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Giris

- Movzunun aktualli@i va islonma doracasi: Molumdur ki, adi diferensial tonliklor
ticlin Kosi vo ya sorhod mosolosinoe baxilir [65]. Burada Kosi mosalosindo baglangic
sortlorin say1, sorhad masalosinds iso sorhad sortlorinin say1 verilmis tonliyin tortibina
borabor olur [112]. Xiisusi toromoli tonliklora goldikdos i1so, baxilan Kosi va ya garisiq
mosalodo baslangic sortlorin say1 verilmis tonlikdo zaman doyigonino nozoron yiiksok
tortib toromonin tortibino borabar, sorhad sortlorinin say1 iso (sorhod doyisonlorinin say1
birdon ¢ox olduqda, hamar sorhodli oblastlarda) verilmis tonliyin foza doyisonlorino
nazaran yliksak tortib téromasinin tortibinin yarisina baraber olur [31, 52].

Laplas tonliyi (ikinci tortib toromoli diferensial tonlik oldugu halda) ii¢lin bir sorhad
sorti, ya Dirixle, ya Neyman, ya da Puankare sorti verilmis olur [62]. Biharmonik tonlik
(dordiincii tortib toromoli diferensial tonlik oldugu halda) {ic¢ilin iki sorhad sorti verilmis
olur [45]. Ona goro do riyazi fizika tonliklorindo vo ya xiisusi toromoali diferensial
tonliklords baxilan elliptik tip tonliklor asason ciit tortib toromoali diferensial tonliklor
olurlar [41].

Qeyd edok ki, riyazi fizika tonliklori osason li¢ tip tonliklor iig¢iin qoyulmus
mosalalorlo masgul olur. Bunlar hiperbolik, elliptik vo parabolik tip tonliklordir.
Hiperbolik vo parabolik tip tonliklor ti¢iin Kosi vo qarigiq masalaya [43], elliptik tip
tonliklor liglin iso osason sorhod mosalosine baxilmisdir [20]. Sonralar F. Trikomi
torofindon qarisiq tip [66] vo J. Adamar torofindon birgs tip tonliklor iiglin mosolalora
baxilmisdir [121]. Bu islor A. Bitsadze [22, 23, 44] vo N. Oliyev [85, 89, 98] torafindon
davam etdirilmisdir. N. Oliyev son vaxtlar birinci tortib elliptik tip olan Kosi-Riman
tonliyi liclin sorhaddi iki yera bolmoklo axtarilan funksiyanin bu hissolordoki
qiymatlorinin xotti kombinasiyas1t kimi verilon geyri-lokal sorhod sorti daxilindo
mosalonin hallinin aragdirilmasi ilo masgul olmusdur [110]. Bununla da adi vo xiisusi
toromoli tonliklor {iclin baxilan sorhod masolalorinin  arasdirilmasinda yaranmis

anlasilmazliq aradan qaldirilmis olur [14, 15].



Xiisusi toromali tonliklor {i¢iin baxilan sorhod mosslosindo ogor sorhod dord yero
boliinmiigdiirso vo sorhad sorti bu dord hissaodo namolum funksiya vo onun téromolorinin
Xotti kombinasiyas1 vasitosilo verilirso, onda bu sortlorin say1 verilmis tonliyin tortibinin
iki mislina barabar olur.

Trikomi tonliyi liglin baxilan sorhod mosolosi ilo olagodar olarag A. Bitsadze
demisdir ki, “biitiin sarhad verilmis sortdo dasvyici kimi istirak etmirsa, bu masalo yaxsi
masalo deyil” [65]. Bu baximdan N. Oliyev vo M. Jahanshahinin basladigi masololor
yaxs1 masoloalordir [84]. Sorhod masalaloring bu ciir baximin basqa ¢otinliklori yaranir.
Belo ki, agor sorhadds eyni zamanda iki vo ya daha cox noqto harokst edirss, onda
Karleman sartino gora qonsu noqtalor ya sarhaddin bir néqtosindon uzaqlasmali, ya da
soarhaddin bir noqtesine yaxinlagsmalidirlar. Oks halda, yani qonsu noqtalar bir-birini
izlodikdo alinan masalo pis masalo adlanir. N. Oliyev vo A. S. Quliyev gostariblor Ki,
Kosi-Riman tonliyi {i¢lin baxilan sorhod mosolosindo Karleman sorti 6donilirso, bu
mosalo isdo alinan zoruri sortlorin kdmayi ils ikinci név Fredholm tipli requlyar niivali
inteqral tonliyo gotirilir [88]. Karleman sorti ddonilmodikdo iso bu sorhod mosolosi
alman zoruri sortlorin kodmoayi ilo birinci nov Fredholm tipli inteqral tonliys gotirilir ki,
onun da nazariyyasi mévcud deyil [81].

Adi diferensial tonliklor {iclin zoruri sortlor verilmis qeyri-lokal sorhod sortlori
soklindo oldugu halda [37], xiisusi toromali tonliklor {i¢lin bu sortlor gqlobal hadlordon
(sarhadboyu inteqrallardan) ibarat olur [82]. Bels ki, bu inteqrallarin daxilinds sinqulyar
integrallar da olur [83]. Bu sinqulyarliqlar iimumi voziyyastden konardirlar. Umumi
vaziyyatda, agor ikinci ndv Fredholm tipli sinqulyar inteqral tonlik verilmisdirss, orada
iterasiya apardiqdan sonra alinan ikiqat sinqulyar inteqralda, Puankare-Bertrand
diisturunun kdémaoyi ilo bu inteqrallarin ndvbasini doyissok, alinan sigrayis inteqraldan
konardaki hodlo birlosorok, yeno do ikinci név Fredholm tipli, ancaq artiq requlyar
niivali inteqral tonlik veracok. Amma baxilan halda zoruri sortlords olan sinqulyarliglar
yuxarida sOyladiyimiz kimi, requlyarlasdirmaq istesok, sigrayisla alman ifads

inteqraldan konarda olan hisso ilo islah olunur va naticads birinci név Fredholm tipli



inteqral tonlik alinir ki, onun da nozariyyasi movcud deyil. Ona goro do, N. Oliyev,
F. Bahrami vo S. Hosseini sinqulyarliglar1 6zlinomoxsus tisulla, verilmis sorhod
sartindon istifado etmoklo requlyarlasdirmislar [93].

Alman riyaziyyatc¢ist H. Beger do birinci tortib elliptik tip olan Kosi-Riman tonliyi
liclin sorhod masolosine baxmisdir [94], amma zoruri sortlordo yaranan sinqulyarliglar
requlyarlasdira bilmomisdir [97]. O, Kosi-Riman tonliyi iiglin lokal Dirixle sortino
baxmisg, halbuki bu masalo ikinci tortib Laplas tonliyi {iclin yaxsi masalo oldugu halda,
Kosi-Riman tonliyi tigiin (birinci tortib oldugundan) korrekt deyildir. Ona gors do, Beger
Dirixle sortindo sorhadds verdiyr funksiyanin alimmis zoruri sortlor1 6domasini qabul
etmisdir [95].

Nohayat A. Bitsadzenin soyladiyi bir fikrino do 6z miinasibat bildirok. O, demisdir
ki, “agar bir tonliyin iki fundamental halli mOvcuddursa, onlarin forqgi bircins tonliyin
requlyar hallidir” [20]. N. Oliyevin Kosi-Riman tonliyi ti¢iin aldig1 x, vo x, istiqgamatdo
fundamental hallarin farqi bircins tonliyi 6dayir, amma bu forq requlyar deyil [13].

Sorhad masalasinin halli bu masalo ilo olagadar olan Qrin funksiyasinin
qurulmasina gatirilir [50]. Qrin funksiyasmin qurulmasi asan masolo deyil, amma onun
bas hissasi olan baxilan sarhad masolasinin tonliyinin fundamental halli ancaq tonlik ilo
olagoadar oldugundan (Qrin funksiyasi hom tonlikdon, hom do sorhod sortindon asilidir)
onun qurulmasi Qrin funksiyasinin qurulmasindan ¢ox asandir. Ona goro do,
V. Vladimirovun “Riyazi fizika tonliklori” adli kitabinin biitov bir foslinin miixtalif
tonliklorin fundamental hallorinin alinmasina hasr olundugunu xiisusi qeyd edirik [30].
Burada fundamental holl dedikdo, elo hall basa diisiiliir ki, bu hoalli tonlikdo yazdigda
Dirakin delta funksiyasi alinmis olsun.

Togdim olunan “Adi vo xiisusi toromoli, kosr tortibli diferensial tonliklorin
fundamental hollorinin alinmasi {i¢iin faktorizasiya tisulu” adli dissertasiya isi giris, Ui
fasil, natico vo adobiyyat siyahisindan ibaratdir. Girisdo baxilan mévzunun tarixindon vo

indiki inkisaf voziyyatindon bohs edilir.



Movzunun aktuallifindan bohs etdikdo, qeyd etmoliyik ki, alinan naticolor bu
sopgido ilkin noticolordir. Belo ki, sonralar bu islorin davami olaraq adi vo xiisusi
toromoli tonliklor {ig¢lin qeyri-lokal sorhod sortlori daxilindo baxilan masalalorin
hollorinin zoruri sortlorin komoyi ilo arasdirilmasi, kosr tortib toromoli diferensial
tonliklor tiglin aparilacaqdir.

Metalin yaddas nozoriyyasi kimi yaranan kosr tortib téromoli diferensial tonliklor
[46] indi demak olar ki, biitlin sahalors niifuz edir. Belo ki, neft sanayesindo stanq-nasos
sisteminin horokotinin riyazi modeli do kosr tortib téromoli diferensial tonlik {igiin
masaloyo gatirilir [76].

- Tadgiqatin obyekti va predmeti: Diferensial tonliklor riyaziyyatin asas toadqiqat
obyekti oldugu kimi, sorhad mosalalori do diferensial tonliklorin todqigat predmetlorinin
asasimt tagkil edir. ©vvallar tam karpiclor sayilan predmetlor indi xirdalandigi kimi,
natural tortib téromoli diferensial tonliklorin kosr tortibli diferensial tonliklors kigilmasi
do, hom diferensial tonliklor nazariyyasini, hom do biitdv riyaziyyati bir o qodor hom
gozollosdirdi, hom do dorinlosdirmis oldu.

- Todgiqatin maqsad vo vazifalori: Hor bir riyaziyyat¢inin vozifasi ondan ibarot
olmalidir ki, garsisina qoydugu mogsads nail ola bilsin va alinan naticoni riyaziyyatci
kiitlasino catdira bilsin. Todqiqatin mogsad vo vazifolori alinmig korrekt naticalori lazimi
soviyyado yaya bilmokdon ibaratdir. Dissertasiya isinin miisllifinin maqgsad vo vazifalori
natural tortib toromali adi va xiisusi toromali diferensial tonliklor tiglin baxilan geyri-
lokal sorhad sortlori daxilindo masalalorin hallinin arasdirilmasinda alinan naticolori kosr
tortibli diferensial tonliklor t¢iin almaqdan ibaratdir. DiSsertasiya isinde miixtalif
tonliklor ti¢iin alinan fundamental hallor asas gotiiriilocok isin ilkin morholosidir.

- Tadqigat metodlar:: Dissertasiya isindo totbiq olunan metod faktorizasiya
Usuludur. Faktorizasiya tisulu boylikdon kigiys enmo, tami xirdalamaga xidmot
etdiyindon, toqdim olunan bu dissertasiya isindo do, hom adi, hom do xiisusi toromoli
diferensial tonliklorin tortiblorini xirdalamaga (kiciltmays) xidmot edir. Burada

faktorizasiya tiisulu toromolorinin tortibi natural ododlor olan diferensial tonliklorin



fundamental hollindon, kosr tortibli diferensial tonliklorin fundamental hoallorinin

alinmasina xidmot edir. Bu iso sonralar kosr tortibli diferensial tonliklor ti¢lin sarhad

masalolorinin hallinin arasdirilmasinin avvalinci pillosidir

- Miidafiays cixarilan asas miiddaalar:

» Birinci tortib birhodli adi diferensial tonliyin fundamental hallindon faktorizasiya
tisulu ilo diizgiin kosr tortibli adi birhadli tonliyin fundamental halli alinmisdir.

