forz edok ki, silindrik ortiiyiin yan sohti baglanib

=0, (1.5.1)

u ‘ =
Plp=+1

=0, (1.5.2)

u§ ‘p:il -
va silindrik Ortiiyiin oturacaqlarinda onu tarazligda saxlayan

Ungg:i. = hy(p) (1.5.3)

Us%‘g:i. = hys(0), (1.5.4)

sorhad sortlori verilib.
(1.1.19), (1.5.1), (1.5.2) masalasinin hallinin (1.2.2) soklinda axtaraq. Noticada

alinq:

(Ab +aA1+a2A2)§:6, (1.5.5)
=0, (1.5.6)

‘p:+

burada a(p)=(u(p);w(p))' - dir.
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(1.5.5), (1.5.6) spektral mosalasini &£ — 0 olduqda asimptotik integrallama
tisulu ilo todqiq etdikds, noticade almir ki, birinci iterasiya prosesine trivial hall
uygundur vo ikinci iterasiya prosesino uygun olan sorhad effektli xarakterli holl toyin
edilmoyib.

Ucgiincii iterasiya prosesino osason hall (1.2.17) soklindo axtarilir. (1.2.17)-ni
(1.5.5), (1.5.6)-da yazib miiayyan ¢evirmoalordon sonra aliriq:

a) uf;l) (,0; f) = giTk |:(180k sin B, — ?;BGO—JH% C0S By jSin (ﬂOkP)“L
k=1 0 + io
+ Lok 2 €0S By Cos(ﬁmuo)Jr O(t")]‘”@(% (ﬁOk +&0y + .. -)égj’ (1.5.7)

(3 ) (&)= Sé-rk Bo (o0 By Sin( By p)—sin By COS( By, p))+ 0(5)]X

xexp(% (Box + &0 +...)§), (1.5.8)
burada g, —lar
i 201G, +4
sin 2/3,, - ?EG - T o) iy =0 (15.9)

tonliyinin kokloridir.

(1.5.7), (1.5.8) hallorina uygun gorginlik tenzoru komponentlari iigiin

on = ZTk/BOk|: (2G, +4 )(,BOk sin Sy — COSﬂijCOS(ﬂOkP)_

0
Gy + 4
— 2G5y /208 By SIN( By 2) = Ao ok STN oy €08{ iy ) + Ol )]

xexp(% (Bok + & +...)§j, (1.5.10)

(3 Y= ZTk 0 Bok [€0S By (SIN(Bok )+ 2 Bok 0 COS( By ) +

+ (ZIBOK sin Sy, — 3(;30:2?)0 COS ok JSin (Box)+ 0(5)} X

0
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x exp(% (Box + By +-- )ﬁj (1.5.11)

0§§ D= ZTKIBOK [ZGoﬂOkPCOSﬁOk sin (ﬁOkp)_ 2G, (ﬁOk sin By, +

+ Goﬂfﬂo cosﬂijcos(,BOkp)+ 0(5)} expe (B + By + - )5) (1.5.12)

; = 2G4,
oG kZlTkﬁo{— s i/{’ C0S By €SBy 0)+ O(g):|><
= 0 0
xexp(% (Bo + B +---)§j, (1.5.13)

asimptotik ayrilislart dogrudur.

B uS?(pig)=—s3F, H%sm B+ Pos GOy ] cos( i)+
i=1

0ot

+ BoipSin S sin(Byip) + 0(3)]9Xp(% (Boi + &y + .. -)5], (1.5.14)

u?;z) (0;¢)= gé F[= Bui (cos By sin(Byi 2) — peos( By p)sin Sy )+ O(s)]x

x exp(1 (B + &8, + .. )rjj (1.5.15)
&
burada g, —lor
sin 23, + ZB(GGO—ijz) By =0, (1.5.16)
0

tonliyinin kokloridir.

(1.5.14), (1.5.15) hallarine uygun gorginlik tenzoru komponentlori {igiin

0o T4

/()?;32) ZFﬂo{ ZG +4 {ﬂo. COS Sy + ZGOA Sinﬂmjsm( OiP)_

— 2G5 2SN S COS( By ) = A i €08 iy Sin (i) + Ol )]
x exp(%(ﬂm + 50 +.. )5) (1.5.17)
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O-/(%;Z) = éTiGOﬂOi [sin gy, (cos(Byi 2)— 2Byi 2 SIN(By; ) — COS( By ) %

x (2/3’0i COS Sy + 3G + 4 iy ﬂm]+ O(a)}exp(l (Boi +8By +.. .)g), (1.5.18)
Gy + 4 g

0

. o0 . A, )
0-4(52’2) = _ZiTiﬂOi {260130#75'” Boi COS(IBin)+ ZGO(G 0/1 sin By — Boi COSIBOiJX
i=

ot
xsin (ﬁmp)+0(e)]exp@(ﬂm +&fy +...)§), (1.5.19)

0_27;2) = iTiﬂ0i|: Gt
i-1 G

sin By; sin(By; p)+ o(g)} x

0 0

X exp(% (Bo; + &0+ )5) (1.5.20)

asimptotik diisturlar1 alinir.
(1.5.7), (1.5.8), (1.5.14), (1.5.15) hallorinin comi (1.5.5), (1.5.6) masalosinin imumi
hollidir:

3G, + 4,
Gy +4,

up(P; Cf) = g:lg-rk Hﬂw sin By — COS Sy JSin(ﬂOkp)_'_

+ Lok 2 C0S S COS(IBOKP) + 0(5)]9Xp( L (IBOK + &0y + - )5) -

g

B igFi Kggo o sin Byi + Boi €08 By, JCOS(ﬂin)"' Boipsin By sin( By p)+
i=1 0 + ﬂvo
+ O(g)]exp(%(ﬂm + 50, +.. .)gj, (1.5.21)
U, (P; 5) = élng [:BOk (P COS By Sin(ﬂOkP)_ sin By, COS(IBOk P))+
+ 0(5)]9Xp(% (Box + &Bu + - )gj + éd:. - B, (cos By sin( By 0)— pcos(By p)x

xsin By, )+ O(g)]exp(% (Byi + &0y + .. .)cfj (1.5.22)
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(1.5.21), (1.5.22)-ya asason gorginlik tenzorunun komponentlari ti¢iin aliriq:

c,, =0 +o0?, (1.5.23)
O pe —G/(f’gl) +0'/()3§2), (1.5.24)
O =02 +05?, (1.5.25)
C,p =05 +052, (1.5.26)

(1.5.21), (1.5.22) halli sorhod lay1 xarakterino malikdir. Homin hollorin &
parametrind  nozoron  ayrilislarinin - birinci  hoddi  geyri-bircins  16vhalor
nazariyyasindoki Sen-Venan sarhad effektine ekvivalentdir [10].

(1.5.21), (1.5.22)-ys daxil olan namolum T,,F, sabitlorini silindrik oOrtiiyiin

oturacaqlarinda verilmis (1.5.3), (1.5.4) sorhod sortlorindon toyin etmok {iclin
Lagranjin variasiya prinsipindon istifads edilir [71,72]:

Z J[( Ope— ls ))&p + ((755 25 )&51 2‘30 d,O =0. (1.5.27)

s=1-1
(1.5.21), (1.5.22), (1.5.24), (1.5.25)-i (1.5.27)-ds yazib OF, oT, —m1 asili

olmayan variasiya hesab etmoklo

é M @PT,o =175, (1.5.28)
ZQ(Z)F =15}, (1.5.29)

xotti cabri tanliklor sistemi alinir.

Burada

1
M EE) = Pok I{Go [cos By, (Sin(Bo 2)+ 280y 2 €O By )+ (2 By SIN By, —

-1

3Gy + 4,
G, + 4,

+ B2 COS By COS(ﬂOjP)]+ Boj [ 2G Sox P COS Sy Sin(ﬂOKp)_

3G, + 4

0 cosﬂojjsin(ﬂojp)+

COSﬂOkJsm(ﬂOkp):| H:BOJSin Poi — G, + 4
0o T4

43



+ G—Olzcosﬂok}Cos(ﬂOkp):|[pCOS,Boj sin (ﬂojp)_

0 0

~sin A cos(ﬂo,-p)]}d/’[exp(‘ M) ' exp[wn’

&

- (ZGOﬂOk sin /BOk

Toj = Ii{hls(p)ﬁﬂo,- sin By _BGGO—+jOCOS,B0jjSin(ﬂOjP)+ﬂ0jPCOSﬁ0j x

_1S :1 0 + 0

N
x cos(,Boj,o)]+ hys(0)Bo; (,ocos,B’Oj sin (ﬂojp)—sin iy cos(,Boj,O)) - exp((—l)s 'B%]

3G, +j«o sin By; jCOS(,Bin)Sin Boi %

0t

Q§i2) = o j{Go KZIBOi COS fy; +

x (cos(Byp)— 2By pSin(Byip)))- Do €OS By +BGO+%Sinﬂ0j COS(ﬂo;‘P)*‘
G, + 4

0

+ fojpsin fBy;sin ij) J+[ 2Gy 5y SN foi €OS( i) — Go(2/B5i €OS By —

sin Sy Jsm (ﬁin)i|ﬂ0j (,OSin Poj COS(IBij)_ €os Sy sin (ﬁOjP))}dPX

X exp(— —(ﬂm J;ﬂOj ) j + em{—woi J;ﬂOj ) D

0
G, + 4,

3G, + 4,
Gy + 4

12
Toj = IZ{_hls(P){ Poj COS Ly +

—1s=1

sin B, Jcos(ﬁoj,o)+ Bojpsin By x

xSin ﬂoj J+h23 ),Boj(psm,ﬁojcos(,BOJ ) COS By sin(ﬂojp))kip-
. exp((_ 1)3 ﬂLJI}

&
Tk :Tko +8Tk1+"‘,
F=Fo+efy+-

Tkp, FIID (p =1,2,...) sabitlorinin toyini iiglin alman xotti cobri tonliklor

sisteminin matrislori uygun olaraq (1.5.28), (1.5.29) sistemlorinin matrislori ilo
eynidir [71,72 ].
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1.6.Yan sathinda bircins qarisiq sarhad sartlori verilmis radial qeyri-bircins

silindrik ortiiyiin garginlik-deformasiya vaziyyatinin tohlili

1. Forz edok ki, silindrik ortiiylin yan sothindo
=0, (1.6.1)

p‘p:il -

=0, (1.6.2)

Ol =
pép:il

bircins qarisiq sorhad sortlori, onun oturacaqlarinda iso silindrik ortiiyli tarazliqda

saxlayan
O], =t () (1.6.3)
o, =t (p) (1.6.4)

sorhad sortlori verilir.

(1.2.2)-ni (1.1.19), (1.6.1), (1.6.2)-d> yazaq:

(A + oA +a’A Ja =0, (1.6.5)

(E;+oE;)a| _,, =0, (1.6.6)
burada

1 0 0 0

a(p)=(u(e)wip))" —dir.

& — 0 oldugda (1.6.5), (1.6.6) spektral masalasina asimptotik inteqrallama tisulunu

tatbiq etdikds naticads asagidaki iki qrup hall tayin edilir:

@ _ Sh(kz—é‘) klp_Sh(kl—é') kop &,J
1) u, _Deo(—sh(z,t) e —sh(gt) e e? |, (1.6.7)

uf) =D¢, (1.6.8)

burada

:—5(1+t) K :e(t—l)

k
! 2 2
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10G, + A s
t= =0 "% =0
2G, + 4 2(Gy + 4o)

(1.6.7), (1.6.8) hallino uygun gorginlik tenzoru komponentlori
w _ _De K Jo— (2G + 4o Xt +1))e"1psh(k2 _e)-

7 = sh(et) 2
—(z@ . (26 +;0)(t Y grargn(, —g)} (1.6.9)
o) =0, (1.6.10)
ol _ D{Zggﬁt (00685l o) @t rsnl, o)+
4 Gol2Go+ o) o (1.6.11)
Gy + 4
o _ D& M) et o)
w= g (6{)[(2(30 e sh(k, — &)

-~ (2@0 + @jekzpsh(kl -~ g)}, (1.6.12)

boraboarliklori ilo toyin edilir.

2) Ikinci iterasiya prosesino uygun sarhod effekti xarakterli holl toyin edilmoyib.

3) Ugiincii iterasiya prosesino uygun holli (1.2.17) soklindo axtaraq. (1.2.17)-ni
(1.6.5), (1.6.6)-da yazib, son naticads aliriq:

S (01€) = £3T, (B 05 B Sy, ) + Oe)

a) 1 (1.6.13)
X eXp(;(ﬂOk + &0y + )gj
ug™ (0:&)= _‘9ZT|< (Bow €08 By c08(By ) +O())
x exp(%(ﬁ()k + By + ---)5), (1.6.14)
burada g,, —lar
sin S, =0 (1.6.15)
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tonliyinin koklaridir.

(1.6.13), (1.6.14) hollorino uygun gorginlik tenzoru komponentlori {i¢iin

oD ZTk (ZGO,BOK C0S Sy, COS(By )+ O(s ))exp( (Bor + &Py +- )5) (1.6.16)

(3 Y= ZTk (ZGoﬂOk COS By Sm(ﬂOkp)"'O( ))exp(% (ﬂOk + &f +"')§} (1.6.17)

a8 =0(¢), (1.6.18)

22

oY = ZlTk (— 2G, B €0S By COS(Bo o)+ O(g))x

x exp(%(ﬂ()k +fy + )5] (1.6.19)
asimptotik ayrilislar1 dogrudur.
b) u(ps;Z) (0:¢)= gi F. (B sin B cos( B, 0) +O(&))
X exl{% (By + By +- )égj’ (1.6.20)

ug? (p;¢) = gé F, (i sin By; sin( By 0)+Ole))

x exp@(ﬂm +&fy +---)§), (1.6.21)

burada S, — lor
COS fBy; =0, (1.6.22)

tonliyinin koklaridir.

(1.6.20), (1.6.21) hallorino uygun gorginlik tenzoru komponentlari {i¢iin

(3 ? = Z F, ( 2G, 5 sin Sy Sin(ﬂOiP)+O(5))eXp %(ﬂm + &0y +"')§)1 (1.6.23)

(3 D= Z F, (ZGoﬁm sin By cos(By 0)+O0(& ))exp %(ﬁOi +&f; +"‘)§j’ (1.6.24)

o = 3,265 sin Aoy sin( )+ Ofc)exp| - (B + +---)§} (16.25)
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a2 =0(e), (1.6.26)

PP
asimptotik ayriliglar1 alinr.