> lkinci tortib birhadli adi diferensial tonliyin fundamental hollindon faktorizasiya
tisulu ilo diizglin olmayan kasr tortibli adi birhadli diferensial tonliyin fundamental
halli alinmisdir.

» Birinci vo ikinci tortib toromoli adi diferensial tonliyin fundamental hollorindon
faktorizasiya tisulu ilo kosr tortib téromoli adi diferensial tonliklorin fundamental
hollori li¢lin analitik ifadolor alinmisdir.

» Birinci tortib elliptik tip olan Kosi-Riman tonliyinin fundamental hollindon
faktorizasiya Usulu ilo diizglin kosr tortibli xiisusi toromoli diferensial tonliyin
fundamental holli alinmisdir.

> 1ki ol¢iilii Laplas tonliyinin fundamental hallindan faktorizasiya iisulu ilo diizgiin
olmayan kosr tortibli xiisusi téromali tonliyin fundamental halli {i¢iin analitik ifado
almmisdir.

- Toadqigatin elmi yeniliyi: Yuxarida sdylodiyimiz kimi, bu dissertasiya isi noinki
diferensial tonliklorin, hotta biitliin riyaziyyatin miiasir elm sahasindo yeni bir cigir
acmas1 olur. Burada alinan ifadslor miiasir riyaziyyatin soviyyoasindo diizgiin korrekt
naticolordir. Dissertasiya isindo asagida gostorilon asas yeni elmi naticolor alinmigdir.

» Adi diferensial tonliyin fundamental hallindon diizgiin vo diizgiin olmayan kasr
tortib téromali diferensial tonliklor tig¢iin fundamental hollor alinmisdir.

» Kosi-Riman tonliyinin fundamental hoallindon faktorizasiya iisulu ilo diizgiin kosr

tortibli xiisusi toromoli tonlik {i¢lin fundamental holl alinmisdir.



» Laplas tonliyinin fundamental hallindon faktorizasiya lisulu ilo kasr tortibli (diizgiin
olmayan) xiisusi toromali diferensial tonlik {i¢iin fundamental hollin analitik ifadosi
alinmusdir.

- Tadqgiqatin nazari vo praktik ohomiyysti: Nozori xarakter dasiyan bu
dissertasiya isinin praktik ohomiyyoti do boyiikdiir. Belo ki, horokotdo olan hor bir
hadisodo Nyuton ganunlart mévcud oldugundan, bu hadisonin riyazi modeli diferensial
tonliklo xarakterizo olunur. Bu o demokdir ki, burada alinan nozori natico bilavasito
praktika ilo olagolidir.

- Aprobasiyas1 va tatbiqi: Dissertasiya isinin naticolari 6lke daxilinde Lonkoran
Déovlat Universitetindo kegirilmis Umummilli lider Heydor Oliyevin anadan olmasinin
94-cii ildontimiino hosr olunmus “Tobiot vo humanitar elm saholorinin inkisafi
problemlori” movzusunda Respublika Elmi Konfrans1 (2017), XXXI International
Conference Problems of Decision Making Under Uncertainties (2018), professor Nihan
Oliyevin 80 illik yubileyino hosr olunmus “Riyaziyyat elminin inkisafinin yeni
morhalesi” mévzusunda Universitet Elmi Konfranst (2018), Umummilli lider Heydor
Oliyevin anadan olmasmin 96-c1 ildoniimiine hasr olunmus “Todris prosesindo elmi
innovasiyalarin totbiqi yollar1”” mdvzusunda Respublika Elmi Konfranst (2019),
Umummilli lider Heydor Oliyevin anadan olmasmim 98-ci ildoniimiine hosr olunmus
“Azorbacanda xalq, dovlot vo ordu birliyinin giicii” adli onlayn Respublika Elmi
Konfransi (2021), hamg¢inin 6lka xaricinde XXXII International Conference Problems of
Decision Making Under Uncertainties (Prague, Czech Republic, 2018), The II
International Science Conference «Issues of practice and science» (London, Great
Britain, 2021) beynslxalq elmi konfranslarda maruzs edilmisdir.

- Dissertasiya isinin yerina yetirildiyi toskilatin adi: Dissertasiya isi Lonkaran
Dovlat Universitetinin “Riyaziyyat vo informatika” kafedrasinda yerina yetirilmisdir.

- Dissertasiyanin struktur bélmoalorinin ayrihqda hacmi geyd olunmagla
dissertasiyanin isara ilo Umumi hacmi: Dissertasiya isi (titul sohifosi - 429 isaro say1,

mindoricat - 1845 isara say1) giris - 46000 isara say1, I fasil - 65000 isara say1, II fosil -



52000 isaro sayi, III fosil - 55000 isaro sayi, notico Vo istifado olunmus 125 adda
odobiyyat siyahisindan ibaratdir. Dissertasiya isinin imumi hocmi - 220274 isars say.

Fizika alimlori torofindon toyin edilmis, sonralar riyaziyyatgilar torafindon gobul
edilmis iki funksiyani qeyd edok. Onlardan birincisi Xevisaydin vahid funksiyasi
o(t) -dir [29, 123].

Bu funksiya
1, t>0,
o0 :{0, t <0, 0.1)
toyin edilarak, bazi muslliflor onu
1, t>0,
ot) = {0’ £<0, (0.2)
soklinda [30], bazi mualliflor isa
1, t>0,
o0 = {o, £ <0, 03)

soklindo [72] Qobul etmigdilor. Sonralar requlyar funksiya anlayist miiayyan-
losdirildikdo, onu

t>0,

t=0, (0.4)

t<0,

1
00 -1,
0,
soklindo gobul etdilor. Belo ki, requlyar funksiyanin toyin olunma oblastindan olan
ixtiyari nogtadoki giymati bu funksiyanin hamin néqtedoki sol va sag limitlarinin adadi
ortast kimi gabul edilir. Ona goro do Xevisaydin vahid funksiyasinin sifirdaki qiymati
doagiglosdirilmis olur.

Onda Xevisaydin simmetrik vahid funksiyas1 asagidaki kimi toyin edilmis olur

[70].
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l, t>0,
2
et)=4 0, =0, (0.5)
—1, t <0,
2

Ikinci funksiya iso Dirakin delta funksiyasidir. Bu funksiya qeyri-ciddi (kobud
sokildo) asagidaki kimi verila bilor [26].

5(t) = {OOO ig (0.6)

Asanligla goriiniir ki, bu funksiya requlyar deyil, ¢linki onun t=0-daki qiymoti o
oldugu halda ham soldan, ham da sagdan bu noqte gun limitlor sifirdir. Bu sinqulyar
funksiyadir. Sonralar riyaziyyat¢ilar bu funksiyanin asasinda timumilosmis funksiyalar
nazariyyasini yaratmuslar [16, 32, 92, 118, 124, 125].

Indi riyaziyyatda bu funksiyanin rolu ¢ox miihiimdur. Belo ki, verilmis xatti adi vo
ya xususi téromoli tonliyin fundamental holli elo funksiyadir ki, bu funksiyani tonlikdo
yazdiqda bu tonliyin sag torafindo Dirakin delta funksiyas: alinmis olur. Burada adi
diferensial tonlikdo birdlglll, xususi toramali tonlikdo isa ¢oxOlcill delta funksiya
alimmus olur [64, 99, 101, 122].

Qeyd edok ki, delta funksiya integrallanan vo inteqrallanmayan funksiyalarin
sorhoddinds yerlosir. Belo ki, inteqrallanan funksiyalarin inteqralinin naticasi kasilmoz
funksiya oldugu halda, Dirakin delta funksiyasinin inteqrali Xevisayd funksiyasi
oldugundan bu integral kasilon funksiyadir.

Biz bilirik ki, tdromo amoli funksiyanin yaxsi xassasinin gostaricisidir, amma Dirak
funksiyasi kosilon funksiyanin toramasidir.

Digar torofdon Dirak funksiyasinin [43, 71].

f(X)S(x—1) = f(O)5(x-1), (0.7)

Xassasi onun inteqrali agmaq xassasinin olmasina dalalot edir. Bels ki, [20, 21]

11



T f(X)S(x —t)dx = i f()S(x —t)dx = f (t)ia(x “t)dx = f(t), (0.8)

Qeyd edok ki, cox zaman fundamental hollin qurulmasinda bu funksiyanin ikinci
torifindon istifados edilir [17, 18, 45, 73, 74].
ogor
lu=f, xeDcR", (0.9)

tonliyi verilmisdirse, onda onun hallini

u(x) = [G(x-&)f ()¢, (0.10)

soklinds almag mumkundurss, bu zaman
G(x-¢&), (0.11)
funksiyas1 baxilan tanliyin fundamental halli adlanr.

Dogrudan da

lu = [IG(x=&)f (£)dé = [S(x=&)F (E)dE = [ f () (x—&)dé =

= f(x)jo“(x—g)dg: f(x)-1= f(x), (0.12)

olur.

Cox zaman D =R" gotlrilarak fundamental hall biitiin fozada qurulmus olur [26].

Qeyd edok ki, sarhad mosalasi hall etdikdo gqosma tonliyin fundamental hallindan
istifado etmok lazim golir [25, 49, 58, 61, 78, 79, 86, 91, 111, 115]. Cox az hallarda
tonlik 0zU-6zlina qosma oldugda vo ya buna yaxin oldugda baxilan tanliyin fundamental
hallindan istifads edils bilir [48, 91].

Kasr tortib téromoali diferensial tonlikloro goldikds iso deys bilarik ki, bu cir
tonliklarin fundamental halli ilo biz masgul olmaga baslamisiq [1, 4, 6-11, 34, 42, 80,
104-106]. Bu sopgida islor avvalco adi xatti sabit omsalli diferensial tonliklor tgln, sonra

ISo Xatti sabit omsall1 xiisusi toramoali diferensial tanliklor ti¢lin aparilmisdir.

12



Burada osas Usul faktorizasiya Gsuludur ki, bu Usulun kdmayilo yuksok tortibli

tonliyin fundamental hallindan kigik tortib (kasr tartibli) tonliklorin fundamental hallori

ucln analitik ifadalor alinmusdir [1, 4, 6-11, 34, 42, 80, 104-106].

Yuxarida geyd olundu ki, Dirakin delta funksiyasimin inteqrali kosilon Xevisayd

funksiyasidir. Yoni kasilon Xevisayd funksiyasinin téromasi Dirakin delta funksiyasidir.

o'(t) =€'(t) =o5(t),
Ona gors da
y'(x) =0,
Vo ya
y'(x) = f(x),
tonliklarinin fundamental halli Xevisayd funksiyasi olur.
Y (x) =0(x),

Y'(x)=DY (x) = D;(D;Y(X)J =0'(x) =0(x),

oldugundan

1

D2Y (x) = Z(x),

gobul etsak, bu Z(x) funksiyasi

1

D2Z(x) = 8(X),

(0.13)

(0.14)

(0.15)

(0.16)

(0.17)

(0.18)

(0.19)

tonliyinin halli olar. Bu o demokdir ki, (0.18) funksiyasi % tortibli adi diferensial

tonliyin fundamental halli olar. Bu funksiyani (0.16) va (0.18)-dan istifads etmokls va %

tortib téromonin Riman-Liuvill torifindan istifado etmoklo hesablayaq [117]:

1

Z(x) = D2Y(x) D249(x)_ j (x= t) o(t)dt =

o (- 5)-

13



X
1 1 1

1
2

Cod p(x-t) 2 od (x-1?2 _dx2 X
_—&j—l d(X—t)——& 1 11 (0.20)
o (=) 5! U
2 2" o 2 2
Belolikla % tortibli
1
D2Z(x) = g(x), (0.21)
tonliyinin fundamental hallini (0.20) soklinds almis olurug.
Bir daha geyd edak Ki,
D2z =D X = X _ st (0.22)
N 1 e |
%

-1

Bir ¢ox riyaziyyatcilar -1 sifir gobul edirlor. Bozilori sOyloyir ki, sabitin

(—1)!

tOromasi sifirdir. Ancaq nazara almaq lazimdir ki, tdromo anlayisi sabito yoX, doyisona
aiddir. Sabiti toromo isarasi daxilino salmaq da olar, toromo isarasi Xaricina ¢ixarmaq da
olar. Homginin sabiti inteqral isarasi daxilina salmag da olar, sabiti inteqral isarasi
Xaricina gixarmaq da olar va s.