(1.6.5), (1.6.6) spektral moasalosinin timumi holli tigiin alirq:

e sh(k, =€) 1, Shki—€) wp o
up(p,(f)—Deo(We —We —e j+

+ giTk (:BOk C0S S, Sin (ﬁ0kp)+ O(&‘))GXp(i (ﬁOk +&fy +- )5) +

k=1 &
+ 52 F: (Byi sin By; cos( By o)+ 0(5))9Xp(% (Boi + By +-- ')ij, (1.6.27)
Ug(P; 5) =D¢ +5§:1Tk (_ Bok €OS By COS(ﬂOkp)"'O(g))X
X eXp(% (IBOk + &0+ )5) + géTi (ﬂOi sin Sy sin (IBin)+

rOeers{ L + o8y )¢ | (16.28)

Gorginlik tenzoru komponentloari tigiin aliriq:

o - %K% —(2G, +2ﬂ,0 Nt +1))ek1psh(k2 o)

_(,10 + (2G, +;0 Xt _1))ekzpsh(k1 —g)} + iTk (2(30 B&. cos By, cos(Sy p)+
k=1

0

+ O((‘/‘))‘”‘F’(% (/BOk + &0+ )‘f) +2.F (_ 2Gy 85 sin S, Sin(ﬂin)+

i=1

+O(e))exp@(ﬂ0i + B, +---)«:} (1.6.29)

O e = é:lTk (ZGo,Bozk C0S By, SiN( By o)+ 0(5))9Xp(% (Box + By ++- )5) +

0

+2.F (ZGoﬂozi sin By; Cos(Byi o)+ O(g))exp(% (Boi + &0y +-- ')f)r (1.6.30)

i=1

7 =) 2 (1R sl o)L UEsn(l )
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N Gy (ZGO + ﬂvo)efp
G, +4,

} + é-rk (_ 2G By, €08 Boy €OS(Byy 0)+ O(g))x

% exp(% (Box + P +-~)§j+§ﬁ (2G, 82 sin By sin(By p)+O(s))x

XeXp(%(ﬂOi +&f; +'”)§j’ (1.6.31)
O pp = SE(e;)KZGO +@)eklpsh(k2 —&)—
- (2@0 + %ﬂ))ekzpsh(kl - 5)} +0(e). (1.6.32)

Silindrik ortliyiin ixtiyari &=const kosiyinds tasir edon gorginliklorin P bas
vektorunu hesablayaq. (1.6.30), (1.6.31)-i (1.3.5)-dos yazdigda son naticados aliriq:
P =2:,D, (1.6.33)

burada

el 1t 1+t
do = 0 h(k, — £)sh(k, +2¢)—
0 2(Go+/10)sh(et)(kl+255 (ko = 2n(l, +2e) K, +2¢

2G(12G, + 4
< shi(k, — £)sh(k, + 2¢)+ S%éo jio)‘))sh(?,g).

Uclincii iterasiya prosesino uygun garginlik voziyyeti ixtiyari & =const
kosiyinds 0z-0ziins tarazlasandir.

Birinci iterasiya prosesi ilo toyin edilon (1.6.7), (1.6.8) halli yayilan halldir.
Homin hall silindrik ortiiyiin daxili gorginlik-deformasiya vaziyystini miioyyan edir.

(1.6.7),(1.6.8) yayilan hallina uygun (1.6.9)-(1.6.12) gorginlik voziyyati
silindrik Ortiiylin ixtiyari &=const kosiyinds tasir edon qiivvalorin bas vektoruna
ekvivalentdir.

Ucgiincii iterasiya prosesi ilo toyin edilon (1.6.13), (1.6.14), (1.6.20), (1.6.21)
hallori sorhad lay1 xarakterine malikdir. Homin hallora uygun gorginliklor silindrik

ortiiylin oturacaqglarinda lokallasir vo oblastin daxiline dogru iistlii ganunla soniir.
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Qeyri-bircins silindrik ortiiylin gorginlik-deformasiya voziyyati yayilan vo
sarhad lay1 xarakterli hallorin comindan ibaratdir.

(1.6.33)-0 asason D sabiti

(1.6.34)

barabarliyi ils toyin edilir.
Lagranjin variasiya prinsipindon istifado etmoklo (1.6.27)-(1.6.32)-yo daxil

olan T,, F sabitlori miioyyen edilir. Laqranjin variasiya prinsipino asason

ZI[( et (), + (o —t9 (p))ou, ]g L €Pdp=0.  (16.35)

(1.6.27), (1.6.28), (1.6.30), (1.6.31)-i (1.6.35)-do yazib, miioyyan g¢evirmolordon

sonra aliriq:

>MPTo =98, (1.6.36)

2Q<3>F 3?, (1.6.37)

burada

M fi) = 4GOﬂ0jﬂ02k (ﬂOk = Boj )_1 COS Sy COS f3y Sin(ﬂOk = Boj )X

><(exp(—(ﬂ°"Jr—’BOj)I +exp[wn, (k # j oldugda)

&

2051 25|
M = 4G, g5, exp(— 'BgOJ J+exp[ Poj B

g

1 ) 1
96 = Bo; €0s 3, {I (9 (p)sin(B, jp)—tzl(p)COS(ﬂojP))d/"exp[_ ﬂ%}

_1 )

)
QS = 4GBy s (:BOi —ﬂOj)_lsin PBoi Sin Sy Sin(ﬁm —ﬂoj{eXp(——( - (;BOJ) j+

+ I( 2 Sln(ﬂo,-,o)—tzz(P)COS(ﬂo,-P) P eXp(
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+exp[wn, (i # j oldugda)

&

Qo = 4Goﬂ§j(exp(— /b, j+exp(2ﬁ J D
&

i N il
Jo; = Fo, COSﬂO{J'(tS) (p)COS(,Bij)+t21(p)3|n(ﬂojp) - exp(_ ﬂg j+

-1

I(t(l)( )COS(:BOJP)sz( )sin( ﬂo,p )dp exp(ﬂOJ ﬂ

G- 5| (el o)

_ kop _ GO(ZGO‘“%) Py
(L+t)e*2sh(k, — &)+ 6 e }

(s=12)
T =& (Typ + Ty +---)
F o= (Fy+eF + )

Tio Fip (p =12,.. ) sabitlorinin toyini ii¢lin alinan xatti cabri tonliklor sistemlo-

rinin matrislori (1.6.35), (1.6.36) sistemlorinin matrislari ila uist-iista diisiir.

2. Forz edok ki, silindrik ortiiyiin yan sothindo

u g\p:ﬂ =0, (1.6.38)

=0 (1.6.39)

O-pp ‘ p=x1 '
bircins qarisiq sarhad sortlari, onun oturacaglarinda iso silindrik ortiiyii tarazligda

saxlayan

pr‘(;:ﬂ =t{2(p), (1.6.40)

=137 (p), (1.6.41)

= P

sarhad sortlori verilir. (s =1;2)
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(1.1.19), (1.6.38), (1.6.39) mosolosinin hallini (1.2.2) soklindo axtaraq.
Noticods aliriq:

(% +ah +a’A )é 0, (1.6.42)
(E,+aEs)al _,, =0, (1.6.43)
burada
0 1
E,=|(2Go+4) 5, P
&
0 0 .
o oo 30~ loh o)

& —0 olduqda (1.6.42), (1.6.43) spektral masalasino asimptotik inteqrallama
tsulunu totbiq etdikdo alinir ki, birinci iterasiya prosesina trivial hall uygundur vo
ikinci iterasiya prosesino uygun olan sorhod effekti xarakterli hall toyin edilmoyib.
Ucglincii iterasiya prosesine osasan hall (1.2.17) soklinds axtarilir. (1.2.17)-ni (1.6.42),
(1.6.43)-da yazib, son naticads aliriq:

a) U,(os;l) (&)= 32Tk (_ 2G Bo sin By sin(Boy o)+ O(g))x
x exp@(ﬂw + &y + - -)«:j, (1.6.44)

(3 o &)= 82‘1Tk (ZGoﬂozk sin Sy cos(fox o)+ 0(5))X

X exp(%(ﬂ()k +gfy + - -)5] , (1.6.45)

burada g, -lar

CoSf,, =0, (1.6.46)
tonliyinin koklaridir.

(1.6.44), (1.6.45) hallarins uygun gorginlik tenzoru komponentlari {igiin

(3 Y= ZTk( 4G Bk Sin Py, cos(foy 0)+ 0(5))X
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eXp(%(ﬂOk + &0y +"')§) ) (1.6.47)
S:l) = ZlTk (— 4G B, sin Bok Si”(ﬁOk P)+ O(g))x
eXp(%(ﬂOk + &0y +"‘)§j , (1.6.48)

oG = ZlTk (4G§ Ba Sin B, €08( By 0)+ O(e))exp(% (B + By +...)§j,

(1.6.49)
ooP =0(e), (1.6.50)
asimptotik ayrilislar1 dogrudur.
b) i (pi&) = £ 3, (26u 55 005 iy cos( )+ Ole )
X exp(% (Boi + 6By ++ ‘)5} , (1.6.51)
(1) = &3 Fi (260 5 005 s sin( 0)+ Ol
x exp(%(ﬂOi +gfy + )5) (1.6.52)
burada g, —lor
sin S, =0, (1.6.53)

tonliyinin kokloridir.

(1.6.51), (1.6.52) hallarine uygun gorginlik tenzoru komponentlori {igiin

(3 2 = Z F ( 4G fB5; c08 By Sin(ﬁin)+O(8))eXp %(ﬁm +&fy +--)5 |, (1.6.54)

ol? = ZF(4G B2 cos . cos(B, p)+O(s ))exp %(,BOi +&fB; +-)¢ |, (1.6.55)

Gg&’ 2 = Z F (4G§:B03i Cos Sy Sin( 0ip)+o(5))eXp %(,Bm +&f3; +"')§ , (1.6.56)

53



a2 =0(e). (1.6.57)

o0
asimptotik ayrilislar1 dogrudur.

(1.6.42), (1.6.43) mosolosinin timumi halli

u, (P; &)= 5241Tk (_ 2G, By Sin By sin (ﬂOk p)+ 0(5))X

i=1

X eXp(% (ﬂOk +&fy +- )fj + gi F (ZGoﬂozi cos S, COS(ﬁin) + O(g))
X exp(é(ﬂm +gfy + )5] (1.6.58)

U, (p: éZ) = 52Tk (ZGoﬁozk sin By COS(ﬂOk ,0)+ 0(5))X

i=1

X exP[% (ﬂOk + &0+ )5) + gi F (2601802i COs Sy Sin( in) + 0(5))

X exp(%(ﬂOi +f + - );fj (1.6.59)

diisturlar 1ls tayin edilir.

(1.6.58), (1.6.59) halli sorhad lay1 xarakterino malikdir.

Lagranjin variasiya prinsipine asasan [71,72].
ZI[( pé t3s )&Jp +(0c§f§ _t4s(p))&]§]§:+| ,eZ&Odpzo_ (1660)
s=1-1 =

(1.6.60)-a asason aliriq:

kz_l M 0Ty = b5, (1.6.61)
ZQ(4)F ps? (1.6.62)

burada

M j(‘kl) = 16Ggﬂ02jﬂ(?k (ﬂo,‘ = Pox )_1 sin By sin Sy Sin(ﬂOj = Bok )X
X (exp(— Mj + exp(MD, (j #k oldugda)
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25l 25l
M) =16G; gs; sinzﬂoj(exp( ioj J+exp( & D (j =k olduqgda)

g

1
pé?:zeﬂéjsinﬂo{f (2 (p)cos( By, 0)—t2 (p)sin(By, 0o - exp[ ﬂf”]

4 )

Qf’ =16G; 55, s (IBOj _ﬁOiTlCOSﬁOj COSﬁOiSin(ﬂOj = P {GXF{ ( ot ﬂo,) j

+exp(wj], (i # j oldugda)

&

j(t(Z) COS(ﬂij)_tl(zz) (p)Sin(ﬁij) P'exp(

Q;; =16G; 3, cos’ ,Bo{expt— 2ﬂ°j|]+exp(2ﬂ°jlj], (i = j oldugda)
& &

A
PG} = ZGOﬂOJCOSﬂOJ|:J((2)( )COS(ﬂOJ'p)J“tg)(p)sm(ﬂoip))dp.exp(_ﬂ%}_

1

ot o) P |

Tk :Tk0+ngl+",
FI :F|0+5F|1+"'

1.7. 9dadi hesablama

Farz edak ki, silindrik ortiiyiin yan sathi baglanib va onun oturacaqlarinda
o, =Ar,c,, =A2r*+3r) npu z=-15
o, = Ar,c,, = A(r* + 4r) npu z=15.
sorhad sartlori verilib.
Kigik qalinligh radial geyri-bircins va bircins izotrop silindrik ortiiyiin gorginlik-
deformasiya vaziyyatinin ododi halli haqqinda massloys baxagq.

Asagidaki hallar1 nozordon kegirok:
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1) Silindrik 6rtiik T'={r e[L,15], @<[0;27], z e[-15;15]} oblastina malikdir
va silindrik ortiiylin qalinlig1 xarakterizo edon parametr ¢ = 0,2-dir.
Sokil 2-4-do orta xatt istiqgametinds u,,u, yerdoyismo vektorunun vo o,, gorginlik
tenzoru komponentinin radial geyri-bircins vo bircins silindrik ortiiklordo  galinliq
boyu paylanmasi gostorilmisdir (gdy rongls bircins,yasil ronglo geyri-bircins silindrik
ortiiklar tiglin paylanmalar geyd edilib).
Daxili sothdon 0,1 mesafodo u,on boyilik qiymotini alir.Daxili sothdon 0,26
mosafoys qador U, -in paylanmasi kvadratik qanunla bas verir vo kvadratik parabola
yuxartya dogru qabariqdir. Daxili sothdon 0,26 mosafodon baglayaraq u,-in

paylanmasi kvadratik ganuna yaxin bir asililigla bas verir va parabola asagiya dogru

qabariqdir. Xarici sothdon 0,12 mesafodo u,on kicik giymatini alir. Radial geyri-
bircins silindrik ortikde u,-in qalinliq boyu paylanmasi bircins silindrik ortiikdo

yerina yetirilon paylanmadan keyfiyyot etibari ilo forglonir.Radial geyri-bircins va

bircins silindrik ortiiklords u, -in qalinliq boyu paylanmalar: yalniz kemiyyat etibari
ilo forqlenirler. o ,-in radial geyri-bircins va bircins silindrik ortiiklords paylanmalari
komiyyat etibari ilo miixtalif 6lmagla eyni ganunla yerinag yetirilir.
2) Silindrik 6rtiik T'={re[105], @<[0;27], ze[-1515]} oblastna malikdir vo
silindrik Ortiiylin qalinhigin1 xarakterizo edon parametr & =0,02-dir. 5-7-c1 sokildo
geyri-bircins va bircins silindrik ortiiklards u,,u,,o,,-in qalinliq boyu paylanmalari
verilib.

r=1012-don r=1038-0 qodor mosafodo qeyri-bircins vo bircins silindrik
ortiiklords u, -in qalinliq boyu paylanmalar1 yaxindir. u, -in qalinliq boyu paylanmasi

geyri-bircins vo bircins silindrik Ortiiklordo yalniz yalniz komiyyat etibar ilo

forqlenirlar. u,-in geyri-bircins va bircins silindrik drtiiklords radius boyu paylanmasi
kvadratik qanunla bas verir. u,-in radius boyu paylanmasi materilin geyri-bircinslik
doracoesindon yalniz komiyyst etibari ilo asihidir. u,-in geyri-bircins va bircins

silindrik ~ ortiikklordo radius boyu paylanmasi iso materilin  qgeyri-bircinslik
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doracasindon keyfiyyat etibari ilo asilidir. Qeyri-bircins va bircins silindrik ortiiklordo

o,,- In radius boyu paylanmasi keyfiyyat etibari ilo eynidir.
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Il FOSIL
RADIAL QEYRI-BIRCINS SILINDRIK ORTUK UCUN
BURULMA MOSOLOSI

2.1. Elastiki modullar1 radiusdan asih ixtiyari kosilmaz funksiya olan

silindrik ortiik iiciin burulma masalosi

Radial geyri-bircins silindrin burulma masslosine baxaq. Forz edok ki, G(r)—

elastiki modulu r —don asil1 ixtiyari miisbat kasilmoz funksiyadir.