Cunki,

(o) () Xt
C _(c (O)J —C((O)!] _c(_l)!_ca(x). (0.23)

X—l

)

Bir ¢oxlar1 iso (-1)!=-o oldugunu nozaro alaraq x*-o fikir vermodan 0

goabul edirlar.

Moalumdur ki, faktorialin imumilosmasini veran Eylerin gamma funksiyasi
M(er) = [e 't dt, (0.24)
0
kimi tayin olunur. Buradan da

(D=1 (0) = [e % (0.25)
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oldugu alinir. Belo Ki, t— o oldugda e™ — 0 oldugundan, %—>O olmasindan almir ki,

o otrafinda inteqral kafi godor Kigik olur. Amma t—0 olduqda iso e -1, %—)oo

oldugundan inteqralin noticasi 6zind Int kimi aparir. Ona gors do,

(-Dt=lim Int = —on, (0.26)
oldugundan
1
= 0, (0.27)
alinmis olar. Lakin
: G
lim In x™* = oo, (0.28)
olmas1 daha yiiksok tortibdondir. Dogrudan da, ve >0 (kafi godor kicik) tgiin
—& —&\/ —&-1
jim X —tim O i T i Lo, (0.29)
0 Inx x0(In X)’ x-0 X x—0 X©

Demali ve>0 gun
X% =0(In x). (0.30)
Yani x* funksiyast x —0 oldugda In X -don daha siirotlo sonsuzluga yaxinlastr.
Ona goro do, x*ondan da suratlo sonsuzluga yaxinlasir. Bu deyilonlori vo [117]-doki

ifadani nozara almamaqg mimkin deyil.
Bir daha geyd edak ki,

X1 X1
= = ) = 5(X). (0.31)

Ona g0ra do biz baxdigimiz kasr tortib téromali butln tonliklor tigiin sifr1 tayin
olunma oblastina daxil etmirik.
Bir daha geyd edok ki, &6(x) sinqulyar funksiyasinin moaxsusiyyatinin tortibi

(1-0)-dir, yani
5(x) ~ — (0.32)

leo !
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burada +0-hoaqiqi oxun addimidir. Bu isaradon bazon “Riyazi analiz” kursunda istifado

olunur. Belo ki,

0 = f(x+0)42rf(x—0). (0.33)
Bu isaraloma requlyar funksiyanin torifinds do 6ztnu gostorir. Sinqulyar
1
" (0.34)

funksiyasi inteqrallanmayan oldugu halda §(x) inteqrallanir va integral kosilon Xevisayd
funksiyasini verir.

Dissertasiya isinin “Toartibi musbat olan adi xatti sabit amsall diferensial
tanliklarin fundamental halli” adlanan birinci fosli alt1 hissadan ibaratdir.

Birinci foslin “Tartibi vahiddon kigik olan birhadli diferensial tanliyin
fundamental hsllinin qurulmasi” adlanan birinci hissasinds birinci tortib (0.15)

tonliyinin halli olan (0.16)-dan (0.17) faktorizasiyasinin komayi ilo (0.19) tonliyinin

hallinin (0.18) soklindo oldugu gostarilir. Sonra isa % tortibli adi diferensial tonliyin

fundamental halli tgiin

t
(,

w N

U, (t) = (0.35)

2 )
3

soklindo ifado alinmisdir. Daha sonra % tortibli adi diferensial tonliyin fundamental

hallinin

- (0.36)

=)

~ s

Uz(t):

~—

oldugu, nohayat « (0,1)- tortibli adi diferensial tonliyin fundamental halli Gigtin
ta—l

Us(t) :W1 (037)

ifadasi alinmis olur. Alinan naticalor asagidaki kimi qeyd edilir:
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Teorem 0.1. Tortibi % vo a<(0,1) olan adi diferensial tanliklorin

Wl
~N|w

fundamental hallori uygun olaraq (0.20), (0.35), (0.36) va (0.37) soklindadir.
Birinci foslin “Tartibi ikidan Kicik (birden bodylk) olan birhadli diferensial
tanliyin fundamental hallinin qurulmasi” adlanan ikinci hissasindo
y"'(x) = £(x), (0.38)
tonliyinin

Y (X) = x0(x), (0.39)

fundamental hallindon istifado etmoklo faktorizasiya tsulu ila g tortibli

8

D5Z(X) = 5(X), (0.40)
tonliyinin hallinin
o3
Z(X) = ?, (041)
.
5
soklinda oldugu, % tortibli
D3T(x) = 5(x), (0.42)
tonliyinin hallinin
o3
T(X) = 1—, (043)
|
3!
oldugunu, 17—1 tortibli
D7V (x) =5(x), (0.44)
tonliyinin hallinin
v=X_, (0.45)
o
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soklinda oldugu, nohayat « € (1, 2) tortibli

D“H(x) = 5(X), (0.46)
tonliyinin hallinin
Xa—l
H(x) = @D (0.47)

kimi oldugu gosterilmisdir.

Teorem 0.2. (0.40), (0.42), (0.44) va (0.46) soklindo olan diizgiin omayan kasr
tortib adi, xotti diferensial tonliyin halli, uygun olaraq (0.41), (0.43), (0.45) va (0.47)
soklindadir.

Birinci faslin “Tartibi «<(n-1, n) olan birhadli adi diferensial tanliyin
fundamental hallinin qurulmasi” adlanan t¢unct hissasinds

Y (%) = f(x), (0.48)
tonliyinin
na

X
Y(X) = T _1)!0(x), (0.49)

fundamental hallindan, faktorizasiya tsulu ils
D“Z(x) = 5(X), (0.50)

tonliyinin halli Ggtn

Xa—l
(a-1)

Z(x)= (0.51)

ifadasini almis olurugq.

Teorem 0.3. Verilmis (0.50) tonliyinds « € (n—-1, n) olarsa, onda onun halli (0.51)
soklindadir.

Birinci foslin “Tartibi vahiddan kicik olub manfi olmayan adi sabit amsalll
xatti diferensial tonliyin fundamental hoallinin qurulmasi” adlanan dordinci
hissasinds

D y(x) - y(x) = f(x), (0.52)

tonliyinin
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Y (x) = €*0(X), (0.53)

fundamental hallindan

D-1= (D% —1)(D% +1), (0.54)

faktorizasiyasinin komayilo

D%Z(x) —Z(x) = 5(x), (0.55)

tonliyinin hallinin

Z(x)=j(x_tl) Eetdt+ x +e*0(x), (0.56)

1
o (- E)! (- E)!

soklinds oldugu gostarilmisdir. Belaliklo asagidaki teoremi aliriq.
Teorem 0.4. Tam toéromali (0.52) tonliyinin fundamental halli (0.53) soklindadir,

burada o(t) - Xevisaydin vahid funksiyasidir.

Teorem 0.5. Sabit omsall1 xatti adi yarimtartibli

D%Z(x) —Z(x)=0(x)

tonliyinin fundamental halli (0.56) vasitasi ilo verilir.
Birinci foslin “Tartibi ikidan kigik olub manfi olmayan adi sabit amsall xatti

diferensial tanliyin fundamental hallinin qurulmasi1” adlanan besinci hissasinds

D?y(x) +aDy(x) +by(x) = f (%), (0.57)
tonliyinin
Y0 == g, (0.58)
a’—-4
fundamental hallindan
3 1 1
(D?+aD +h) = (D2 +./p,D-p,D2 — ¢, /0, )(D? —/p,) = 5(X), (0.59)
faktorizasiyasi vasitaSilo
(0.60)

D2Z(x) + /¢, DZ(X) ~ ,D2Z(X) — 9/, Z(X) = 5(X),

tonliyinin hallinin
19



1

I(x ) 2 g = t)ze"’ltdt ﬂ[ewa(x)—ewa(x)], (0.61)

Z
%)= \/a —4b (_7)| \/a —4b (_7)| va?-4b

oldugu gostorilmisdir. Burada x>0, a Vo b verilmis hagiqi sabitlor, D = di

X
_—a+(-)"va’-4b

O = 2

k=12 (0.62)

0(t) - Xevisaydin vahid funksiyasi, §(x)—Dirakin delta funksiyasidir.
Burada x>0 @obul olundugundan &(x)=0 oldugu iigiin (0.60) tonliyinin sag

torofinin sifir oldugu géstorilmisdir. Ikinci tisul iso (0.57)-nin fundamental halli olan

(0.58)-do eksponensial ifadalarin siralarindan istifado etmokla

0 kkl

Y()=0002 k,Z%mcol“m, (0.63)
Vo
1
0 _5 © k k-1
Z(x) =Z X 1 Z(ﬂ?(ol“m \/(P_zz kIZgoz o™, x>0, (0.64)
L (K — 7)|m 0

oldugu gostarilmisdir. Bels ki, (0.64) ifadasi (0.60)-1n hallidir.

Teorem 0.6. Ikitortibli, xatti, sabit omsall1 (0.57) tenliyinin fundamental hallindan

(0.59) soklinds faktorizasiya olunmus g tortibli (0.60) tonliyinin halli (0.61) kimidir.

Nohayat, birinci faslin “Hadlarindaki téramalarin tartibi (Umumiyyatlo kasr
tartib tdramalarin tartibi) n-dan (ne N) kigik olub manfi olmayan adi sabit amsalh
xatti diferensial tanliyin fundamental hallinin qurulmasi” adlanan axirinci hissasinds

D"y(x)-y(x) = f(x), x>0, (0.65)
tonliyinin

Y (x) = Z( 1)k W—nkewe(x) (0.66)

fundamental hallindan
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1 3 1
D“—lz(D 24D +D 2 +-- +1](D2—1J, (0.67)
faktorizasiyasinin komayi ilo

Zzn Dn_ZZ(x) = 5(x), (0.68)

tonliyinin hallinin x>0 oldugda

1

n+kWnk) h ot (X_t)_z _ n _ n+kW(nYk) DX
Z(X) = Z( D™= !e (_;)! dt é( e (0.69)

oldugu gostorilmisdir.

27Ki

Burada D=%, po=e", k=1, n, W™ jlog W determinantmmn n-ci satir ils,

k-c1 stitunun kosismosinds duran elementin minoru isara edilmisdir.

e e ... e™ 1 1 .. 1
W = pe” P . pe™ _ (%] O, . Py 20
n-1,¢x n-1,@oX n-1.@X n-1 n-1 n-1
S ZE o Py € I B

Teorem 0.7. Operator (0.65) tgiin (0.67) faktorizasiyasindan istifado etmoklo
(0.66) fundamental hallindan (0.68)-in hallinin (0.69) saklinds oldugunu almis olurug.

Dissertasiya isinin “Elliptik tip birinci tartib diferensial tanliyin fundamental
hallindon faktorizasiya dsulu ilo dizgun kasr tartibli diferensial tanliyin
fundamental hallinin alinmas1” adlanan ikinci fosli ¢ hissadon ibaratdir.

Ikinci faslin “Kosi-Riman tanliyinin fundamental hallinden yarimtartibli
elliptik tip tanliyin fundamental hsllini almaq iiciin faktorizasiya iisulu” adlanan
birinci hissasinds

ou(x) i ou(x)

=0, :
OX, OX, (0.70)
tonliyinin
1 1
U= 27 X, +iX, (0.71)

21



fundamental hallindan

(D, +iD,) = (D§ +i\/TD1%)(D§ —iﬁD?), (0.72)
faktorizasiyasinin komayi ilo
(D +iViDZ)V (x) =0, (0.73)
tonliyinin fundamental hallinin
VoL . 1 % =0 )%~k —yfx)
47[(_;)! (x2+ix1)\/(x2+ixl) (\/x +iX, + /% )X —iX, +\/_)
1 1 Wi J
: -~ (0.74)
Zﬂ(—;)!-(x2+ixl) (\/X_z \/Z

d

oldugu gostorilmisdir. Burada i =+/—1, D, = v k=1, 2.

Xk
Teorem 0.8. Yarim tortibli elliptik tip olan (0.73) tonliyinin fundamental halli
(0.74) saklindadir.

Ikinci foslin “Kosi-Riman tanliyinin fundamental hallindan % tortibli elliptik

tip tanliyin fundamental hallinin ahmmas1” adlanan ikinci hisssinds (0.70) tanliyinin
(0.71) fundamental hallindan istifads etmoklo

D, +iD, = (D} —iD?)(D} +iD{ D3 — D?), (0.75)
faktorizasiyasinin komoayi ilo
1 1
DSW (x)—iDZW (x) = 5(x), (0.76)
tonliyinin hallinin analitik ifadasi asagidaki kimi alinmisdir.
1 1 Em (Jx_z X, — &+l —&))°|
(-2 3(x, —&, +i(x —&)° LG & —i( —&) |

1 R X, + %/Xz S+i(x—-&) =« 1
= t 6 B
\/§|:arcg i/xz §2+i(X1_§1) G:H_'_Z%/X»; (X2_§2+i(xl_§l))}
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1
3

_LX . X, 1 i X 3 (xz—t)% dt L1 xz’% X1(xl—r)7% dr ~
27 (_ )I( )|§z+'51 27[( 1)!0 (_;)! t-&-igf 2”(_1)!0 (_1)! & +i(z-&)f

3
S T R (U R S 1 e )il
7% (_é)! 0 (_;)! [t—§2+i(r—§l)]3 ﬂ(_i)! \/(X1 &-i(x,-&))° 6 ‘ & +i(x, - &,) ‘

(arctgz\/_Jr‘/X —& - '(Xz 52)_2}
BT B -gi00 -4 23/x* J(x—;z (4~ &,)° (0.77)

Sonra isa bu hissads Kosi-Riman tonliyinin x, istigamatinds fundamental hallindan

istifada etmoklo (0.76) tonliyinin hallinin

Weo=>- —( )s (0.78)
-
3

soklinds oldugu gostorilmisdir.
Teorem 0.12: Birinci tortib elliptik tip olan (0.70) Kosi-Riman tanliyinin (0.71)

fundamental hollindon (0.75) faktorizasiyasinin komayi ilo % tortibli elliptik tip olan
(0.76) tonliyinin fundamental halli (0.77) soklindadir.
Nohayat, ikinci foslin “Iki 6l¢iilii, xatti % tortibli elliptik tip diferensial tanliyin

fundamental hallinin Kosi-Riman tanliyinin fundamental hsllindon ahnmasi1”

adlanan axirinct hissasinda (0.70) tonliyinin (0.71) fundamental hallindan istifads

etmaklo
2 11 2 1 1
(D, +iD, ) = (D¢ +iDD} — D?)(D} —iD?) = 5(x), (0.79)
faktorizasiyasinin komayi ilo
2 1 1 2
D3V (x)+iDZD3V (x) — D3V (x) = 5(x), (0.80)

tonliyinin hallinin
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V(%) = (03 DA () = — { 1 E.n Qi —3%)° |

27[(_:13)! (%, +1ix) &/%, +ix, X,

arct92 \/—+,/x +iX, 1 1 y
NG V3:3/x, +ix, 6 (x +|x1) \/— 27[( , 3(x, — %, )3f% — i,

y 1 (%/xl—ix2 —3\/x_1)1 23\/Z+3,/x1—ix2 ENEEET
lzln i ++/3(arctg N 6) TR (0.81)

soklinds oldugu gostorilmisdir.

Teorem 0.13. Iki dlgiilii, xotti % tortib ellitik tip olan tonliyin fundamental halli

(0.81) soklindadir.

Dissertasiya isinin “Iki ol¢iilii Laplas tanliyinin fundamental hallindan

faktorizasiya usulu ila kasr taribli tanliyin fundamental hsllinin alinmas1” adlanan

axirinci fasli do U¢ hissadon ibaratdir.

Uclincti foslin “Faktorizasiya iisulunu tatbig etmoklo iki olculi Laplas

tanliyinin fundamental hallindan g tortibli tanliyin fundamental hallinin alnmasi1”

adlanan birinci hissasindo

U(x) , 3K

AU (X) = =0, :
(x) = o P (0.82)
tonliyinin
U=, M=, (0.83)
T
fundamental hallindan
1 108 11 3
D? + D} = (D2 ++/iDZ)(D? —+/iD,D? +iD2D, —i+/iD2), (0.84)
Vo ya
3 11 31 1
D? + D? = (D? —+/iD,D2 +iDZD, —iiD2)(D? ++/iD?), (0.85)

faktorizasiyalarinin komayi ilo
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3 1 1 3
D2V (X) —iD,D2V (X) +iD2DYV (x) —iiD2V (X) = 5(X),
tonliyinin hallinin

[l meml] 1 W
V(><)—1)I‘X2 nk {mm ix r,/xz—inln‘ —ix,

27 (=)
77(2

2

1 |n‘(\/X1_iX2_\/;1)Z‘—

N ‘ —ix,

+\/{xlélnx 1[ ! In}(“xﬁi)&\/;l)z

2 f
2 \/Xl + IX2 IX2 ‘

 — |
| —

soklinds oldugu gostorilmisdir.

(0.86)

(0.87)

Teorem 0.14. Verilmis iki 0l¢iilii Laplas tonliyini (0.85) soklindo faktorizasiya

etmoklo, alinan (0.86) tonliyinin halli (0.87) soklindadir.

Uclincii foslin “Faktorizasiya iisulu ils iki 6lculU Laplas tanliyinin fundamental

hallindan % tartibli tanliyin fundamental hallinin almmas1” adlanan ikinci hissasinda

(0.82) tonliyinin (0.83) fundamental hallindan

2 2 4 2 2 4
D; + D =(D§ +D?#)(D; - D?D; +Dp),
Vo ya
2 2 4 2 2

4
D; + D =(Df - DD} +D?)(D; + D7),

faktorizasiyalarinin komayi ilo

2 2 4

D§v (x)-DED3V (x) + DV (x) = 5(X),

tonliyinin hallinin

- 3 ix. —3/x. )° 2.3 3 i
21(- )1 (X, +ix,) X, 3.3/, +ix,

1 1 1. @fx, —ix, —3/x,)° 2-3x, +3/x, —ix, x
—s————|>n _ —+/3] arctg L2
23/(x, —ix,)?| 2 —ix, V3-3[x, —ix, 6

(0.88)

(0.89)

(0.90)

25



2 3/x, +ix, —3/x; )3
—|—x13lnx2— 1 1| R —2 /%) —
2 3/(x, +ix,)? X,

— /3] arctg %/_+W __r (X_IX \/—
\/_31/x + X, 6 21/(x —ix,)? —ix,

o5 1]

t
arcg \/_i/x1 iX,

soklindo oldugu gostorilmisdir.

Teorem 0.15. Téromasinin tortibi % olan, bircinsli (bltin hadlorda téromolarin

tortibi eynidir) sabit omsall1 xiisusi toromali (0.90) tonliyinin halli (0.91) soklindadir.

Nohayat, tglincl faslin “Faktorizasiya iisulu ilo iki 6lculi Laplas tanliyinin

fundamental hallindan % addim ilo % tartib xususi téramsli tanliyin fundamental

hallinin alinmas1” adlanan axirinci hissasinda (0.82) tanliyinin (0.83) fundamental

hallindan

5 4 1 2 2 1 4 5 1 1

DZ+ D2 = (D} —iD2D? - D,D? +iD2D, + D3D? —iD?)(D? +iD?), (0.92)

faktorizasiyasinin komoayi ilo

4 1 2 2 1 4

D3Z(x) iD3DZ(x) - D,DEZ(x)+iDD, Z(x)+D3D3Z(x)—|D3Z(x) o(x), (0.93)

tonliyinin hallinin

1 g 1 ‘(3,/x2+ix1—§/x_2)3‘ \/_+ X, +iX,
Z(x)——)l{x2 In x, 4{m[m : +2J§[arctg Ry 6

| ix, |

1 ‘(lexz—ixl—%)g‘ 3[x, +3/%, —ix,
(In‘ “ix ‘+2\/§(arct9 3.2 ,—X i 6}}]

- *% i 1 (3'\/ X+ ixz — 3’\/ X1 )3
+1X; 3N X, ——| ——————| In
4| 3/%x, +ix,

X,
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. 1 —_ i —_ 3
+2«/§(arctg 23/ +34 +ix, ZB+ J ! _ [In|(3“ %~k ~3/%) +
X, —iX,

V3-3/x +ix, 6 | —ix,

+ 2\/§[arctg 2 j‘//_?’zgi“ )ill; X, —%D]} (0.94)

soklindo oldugu gostorilmisdir.

Teorem 0.16. Toromasinin tortibi % olan, bircinsli sabit omsalli xiisusi toromoli

(0.93) tonliyinin halli (0.94) soklindadir.
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| Fasil

TORTIBi MUSBOT OLAN ADi XOTTi SABIT OMSALLI DIFERENSIAL
TONLIiKLORIN FUNDAMENTAL HOLLI

1.1. Tartibi vahiddan Kigik olan diferensial tonliyin (birhadli tonlik)

fundamental hallinin qurulmasi

Burada faktorizasiya Usulu ilo birinci tortib diferensial tonliyin fundamental
hollindon vahiddon Kkigik tortib téromoli diferensial tonlik Ugln fundamental hall
qurulacaqdir.

Bilirik ki, fiziklorin toyin etdiklori, Xevisaydin vahid @(t) vo Dirakin &(t)
funksiyas1 sonralar riyaziyyatcilar torafindon gobul olunmusdur [26, 27, 29, 79]. Bu
funksiyalar osasinda S.L. Sobolev torofindon Umumilosmis funksiyalar nazariyyasi,
L. Schwartz tarafindon paylanma (distributions) nozariyyasi yaradilmisdir [124, 125].
Sonralar Umumilosmis funksiyalar ilo bir ¢ox riyaziyyat¢ilar moggul olmusdur [16, 27,
30, 32, 61, 72, 118].

Molumdur ki, adi diferensial tonliklor Gctn fundamental holl dedikdo “asili
olmayan hollor” basa dusiiliir [55, 65]. Umumiyyatlo fundamental holl dedikda tonlik
tclin alinmus holli yerino yazdiqda tenliyin sag torofi Dirakin &(t) - funksiyasini
vermolidir [17, 18, 25, 61, 73, 74, 108]. Burada kasr tortib toromo tgtin Riman-Liuvill
torifindon istifads edilorak, kasr tortib bazi diferensial tonliklor ti¢iin fundamental hallors
baxilmigdir. Bu masalalarlo homginin [48, 49, 58, 111]-do mosgul olmuslar.

Moalumdur ki, Xevisaydin vahid funksiyasi [91]
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1, t>0,

o) =1 0

©=13 =0 (1.1.1)
\0, t <0,

soklindadir. Onun tOromosi isa Dirakin delta funksiyasidir [30, 118, 124].
Ogor f(x) funksiyasi [a,b]-do toyin olunmus kosilmaz funksiyadirsa, onda [117]

1 d ¥ fodt

DZ, f(x) = ra_a o oo e (0,1 (1.1.2)
vaya
(x—1t)“
“ f — f (t)dt, 1.1.3
(x) = j Cor 'O (1.1.3)

soklinda toyin olunur. Burada (1.1.2) vo (1.1.3) Riman-Liuvill monada Kkosr tortib
tOromalardir [117].
Indi bazi kasr tortib diferensial tonliklor Giciin fundamental hallari toyin edak.