Silindrik Ortliylin  burulmasini xarakterizo edon tarazliq tonliyinin ifadosi

asagidaki kimidir [25]:

0oy, 00, 2
+ +—o,,=0. 2.1.1
or oz r (@11)
(2.1.1)-0 daxil olan o,,0, gorginlik tenzoru komponentlarinin yerdoyisma

vektorunun u,, =u,,(r; z) komponenti ilo ifadosi asagidaki kimidir [25]:

ou u
=Gl —2--2| 2.1.2
Tro ( o r j ( )
g Mo (2.1.3)
O' = _, [
7 0z

(2.1.2), (2.1.3)-ii (2.1.1)-do yazaq:

0 {G(r)[au—g"—uiﬂ+&(r)(%—u—"’]+e(r)azﬁ=o, (2.1.4)

or or r r o r 072

Farz edak ki, silindrik ortiiyiin yan sothi ylikdon azaddir

ou u
:G r _ ¢ _ "9
Tro O(ar rj

vo silindrik Ortiiylin oturacaglarinda iso onu tarazliqda saxlayan

-0, (2.1.5)

r=rg

au(o

o} =G(r)E

= £5(r), (2.1.6)

7=+l

sorhad sortlori verilir.
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(2.1.6)-da f*(r) tarazliq sortini 6doyon hamar funksiyalardur.
(2.1.4) tonliyinin hollini
u,(r,z)=v(r)m(z), (2.1.7)
soklindo axtaraq.Burada m(z) funksiyasi
m"(z)— x*m(z)=0, (2.1.8)
sortini 6dayir.

(2.1.7)-ni (2.1.4), (2.1.5)-do yazib (2.1.8)-i noazars alaq:

{G(r){v’(r)—mﬂ' R ﬂr)(v'(r)_@j  12G(M)=0,  (2.1.9)

r r r
G(r)(v’(r)— V—r)j =0, (2.1.10)
r r=rs
(s=12)
(2.1.9), (2.1.10) sorhad mosalasini
Bv= v (2.1.11)
soklinds yazagq.
Burada

Skalyar hasilin
2
(v, V2 )y = [G(rvy(rvy(r)rdr
il

qaydast ilo tayin edildiyi H(r;;r,) Hilbert fozasi daxil edok.

Lemmal: B:H — H simmetrik operatordur.

Isbati: Vv,(p)e Dg, V,(p)e Dy funksiyalari iigiin
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(Bvy,V, )y — (vg, BV, ), =:ij(r)BV1 -V, (r)- rdr —EG(V)BVZ vy (r)rdr =

- Irf(Bvl -V, =V, BV, )G(r)rdr = T{[—GLG(G(r)(V{(r)—%r)D’ -

V(1) } )¢G(r)rdr = { { —)H,Wz(r)—
—ZG(r)(v{(r)—wjvz(rH{G(r)(VQ(F)—VZ—(r)ﬂ,er(r)+

r(r)ﬂv( }dr [G(r)( Vy(r) - Vfr ﬂ vy (r)rdr —

_ rﬂe(r)(v{(r)— wﬂ, v, (r)dr +£2G(r (V5 (r Wy (r) = v (r v, (r))dr =

r

_ :Jiwl(r)d(G(r)(Vé(r)_va(r)D_ :fj“’l(r)d(G(r)("l(r)_m)}

<

+ ZG(r)(vg(r)—

r

+rIZG(r)(v{(r)—M d(rv, +fZG F)(V5 (r v (r) = vi(r v,

<
—
-

:EG<r>(—va(r>+V2—“)<v<r> d”fG{ ‘—j
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+V,(r))dr + rIZZG(r)(v’Z(r)\/l(r)— v, (r)v;(r))dr =0. (2.1.12)

Yoni (Bv,,V, ), =(v;,BV,),, —dir.
Lemma 2: Vv(r) € Dg funksiyasi ti¢lin (BV;V)H >0 —dur.

Isbati:

—%(v (r)—#r))G(r)r}v(r)dr = E{G(r)(v (r)—@ﬂ rv(r)dr —
_ rIZZG(r)(V r)—@jv(r)dr = —rrjj rv(r)d (G(r)(v (r)—VTr)D _

r

— rrjiG(r)(v’(r)— V(r)](rv’(r)—v(r))dr :rrij(r)(v’(r)—Kr)]2 rdr>0. (2.1.13)

B simmetrik operatorunun z moxsusi ododlori hogiqidir vo homin moxsusi

odadlors uygun moxsusi funksiyalar

(Vo Vi =TG(r)vn(r)vk(r)rdr =d, 5, (2.1.14)
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ortoqonalliq sortini 6doyir [22,26].

(2.1.14)-d> &, —Kroneker simvolu, d_= jG 2(r)rdr —dir.

n

(2.1.9)-da #* =0 yazaq:

{G(r)(v’(r)_ @ﬂ ¥ ZGr(r)(V'(r)— @j ~0,
G(r)(v'(r)_m) (2.1.15)

(2.1.15)-do t(r) = G(r)(v'(r) — Mj ovozlomosi aparaq:

r=rg

t(r)+2t(r)=0,

r (2.1.16)
t(r){r:rs =0.

(2.1.16) moasalosinin holli t(r)=0—dir. Yoni

G(r)(v'(r)—m)zo vo v(r)=Dr.

[
1% =0 adadi B:H — H simmetrik operatorunun moexsusi adodidir vo homin
moxsusi odods uygun moxsusi funksiya v(r)= Dr -dir.
U (r,z)=v,(r)m,(z) ifadesi elementar holl adlanr.
Qeyd edok ki,
(z)=Ayz+By, V(r)=r,
m,(z)= A e " + By e,
po(r2)=r(Ayz+By)
z)=v (r)(Alke_'ukz + By e )
Ay, By, Ay, By ixtiyari sabitlordir.

My \Z

(=

u(pk(r

Elementar hollora uygun gorginlik tenzoru komponentlori ii¢iin aliriq:

0'52,) =0, G(E,g) = AJrG(r),
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Orp = G(r)(v{( (r)- VkT(r)j(Aike_ﬂkz + By e ),

O-Sz() = G(r)/ukvk (r)(BlkeﬂkZ - Alke_ﬂkz)

B, sabiti silindrik ortiiyiin miitloq bark cisim kimi harokatine uygun oldugundan
B, =0 gobul edacayik.

Noticads (2.1.9), (2.1.10) sorhad masalasinin halli {igiin aliriq:

uw(r,z):Abrz+iu¢<(r,z), (2.1.17)
k=1
(2.1.17)-yo asason
= iG(r)(v{((r)— VkT(r)j(Aike“kz + B, e’ ) (2.1.18)
— AG(r)+ é 14,G(r v, (r)(Bye™® — Aye ™) (2.1.19)

z=const kostyindo tosir edon gorginliklorin M,,, burucu momenti li¢lin yaza

bilarik [72]:

1
My, =27 [o,rdr. (2.1.20)

n

(2.1.19)-u (2.1.20)-d» yazaq:

M., = Zﬂf{AorG(rH iyke(r)\/k (r)(Blke“kz -~ Alke"‘kz) r2dr =

n k=1 .

~2x]| AG() Sl (e - mye ) or-

n

:27{ jG(r 3dr+z,uk(jr26 rv, (r olrJ(BlkeﬂkuAl eﬂkZ)}. (2.1.21)

(2.1.9)-u r? —a vurub, alinan ifadeni [rl; r, ] —do inteqrallayaq:

!

jr { )(V" )- r( )ﬂ dr+E26(r)r(vﬂ(r)—vkr(r)jdr+
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+y|frj2rzG(r)vk (r)dr =0. (2.1.22)

n
(2.1.22)-do hissa-hisso inteqrallama diisturunu totbiq edib (2.1.10) sorhad sortini

nozoro alaq:

rfrZG(r)\/k (r)dr =0. (2.1.23)
il
(2.1.23)-ii (2.1.21)-do yazaq:
My, = 27zA0rsz(r)r3dr. (2.1.24)
il
Qeyd edok ki
Uy (r,z)=Agrz (2.1.25)

yayilan holldir vo homin hoall silindrik ortiiylin daxili gorginlik-deformasiya

vaziyyatini toyin edir. (2.1.24)-5 asason alimur ki, A, sabiti z=const kasiyinda tosir

edon gorginliklorin M, burucu momenti ilo mitonasibdir:

A= ,ZM o (2.1.26)
272 [G(r)r*dr
n
Sorhad lay1 xarakterino malik
i“wk(r’ z)= ivk (r)(Alke‘”kz + Blke”kz) (2.1.27)
k=1 k=1

halli silindrik 6rtiiyiin oturacaqlarinda lokallasir vo oblastin daxiline dogru soniir.
(2.1.26)-n1 (2.1.19)-da yazaq:

Op = Moo rG(r)+ I(iykG(r)vk (r)(Blke“kZ - Alke“‘kz) (2.1.28)
=1

2
27 [G(r)r*dr

n

(2.1.28)-1 (2.1.6) sorhad sortlorinds noazars alaq:

éﬂke(r)\/k (r)(Blkeﬂkz - Alke_ﬂkzi = f° (r)’ (2.1.29)

7=+l
burada
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(r)- rG(r)M,,, |
ZﬁrfG(r)rSdr

il

h
H+
—~_
-
~
I
—h
H+

(2.1.29)-u rv,(r)—o vurub [r;;r, |- do integrallayaq:

éﬂk (TG(I‘)VK (I’)Vn (l’)l’dr](Blke”kz — Alke—ﬂkz i

n

= rfr fo(rv, (r)dr. (2.1.30)
on

7=t

(2.1.30)-da (2.1.14)-ii yazaq:
1,0, (B — Ame"‘”z}zzil = r£(r v, (r)dr. (2.1.31)
(2.1.31)-2 asasan

. .
Blne_#nI - Alneﬂnl = L I (v, (r)dr’

n¥n n

e (2.1.32)
Blne#nI - Alne_ynI =1 I rf, " (r)v, (r)dr'

n=nnp

(2.1.32) tonliklor sistemindon (2.1.17)-ya daxil olan namslum A, B,, sabitlari toyin
edilir:
t+e—ﬂn| _t+eﬂn|

n n

B ZﬂndnSh(Zﬂnl)’

t;‘eﬂnl _ t;e—/lnl

. ) zﬂndnSh(zﬂnl)’

Aun

burada t* = jzrff(r)vn(r)dr.

n

2.2. Elastiki modullar1 radiusdan asih ixtiyari kosilmaz funksiya olan yan

sathi baglanmus silindrik ortiik ticiin burulma masalosi

Farz edak ki, silindrik Ortiiyiin yan sothi baghdir
=0, (2.2.1)

r=rg

Uy

va onun oturacaqlarinda is9 silindrik ortiiyii tarazligda saxlayan

1%,
0w =GN =p*(r) (222)

z=te
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sorhad sartlori verilir.

(2.1.4), (2.2.1) sorhad masalasinin hallini (2.1.7) soklinds axtaraq.Noticodos aliriq:

[e(r)[v'(r)_@ﬂ R &(r)(v'(r)_@j + 2G(MN=0,  (223)

r r
v(r),_, =0. (2.2.4)
(s=12)
(2.2.3), (2.2.4) masoloasini asagidaki kimi yazaq:
Lv = z%v (2.2.5)
Burada
Lv=4— %{G(r){v'(r)— %r)ﬂ E %(v'(r)— @j;v(r){ =0;s=12¢.

Lemma 3: L:H — H miisbat operatordur.

Isbati: Vv, (r)e D, WV, (r)e D, funksiyalari iigiin

(Lvi, vy )y — (v, L)y, = TG(F)LVl -V, (r)rdr —TG(r)va vy (r)rdr =

n n

{[_ %(G(r)(vi(r)— Vlfr)D' = %(vi(r)— Vlfr)ﬂvz(f) +

!

; [%(G(r){vé(r) _ Vzr(r)jj 2 0- Vzr(r)j]vl(r)}G(r)rdr. (226)

(2.1.12)-yo asason (2.2.6)-dan aliriq:
(Lvy, v, )y = (v, LV, )y =0.

Yoni (Lv,,V,),, =(v;,Lv,),, —dir vo L — simmetrik operatordur.

=

(2.1.13)-0 asason Wv(r)e D, funksiyasi iigiin

2

(Lvv), :rfe(r{vf(r)_@j rdr >0 2.27)

n
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barabarsizliyi dogrudur.
Tutag ki, (Lv;,v),, =0—dur:

2

f

(Luv),, = je(r)(v'(r)_@) rdr =0 (228)
n

(2.2.8)-do inteqral altinda yerloson funksiya monfi deyil. (2.2.8)-ds inteqralin

sifira barabar olmasindan alinir ki,

r
yani,
v'(r)—m:O, (2.2.9)
r
barabarliyi dogrudur.
(2.2.9)-a osason
v(r)=C,r. (2.2.10)

(2.2.10)-a va (2.2.4) sorhad sortino asason Vv(r)=0-dir.

(Lv,v),, =0 boraborliyi yalmz v(r)=0 oldugda dogrudur. Demoli, L -
miisbat operatordur [26].

L:H —H miisbot operatorunun A, (L)= 2§ moxsusi ododlori miisbotdir,
k—>o oldugda A (L)—>o— dur vo {v,(r)} moxsusi funksiyalari goxlugu
H(p,, p,) fozasinda ortoqonal bazis toskil edir [22,26].

(2.1.4), (2.2.1) sorhad masalasinin halli {igiin aliriq:

u¢(r,z):§vk (r)m, (2). (2.2.11)

(2.2.11)-do m,(z)= A, e " + B, e** —dir.
(2.2.11)-0 asason

o,y = ée(r)[v; (r)- Vkr(r)j(%ke—ﬂkz +Bye™) (2.2.12)
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O = T B W (B Ay ) (2.2.13)

(2.2.13)-1i (2.2.2)-do yazaq:

S G ()t (rBoee™ Azj ~p*(r) (2.2.14)
7=+l

k=1
(2.2.14)-ii rv (r)—o vurub [r,r,]- do inteqrallayaq vo L miisbot operatorunun

mixtolif moxsusi ododlorine uygun moxsusi funksiyalarinin ortoqonal olmasi
xassasindan istifado edok [22,26]:

p)
BZne_ﬂn| — AZne:un| — luLdJ‘rp_(r)Vn (I’)jl’,
e (2.2.15)

p)

jrp*(r)vn(r)dr.

Hy nn

aneﬂnl _A2ne—ﬂn| _

(2.2.15) tonliklor sistemindon (2.2.11)-0 daxil olan A,,,B,, sabitlari toyin edilir.
(2.2.11) halli serhad lay1 xarakterli halldir.

2.3. Elastiki modullari radiusdan asili qiivvat funksiyasi olan silindrik ortiik

liciin burulma masalasi
Radial geyri-bircins silindrik ortiiylin burulma masalasine baxaq. Forz edok ki,
silindrik Ortiiylin siirlisma modulu radiusa nazaran
G(r)=G.r" (2.3.1)
qanunu ilo doyisir (n —ixtiyari miisbot odaddir).

(2.1.2), (2.1.3)-1i (2.1.1)-do yazib (2.3.1)-i nazars alaq:

o2 ou, U 02U
o +(n+1) R S ) (2.3.2)
op p \op p) 0&

r z . . rh+r . .
Burada p=—,&="— vyeni Olgiisiiz dayisonlor, I, = % — silindrik
Iy Iy

u
Ortitytin orta sathinin radiusu, U, = —2 — Blgiisiiz komiyyotdir.
o

Forz edok ki, silindrik ortiiyiin yan sothi ylikdon azaddir
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ou, u
O pp :Gopn(a_(p__wj =0, (2.3.3)
P P P=Ps
va oturacaqlarinda iso onu tarazligda saxlayan
ou
0p =Gop" — 2| =1%(p) (2.34)
08 | ey
sorhad sartlori verilib.
o o N I
Burada O pp = Gr(p y Ope =G—¢Z, G, = G.1o —0Olglisiiz komiyyetlor; G, — elastiki
1 1 1

modul 6l¢iisiine malik xarakteristik komiyyatdir.
(2.3.4)-do f*(p)— tarazliq sortini 5doyon hamar funksiyalardir.
(2.1.7)-ni (2.3.2), (2.3.3)-do yazib (2.1.8)-i nazars alaq:

o)+ Do) 4 -5 )0 2:35)
p p
Gopn(v'(p)—%f)j ) =0. (2.3.6)

(s=12).
(2.3.5) tonliyinin timumi hallini yazaq:
n
R CORE ) @37
2 2

(2.3.7)-do J1 - (up), Y1 (1p)— birinci vo ikinci név Bessel funksiyalari;
2

+E
2
C,,C, — ixtiyari sabitlordir.

(2.3.7) —ni (2.3.6) birinc sorhad sortlorinds yazaq:

, n
{ﬂleH” (up1)- (1"‘ Ejjl (1o, )jcl +
2

N
? (2.3.8)
, n
+ [ﬂP1Y1+ n (up,)- (1 + Ele (up, )}Cz =0,
2

n
+7
2
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[ﬂpZJ 1’+2(up2)—(1+gj3 z(ﬂpz)]c +

, n
+ [ﬂszl 2 (10,) - (1 + _jY
+ 2

(10 )ch =0.

n
2
(2.3.8) bircins sisteminin geyri-trivial hallinin varligindan

A1, 1 p2) = 12 1, Lffn)(ﬂ) - ﬂ(1+ Ej(plLi’? (&) + p, ( u )] +
2 2

2

2
n (1+ gj L@0)(,1)=0. (2.3.9)

14+—
2
xarakteristik tonliy1 alinir.

(2.3.9)-da L #)(ﬂ)=3 fﬂ(upl)Yli’}? (10,) - (’% (10, )Ylf%(upl); i=01 j=01.
2 2 2 2

2

(2.3.9) xarakteristik tonliyi hesabi sayda 4 koklorine malikdir. gz, kokloring
uygun C,,C,, sabitlori (2.3.8) tonliklor sisteminin osas determinantinin hor hansi bir

sotrinin uygun cobri tamamlayicilart ilo miitonasibdir. C,,,C,, sabitlori ticiin yaza

bilorik:
, n
Cy = [ﬂkP2Y1+n (ﬂkpz )- (1 + 2 Y1+E (ﬂkpz )j By, (2.3.10)
2 2
, n
Co = _[ﬂkp2J1+n (k12 )_(1"‘ 2 ‘]1+g (k12 )] B, . (2.3.11)
2 2

(2.3.10), (2.3.11)-i (2.3.7)-do yazib (2.3.9) xarakteristik tonliyinin biitiin

koklari iizra comlomoa aparmagla (2.3.5), (2.3.6) masalasinin daqiq hallini aliriq:

uy(p8)=3

k=1

)(ﬂkp ﬂkpz) (1+ 2]'—(0 0)(ﬂkp /’lkp2):| (5)1 (2.3.12)

140
Y2 2

P_i |:,U Pl

=Y .Gyp? {ﬂfppz Li'ln) (P, 11 P2 ) — 14 (1+ 5) x
2

k=1
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2
n
[pL( 2 (. 1102) = 9o L% s ukpz)]+(1+ 5) x
2 2
x L% (e ,Ukpz):l m, (&), (23.13)
2

. n
Op: = ZGOP I::uk:OZL( )(,Ukp )~ (1"‘5}(

3
X Lii;r?)(/ukpnukIOZ ):lmli(éz)’ (2.3.14)
2

burada L (/ukp ,Ukpz) J()(ﬂkp)Y D)(Iukpz) J %(ﬂkPZ)Y(I;(IleID)
2 2 2

=01 j=0.1
Forz edok ki, silindrik ortiik kigik qalinlighdir. Asagidaki isaralomoni aparag:
p=1l-¢, p,=1+¢ (2.3.15)
£= r22—_r1 —silindrik ortiiytin qalinligin1 xarakterizo edon komiyyatdir.
f'o

Bessel funksiyalarinin xassalorinden vo (2.3.15)-don istifado etmoklo (2.3.9)

xarakteristik tonliyino daxil olan
LD (), L7, L0(0), L)
2 2 2
ifadslorinin ¢ kigik parametrino nazoron ayriliglarini yazaq:

L(O:O)(lu):“’_g —5_2/12 _2(1_,_2)2 -1 +8_4 2(1+Ej4 —
10 T 3 2 15 2

2 2
—4#2[1+(1+2 ]+1o(1+g +2ﬂ4+3]+..}, (2.3.16)

. Ag n\? &2 n\? n\’
L ()= "= 2—(1+—) — 2 2ut - 4(1+—) +3 2+2(1+—) +
1+g(”) a2 ! 2) 3| 2 # 2
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2 4 2 4 2
+4(1+5j 8 o - 6(1+D) +8|ut +3 2(1+9j 112 1+ﬂj 45 (W% -
2 15 2 2 2
n 6 4 n 2
— 2(1+—) +20(1+ j +23(1+—j + -
2 2
2 n\? 1 n\?
Lil;?,)(ﬂ):—z{—l—g +{2y2 - 2(1+ Ej —1}52 +§|:2y2 —6(1+ Ej —3:|g3 -
+E al
1 4 n)? 5 n)? n\* 4
——| 20" =41+ |1+—| | +10|1+—=| +21+—| +3|e" +---¢, (2.3.18)
3 2 2 2
2 n o, 1 n\’
Lo ()= J1-¢ - 2y2—2(1+—] ~1le® += 2#2—6(14-—) —-3|e° +
Ly bl 2 ] 3 2
1 4 n)? 5 n\’ n\* 4
+ =20 =41+ 1+—| | +10/1+—| +2/1+—| +3le" +---». (2.3.19)
3 2 2 2
(2.3.15)-(2.3.19)-u (2.3.9) —da yazaq:

48,1,!2 2 2 2( njz 4( nj 2

A, e)= 1+ ——pu "+ =1+ | +=-| 1+ |le" +

(e)== { { 3% T3 2) T3l T2

2

+ 3y“+/¢2 E—i(l+ﬂj —§(1+E) +

15 15 15 2 15 2

3 2
+§(1+Ej +ﬂ(1+nj +§(1+Ej gt +-.-b=0. (2.3.20)
15 2 5 2 15 2

Lemma: &£—0 oldugda (2.3.9) tenliyinin kokleri coxlugu A(u) hesabi

(2.3.17)

N | D

coxlugdur vo

A=Ay (1)U A, (1) (2.321)

baraborliyi dogrudur.Burada
1)
2)

A (1) goxlugu 1 =0 ikiqat kokiindon ibarotdir.
A, () coxlugu hesabi sayda
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2¢
koklordon ibaratdir.
Isbati: (2.3.20)-yo osason
A (1, 6)= 12 Ao (11, 6) (2.3.22)
. . dg 2 2 2 n 2 4 n | 2
lim A (g;e)=lm —<{1+| ——pu° +=|1+—=| +=|1+— +
40 oluié) #—>0ﬂ{ { 3,u 3( 2) 3( ng
2 4 3
+ £y4+y2 2_4 1+E} —E(1+Ej +£(1+Ej +3 1+Ej +
15 15 15 2 15 2 15 2 15 2
4 n)’ 8 n
+— 1+—) +—(1+— gt +-- L 20. (2.3.23)
5 2 15 2

(2.3.22), (2.3.23)-don almnur ki, # =0 ikiqat kokdiir.
£ —0 oldugda A,(u,&) funksiyasinim sifirlarinin qeyri-mohdud olaraq artdigim
isbat edok. Dksini forz edok. Tutaq ki, 4, — 14, # oo —dur.
Qeyd edak ki,
(Igi[n)OAo(ﬂk &)= A*(ﬂ;)
(2.3.9) tonliyinin g, koklarinin limit noqtslori coxlugu

A*(y:)zgzO

tonliyindon toyin edilir. Alinan ziddiyyst gostorir ki, forziyyomiz dogru deyil va

lim g4, =0 —dur.

&—0

£ — 0 oldugda

10) e —0; 20) & p, — const; 3° ) & 1, — comiinasibotlori ola bilor.

Burada 10) vo 3° ) hallar1 miimkiin deyil [71,72 ]. 2° )-a uygun olaraq g4, —ni

1, _% 1 0(e) (2.3.24)
&
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soklindo axtaraq. (2.3.24)-ii (2.3.9)-da yazib, Bessel funksiyalarinin arqumentin

boyiik qiymatlorinds asimptotik ayrilislarindan istifas etmakls o, iiciin aliriq:

sin26, =0.
(2.3.24)-0 vo sonuncu barabarliys asason (2.3.9) tonliyi hesabi syada
L =%+0(3) (2.3.25)
koklorina malikdir.
=0 kokiina
u$ (0,£)=Eopé, (2.3.26)
i) =E,Gop™; o) =0 (2.3.27)
halli uygundur.

(2.3.12)-(2.3.14)-do p=1+en (~1<5<1) yaztb ¢ parametrino nozoron ayrilus

aparmagla (2.3.9) xarakteristik tonliyinin (2.3.25) koklorino uygun hoallor {igiin
asagidaki asimptotik ifadslor toyin edilir:

(o) = X(6 c0(6, (1)) + Ofe ), (£) (2:3.28)
ot2) = %2 3 (6 sin(G, (- 7)+ Ofe ) (€) 2.329)
018 =Gy 3. (5 cosldi (L) + Ole)mi £), (2:330)

=~

1
burada m, (&)= A, e + By e,

Yerdoyismo vo gorginlik tenzoru komponentlari tigiin (2.3.26)-(2.3.30)-a asason

aliriq:
u,(0.£)=u(p,&)+uP(p.&)

_ (2
Opp =0 pp>

@ (2)
Op =0, +0,0.

(2.3.26) halli silindrik ortiiyiin daxili gorginlik-deformasiya voziyyatini toyin edir.
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(2.3.28) iso sorhad lay1 xarakterli holldir.(2.3.28)-(2.3.30) asimptotik ayriliglarinin
birinci haddi geyri-bircins l6vhalor nozariyyasindoki Sen-Venan sorhad effektine
ekvivalentdir [10 ].

&=const kosiyindo tosir edon gorginliklorin M, burucu momenti {giin

(2.1.20)-yo asason aliriq:

270Gy [ nia n+4
= —-p 2.3.31
bur. (n+4)(2 1 ) ( 33)

E, sabiti £=const kosiyindo tesir edon gorginliklorin M,,, momenti ilo

miitonasibdir.
2.1-do totbiq edilmis gaydaya osason oturacaqlarda verilmis (2.3.4) sorhad

sortlorindon namolum A, , B, sabitlori toyin edilir.

2.4. Elastiki modullar1 radiusdan asih qiivvat funksiyasi olan yan sathi

baglanmus silindrik ortiik ticiin burulma masalosi

Forz edok ki, silindrik Ortiiyilin yan sothi bagilanib

u, A 0, (2.4.1)
(s=12)
Vo onun oturacaglarinda is9
G%E‘é:ﬂ =9 (p), (2.4.2)
sorhad sortlori verilib.
(2.1.7)-ni (2.4.1)-d» yazaq:
v(p)1p:ps =0. (2.4.3)

(2.3.7) hallini (2.4.3) sorhad sortlorinds yazagq:

n n
P23 (up)Cit oY o (upr)C, =0,
2 2
\ \ (2.4.4)
py* J1+g (1402 )C1 + 2Y1+E (up2)C, = 0.
2 2
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(2.4.4) bircins sisteminin geyri-trivial hallinin varligindan
n .
Ao (14,1, 22)=(010) 2 L (1) =0 (2.4.5)
2

xarakteristik tonliyi alinir.