Rasional %%% Vo ixtiyari Va e(0,1) tortib téromali diferensial tonliklor Ggln

fundamental hollori toyin edok. Bunun Ugln Kasr tortib téromonin Riman-Liuvill

torifindan va Eylerin gamma funksiyasindan istifads edacayik. Bels Ki,

r(t)=[x"e”dx, t>0, TI'-Qamma funksiyadir. (1.1.4)
0

Rasional = tartlbtoramall tonlik G¢lin fundamental hall tapaq. Malumdur ki, birinci
tortib téromoali diferensial tonliyin fundamental halli Xevisayd funksiyasidir, yani
DO(t) = 5(t),

Vo ya

1 1

D2(D26(t)) = &(t).
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1

1 1
Ogor D20(t) =U,(t) oldugunu qobul etsok, onda D2U,(t)=0o(t) olar. Bu zaman

t

Ul(t):ng(t):dtI( (T) o(r)dz _dij‘(t—f)_zdr_ i(’f—r)E _i(t)E t?2

o dt Cdt Oy b

Demali,

=

2

t
U,(t)=—. (1.1.5)
()
Indi % tortib téromali tonlik t¢iin fundamental hall tapag. Bunun tg¢in
12 2 1
DO(t) =D*(D%6(t)) = (t) oldugunu bilarok D34(t) =U, (t) gabul etsok D3U, (t) = 5(t)
tonliyini almis olariq. Buradan da
, 2 1 12
= d (- d(t-7° _d@® t°
U,(t) = D36(t) = dr - =
() ®= -[ () -([ -2 dt ¢y Tdt &
=0
Vo ya
2
{3
U, =5 (116)

3

Eyni gqayda ils % tortib téromali tonlik t¢iin fundamental hall tapaqg:

3 4 4
DO(t)=D7(D76(t)) =5(t). Burada D7O(t)=U,(t) oldugunu qobul etsok, onda
3

D7U,(t) = &(t) alinmus olar ki, buradan da

4 4 3t 3

U,(t) = D76’(t)— J‘ : ( )dz = J‘ z') ’ _EM _4d@®"_ ;[

4
7

-2y dt & ot o

; )"

4
7
=0

Vo ya
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~

7

t
U3(t) = ( 4

(1.1.7)

AN |
7

~

Nohayat, o €(0,1)- tortib tdramali tonlik t¢tin fundamental hall tapag.

D4(t) = D*(D"“8(t)) = 4(t) DU, (t) =4(t),

i t—7)*? (t )t _d(t- r)"‘ d ) t**
u,(t)=D" Q(t)__I( o ~——O(r)dr = I 7 G @ Tt @ @l

=0
Voya
ta—l
U4(t) = m. (118)

Belaliklo, rasional % % ; Vo a (0, 1) -tortib téromoli diferensial tonliklor tgtin

fundamental hallori almis oldugq.

Teorem 1.1.1. Tortibi ; Vo ae(0,1) olan adi diferensial tonliklorin

N |-
Wl

fundamental hallori uygun olaraq (1.1.5), (1.1.6), (1.1.7) vo (1.1.8) soklindadir.

1.2. Tartibi ikidon Kigik (birdan boyuk) olan diferensial tanliyin (birhadli
tonlik) fundamental hallinin qurulmasi

Malumdur ki, ikinci tortib adi xatti diferensial tonlik ti¢tin fundamental hall

Y (x) = x6(x), (1.21)
funksiyasidir. Dogrudan da
Y'(x) = (x0(x))" = O(x) + x5(x) = O(X). (1.2.2)
Burada
0'(x) =€'(x) = 5(x), Vo x5(x) =0, (1.2.3)
xassalori dogru oldugundan
Y'(x) = 6'(x) =6(x) (1.2.4)
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oldugunu aliriq. Demali
DY (x) = 5(x).

Asagidaki kimi faktorizasiya aparaq:
8 2
D* =D*(D"),
8

2
Yani DsY(x)=2(x) olarsa, D°Z(x)=45(x) olar.

Onda x>0 olarsa,
= _d F(x—t1) _d F(x-t) s
Z(x)=D (xH(x))_&_([ 2. tH(t)dt—&o 2.
(—g)- (—g)-

2

Burada x—t =7 avozlomasini aparag. Onda,

2
2 3

Z(x)——j—( —n)dn———j(xn —7®)dn =
_fl — )
(=) (5).
§X §X 8 8
_ Lo dyxpt mep 1 dixt o XE
2, dx| 3 8 2,,dx| 3 8 |
— )\ — — — )l = -
( 5)' 5 0 5l ( 5)' 5 5

1 d25x5 25 8 ¢  5x°
=X .
5

e T T ]

Demali

3 3

Z(x)=35X; X

o
onda,

: : xg : xE x*

D5Z(x) = D5D§—I— D5 z, - = 5(x).
5

Indi iso D?-ni asagidaki sokildo faktorizo edok.

tdt.

(1.2.5)

(1.2.6)

(1.2.7)

(1.2.8)

(1.2.9)

(1.2.10)
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4 2
D?=D3(D?), (1.2.11)

2 4
Burada D3Y(x)=T(x) olarsa, onda D3T(x)=6(x) olacag. Buradan da x>0 Uglin

2 2

T(¥) = D3 (xA(x) = | =Y ° oyt = 4 | &= %t (1.2.12)
dx g (_E)! X% (_E)!
3 3
olacaq.
Bu ifadodo x-t=¢& ovoz etsok alariq.
df-¢&3 :
T()=—[—5—(x~ f)df———f(X§ e -
-2y (-2
3 3
_1odixe| g |1 odix® xP
2, dx| 1 4 2,,dx| 1 4|
— )1 - _ | | = _
( 3)' 3 i 3l ( 3)' 3 3
1 dox3 9 4 1 3x°
_ g _ = _ 1.2.13
a2y N
3 3 3
Yani,
T=2 - X _XT (1.2.14)
(_g)! 1(_3)! 1
37 33" 3
Buradan da,
1 2
3 6 ﬁz %_X3=X_l: 1.2.1
D3T(x)=D DL D (_g)! = 5(X). (1.2.15)
3 3
oldugunu almis olurug.
Analoji gayda ilo D? tigiin asagidaki sokilda faktorizasiya aparaqg.
11 3
(D7 (1.2.16)

D?=D7 (D7),

3 11

Ogar DY (x) =V (x) olarsa, onda D7V (x)=5(x) olacaq. Bu ifadedon x>0 olarsa,
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V() = D7 (x0(X)) = %j =y Lttt - %f%tdt (1.2.17)
0o (=)l 0o (=)
(=)t =)t

almis olurugq.
Sadolik tiglin burada x-t =0 ovoaz edok. Onda asagidaki ifadoni alariq.

_dr-0o _ ZLiX 7 _ 57 —
V()= I(_3). (x-o)do (_3),dx-[(xg o’)do
7" 77
4| ul uoou
1 dixo’ o’ | 1 d|x" x"|_
T 3.dx| 4 1 3.,dx| 4 11|
) | _ — N | _ —
( 7)' 7 oo 7 looo ( 7)' 7
u , 4
_ 13 di4fiX4 _ 493 .%w:_”; (1.2.18)
Oy X 44(= )1 4(=2)1
( 7) ( 7) ( 7)
Yani,
4 4
V=X XL (1.2.19)
a3y 4
77
soklindadir.
Onda
4 3
u ST AT g
D’V(x)=D’D-— =D’ = =5(x). (1.2.20)
4, (_§)! (-1!
7 7

soklinds alariq.
Indiiso ae(l 2) sorti daxilindo D? iigiin asagidak: sokildo faktorizasiya aparaq.

D? =D*(D%“), (1.2.21)
9gar DY (x) = H(x) olarsa, onda D“H(x)=5(x) olacag. Sonuncu ifadodo x>0

olarsa,
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H (x) = D>* (x6(x)) :% | %t@(t)dt:%j%tdt (1.2.22)

almis olurugq.

Burada x—t =y ovoazlomasi apararaq asagidaki ifadoni alariq.

0{—

d 0
=d_-[ 2)|( —y)dy =

I( p -yt dy =

(c 2)'d
lXm//| l//“x_lixa_ﬁ_
T(@-dk| a-1|, al| | (@-2ldla-1 a]
__1 {“X“l_“x“} 1 x= _ x7 (1.2.23)
(-2 a-1 o (-2 (-1 (a-D)
Yani,
H( )—(a D (1.2.24)
kimidir. Onda,
Y o a-1 o Xa—Z B X—l B
D“H(x) =D D( i =D (a_z)!_(_l)!_a‘(x). (1.2.25)
soklindadir.

Qeyd olunanlar1 imumilogdirsok asagidaki hokmii alariq.

Teorem 1.2.1. (1.2.6), (1.2.11), (1.2.16) va (1.2.21) soklinds faktorizasiya olunmus
ikinci tortib adi, xatti diferensial tonlik G¢tin fundamental holl, uygun olaraq (1.2.9),
(1.2.14), (1.2.19) vo (1.2.24) soklindadir.
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1.3. Tartibi ae(n-1, n) olan adi diferensial tanliyin (birhadli tanlik)

fundamental hallinin qurulmasi

Burada ne N tortibli adi birhadli tonliyin fundamental hallindon, faktorizasiya

usulu ilo tortibi ae(n-1,n) olan adi birhadli diferensial tonliyin fundamental halli

almacaqdir.

Onun Ggiin avvalca asagidak: tanliys baxag.
y ™ (x) = f(x), (1.3.1)
bu tanliyi integrallayaq:

X

Yy (x) = [ F(E)E+Cy, (1.3.2)

0
burada C, - ixtiyari sabitdir. Aldigimiz (1.3.2) ifadssini yenidon integrallayaq:

X

y("z’(x):jdni f(E)E+C, x+C,. (1.3.3)

Burada inteqrallarin névbasini doayissak, alariq:

Y (x) = !%5 F(&)dE +C,x+C,. (1.3.4)
Bu prosesi davam etdirsak, alariq:
Y (x) = ! (’En_f?)ll f(E)dE+ ngx"‘l‘k. (1.3.5)
Belaliklo (1.3.1) tanliyinin fundamental halli {igiin asagidak: ifadoni almis olurugq:
Y(x) = (nX:)! (%), (1.3.6)

burada 6(x) - Xevisaydin vahid funksiyasidir.
Indi isa (1.3.1) tonliyinin operatoru olan D" — i asagidaki kimi faktorizo edok:
D"Y (x) = D (D™Y (x)) = 5(X), (1.3.7)

burada « € (n-1, n) oldugundan, n—« (0, 1) olur.
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Onda,
Z(x) =D"*Y (x), (1.3.8)
ifadasini hesablayag. Bunun tglin x>0 goabul edib, Riman-Liuvillin kasr tortib téromo
ucln verdiyi ifadadon istifads etmokls aliriq:

Xn—l Xn—l—(n—a) Xafl

_ e _ D« — — ) 1-3.9
200 =D O =D O = T e (@D (1.3.9)
Indi isa (1.3.9)-u nazars almagqla asagidaki téromoni hesablayaq.
a N e Y1 — a+l-nn-1 Xail — a+l-n Xa—n —
D“Z(x) = D“Z(x) = D**"D = o
Xa—n—a—1+n X—l
5(X). (1.3.10)

T (@-n—a-1+n)l (CD!
Axirinci ifadonin alinmasinda [117]-do verilon ifadodan istifads olunmusdur.
Teorem 1.3.1. Verilmis (1.3.1) tonliyinin (1.3.6) fundamental hallindan istifado

edorok, faktorizasiya Usulu ilo ae(n-1, n) tortibli adi birhadli diferensial tonliyin

fundamental halli Ugiin (1.3.9) analitik ifadasi alinmigdir.