(2.4.5) xarakteristik tonliyi hesabi sayda g, koklorine malikdir. (2.4.5)-in biitiin

koklori iizra comlomos aparmagqla (2.3.5), (2.4.3)-lin doqiq hallini aliriq:
u,(p.&)=>(pp) 2 LOO)(/Ukp P2 )M ($), (2.4.6)
k=1 +5

n

n
pp =Gop? pZZZ{uka(io)(ukp HPs) = (1+5)><
2

k=1

140
"3

x L )(:ukp ﬂkpz)}mk (5) (2.4.7)

n

n o0
s :GOPZPZZZLS}?)(#kP’ﬂkpz Jmi () (2.4.8)
k=1 1+
Burada m, (&)= A, e + B, e —dir,
Kicik galinhigl silindrik ortiik liciin (2.4.5) xarakteristik tonliyi hesabi sayda
7K
e =52 +0(s)
koklerine malikdir.

(2.4.6)-(2.4.8)-do p=1+en(—1<n<1) yaztb & kicik parametrino nozeron

ayrilis aparmaqla yerdoyismo vo gorginlik tenzoru komponentlori iigiin

u¢,<p,n>:g(sin<5k<1—n>>+o<e>>mk(f>, (2.4.9)
o :—%é(cos(5k (L1=7))+0(e)m, (&), (2.4.10)
e =Co - (6iN(5(1-7)) + O(e)m (£) (2.4.11)

=~

1

asimptotik ifadolori toyin edilir.
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Oturacaqlarda verilmis (2.4.2) sorhod sortlorindon A,,,B,, sabitlori toyin
edilir.
(2.4.9) sorhad lay1 xarakterli holldir.

2.5. Yan sathi yiikdon azad olan radial geyri-bircins silindrik 6rtiiyiin

burulma raqsi

Radial qeyri-bircins izotrop silindrik Ortliyiin burulma ragsi moesalosine baxagq.
I'@,Z silindrik koordinat sisteminds burulma rogsini ifado edon harokat tonliyini yazaq
[25]:
dc,, 00, 2 o%v,

+ +—0,, =M : 2.5.1
or oz r " ot? @51)

Forz edok ki, siiriismo modulu vo m— silindrik Ortliylin materialinin sixligi

radiusa nazaran xatti ganunla doyisir
G(r)=G.r, m=m.r, (2.5.2)
Burada G., m. miioyyon sabitlordir.

(2.1.2), (2.1.3)-1 (2.5.1)-do yazib, (2.5.2)-ni noazars alaq:

o°u au o%u o%u
p 2% 2y e Tl (25.3)
op° pop p o0& Gy or
r Z . . m*r %
Burada p=—,f=—— yeni Olgiisiz dayisonlor; my=—2,G, = Gl ,
I Iy m G,
v r+r
u, =r—¢, T :rl %, ry=- 5 2 —¢lciisiiz komiyyatlor; m, — sixliq dlgiisiing, G, —
0 o\ My

elastiki modul &lgiisiine malik  xakarteristik ~ komiyyatlor; & e[~ly;1,]
|
pelpip)ly=——dr.
o
Forz edak ki, silindrik Ortiiyiin yan sothi ylikdon azaddir

ou u
Opp = GO/O(_@ B _(pj

=0, (2.5.4)
op p

P=Ps

vo onun oturacaglarinda is9
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ou o

o :Gopa_ = f*(ple'”, (2.5.5)
g E=tly
sorhad sortlori verilir.
O-I’Q) O-qDZ . o e . . LR B4
Burada o, = ra Op = r Olglisiiz komiyyatlor; A — ragsin tezliyidir.
1 1
(2.5.3) tonliyinin hallini
u,(p.&,7)=v(p)a()e"™ (2.5.6)

soklindo axtaraq.

(2.5.6) —ya daxil olan a(&) funksiyas
a"(¢)- a(¢)=0. (25.7)

tonliyinin hallidir.

(2.5.6)-n1 (2.5.3), (2.5.4)-do yazib (2.5.7)-ni nozars alaq:

" 2., m 2
V(o) 2vto)+| s+ 202 2 o) 259
P G, P
Gop(v'(p)— M) =0. (2.5.9)
P P=Ps
(2.5.8) tonliyinin hoalli asagidaki kimidir:
1
V(p)=p ? [C133 (ap)+ CoYs (0‘,0)} (2.5.10)
2 2
Burada Js(ap) Ys(ap)-birinci vo ikinci ndov Bessel funksiyalarr;
2 2
1
a =£y2 +g—z/12J2 — dir.
Qeyd edok ki,
1,(ap)=|-2 (S'”(“p) - Cos(ap)j, (2.5.11)
> mp\  op
Y (ap)=— L(sin (ap)+ COS(ap)j’ (2.5.12)
> P ap
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(2.5.11), (2.5.12)-ya asason (2.5.10) ii¢iin aliriq:

v(p)= \/Z pl{f‘”ofzp) _ Cos(ap)jCl —(sin (ap)+ Cojzp)jc }

(2.5.13)-0 asasan

o - \/z GOK?’(apCOS(ap)Z—Sin(ap)) + asin(a p))Cl .

ap

ap’

O = \/z G, Hsmogzp ) cos(oc,o)jc1 —~

+[sin(ap)+%Z’O)jcz}a’(gf)ew.

(2.5.14)-1i (2.5.4) sorhad sortlorinds yazaq:

\/Z 60[3(05,0_[ cos(ap)-sin(ap)) + asin(ap)Jcl + iGO 8

. (S(apsin (ap)+coslap) . cos(ap)jCz} a(£)e

ap! o

y (3(aplsin(apl)+ cos(ap,)) _acoslap)|C, =0,

ap;

N 2 GOES(Q’DZ Cos(apZZ—Sln(apz))+asin(ap2) C1+‘/£G0 X
%% ap; o

9 (3(05,02 sin(ap, )+ cos(ap,))
ap;

—acoslap,) C, =0.

(2.5.13)

(2.5.14)

(2.5.15)

(2.5.16)

(2.5.17)

(2.5.16), (2.5.17) bircins xatti cobri tonliklor sisteminin qeyri-trivial hallinin

varligindan
2G§
Ay 2 1o P2 ) = e lo o1, + 33010, - p2 - P2 )a* +9)
1P2

y sin(a(p, - p,)) \cos(a(pz ~ Pl))} ~0

5 +3(p, - P2 )(3 +a’pip,) 5
o (04

(2.5.18)
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dispersiya tonliyi alinir.

(2.5.18) dispersiya tonliyi hesabi sayda g koklorina malikdir. (2.5.18)

dispersiya tonliyinin g, koklorine uygun C,,,C,, sabitlori (2.5.16), (2.5.17) bircins

xotti cabri tanliklor sisteminin asas determinantinin birinci satir elementlorinin uygun

cobri tamamlayicilar ilo miitonasib oldugundan

2 3la, o, Sinla + COSa |
Cy = ES) — G{ ( kP2 (OIZI‘/’;Z) kpZ)—ak COS(akpz) ’
k k-2

+ o sin(eyp,) |

2 3l p, cosla —sina
Cye :_Eigl) Go{ (a0, COS( kp22) P2)
T Qy P;

boraborliklori dogrudur.

(2.5.19)

(2.5.20)

(2.5.19), (2.5.20)-ni (2.5.6),(2.5.13)-(2.5.15)-do yazib, (2.5.18) dispersiya

tonliyinin koklori tizro comloms aparadg:

Uy (p,&i7)= 3 2 H S +akj005(ak(pz—p))+

AP2P P}

(222 Kt e
G

P P2 PP

= 2G2 [9 9 3 3 ).
o=yl Sy 9 3 3 ot kin(e (s - p)+
7 {pz apip p; P

ap; PP P2 P

(o2 +3“kﬁ“kjcos(ak(pz—p»}ak@e”z

© 2G2 3 3
Ggoézz : [( - > +0‘kj005(05k(,02—,0))+
k=L Ty |\ A P2P QP

1 3 3 ). ) (o i
+[———2——2)sm(ak (02 = p)) i ()™
P P Opp
Burada a, (&)= A + B.e™*; A _,B, — ixtiyari sabitlordir.
(2.5.8), (2.5.9) sarhad masalasini

Av = v,

(2.5.21)

(2.5.22)

(2.5.23)

(2.5.24)
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soklindo yazagq.

Burada

2
Av = —(d—\;+£ﬂ—2—\£+mfv} Gop[ﬂ—lj
do® pdp p° G do p) _

Skalyar hasilin

Vk, _[Vk p)v de, (2.5.25)

qaydasi ilo toyin edildiyi H(o;; o, ) — Hilbert fozas1 daxil edok.
A:H — H simmetrik operatordur.
A semmetrik operatorunun {v, (r)} moxsusi funksiyalar1 ¢oxlugu H(p,,p,)

fazasinda ortoqonal bazis togkil edir[22,26]:
(V,,V, jvk (pV,(p)p*dp=0. (k #n oldugda) (2.5.26)
(2.5.15)-1 (2.5.5)-do nozars alaq:

geopvk (play(Ee™| =t (o). (25.27)

&==lo

(2.5.27)-ni pv,(p)—ya vurub, alman ifadoni [p1, p, |- do inteqrallayaq:

gGo[TVn(p)\/k(p)pzdp]aL(éﬁ =pI2pfi(p)Vn(p)dp- (2.5.28)

g=tlg

(2.5.26)-n1 (2.5.28)-do nozars alaq:

(&), =t (2.5.29)
L2,
Ip (o, (p)dp
burada t; = :
G, IV )p’dp
Pl

(2.5.29)-a osason
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{“ne“”'oAn — u,e"B, =t (2.5.30)

petMoA — gy etlog —tF
(2.5.30) sistemindon A, , B, sabitlori asagidaki qaydada toyin edilir:
tresno — e #nlo
2,50 (242,))
tie 4o — g0
" 2u1,8h(2u,15)

Forz edok ki, silindrik ortiik kicik galinliglidir.Silindrik ortiiyiin qalinligini

A =

xarakterizo edan

r,—r,
e=2"1
2r,

kigik parametrini daxil edok.
Qeyd edak ki,
o=1l-¢g, p,=l+¢ (2.5.31)
(2.5.31)-1 (2.5.18)-do yazaq:
A(e1, 2, 1, 2) = Dy (14, 4,6) = 0. (2.5.32)
Ay (,u, A, 3) —nu ¢ kigik parametring nozaron ayiraq:

4 4m 4 8m 28
A, Ae)=6aP 2+ 6——pu® ——2 2% e +| —pt +| =2 —=— |uP +
i) { ( 37 3G, 157 (156, 15

LAmS a 28my o 8| 4 8 e (A 2Amy o) (48 Bmy
156, 15G, 5 315" |21 315G, 35 21G,

2 3 2
Mo |z SMo ge, AMo pa, A8Mo s2ley L0 (2533)
105G 315G, 21G; 35G,
(2.5.33)-don aliir ki, a®=0 ododi (3.1.18) dispersiya tonliyinin kokudiir.
a? =0 borabarliyino asason

2 My .o
+—A4" =0,
H G,

yani
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p=ii |0 (2.5.34)
GO

&£—0 oldugda 2=0(1) sortini 6doyoan A —lar iiglin dispersiya tonliyi O(g_l)
tortibina malik hesabi sayda koklors malikdir.

4, — lar

L =§+o(g) (2.5.35)
&

soklindo axtaraq.
(2.5.35)-1 (2.5.18) dispersiya tonliyinds yazdiqda, &, —lar {igiin alirq:
sin206, =0 (2.5.36)
[71,72]-don alinan naticoys asason ¢ —0 oldugqda A — oo sortini 6dayan tezliklor
figlin yalmz &1 — const hali miimkiindiir. A —nm1 A=A,e™" seklinda verib, (2.5.18)

dispersiya tonliyinin koklorini
s =2< +0(e) (2.5.37)
£

soklindo axtaraq. Noticado aliriq:
sm(z Vo +G—/I j_ 0 (2.5.38)
0

21,2
7k m
k2: _Mo 42

(2.5.38)-0 asason yaza bilarik:

2.5.39
=T TG, ( )
2 T 2k2 G
A< -—% olduqgda (2.5.39)-a asason hoqiqi koklor almir. Dispersiya tonliyinin
0
7%k? G
toyin edilon hogigi koklerine sénen haller uygundur. A2 > - =% olduqda iso
M
dispersiya tonliyi sirf xoyali koklora malikdir.
Dispersiya tonliyinin a® =0 kokiino
u,(p.&,7)= pag($)e (2.5.40)
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halli uygundur.
(2.5.40) hollino uygun gorginliklor ti¢iin aliriq:
pp =0,

o, =Gop’ag(£)e' (2.5.41)

Burada aO Dcos[ \/7§J+D sm( \/75) -dir.

(2.5.21)-(2.5.23)-do p=1+en(-1<7y <1 yazdlqda dispersiya tonliyinin (2.5.35)

asimptotik ayrilislarina malik koklori tiglin asagidaki asimptotik ifadslor toyin edilir:

U, (7.£,7)= (= 5, cos(S L+ 7))+ O(e))a (£, (25.42)

o =2 3 (52 5in(G 0+ )+ O(e oy (6™, (2.5.43)
T =Go 3 (- cos(5 1+ 7))+ Ole oy () (25.44)

Dispersiya tonliyinin (2.5.37) asimptotikasina malik koklorine

o, >z{{ ; ﬂ%(x—n)}o(e)jak(g)ew, 2545
=03 m%zg[sm( ykz+%ﬂ§(1—n)J+O(g)Jak(§)eW, (2.5.46)
&, =Gy i[co{ y2+ Mo g2 n)} O(E)Ja{( 5% (2.5.47)

bircins hoallori uygundur.

2.6. Yan sothi baglanmis radial geyri-bircins silindrik ortiiyiin burulma

ragsi
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Yan sothi baglanmis radial geyri-bircins izotrop silindrik ortiiytin burulma

mosalosing baxaq:

o%u au o%u o%u
e TR e (2.6.1)
op° pop p o&” Gy o7
uq,\p:ps =0. (2.6.2)
Forz edok ki, silindrin oturacaqlarinda
O, =0 (0™, (26.3)
sorhad sartlori verilir.
(2.5.6)-n1 (2.6.1), (2.6.2)-do yazib (2.5.7)-ni nozars alaq:
: 2, m 2
V(o)s 2vtp)+| s+ 2072 2 o) 26
p G, p
v(p)p:ps =0. (2.6.5)

(2.6.4)-lin (2.5.10) hallini (2.6.5) sarhad sartlorinds yazaq:

\/TL[Sin(apl)—COS(apl)]Cl —\/ZL[Sin(aﬂ)JFMJCz =0, (26.6)
P\ ap Py ap;

2 () oo, [ 2 2 [sniap) <2, 0. @0
Py a0, P *P2

(2.6.6), (2.6.7) bircins xoatti cabri tonliklor sisteminin geyri-trivial hallinin

varligindan

1
A1, 2,1, P5) = —5—5—5 %
’ PR ppl (2.6.8)

<[+ a?pip, in(alp, — 1))+ alor — o, )oos(ax(p, — py))]=0,
dispersiya tonliyi alinir.

(2.6.8) dispersiya tonliyi hesabi sayda g, koklorine malikdir vo hamin koklera

uygun C,;, ,C,, sabitlori

c,--E® 21 Sin(ap2)+M , (2.6.9)
T P ap;
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Cp = —EE)\/7 i(sm(“pz) —cos(ap, )} (2.6.10)

™ Pr\ AP
barabarlikloari ilo toyin edilir.
(2.6.9), (2.6.10)-nu (2.5.6),(2.5.13)-(2.5.15)-do yazib, (2.6.8) dispersiya

tonliyinin koklori lizro comloma aparaq:

u,(p.&7)= i 2 (i_llcos(ak(foz _,0))+
k=L7P,PC |\ P2 P ay

{ = +1J5in(ak (P, —p))}ak (S, (2.6.11)
Ay P2P

© 2G 3 3
Gpgp :_z 0 |:(ak + - z]cos(ak (pZ _p))+
A P2P O P

o2t 2—i}sm(ak(pz—p»}ak(s)ew, 2612
P PP P2

. HL_EJCOS(%(;DZ -p),
k=17 Pr [\ P2 P 2
+[ ; +1]sin(ak (02 —p))}aa (&) (26.13)
ay PP
(2.6.4), (2.6.5) sarhad masalasini
Bv= v (2.6.14)
soklinds yazagq.
Burada

2
Bv=4— d—\2/+E WV Mo g v =0;5=12
do® pldp p) Gy peps

Skalyar hasilin (2.5.26) qaydas1 il toyin edildiyi H(p;,0,) Hilbert fazasinda

B simmetrik operatorudur.

(2.6.13)-ii oturacaqglarda verilmis (2.6.3) sorhod sortlorinds yazaq:
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=q*(p)e'", (2.6.15)

$=tlg

3 Gopvi () (£)

k=1

(2.6.15)-i pv,(p)—ya vurub, alinan ifadeni [p1; p,]—-do inteqrallayaq vo

(2.5.26) ortoqonalliq sortini nazars alaq:

e_/unlo _ e#n'O B — h_’
{/Lln I An Il’ln_ I n n (2616)
MO A, — 11,870 B, =ht
Burada
P2
| Pa* (o, (p)do
hi PL
n 7
G, I de
Pl

(2.6.16) xatti tonliklor sistemindon A, B, sabitlari tayin edilir.
Forz edak ki, silindrik ortiik ki¢ik gqalinlhiglidir.
(2.5.31)-1 (2.6.8)-do yazaq:
Ay, 2, p1, p2) = Mg (14, 2,6) =0 (2.6.17)
& —0 oldugda 2 =0(1) sortini ddoyan A —lar {i¢iin dispersiya tonliyi O(e‘l)

tortibino malik hesabi sayda

Uy = % O(e) (2.6.18)
&
sin(26,)=0

koklarina malikdir.

(2.6.18) koklorine uygun yerdoyismo vo gorginliklor {igiin

U, (1.6.2)= (sin(, (n-1) + OleJay (S, (2619)
o = 328, 008, (7 ~1))+ Ole ) (6™, (26.20)
O = 2.Goplsin(5 (7 ~1)+ O )Jai (€)™ (26.21)

asimptotik diisturlar toyin edilir.
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£—0 oldugda A —>w(A=4,e") sortini 6doyon tezliklor iigiin (2.6.8)

dispersiya tonliyinin koklorini

m :%+o(g) (2.6.22)

soklindo axtaraq. Son noaticado S, tgiin aliriq:

sin(z Vs +%z§]=o. (2.6.23)
0

Dispersiya tonliyinin (2.6.22) koklarina uygun yerdoayisma va gorginliklor ti¢iin

0 .50)= z“ oy -<1—n>]+o<e>}ak<§>ew, 2620

O e = i{sin B +%z§ (1-7)|+0O(s) (&), (2.6.25)
k=1 0 ]
o L R ) N T
k=L & G, |

asimptotik ifadalari tayin edilir.
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111 FOSIL
RADIAL UCLAYLI VO IKILAYLI SILINDIRDO
ELASTIiKi DALGALARIN YAYILMASI

3.1. Radial iiclayh silindirdo oxa nozoran geyri-simmetrik dalgalarin

yayillmasi

Ideal kontaktliq sortino malik radial iiclayli sonsuz silindirds oxa nozoron

geyri-simmetrik dalgalarin yayilmasi masolosina baxaq. “k” nomrali laymn daxili vo
xarici radiuslarmni 1,1, ilo, siirismo modulunu G,, Puasson omsalimi Vv,
materialinin sixligini iss M, ilo isars edok. r,¢,z silindrik koordinat sisteminds “k ”

nomroli lay tigiin horokat tonliyini yazaq [25]:

008 100, ol of-ol) _ oul
dp p dp O D “or?

(k) (k) (k)
oo, +£80'W+60'¢§ +£0( _m, Ll
op p Op o p 7 ot
(k) (k) (k) (k) 2, (k)
00 ,; +i§6¢§ +60'§§ +Gp§ A

op p op 0 p  Cort

, (3.1.1)

Burada p= L, = i-yeni Olciisiiz koordinatlar; ugk) = u/(ok) (p,(p,ff,r),
23 23

u;k):u;k)(p,¢,§,r), ug‘):ug‘)(p,(o,ﬁ,r)— “k” nomrali laymm yerdoyismo

vektorunun komponentlori; Ggfo), o O'é(gg), c® o® oK) _«pr nomroli layin

pp ! PS5 Y pp

(k) no (k) (k)
gorginlik tenzorunun komponentlori; u,(ok) U , U(E,k) =2 Uék) _de , O'/(ol;) = O-L,

23 23 F23 Gy

() (k) (k)

O8G0 T _Ox ok O ow %t [Go

G "Gy G, " Gy G, PERRLL
m, = % (k =1;2;3)-6lciisiiz komiyyatlor, G, vo m, iso uygun olaraq elastiklik

0

modulu vo materialin sixlig1 6l¢iilorine malik xarakteristik komiyyatlordir.

89



“k” nomrali layin gorginlik tenzorunun o

(k)

(k)

oo G

o), ol 50 ot

pp ! pé ! 3

komponentorinin yerdoyismo vektorunun komponentlori ilo ifadosi asagidaki kimidir

[25]:
i au(k) au(k) u(k) 8u(k) ]
o) = %G @-v, ) =2 +v, 1%, 5 A ||
71-2y, op pop p &
i au(k) 6u(k) au(k) u(k)
O'e(ﬁg)_ 2 A=y )= +v | =2 +1 |,
1-2v, o¢ o pop p
o) - 25 @-v, 1% % V| =+ —— ||
"o1-2v, p op p op 0L
o) =G, 1% T Do | (3.1.2)
pop Op p
k k
0 _g aug) auﬁ,)
ps T k| T ’
op o0&
© oul) 1au§k>
O-(pf :Gk ’
g p8¢

burada G, = G_k — dlciisiiz komiyyotdir.

0

Silindri togkil edon laylarin kontakthiq sortina asasen

o

O o

(s)
uP
(s)
u;
(

[}
~—

U,

boraborliklori dogrudur (s =1,2).

(Pper 0. &,7)=
@@w?ﬁﬂ
Py, E17)=
(P25, 0,
(Psr .
(P25, @,

s+1)(

(s+1
up

(s+1)

3

(s+1)
4

T
T
T

u

)
)
)

u

Forz edak ki, silindrin yan sathi yiikdon azaddar:

Prea: 0.E.7),
o (P, 0.6,7),
(P 0. E,7),
(P 0. E,7),
(P11 0.E,7),
(Lo 0. &7,

(3.1.3)
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Q
I
e
AS
S
e
A
~—~—
I

02(/311,(% ’T): ,
@) (3.1.4)
app(l,(p, ,7)=0,
o (Le.&7)=0,
ag(l,go,cf,r):o.
(3.1.1), (3.1.3), (3.1.4) mosalasinin adadi halli iigiin 0'/(,';), ag‘g, Gg‘(p), uf,k), ug‘), ug‘)-
n1 axtarilan vektorun komponentlori olaraq segmokls (3.1.1), (3.1.2)-don
(k) (k) (k) 2, (k)
90 5y :1_2Vk lo.(k)_ao-pf _laap(p n 2G, iu(k)+m o°u, N
op wvi-1lp ¥ 0 p op 1l-v,p*” < o2
+ZGka iaue(”k) + 2G, i@u;k)
1-v, p 0 1-v p° Op
k k k k
208y 00 1 4 Gy 1 26, Sl
dp vi-1 05 p  1-v p 0 1-v, 0&
o*u o*u o*ul
_Gk i_ﬁ_{_ ¢ _Gk(1+vk)£ @ (315)

p? o’ ¢ or? 1-v, p 8’

k k k 2, (k
00y _ v 100y 2 426, 10u° G(l+v)10%u

op w-lp dp p 7 1-v p’ dp  1-v, p 0pd&
2 aZU(k) 82u(k) 52u(k)
S 28 g T
1-v, p° Ogp o0& T
o 1-2v, g v u” v au oy 100

op 20-v)G, " 1-v, p 1l-v, 8¢ 1-v, p 0p

(k) (k)
oug :ia(k)_aup |
dp G, o

(k) (k)
ou,, _1 0 1ou, +£u("),
op G " pop p°

xususi toromoli tonliklor sistemi alinir (k = 1,2,3).
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(3.1.5), (3.1.3), (3.1.4) mosoaloasinin hallini

(a(") o, 6%, u®, W u("))

pp1 Opir Oppi g
=(59(p)cos(ng), 5¥ cos(ng), 5% (p)sin(ne), TX (p)cos(ng),
09 (p)cos(ng), T (p)sin(n))e " (3.1.6)

soklindo axtaraq.

(3.1.6)-nm1 (3.1.5), (3.1.3), (3.1.4)-do yazib son noticodos aliriq:
A B
De=A(p 2y,

0
Cy,(pu)=0, (3.1.7)

y_S(pZS ) :ysﬂ (pls+1) '
Cy,(1)=0.

Burada Vk(p)z((}/()l;)(p) 52(0).65) (0). 0" (0).TL (p), u<k>(p)) axtarilan vektor

funksiyadir;
At nan-|a)

K 1—2Vk 1 k
alt) = () _

= as =—a;
v -1 12
k n., _« 2G, 1 2.
ay =——; ajy = —m, Q%
I-wp
(k) ZGka Ia (k) _ ZGk
af)) =—*—ig; af) =——; af) =0,

(k) ZGka |a a(k) _ ZGk az n nsz _

= = = m, Q?:
24 1_Vk D 25 1_Vk ,02 k
Ay =— J
I-ve »p
k Vi N« k 2.« 2G, n
af)) =———; afy =0; afy =——;afy) = —* —
1-ve p P I-vip
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d“:Gd}H@ﬁmL(“:EELﬂi+a%ﬂ—méf;

35 1_Vk ,0 1 U136 1_Vk pz
1-2v
(k) _ k. ~k) _ ®) _ A
ay =————1 8, =0, a;;’ =0;
41 2(1—Vk)Gk 42 43
0 _ ~Viclo e =V
44 1—vkp’ 45 1-v, ’
(k) Vi n
a - )
46 1-v, p
) =0, alf = 2 ald =0 alf ——ia ol 0 ) -0
k
agy =0; ag =0, aé§)=Gi,
k
al) =" ;a9 =0, ad =
P p
1 00 00O
01 0000
0 01 00O
C= : k=123 s=12.
0 00 0O0O0OTD O
0 00 0O0O0O0TO
0 000O0O0OTO

(3.1.7) sarhad masalasine Q vo a spektral parametrlori daxildir. « parametrinin Q-
dan asililigin ifads edon o, =, (Q) disperiya oyrilarini quraq.

(3.1.7) masalesinin ¢, haqiqi maxsusi adadlori silindrin oxu boyu yayilan vo enerji
dasiyan bircins elastiki dalgalar1, ¢, kompleks vo sirf xoyali moxsusi adodlori iso
enerji dagimayan geyri-bircins elastiki dalgalar1 miisyyan edir [2,11,14].

Hoqiqi o, =, (Q) dispersiya oyrilori geyri-mohdud silindrin osas xarakteristi-
kasin1 toyin etdiyindon yalnmiz haqiqi dispersiya oyrilorinin qurulmasi ilo mosgul
olacagiq .

(3.1.7) sorhad mosalasini hall etmokls ¢, :at(Q) dispersiya asililigi, gorginlik

tenzorunun vo yerdoyismo vektorunun radial istigamotdo paylanmasi toyin edilir.
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m
izl, %:4’ ﬂzl’ _3:6’ V1=V2=V3=O,3 vo p;=01%
G, 4 G, m, 6 m,
P13 =0,7; p,3 =1 olduqda dispersiya oyrilorinin qurulmas1 masalasino baxaq.

=0,4;

o =, (Q) dispersiya asililigi n=1 olduqda sokil:8-do, n=2 olduqda iso sokil:9-da

gostorilib. Sokil:8-don aydindir ki, n=1 olduqda birinci dispersiya oyrisinin baslangic

noqtasi (0;0)-dir. n=2 olduqda sokil:9-dan goriindiiyii kimi ilkin dispersiya oyrisinin

balangic noqtosi (0;0) noqtoesindon forglidir.