1.4. Tortibi vahiddan kicik olub manfi olmayan adi sabit omsalli xatti

diferensial tanliyin fundamental hallinin qurulmasi

Toqdim olunan is adi, sabit omsalli, xatti diferensial tonliyin fundamental hallinin
qurulmasina hasr edilmisdir. Bels ki, tonliyin tortibi birdon kigik, manfi olmayan haqiqi
odaddir. Bunun ugcln faktorizasiya usulundan istifado etmoklo adi, sabit omsalli, xatti
birinci tortib diferensial tonliyin fundamental hallindon adi, sabit omsalli, xatti kasr tortib
toromali diferensial tanliyin fundamental halli alinir. Belo ki, kasr tartibli tanliyin tartibi
vahiddan kigik manfi olmayan haqiqi adaddir.

Moalumdur ki, tortibi tam manfi olmayan ham adi xatti, sabit amsall1 xtsusi toromali

diferensial tonliklarin fundamental hallari yaxsi aragsdirilmigdir. V. Vladimirovun [30]
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kitabinda biitiin bir fosil muxtalif tonliklorin fundamental hallinin qurulmasima hasr
olunmusdur. Bu fundamental hoallor Furye gevirmosinin kémayi ilo qurulur. Hom adi
diferensial tonlik tglin, ham do xususi téramoali diferensial tonlik ii¢lin baxilan sorhad
mosalasinin halli, bu masalo ilo slagadar olan Qrin funksiyasinin qurulmasina gotirilir
[55, 62, 65]. Bizim torafimizdon ham adi, birhadli, tromasinin tartibi diizgiin kasr olan
diferensial tanliyin fundamental halli qurulmusdur [80, 104].
Masalonin qoyulusu: Molumdur Ki,

Dy(x) - y(x) = f(x), (1.4.1)

sabit omsall1, xatti, adi, birinci tortib diferensial tonlikdir. Belo ki,

b O
dx
f (x) —iso verilmis koasilmoz funksiyadir.
Onda (1.4.1)-2 uygun bircins tonlik asagidak: sokildo olar:

dy
—y. 1.4.2

=Y (1.4.2)

Burada dayisonlari ayirsaq

ﬂ:dx,
y

oldugunu alariq. Bu ifadani integrallasaq:
Iny=x+InC,
Vo ya
y(x) = Ce”. (1.4.3)
Indi iso sabitin variasiyas1 iisulunu totbiq etmoklo bircins olmayan (1.4.1)
tonliyinin Gmumi hallini
y(x) =C(x)e*, (1.4.4)

soklinds axtaracagiq. Bunu diferensiallayaq:

y'(x) =C'(x)e* + C(x)e”.

Alman ifadani (1.4.4) ilo birlikds (1.4.1)-ds yazmaqla alariq:
C'(x)e* +C(x)e* —C(x)e* = f (x),
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Vo ya
C'(x)=e7"f(x),

inteqrallasaq alariq:
C(x)=C +fe¢ f(&)de,
0
Vo (1.4.4)-don alariq:
Y(x) = Ce* + [ £ (&)de, (1.4.5)
0

Verilmis (1.4.1) tonliyinin Gdmumi halli tigiin aldigimiz (1.4.5) ifadesindon gorundr
ki, (1.4.1)-in fundamental halli
Y (x) = €*0(X), (1.4.6)
funksiyasidir. Burada 6(t) — Xevisaydin vahid funksiyasidir. Belo Ki,

t>0,

1
olt) = % t=0, (1.4.7)
0

Verilmis (1.4.1) tonliyinin diferensial operatoru olan (D -1) -i asagidaki kimi

faktorizasiya edok:

1 1

D-1=(D2 -1)(D? +1). (1.4.8)
Onda,
(D% —1)(D% +DY (x) = 5(X), (1.4.9)

oldugu alinir. Burada §(x) — Dirakin delta funksiyasidir.
Asagidaki isaralomani gobul edok:

1 1

Z(x) =(D? +1)Y (x) = D2Y (X) + Y (X), (1.4.10)
onda (1.4.9)-dan alariq:

1

D2Z(x)—Z(x) = 5(X). (1.4.11)
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Indi iso (1.4.6)-m1 nazors almagla (1.4.10) vasitesilo Z(x) funksiyasmi hesablayaq.
x>0 olarsa,

Z(x)= D% (e*0(x)) +e*0(x) = Ii D(e*0(x)) +e*6(x) = Ii (€*0(x) +e*5(x)) +e*0(x) =

1

j (=9 % t) to(t)dt + jweé(t)+exa(x) j (x= t) etdlt + X_lz e OX);
oy -y e
Z(x)zf(x‘t)_ze‘du x 2 +e0(x). (1.4.12)

1 1
o (- E)! (- E)!

Aldigimiz (1.4.12) ifadasini x >0 sorti daxilinds (1.4.11)-do yazmagq]la alariq:

D2Z(x)— Z(x) = D j&e gt + D2 X

1

+D2(e*0(X)) —

N |-

1 1
(- E)! (- E)!
_J.(X t) I tdt_ X_:f | XH(X)— .[(X T) d J.(T :3 tdt+
o (- *) (- 2) 2) o (- o)
(x- T) X=7) " (x- t) X_% XA(vy
x 9 (r)dr — J' —e*9(x) =
( 1)| dx .[ 1 S 1 1
2)! ( )' ( 2)'
—:XQ ‘dt!(x T). ("tl)lz dr+5(x)+&£—e( ?'2 dz—
(- *) (- E)' (- 2)-
I(X‘tl) e'dt - X_lz _e"0(x). (1.4.13)
o (= E)! (= E)I

Burada alinan ikiqat inteqralin daxili inteqralinda x—z=n(x-t) avazlomasini

aparsaq z=x-n(x—t), r—t=(x—t)(1-7)oldugundan (1.4.13)-do olan inteqral asagidaki
soklo diisar:
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J-(x 7). 2(T t) 2d _ J-77 2(X t) 2(X . 2(1 n) 2(x—t)d77=

e e T ) -2
- 11 -[n 2@-n) 2dn. (1.4.14)
)
Moalumdur ki,
B(z, W) = j X (1— x)*idx = LATW) _ 2 =Hiw=1)! (1.4.15)

I'(z+w) (z+w-1)!

Onda (1.4.15)-0 asason (1.4.14)-don alariq:

1
-1
1-n)? dn=

X 1 (_ )Ii|
(X‘T) : - t) zjn L 2[ 211 (1416)
L) (——)' {(_.} o {(_1).} o
2 2 27"

Bununla da (1.4.16) ifadasini (1.4.13)-do yazmagqla aliriq:

N

N I R TR e G R o I SN

D?Z(x) Z(x)—dxle dr+5(X) dx!e d 1 ! 1 eldt 1 e*9(x) =
2 2" 2

:ex+5(x)_i M J'(X 7)2 dr Iwetdt_x__z_em(x)z
dx 1 1 0 (- Ly Ly
2 |5 2 2 2

— 5 + X12 +I(X_Tl)2 err—X(X_tl)ze‘dt— Xlz = 5(x). (1.4.17)
(_E)! 0 (_E)! 0 (_E)! (—E)!

Belaliklo (1.4.11) tonliyinin hallinin (1.4.12) soklinds alindigini gordiik.
Teorem 1.4.1. Moalumdur ki, tam toromali (1.4.1) tonliyinin fundamental halli

(1.4.6) soklindadir, burada o(t) - Xevisaydin vahid funksiyasidir.

1
Teorem 1.4.2. Sabit omsalli xotti adi yarimtortibli D2Z(x)-Z(x)=46(x) tonliyinin

fundamental halli (1.4.12) vasitasilo verilir.
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1.5. Tartibi ikidan kicik olub moanfi olmayan adi sabit omsalli xatti diferensial

tanliyin fundamental hallinin qurulmasi

Burada téromasinin tortibi ikidon Kicgik olan kasr tortibli adi sabit omsalli Xatti
diferensial tonliyin fundamental hallinin qurulmasindan bahs edilocokdir. Bels Ki, ikinci
tortib tam toromoli sabit omsalli xotti adi diferensial tonliyin fundamental hallindan,
faktorizasiya Usulu ilo kasr tortib téromoli, adi diferensial tonliyin fundamental halli
almacaqdir. Ikinci tortib tam toromoli, sabit omsalli adi xotti diferensial tonliyin
fundamental halli Eyler Usulu ilo qurulacaqdir. Burada fundamental holl dedikdo asili
olmayan hallar deyil, elo hall basa disiiliir ki, bu halli tonlikds yazdigda Dirakin delta
funksiyasi1 alinmis olsun.

Toqdim olunan isdo ikinci tortib sabit omsalli xotti adi diferensial tonliyin
fundamental hollindon faktorizasiya tsulu ilo tdromasinin tartibi ikidon Kigik olan kasr
tortibli adi xatti sabit omsall1 tonliyin fundamental holli alinacaqdir.

Masalanin qoyulusu: Asagidaki kimi tanliys baxaq:

D?y(x) +aDy(x) +by(x) = f (x), (1.5.1)

burada D = % a, b —verilmis sabit odadlor, f(x)isa verilmis kasilmaz funksiyadir.

Bu tonliyin fundamental hallini qurmaq tg¢tin avvalca onun bircins halina baxaq:
y’(x) +ay'(x) +by(x) =0, (1.5.2)
Bu tonliyin xususi hallini Eylerin toqdim etdiyi Kimi
y(x) =e”, (1.5.3)
soklindo axtaraq. Burada ¢— ixtiyari sabitdir, bu sabiti toyin etmok Gc¢in (1.5.3)-0,

(1.5.2)-ds yazsaq
e’ +ape” +bee =0,

oldugunu almis olariq ki, buradan da ¢— Ugln
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¢’ +ap+b=0 (1.5.4)

tonliyi alinmis olur. Burada

—atva’-4b
=,
2
oldugundan
2 2
%:—a—vza 4 (pzz——a“; 4 (1.5.5)
alinmis olur. Buradan da
P+, =4,
(1.5.6)
{(Pz ¢ = Vaz —4b,
Ona g0ra do (1.5.2) tanliyinin asili olmayan hallori
Y (x)=e”*, k=12, (1.5.7)
kimi alinmis olur ki, buradan da (1.5.2)-nin Gdmumi halli
2
y(x)=) Cy, (X) (15.8)
kL

burada c, -lar ixtiyari sabitlordir.

Sabiti variasiya Gsulundan istifads edarak, bircins olmayan (1.5.1) tenliyinin hallini

y(¥) =" C, ()Y, (x), (1.5.9)

2
k=1

soklinds axtaracagiq. C, (x)-lari tayin etmok tg¢iin (1.5.9)-u diferensiallayaq:

y'(X) = ch (X) Y (%) =Z C (X ™, (1.5.10)
burada
D Cr()Y (X)) =D Ci(x)e”* =0, (15.11)

oldugu noazors alimmusdir. (1.5.10)-u birds diferensiallayaq:

2 2
y'(x) = D> CL ()™ +> C, (X)pie”™™. (1.5.12)
k=1 k=1
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Indi is2 (1.5.9), (1.5.10) vo (1.5.12)-ni (1.5.1) — do yazmagqla, alariq:
kZi;‘CL(X)(pkem +§CK(X)¢fe‘/’kx +ang(X)¢ke“’“ mgck(x)ew _ £
burada ¢, -larin (1.5.4) tonliyini 6dadiklorini nazars alsaq:
> Cl(dpen" = 100, (15.13)

oldugunu alariq. Indi isa (1.5.11) ilo (1.5.13)-2 sistem kimi baxmagla

2
> Ci(x)e”* =0,
k=1

, (1.5.14)
> Ci()pe™* = f(x),
k=1
alimnmus olur. Buradan da C; (x) — lar tayin olunur.
e(/’lx e(PzX
W(X) = =) (p, —p)=+a’—4be ™ #0, (1.5.15)
Pe”"  p,e”"
olmalidir. Ona gora do,
City=gr] O & [T
[F) ¢, e” W(x)
Cl=—t |& 0] i) (1.5.16)
W) jpe™  f(x)]  W(X)
Buradan da,
(e f(5) e (&)
C,(x)=C, - dé, C,(x)=C, + dé. 1.5.17
100 =Cy - [ 7a O (1.5.17)
Belaliklo (1.5.9)-dan alariq:
2 X e%2 X+¢ & — e X+, &
y(x)=2 C.e”*+ f(5)dS =
2 I W(&)
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1
va?-4b

zz:ckecok X4 j(.[ecoz x+(g+a)é eﬂx‘*’((ﬂz*'a)f]f (f)df —
k=1 0

X e¢72 (X_é) J— e(Pl (X_é)

M

C.e”™*+

f(£)de.
B N

Ona gora do (1.5.1) tonliyinin fundamental halli tgln

=
I

e@ZX _e(/’lx
va’-4b

ifadasi alinmus olur. Burada 6(x) — Xevisaydin vahid funksiyasidir.