3.2. Radial iuclayh silindirds oxa nazaran simmetrik elastiki dalgalarin

yayilmasi

Radial tglayli sonsuz silindirde oxa nozoroan simmetrik elastiki dalgalarin

yayilmasi mosolasine baxaq. I,¢,Zsilindrik koordinat sistemindo “k ”némrali lay

liclin horokat tonliyini yazaq [25]:

(3.1.2)-yo asason “k” nomrali laymn gorginlik tenzorunun o

(k) (k) (k) (k) 2,,(k)
aapp n ao—pcf n O 9y _ 0 u,
op O P < o7’
k) (k) 2,,(k)
ﬁcfpg +60§§ +O'p§ _m, 0 ui |
op o0& o, ot

k k
0 60 o

(3.2.1)

k k
. ol

komponentlorinin yerdoyismo vektorunun koordinatlari ilo ifadosi asagidaki kimidir:

AT [T e ST e e
1-2v, op Yo 85

S T e S e
1-2v, o0& op yo,

© (g g
S0 _ ﬂ[(l Vk)uLJrV{ Up ;2 ﬂ

T 71 2v, P
g ou N ou)

ps T Tk '
8 op

(3.2.2)-ni (3.2.1)-do yazaq:

(3.2.2)
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1 96, mk52
pt 7 Tz 2vkap G arz’

, (3.2.3)
(k) 1 89 _my o°u
Au; 2 ,
1 2v, 85 G or
burada
au(k) u(k) 6u(k) 2 2
go=e P (A A0 10,0 _29),
ap P 85 op” pop 0&
Silindri toskil edan laylarin kontaktliq sortine asasan
pp (102375 T) (o (pls+1’§ T)
O-pf (/0231%t 2') S+1 (p15+1’§ T) (3.2.4)
u/(JS)(IOZS ! ég T) = UpSJrl (/015+1’§’ 2-)’
\UEZS)(sz ' g T) = ug(fﬂ (pls+1’§’ T)’
borabarliklori dogrudur (s =1,2).
Forz edok ki, silindrin yan sathi ylikdon azaddir:
O-,E)lp)(pn’f'f):
ey )=
(pll 9 ) (3.2.5)
o(L.¢,7)=0
apg( & ,r)z
(3.2.2)-ni (3.2.4),(3.2.5)-ds yazib,(3.2.3)-(3.2.5)-in hallini
uy(p,&,2)=d (0", u(p.&7)=b,(p)e"" (3.2.6)
kimi axtarag. Noticado aliriq:
(Ey +iaE,, +a’E,, +Q°E, )i, =0,
F(a)g| =0,
Flau| =Fal@u, (3.2.7)
2s Pis+1
as - as+1
P2s Pis+1
F (a)Us‘l =0

Buradad, =(d,,b, )", Q-rogsin tezliyi,
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A-L 0 0 1-2v, dp
Elk_ ' ,02 ) E2k: 1 d 1 “ )
0 A, —+— 0
1-2v,\dp p
2v, -1
E :2(1k_vk) : £, = O F (a)=By, +icB
3k 0 2(Vk _1) 1 4k 0 ek_g 1 k 0k "k 1
L-2v)
12(;" ((1—vk)di+v—kj 0 0 2G, v,
Bow =| "k PP q By = 1-2v, |,
0 Gk% G, 0
1 1 )
2 — 2
AP R G ) A= 19 1o k=123
m, 1-2v, dp® pdp

Radial tiglayli silindir liglin disperiya oyrilori asimptotik vo adadi tisullarin

birgo totbiqi noticosindo daha doqiq qurulur.Bunun iigiin disperiya oyrilorini

identifikasiya etmok va onlarin miimkiin asimptotikalarini toyin etmok lazimdir.

(r, Q) miistovisinde haqiqi , =, (Q) dispersiya oyrilori Q oxunu (0,2, )

ndqtalorinds kesir. (0,2,
Q, - tezliklori (3.2.

1)
" 1 ’ 2
P

Gib,

P G3b3”

120’
=G, ,b!

P2s s+17s+1

G.b!

Prsi1 !

p2s sl

b,

Pls+1 '

) dispersiya oyrilorinin baslanglc noqtoloridir.

7) spektral masoalosindon o =0 oldugda alinan

(3.2.8)
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(3.2.9)

b =M,

s+l s+l

Prsi1”

masalalarindon tayin edilir.

Burada M, = 2G, ((1— )d ) By = ,7k:£, k=123 s=12.
1-2v, do p = Hi

Q =0o0ldugda « =0adadi (3.2.7) spektral masalasinin ikigat moxsusi adadi
oldugundan (a; Q) =(0;0) néqtesinin otrafinda (3.2.7)-nin hallini

a=qQ+q,Q% +..., O, =0y +Quy, +... (3.2.10)
soklinds axtaraq.
(3.2.10)-u (3.2.7)- do yazdiqda aliriq ki, (cr;Q2)=(0;0) ndqtosinin otrafinda birinci

dispersiya ayrisi

imk(pzzk - plzk)
a= | Q+0(Q?) (3.2.11)
kZ;ZGk (pzzk - plzk)

asimptotik ifadasilo toyin edilir.

Teziiyin artmasi ilo dalga uzunlugu silindrin qalinligindan kifayst qadar kigik

oldugda a—>w0, Q—>® (Iim 9 = Constj miunasibati 0donilir.¢ -0, Q —> o0
a

(Iim £2_ const) olduqgda disperiya ayrilorinin miimkiin asimptotikalarini toyin edok.

a

(3.2.7) —ya osason aliriq:
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(@E,, +ia.Ey +Eyy +C2E,, )0, =0,
Ql(az*)LTl\p11 =0,
Qs (OC* )Us ‘st = Qs+1 (0(* )Us+1

u,.

=Uu
S ‘PZs s+1

(3.2.12)

Pls+1 !

Pls+1 !

Q;(a.)u, =0.

Burada Q, (a.)=a.B,, +iB,, a. = 1 ,C= 0, dalganin yayilmasinin faza siiratidir.
a a

a —>ooiduqda a. —0-dir. “c”-ni spektral parametr hesab etmoklo a. —0
oldugda (3.2.12) mosalosino baxaq. (3.2.12) masalasindo kigik parametr yiliksok
tortibli toromonin qarsisinda yerlosir. (3.2.12) masolosini Visik-Lytisternik tisulu ilo
todqiq edak [9].

Visik-Lyiisternik isulunun birinei  iterasiya prosesip=p;;, p=1 sorhad
sothlorindon vo p, = p,. (s =1,2) kontakt sothlorindon konarda daxili sorhad lay1
xarakterli holli toyin edir [1,2,30]. Birinci iterasiya prosesino osason daxili sarhad lay1
xarakterli holli

U =0, +aly, +.., ¢*=C.+ac +.. (3.2.13)
soklindo axtaraq. (3.2.13)-ii (3.2.12)- do yazdiqda, faza siirotinin asimptotik

ayrilislarinin birinci haddi igiin
Ct()lk) =& C(()zk) = Hy
barabarliklori tayin edilir.
Ikinci iterasiya prosesi asagidaki iki variantda yerino yetirilir [2] :

1)  p=py;, p=1 sorhad sothinin yaxmliginda yeni 7 = 'O_Tfkdayisgni

daxil etmoklo p=p;,, p=1sothlorinin otraflarinda miqyas1 boyidek. (3.2.12)
masalasinin hallini

U =0, +a.ly +..., C*=C2+acl +.. (3.2.14)

soklindo axtaraq. Noticada Uy, , Cg-in toyini ligiin
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L (c.)d, =0,
{ (0 ) = _ (3.2.15)
T, U, (0)=0.
masalasi alinir.
Burada L, (c, )0, =(EY +iEY + E,, +C2E,, )T,
2
ddnz ° ° 2(1}Vk)dd_77
TkUOk = (BOk + IBlk) Ok ' Eég) = 2 ' E]ﬁ) = ]
0 d L i 0
dn? 1-2v, dng
2G,(1-v,) d
Béﬁ) _ 1- 2Vk dT] ’
0 G, i
“dn

(3.2.15) sorhad maosalasi hallin sonsuzlugda sonmosi sorti daxilinds silindrin

sorbost sothi boyu cy faza siirotilo yaylian Reley dalgalarini xarakterizo edir
[2,11,14].

2) Iki lay1 ayiran p = p,, sothlorinin otrafinda yaranan daxili sorhod layini toyin
etmok liciin p = p,, sothlorinin otraflarinda miqyasi boytidok vo (3.2.12) mosolosinin
hollini

U, =0, +oly +..., C° =C’+ac +.. (3.2.16)
soklinda axtaraq [2].
(3.2.16)-n1 (3.2.12)-ds yazdiqda birinci yaxinlagsmada aliriq:

L (€ )

=0,
Tu0k(0 ) T, (o +), (3.2.17)

(3.2.17) sorhad mosalesi p = p,, sorhadindon uzaqlasdiqda hollin sénmasi sorti
daxilindo p= p,, sothi liglin c, faza siirotilo yayilan Stounli dalgasini tosvir edir.

Stounli dalgas1 qonsu laylarda yayilan enino dalgalarin siirotlori yaxin qiymatlor

aldiqgda yaranir [14].
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(3.2.1), (3.2.4), (3.2.5) mosalesinin adadi halli iigiin  ol), o0, ul, ul-m

Oppr Opé

axtarilan vektorun komponentlori olaraq segmoklo (3.2.1), (3.2.2)-don

" k (k) 2, (k)
do PP _ 2Vk -1 (k)_ao-i'f)_i_ ZGk (k) 2G Vi au 0 Up

k. = 5

O u + +m H
dp A-v)p 7 0 (@A-v)p' " A-v)p 85 ¢ or?

(k) (k) (k) 2 (k) 2, (k)
6o-p§ v oo 1 0, 2Gkvk .8U 2G ou ou

op G~ o8&’
xususi toramali tonliklor sistemi alinir (k :1,2,3).

(3.2.18), (3.2.4), (3.2.5) mosalasinin hallini

(Gg)), o®,u®, ugk)) ( 0 (0),5% (0),0% (), ug")(p)) i(a5-Qr)
soklindo axtaraq.

(3.2.19)-u (3.2.18), (3.2.4), (3.2.5) —do yazdiqda naticads aliriq:

Le=N, 20y,
Ei(pn):@

y_s(sz ) = S’s+1 (pls+1 )’
Ey.(1)=0.

Burada

y_k(P) ( )(p),6 (k) : (p), u(k) (0), u(k) (p)) -axtarilan vektor funksiyadir;

1000
0100
“loooo]’
0000

= O +m, >
op v,—-1 o0& p v, -Dp 85 -1 8§ ot
(k)
ou,” 12w o Ve o, W au:})
op 20-v)G " W -Dp " v-10d& ’
(k) (k)
M 1w M,

(3.2.18)

(3.2.19)

(3.2.20)
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-l > — M, o
d-vip d-vp d-vip
" jq _1 AL 174 26, a’ —Q'm,
Vie = P n-Dp 1-v,
N, (p,Q )= ’
1-2v, V, Ve i
2(1-v, )Gy v =Dp Vi —
0 1 -l 0
G,
k=123, s=12.

(3.2.20) sorhod moasolasini diskret ortoqonallasdirma tsulu ilo holl etmoklo
a, =a, (Q)dispersiya asililig1 tayin edilir.
Forz edak ki ticlayl silindir daxili , xarici laylar1 eyni elastiki xassolora malik

olan bork materialdan, orta lay1 iso yumsaq materialdan togkil edilib vo p=—2-

1
nisboti kigik parametrdir. [1,2,30]-da totbiq edilon iisula osason (3.2.8),(3.2.9)

mosalolori matrisinin elementlori Q spektral parametrindon analitik, p parametrindon
159 xotti sokildo asili olan bicins cobri sistemlora gotirilir. Homin sistemlordon (a,Q)
miistovisindo hoqiqi ¢, =, (Q) dispersiya oyrilorinin (O,Qt) baslangic noqtalori
toyin edilir. Q, tezliklorinin paylanmasi haqqinda asagidaki naticalor alinir.

Teorem 1. p — Ooldugda (3.2.8 ) masalosinin Rl(p) spektri hesabi ¢oxlugdur vo

Rl(p): RlO(p)U Rll(p)U RlZ(p)
barabarliyi dogrudur:

1) R, (p) coxlugu ikiqat Q, =0 vo

_ 1 1
Q = p1/2\/2|n 1(/013 ]( . - . J +O(p3/2),
P N\ Pa—Pun Pa~ Pz

moaxsusi adadlarindan 1baratdir.
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2) Ry(p) oxlugu
Q, = Oy +0(p?),

moxsusi ododlorindon ibaratdir vo Qg -lor

Q Q Q Q
‘]l(aplj] Y, [Epzj J_‘]l (e_jpzj] Yl(aplj ]:0, (3220)
tonliyinin kokloridir. (j =1,3)

3) R,(p) goxlugu
Qp =Q, + O(pg)’
moxsusi odadlorindoen ibaratdir vo Q,,-lor

Q Q Q Q
Jo (e_plzJ Yo (e_pzzj_‘]o (e_pzzJYo (e_pnj: 0, (3.2.21)
2 2 2 2

tonliyinin kokloridir.
o : : 1 ..
Burada (3.2.20),(3.2.21 tonliklori eyni kokloro malik oldugda o = E-dlr ,9ks

halda iss 6 =1-dir; J,, Y, -uygun olaraq birinci va ikin¢i név Bessel funksiyalaridir.
Teorem 2. p — Oolduqgda (3.2.9) masalasinin Rz(p)spektri hesabi ¢oxlugdur

\'E

Rz(p): RZl(p)U Rzz(p)

borabarliyi dogrudur:
1) RZl(p) ¢oxlugu

moxsusi adadlorindon ibaratdir vo Qg -lor

Q Q Q Q
K QP oy | Jo| = oy (Yo | = Paj |=Jo| = P2j |Yo| —— P | |[~24;8]Q%
H; H; H; H;
Q Q Q Q
X pij| do| — 21 |Ya| — P25 |7 91| — P25 | Yo| — 21 | |+
Hj Hj Hj Hj
Q Q Q Q
+ 025 | 1| — o1 Yo| —P2j |=do| — P25 [Ya| — 24 +
H; H; H; H;
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Q Q Q Q
+4e] (J{—puJYl [_pZJ}_Jl[_sz]Y{_MJ D:O’ (3.2.22)
H; H; H; Hj

tonliyinin koklaridir (j =1,3).
2) R,,(p) goxlugu

Qp =Q4, + O(pg)’
moxsusi odadlorindoen ibarotdir vo Q,,-lor

Jy (gplZJYl (ngZJ_‘]l [ngZJYl (gplZJ: 0, (3.2.23)

H; H; H; H;
tonliyinin kokloridir.

(3.2.22),(3.2.23) tonliklori eyni koklora malik oldugda 6 = % -dir vo oks halda iso

o =1-dir;t=01, m=0;1.

p =&:0,02; %zO,Z; p.=02 p,,=05; p,=0,6; p,,=1loldugda (3.2.20) me-so-

1 il

lasi diskret ortogonallagdirma tisulu ils hall edilmokla dispersiya ayrilari qurulur (so-
Kil 10).Q2-nin 0-dan 1,68-a godar artmasi ila (0,0) ndqtasindan ¢ixan birinci dispersi-
ya ayrisi  bucaq amsali enina dalgalarin bark laylarda yayilma siiratine barabor olan
diiz xotto yaximlasir. Q=168 gqiymoatindon baslayaraq,dispersiya ayrisinin asimptotu
bucaq amsali uzununa dalgalarin yumsaq layda faza siiratine barabar olan diiz xattdir.
a -nin artmast ila birinci dispersiya ayrisi ti¢iin asimptot bucaq amsal1 ¢, -o (silindrin
sarbast sothi boyu yaylian Reley dalgalarinin faza siiratino) borabar olan diiz xott
olacaqdir.

Q2-nin artmast ilo ikinci dispersiya ayrisi bucaq amsali uzununa dalgalarin bark

laydaki faza siirotino borabar olan diiz xotto yaxinllagir. 1,48<€<2,78 diapazonunda

dispersiya oyrisinin asimptotu bucaq omsali enino dal@alarin bork laydaki faza siiratino

barabar olan diiz xattdir. Q>2,78 oldugda Q-nin artmasi ilo dispersiya ayrisi bucaq

omsali uzununa dal@alarin yumsaq layda yayilma siirotino borabor olan diiz xotto

yaxinlasir.

103



3.3. Radial iiclayh silindirds burulma dalgalarimin yayilmasi

Radial ti¢layl silindirds burulma dalgalarinin yayilmasi mosalosino bxagq.

I, o, Z silindrik koordinat sistemindo Kk ”” ndmrali lay {igiin burulma ragsini tosvir

edon harakat tonliyini yazaq [25]:

o) oM 25K o2y
Opp 9% | 0p¢:mk u(g , (3.3.1)
op o0& o, ot

burada u((pk) = ufl,")(p,é ,2')— “k” nomrali layin yerdoyismo vektorunun komponenti,

0'/()';), O'(E,';g)— “k ” nomrali laymn gorginlik tenzorunun komponentloridir.

“k ’ndomrali laymn gorginlik tenzorunun 0'5)‘2, GSZK) komponentlorinin yerdoyismo

vektorunun koordinati ilo ifadoesi agsagidaki kimidir [25]:

a;k(gze{ a; ; . oW=G,"2 5 (33.2)

Laylarin kontaktliq sortino asason

(1025 6 T) - (pls+l’§ 7)
(6D (3.3.3)

(p257§ T) (pls+1’§ T)

barabarliklari dogrudur.
Forz edok ki, silindrin yan sothi yiikdon azaddir:
ohpiéir)=0)1.£,7)=0. (334)
(3.3.2)-ni (3.3.1), (3.3.3),(3.3.4)-do yazib, alinan moasalanin hallini

¥ (p,&7)=a,(p)e ) (335)

soklindo axtaraq.Noticods aliriq:
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Yo,
Gl(ai’ _%alj =0,
Pu
al, =a.l, . (3.3.6)
Gs(a; - i a, = Gs+1(ag+1 - las+1] ’
p p

P2s Pis+1

G{a; — la3 =0.
Yo

1
burada k=12,3; s=12.

(3.3.6) masalasi sonlu sayda hoaqiqi vo hesabi sayda sirf xoyali moaxsusi adadlors
malikdir. o, haqiqi moxsusi adadloari silindrin oxu boyu yayilan va enerji dastyan
bircins dalgalari, ¢, sirf xoyali kompleks moxsusi odadlori ise enerji dasimayan qeyri
-bircins dalgalar1 miioyyon edir [2,11,14].

Q=0o0ldugda a=0 oadadi (3.3.6) mosoalosinin ikiqat moxsusi odadidir.
(o;Q) = (0;0) noqtosinin otrafinda (3.3.6) mosalosinin hollini
a’ =t +t5Q% +..., a =a, +Qa, +... (3.3.7)
soklindo axtaraq [2].

(3.3.7)-ni (3.3.6)-da yazdigda son noticoda (a;Q) = (O;O)-m otrafinda birinci

dispersiya ayrisi ti¢lin alirq:
>, (s, - i)

a= | Q+0(Q?). (3.3.8)
> G, (o - pit)

k=1

(3.3.1), (3.3.2)-don asagidaki xiisusi téramali diferensial tonliklor sistemi alinir:

(k) 2, (k) 2, (k)
%:_Ea(k)_e auw +m auco
op p 7 tog Mo
(3.3.9)
ou 1 1
(4 :_G(k)+_u(k)
0 G, P
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(3.3.9), (3.3.3), (3.3.4) mosalasinin hallini

(%), ul)=(5, (o) T (o)) (3.3.10)
soklindo axtaraq. (3.3.10)-nu (3.3.9), (3.3.3), (3.3.4)-do yazaq :
di =D, (p,a;Q)Ek ,
dp
Clz_l(pll):()’ (3.3.11)

ES (pZS): Es+1(,015+1),

Clig(l):ﬁ,
burada
1 0)\-
Clz(o Oj zZ=(o;u ), |
_2 G.a’ - m,Q?
D, (p,Q,a)= 1,0 .| k=123 s=12
G, P

Forz edok ki ticlayh silindir daxili , xarici laylar1 eyni elastiki xassolora malik

olan bark materialdan, orta lay1 iso yumsaq materialdan toskil edilib vo p=—%

1
nisbati kicik parametrdir.

Q, - tezliklori (3.3.7)-don « =0 olduqda alinan

al +£a; +(ak2 —iz)ak =0,
P P

Gl(a{ —lalj
Yo,

a

=0,

Pu1

(3.3.12)

s ‘pZS s+l Pls+1 !

Gs(ag - la's = Gs+1£a;+1 - la’s+lj
0

P2s

Prs+1

G{a; —ia3 =0,
P
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masalasindan tayin edilir.

a, =a,(Q) dispersiya oyrilorinin (0,Q,) baslangic ndqtelorini toyin etmok
tgtin (3.3.12)-don [1,2,30]-da totbiq edilon qaydaya osason Q, tezliklorinin
paylanmasi haqqinda asagidaki teorem alinir.

Teorem . p — 0oldugda (3.3.12) masalosinin Rs(p) spektri hesabi ¢oxlugdur
Vo

Rs(P)=Rao(p)U Rys(p)U R (p),
boraborliyi dogrudur:
1) Ry, (p) coxlugu ikigat Q, =0 vo

8e 1 1
Q, = p \/ 1,021,013( . — . J +O(p3/2),
,013 - p21 P~ P P~ P

moxsusi adadlarindan 1baratdir.
2) R31(p) coxlugu
Q QOtj +O(p )

moxsusi adodlorindan ibaratdir vo 2y -1o

Q Q Q Q Q
0, Jol — o1 Yol — 0o Y A dol —po | Yyl — o, |—
leIOZj( o[ej pljj o[ej ij] [ pZJ} o(ej ,01]]] { plj{ o[ejplj j 1(61- pZJ]
Q | (@ 9 9 4e?
—-J; Epzj 0 aplj +P2, plj Yo e — P2j ,02] aplj +EX3

Q Q Q Q
X ‘Jl[_pl' Yl(_pZ')_Jl(_pZ'JYl(_pl'} jZO (3.3.13)
[ e, j e, j e, j e, j

tonliyinin kokloridir.

3) Ry, ( p) ¢oxlugu

Qtz = QOtZ + O(p(s),
moxsusi adadlarinden ibaratdir vo Q,,,-lor
Q Q Q Q
J; (EPMJ Y1 (gpzzJ_ J; [gpzij1 (gpnj: 0 (3.3.14)
tonliyinin kokloridir.
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(3.3.13),(3.3.14) tonliklori eyni koklora malik olduqda o =% -dir, oks halda

iso 0 =1-dir.
Daxili vo xarici laylar1 eyni elastiki xassoloro malik olan bork materialdan, orta
lay1 iso yumsaq materialdan toskil edilmis silindir {i¢iin
p :%j:o,oz; ”r;—j:o,z; 0,=02 py, =05 p,=0,6: p,y =1
oldugda (3.3.11) mosalosini diskret ortoqonallagsdirma tisulu ilo hall etmoklo
dispersiya oayrilorinin qurulur (sokil 11).

Q-nin 0-dan 5,48-0 godor artmasi ilo (0,0) ndqtesindon ¢ixan birinci dispersiya
oyrisi bucaq amsali enino dalgalarin bork layda yayilma siiratino barabor olan diiz
xotto yaxinlasir. QQ=5,48 qiymoatindon baslayaraq dispersiya oyrisinin asimptotu
bucaq omsali enino dalgalarin yumsaq layda faza siiratino barabar olan diiz xottdir.

(2>0,8650ldugda silindirdo iki yayilan dalga movcuddur. Q-nin artmasi ilo

dispersiya oyrisi bucaq amsali enino dalganin bark layda faza siiratino barabar olan

diiz xatto yaxinlasir. — o0, Q — © (Iim £ = Constj oldugda dispersiya ayrilarinin
a

. m . .
asimptotu bucaq amsalt _|—= p -y barabar olan diiz xattdir.
m2

3.4. Radial ikilayh silindirds elastiki dalgalarinin yayilmasi
Radial ikilayl1 silindirde oxa nazaron simmetrik elastiki dalgalarin yayilmasi

mosalosing baxagq.

ag(p), 0'/()'}), u/()k), uék) -n1 axtarilan vektorun komponentlori hesab etmoklo, (3.2.18)-

9 9sasan alirq:
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(00 2y, -1 6(k)_50,§? 26, w, 26y, o’ o'y
op (U-v)p 7 9 (A-v)p' T (A-v)p 0 ot
20 v, 20l 1, 26y ) 26, ud  Ful
= : —0o,/+ . + >—+m, —,
op v,-1 05 p wv,-Dp o0& v, -1 0 ot (3.4.1)
ou’ 1-2v Ve e, Ve oud h
= U+ ———,
op 20-v )G, " (v -Dp " w-1 0
(k) (k)
ou,; :io-(k)_aup |
op G, * o8&
k=12
(k) (k)
Burada sz, fzi- yeni Olgiisiiz  koordinatlar; uLk) :ur—,ug‘) _ L
r0 I"O r-0 r0
(k) (k) k ~
afjkf) =% a((p';) e ag;) = o3 ,TZL < ,m, =M (k=12), r, _futly
G, G, G, r,\m, m 2
Olciistiz komiyyatlordir.
Forz edok ki, silindrin yan sothi ylikdon azaddir:
o'[()l/z(pll,g,z'):O,
O'(plé)(pll,ﬁ,z')=0,
Uﬁ? :022’5’7):0’
O'/(,?(pzz,f,r)=0.

Silindri togkil edon laylarin kontaktliq sortine asason aliriq:
O-S,g(le’é:’T):O-,(oia)(pﬂ!é:’z-)'
0'53192(/721’5’7):05325)(912’68’7)’
u,(ol)(p21’§’z-):u,(DZ)(plbé’T)’
U?)(le,f,f)=Uif)(/?lz,f,f)-

(3.4.1)-(3.4.3) masalasinin hallini (3.2.19) soklinds axtaraq. Noticads aliriq:

dv _
dyk :Nk(p,Q,a)yk ,
0
EYl(pll)ZG ’ (3.4.4)

(3.4.2)

(3.4.3)
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z(pn) :y_z (plz)’
EY,(0,)= 0.
Burada Y, (0)= (0% (0),0% (0), 0% (0), 0% (p)} k =1,2dir.

Daxili lay1 bark ,xarici lay1 iso yumsaq materialdan togkil edilmis silindirda

p :% =0,0%L %:0’2; P11=099, p, =1 p,, =103
1 il

olduqgda dispersiya oyrilorini quraq (sokil 12).

=136 qiymoatindon baslayaraq silindirdo iki dalga yayilir.Vahid normal
hipotezo osason qurulmus totbiqi nozoriyys osasinda ikilayli silindirdo elastiki
dalgalarin yayilmasi masolosindon alinan todqiq dispersiya oayrilori sokil 12-do qiriq
xotlorlo gostorilib. Birinci modada Q<2 sortini 6doyon tezliklor {icilin totbiqi
nozoriyya osasinda alian noticolor (3.4.4) mosalosinin hallindon alinan naticalora
yaxindir.

Ikinci modada tezliyin Q<5 gqiymotlorinda totbiqi nozoriyyadon alman

naticalorin (3.4.4) masalasinin hallindon alinan naticolordon forqi kigikdir.
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NOTICO

Dissertasiya isi kicik qalinhighh geyri-bircins silindrik ortiiyiin  gorginlik-
deformasiya voziyyotinin elastikiyyot nozoriyyasinin tonliklori osasinda todqiqino

hosr edilib. Isdo asagidaki noticalor alinib:

1. Elastiki modullar1 radiusa nozoron xotti ganunla doyison kigik gqalinliglt silindrik
ortik TUglin elastikiyyot nozoriyyasinin oxa nozoron simmetrik masalolori
asimptotik inteqrallama tsulunun totbigi ilo Oyronilib.Qeyri-bircins va bircins
hollor qurulub. Silindrik Ortiiylin  gorginlik-deformasiya voziyyatinin xarakteri
miuoyyan edilib. Silindrik ortiiylin yan sathi gorginliklordon azad olduqda toyin
edilmis birincs hallin yayilan, sado sorhod effekti xarakterli, sorhad lay1 xarakterli
hollorin comindon ibarat oldugu gostorilib.Mdvcud totbigi nozoriyyslorin toyin edo
bilmodiyi yeni sinif hollor qurulub. Silindrik Ortiiyiin  gorginlik-deformasiya

voziyyatini hesablamaq tli¢iin asimptotik diisturlar alinib.

2. Elastiki modullar1 radiusa nozoron xotti qanunla doyison kigik qalinligh
silindrik Ortiiyiin yan sathinda bircins qarisiq serhad sortlori verildikde birincs

hallin yayilan vo sorhod lay1 xarakterli hollorin comindon ibarat oldugu gostarilib.

3. Elastiki modullar1 radiusa nozoroan xotti qanunla doyison kigik qalinligh
silindrik Ortliylin yan sothi baglandiqda hallin yalniz sorhad lay1 xarakterli holldon

ibarat oldugu miisyyan edilib.

4. Radial geyri-bircins silindrik ortiik ti¢lin burulma masalasi silindrik Ortiiyiin yan
sothindo miixtalif sorhod sortlori verildikds asimptotik inteqrallama va bircins
hallor tisullart ilo tadqiq edilib. Silindrik Ortliylin yan sothi gorginlikden azad
oldugda bircins hallin yayilan vo sorhod lay1 xarakterli hollorin comindon ibarat
oldugu ,silindrik ortiiyiin yan sothi baglandiqda iso bircins hallin yalniz sorhad lay1

xarakterli hallo malik oldugu gostorilib.

5. Radial geyri-bircins silindrik ortiiyiin yan sothi gorginlikdon azad oldugda vo yan
sathi baglandiqda silindrik Ortiiylin burulma rogsi masalalari tadqiq edilib. Daqiq
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vo asimptotik hallor qurulub.Tezliyin miixtalif qiymotlorinds gorginlik-
deformasiya voziyyatinin tayini {iclin asimptotik ifadslar toyin edilib.
6. Radial ikilayli vo tiglayli silindirds elastiki dalgalarin yayilmasi mosolosi ododi-

analitik tisullarin birgo totbiqi ilo dyronilib.
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