Y(X)=

0(x),

(1.5.18)

(1.5.19)

Indi iso (1.5.1) vo ya (1.5.2) tonliklorinin operatoru ii¢iin asagidaki kimi

faktorizasiyaya baxad:

3 1 1

D?+aD+b=(D2+aD+ fD? +)(D? + o) =

3 3 1 1

=D?+0D2 +aD? +aoD + D + foD? +)D? + yo.

Buradan faktorizasiyanin omsallari iigiin asagidaki kimi sistem alinir:

oc+a=0, o=—qa,

ac+ f=a, f=a+a’,
po+y=0, y=aa+a’
yo =D, —aa’-a'*=h.

Axirinct miinasibatdon alariq:

\/—ai\/az—4b
a== .

2

Aldigimiz (1.5.21) ifadasindan o —Ugln dord giymatan birini segok:

a=\/—a+\/a2—4b

2
Onda,

2 2 ’ 2

olacag. Buradan da,

_\/—a+\/a2—4b 0__\/—a+\/a2—4b ﬂ:a+\/a2—4b ,

(1.5.20)

(1.5.21)
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=\ P2 G:_\/(’Tw B=-¢, V= (/)1\/;2 \/— (1.5.23)
Demaoli,
3 1 1
(D?+aD +b)Y (x) = (D? ++/p,D = 9, D2 — [0, ((D? =/, )Y (X) = 5(X). (1.5.24)
Asagidaki kimi isaralomo aparaq:
Z(x) = (D2 — [, )Y (%). (1.5.25)
Onda (1.5.24)-don alariq:
3 1
D2Z(X) +/, DZ(X) - 9 D?Z () — 9./, Z () = 5(x). (1.5.26)

Indi iso (1.5.25) soklinda olan Z(x)-i hesablayaq:

Z(x) = D%Y(x)—\/(p_zY(x): \/ﬁ D%(ewzxe(x))— D;(ewe(x))}%[ewe(x)—ewe(x)]:
7= {';w (p.67"000 + % 5() - e 0(x) - ew(sw)} ‘%[e“’%'(x) —eng(x)]-
. (X t) 22t 9(t)d (X t) 2t9(t)d \/_ 2% nxg
= I —4b_L (_7)| ol ——— 4b_L (_7)' e o(t)dt - _[e (x)-e”6(x)]
Belalikla,
200 =2 [ 9D F gnige - [ ‘) et - J_ [ewzxe(x) o] (15.27)

Ja?—4b g (_1)! \/a —4b (_7). Va® -

ifadasi alinmus olur ki, burada x>0 gabul olunmusdur.

Indi iso Z(x)—in (1.5.26) tonliyini 6dadiyini gostarmaliyik.

, Dj(x 92 T t) g

D2Z(x) ++/p, DZ(X) ~ 9,D?Z(X) — ¢, Z(X) = D{ N
a 0 (- )' 0 (——)'

I(X 0 G )”e%tdt Jo I(X 0 e 0(r)d 7 —
\/a —4b 0 (_7)| 0 (_7)| \/a —4b 0 (_7)|
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0 (_1)] \/3.2—4b 0 (_E)I _\/a2—4b 0 (_E)I

va’ -

(=) a“—4b

2% (02 (x— t) et gt (/’1\/52 (x= t) atgt PP, 2% 0 nxg (1528)
\/a2—4bJ. (_7)| e +\/a2—4bj (_7)l enldt + 2 T [e (x)—e (x)]

Aldigimiz ikiqat inteqrallarda inteqrallama névbasini doyisok:

J'(X 7)2 J'(T t) et J‘efﬂktdt'[(x T) (z - t)2 (1529)
e T ] I .
ifadasinin daxili inteqralinda
X—7=n(x-t) (1.5.30)
ovazlomasini aparag. r=x-n(x-t) oldugundan r-t=(x-t)(1-7) olar. Onda (1.5.29)-
dan alangq:
.[(X Z') d I(T t) e%tdt Ie%tdtjn (X t) 2 (X t) Zg-l 77) 2(X t)dﬂ_
0 (—*)' (—*)' 0 ! (—*)' (—*)'
~[e ‘Mdtjudn _[e“’”dt:ew| B ) (1.5.31)
0 0 [( 7)| 0 P« ‘t:O P

Aldigimiz (1.5.31) ifadasini (1.5.28)-ds yazmagqla, alariq:
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1
L (x—7) 2
(D“J?zD oD col\/co_zJZ(X) D{ O gor O gar_ % p[ =0 % gorrge

2] Py =P P=P| % (_1)!
2

_DI(X—T)_ZerT +(¢2+¢1)\/¢TZDI(X—T)_ZEWM 2010, [ (x= r)

1 e*dr —
0 (— ) D, =P 0 (—)I Po=P o (—)
( 2)- ( 2)- ( )
, 1
2 X _ 2
__ P 7% 0(X) + ?P, e () — PPa_ pox | P, e _(01%\/(72 (x ]t-) et +
P~ b~ A P~ =P % (=)
2
!
/ T2
§02 I(X egoltdt+ ¢1¢2 e(pZXH(X)— ¢1¢2 e@XQ(X)- (1532)
(0 L (_7)| P> — P P> — P

(1.5.32)-ys daxil olan inteqrallar1 asagidaki kimi ¢evirak:

1 1 1 X 1
2 _\2 X _\2
J(X T) e(pkrdz__ Ie(pkrd (X 7'-) —_ eq)kr (X 2-) _¢kj'e(pkr (X 7’-) dT —
1 1 1
0 (_7)| 0 =1 =1 0 =1
2 i 27 |5 2
1 1 1 3 1 sf' 3
2 (X=1)° X2 ooy | (X=7)2 | X2 :(x=1)2 {oor (X=17)2
_ [ SR A - _ P - _ Pk _ Pk —
BT S v Y e v e o Y A
2 2 2 2 2 2" |5 2
1 3 3
X2 o (X—7)% _
1l+gpk 3 +¢kfe §| dzr, k=12. (1.5.33)
2 2 2

(1.5.33) ifadasini (1.5.32)-ds ikigat toromali hadlords yazmagla alariq:

1 3 3 1 3 3
Vo, o 2 % LX) XX  (x=17)?
- DY T+, 5+, | " dz-—-g 5 —¢ | e ———dr|=
P, — P 1! §! '([ 3! 1! 3 't[ E!
2 2 2 2 2 2
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1 1
=_\/¢Tz X12 ¢2\/¢_2Ie¢21 (X T) dr + ¢l\/¢_2j‘e(plr (X T) dr.

(=) P27 P (_7)| P> =P % (_7)|

(1.5.34)

Eyni gayda ilo (1.5.33)-0 (1.5.32)-do olan birgat inteqrallarda yerino yazmagqla,

alariq:

1 1 1 1
+ 2 X(yv_+) 2 2 2 Xy _ 2\ 2
(@roe, | x2 | t(x=0)2 oo | 2030 | X oo 1D % g |

®, 1
_ 1 1 - 1 1
P~ ¢ —2) 0 (=) P =P | (=) 0 (=)
o) G
_1 1
o (0 \/ D> (X_T) 2 e“’”dr + '\/ D5 (X_T) 2 e(plrdz_ —
P>—%P1 O (_i)! P> —P1 o (_1)!
2 2
1
@ X 2 ¢2 \/¢2 (X Z-) e(pzz'dz_+¢l¢2 \/ qDZ (X T) 2 e¢2rdz_
2
(_;)! P> =P % (_7)| Po—P o (_f)l

1
20 Fx=n) ooy 20O J(X r) 2 e(,,ﬂdﬂcof@ S R
1

? =1 (_1)1 ¢~ (_f)u 2R (o

5 X J?zf(x 97 g (lecoZI(x 9% g

-5 Tee (o) 2o ()

Alinan ifadalari (1.5.32)-do yazmaqla asagidaki kimi ifado almis oluruq

1 1

3 1 ) 2 X B
92 2 X 2 Do\ P : (X—=7 2
[DZ+@D—¢1D2—¢1J(ZJZ(x)=— 0= ZEIE%( I
@ﬂ!%‘ﬂo (=)
2

1 _1
\/(72_[9"’” (x= d2'+\/;2 ; \/(’ZIGW x=7) * 4, _

(P 2 (_7)| (_7)| (02 P % (_1)!
2
1
2 X o\ 2 2 2
! \/(p_z ant (X—17) dr—— P2 o0 “O(x) — PuP2 qox P qex
Po=P % (_1)! P, =P 2B P =P
2

(1.5.35)
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2 2
+ 2 PP, e”*9(x) + —2— e a2 X _(p—le‘/’lx =0. (1536)
P, — P P, — P 271

Burada x>0 oldugu gobul edilmisdir. Bu (1.5.36) ifadasi x <0olduqgda da 6danilir.
Indi isa fundamental halda eksponensial ifadalarin yerino siralari ilo avoz etmokla
alinan ifadonin fundamental hall oldugunu gostorok:

e¢’2>‘_e(ﬂlx Z(DZ _Z(pl

Y (x) = O(x) = <= = 6(x) = 0(x) Z("z o XK
0, — @ Q=9 Dy =P k=1 k!
k-2 ok ket
_ (%) Z(coz o)+ g+t g(x)z S gl (1.5.37)
(0 @1 k=1 kl k=1 m 0

Burada x>0 olarsa,

© Xk k-1 o e
Y(X):ZF P, (1.5.38)
k=1 ™+ m=0
1
1 0 X T2 k-l L 0 Xk k-1 1
200 =D ()~ Y (00 =3 =72 0lol " o 2 > elel™ " (1.5.39)
k=1 (k _7)!m:0 m=|
2
olacag. Onda,
0 Xk—2 k-1 1
D*2( + ;D2 ()~ 3D?Z(0 - 1/ 23 - )P I
m=0
3 3
S X RS m+1 k-1-m S X ERS m+ k—1-m S Xk_l < m+l __k-1-m
B e I I D D e BT e B TP s
k=1 (k_i)!m:O k=1 (k_i)!m:O k:l( - )'m:O
2 2
k-1 k-1 5 k 1 = 1
S X - m __k-m S X 2 S m+2 k—m X 2 < m+2 k—m
D e A e I A R NP L I <
k=1 (k _1) m=0 k=1 (k )!m:O k=1 (k )|m:0
0 Xk k-1 1k 0 k-1 1 Xk—l k-1 1 k1
+ ~ m+ m —1-m m+ -1-m
X2 =y Zzl(k 2)'m:o¢’ S S N
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0 X -1 k—1 o o Xk k—1 1 k -1 k—1
Yoy — " =6(x)+ -
T I R I I ¢ Z(k 1)%(” 2o
© X— 0 Xk—l k-1 1 kL 0 Xk—l k-1 © kk 1k
+ m+ m A m+ -m _
DD Syrmer) I A M Srowerd L kz kI Zs% 6
© k— © X -1 © Xk—l k-2 1 k e © k k-1 -
:5(X)+ m+ -~ m+ -m —
Z(k D Jyrsey e S M kz a2
0 Xk—l k—2 1 k o e} Xk k—1 1ok
= S5(x m+ m + A m
M2 G mizs” Ziaz’
5} Xk k-1 ') Xk k—1
=5(X) =D =D oMo "+ D = o™ =5(X).
k=1 kl m=0 k=1 kl m=0
o) X -2 k-1 0 Xk -1 k-2 . . . .
Burada )’ D ore " Vo Y > o™ ifadalorinds k~k+1 Kimi
= (k=2 = (K-

nozoro alinmusdir.
Yuxaridaki fikirlori Gmumilosdirarak asagidaki hokmii alariq.

Teorem 1.5.1. ikitortibli xotti sabit omsall1 (1.5.1) tonliyinin fundamental hallindan

(1.5.24) soklindo faktorizasiya olunmus % tortibli (1.5.26) tonliyinin  halli (1.5.27)

kimidir.

1.6. Hadlarindaki téramalarin tartibi (Umumiyyatlo kasr tartib tdramalarin

tartibi) n -don (neN) kicik olub manfi olmayan adi sabit omsalli Xatti

diferensial tanliyin fundamental hallinin qurulmasi

Togdim olunan is adi sabit amsall1 xatti kasr tortib diferensial tonliyin fundamental
hallinin qurulmasina hasr olunmusdur. Hor bir hadds olan téromanin tortibi monfi
olmayib, n-don (ne N)kigikdir. ©Ovvalco adi sabit omsalli Xatti n tortibli diferensial

tonliya (har hoddo téromasinin tortibi tam monfi olmayan oadad olan) baxilmisdir. Bu
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tonliyin fundamental hollindon faktorizasiya Gsulu ilo adi sabit omsalli xotti kosr tortib
toromoli diferensial tonliyin fundamental halli alinmisdir.

Masalonin qoyulusu: Asagidaki kimi, n tortibli (ne N) adi sabit omsalli Xatti
bircins olmayan diferensial tonliys baxadg:

ly =D"y(x)+a,D""y(x)+a,D"?y(x)+ --- +a,_,Dy(x)+a,y(x) = f(x), (1.6.1)

burada neN={,23, .} a R, k=1n verilmis sabit odadlor, f(x) iso verilmis
kosilmoz funksiyadir, xeR.
Sadolik tiglin asagidaki hala baxaq. a, =0, i=1n-1, a,=-1 Yyani
lLby=D"y(x)-y(x)= f(x), x>0. (1.6.2)
Aldigimiz (1.6.2) tonliyinin operatoru agagidaki kimidir:
l,=D"-1 (1.6.3)

Bu (1.6.3) operatoru {igiin asagidaki kimi faktorizasiya aparaq:
n-t n3 1
D”—lz(D 24D +D 2 4. +1J[D2—1]. (1.6.4)

Owvalca (1.6.2) tgun fundamental halli qurag. Onun Ugiin (1.6.2)-ys uygun olan
bircins tanliys baxaq:

y"(x)-y(x)=0, (1.6.5)
Eyler sxemini tatbiq edarak, (1.6.5)-in xtsusi hallini:
y(x) =e”, (1.6.6)

soklinds axtaraq. Burada ¢-ixtiyari sabitdir. Ogar (1.66)-nm1 (1.65)-do yazsaq, ¢-ixtiyari
sabiti Gglin agagidaki kimi xarakteristik tonliyi almis olurugq:
" —1=0. (1.6.7)
Bu ikihadli tonliyin halli:

27Ki

p.=e", k=1 n, (1.6.8)
soklindadir, burada i =+/~1. Onda bircins (1.6.5) tonliyinin asil1 olmayan hallori {igiin
y, =e?, k=1 n, (1.6.9)
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ifadolori alinmis olur. Aldigimiz xiisusi hollor asili olmadigindan, bu (1.6.5) tanliyinin

umumi halli
y(X) =D_Cry, (x) =D .Cpe™, (1.6.10)
par] =

kimi olar. Ona gora do bircins olmayan (1.6.2) tonliyinin hallini sabiti variasiya tsulunu

totbig etmoklo
y() =3 C, (™, (1.6.11)
k=1

soklinda axtarmaliyiq. Ixtiyari C (x) funksiyalarmi toyin etmok 0glin (1.6.11)-i

diferensiallayaq:

y'(x) =Y C (X ™, > ¢l (x)e™ =0,

k=1 k=1
y'(x) = Y C, (X)oge™”, = |>Cl(Xpe™ =0,

k=1 k=1
y" P (x) = X C(x)p e, > Ci (g™ =0,

k=1 k=1
YO (x) = C, (e + > Cr () e, (1.6.12)
k=1 k=1

Aldigimiz (1.6.12) ila birlikds (1.6.11) ifadasini (1.6.2) tanliyinds yazsaq, alariq:
an;,CL(x)cok“eW +ng(x)¢feW —kzn;ck(x)e'f’kx = f(x),
burada (1.6.7)-ni nazars almagla
> Lol e = £ (16.13)

ifadosi almmus olur. Indi iso asagidaki sistemo baxaq:

Zn:q(x)(pkse“’kx =0, s=0,n-2
k:l (1.6.14)
2. Cepe™ = f(x).

k=1

Alinan (1.6.14) sistemino Kramer usulunu tatbig edok:
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e e ... e™ 1 1 .. 1
weg=| 28T T e e e )y (1.6.15)
P e ol e L. ol e A R
cunki (1.6.8)-don gorinduyd kimi, ¢, — lar muxtslifdir.

Onda (1.6.15) sorti 6danildiyindan (1.6.14)-don alariq:

e(/’lx . e(ﬂkflx 0 e‘ﬂkﬂx . e(”nx
, 1 ¢ e@lx . ¢ ~ e(pkflx 0 ¢ . e(/)k+1x . ¢ne¢’nx
Ck (X) — 1 k-1 k+1 —
W(X)| ..
plre™ o ge™ f() gl L glTe
n+k -
— ( \]/-\)l e—(pka(n,k) f (X), k :1, n, (1616)

burada W™ — ilo (1.6.15) determinantinin n-ci satir ilo, k-c1 siitiinun kosigsmosinda
duran elementin minoru isars edilmisdir.

Aldigimiz (1.6.16)-n1 inteqrallasaq alariq:

(nk) X

C0=C+ ()™ B [e™ 1 (&ds, k=T (L6.17)

Onda (1.6.17)-ni noazora alsaq, (1.6.11)-don bircins olmayan (1.6.2) tenliyinin

Umumi halli ii¢iin alariq:

y(x) = ickewkx +ii(_1)n+kW(nvk)J‘e¢’k(X’§) f (§)d§, (1618)
k=1 W k=1 0
Bununla da (1.6.2) tonliyinin fundamental halli tiiglin asagidaki ifado alinmuis olur:
n w (k)
Y ()= ()" T e Ox). (1.6.19)
k=1

Yuxarida verdiyimiz (1.6.4) faktorizasiyasini nazars alsaq:

1

Z(x) =D2Y (x) =Y (), (1.6.20)
ifadasinin,
Zzn DH_SZ(X) = 5(x), (1.6.21)
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tonliyini 0dadiyini almig oluruq. Bunu gostormok Ugtin avvalca (1.6.19)-u, (1.6.20)-do

yazmagqla alariq:

X n (n,k) n (n,k)
2(x):di [ ; Z( 1)"+kW tot)dt -3 (-1 Y emxg(x) =
_7 =1 k=1
’ 2
1
n WO g % (x—1)2 n W (M
= — —1)"+k — | e”'o(t dt _ kI e g(x) =
é( ) dx! (t) T, ;( )" = (x) =
2
1’ 1
n (n,k) _1)2 X _1)2
=_Z“(_l)n+k Vdei etpktg(t) (Xlt) _J'(Xlt) [¢ke@<t0(t)+e%t5(t)}jt .
- X 1, > 1y
2 t=0 2
ey W g = 3 g W i L o e o) ) |
a W P W 12(_1)! 2 1) ko (_1)!
2 2 2
,E 1
n W(n,k) 2 n W(n,k) n W(n k) X (X t) 2
_ -1 n+k _e(pkxe X n+k_+ -1 n+k e(pktet dt—
2D e 000 = 1k2 Wé()wwkg 071~
(- 2) ( 2)
ey W g 1.6.22
> (D) W e O(x). (1.6.22)
k=1
Nozars alsaq ki, determinatin xassaSina asasan (1.6.15)-do
n (n,k)
D= WT =0, (1.6.23)
k=1
oldugundan, (1.6.22)-dan alariq:
1
(n,k) X (n,k)
Z(x) = Z( e W o Jer (x= t) dt—Z( W e x50, (1.6.24)

N W

Indi gostorak ki, aldigimiz (1.6.24) ifadasi (1.6.21) tonliyini 6dayir. Bunun (igiin

(1.6.24)-0n % addimu ila téramolarini hesablayaq:
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ZZ(X)_ J.(X Z—) dZ_Z( 1)n+kW(n X J.(T t) :pktdt

(-2 o ()
2
—Z(_Dmk W\;\;'k) %E (X(:?)I; e dr; (1.6.25)
D

Asanligla goriiniir ki, oagar (1.6.25)-do olan ikigat inteqralin daxili inteqralinda
Xx—7=n(x-t), avazlomasini aparsaq, r=x-n(x-t), r—-t=(x-t)1-7), dr=—(x-t)dzn

oldugundan, alarq:

1 1 1

(X t) 2 (x=t) (1 7) 2

,E
2

= 0 e t)zd -- (x-t)dy =
t (—f)' (—f)' 1 (—5)! (‘E)!
101 1 1 ‘:(_2)!}
[n2@-n) 2dn= -1 (1.6.26)

_ 1
1. 7% 1.0 o
i =

Qeyd edok Ki, (1.6.26)-nin alinmasinda Eylerin Beta funksiyasinin asagidaki kimi

hesablanmasi nozora alinmisdir:

rorw)  (z-nt(w-1!

T(z+w)  (z+w-1 ' (16.27)

B(z,w) = Jl. X"TL—-x)""dx =

Onda (1.6.26)-n1 nazars almagla (1.6.25) asagidaki soklo diisor:

W(n k) PX n+k W mk d (m(r (X T)
TR +Z<1> T j d, 1,

2

D2Z(x) = Zn:(—l)”*"
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N

(n,k) n,k) _ 2

— ( 1)n+k WW ¢ke@(x + Z( 1)n+k WW di e(mr (X Z-) Ie@(r —

k=1

2 =0 2
1 1

n (nk) (n.k) 2 n n.k) 2

— —l n+k W gD e(pkx l n+k W X _ ( 1)n+k e(PkT &dr’ (1.6.28)
W W W
k=1 (—E). k=1 0 (_E)!

Nohayoat (1.6.23)-0 nozors alsaq, (1.6.28) asagidaki soklo dﬁssr:

X

(n,k) (n.k) 2
D?Z(x) - Z( 1)“+kW D™ Z( 1" W—(pkjew (X~ T) (1.6.29)
0 (_f)l

Indi iso (1.6.29)-u % tortib diferensiallayaq:

!
- d J~ (x- t) 2 ti( 1)n+k (. ¢ke(pkt z( l)”*kW " ii(x— dtj e (t— T) 2d _

®o oy = I T ]

1
2

n n.k) X n (n,k) 2
— _Z( n+k W di"‘ (X t) _ Z(_l)m—k W J'eg@rd J‘(X t) (t T) dt —

pary E a W : (_E)I (_f)l
Yy, 4 o 007 Iew—(x‘t);dt Sy W e (1630)
= W Y dx 1, ¢ko 1 k=1 W heE o
2L !

Bu ifadonin alinmasinda (1.6.23) ifadasi bir daha nazars alinmisdir. Nohayot

Sy W 16.31
Z( 1) W k _O! ( e )
k=1

oldugunu nazoars alsaq, (1.6.30) asagidaki soklo diisar:
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1
X

n.k) k)
X) Z( 1)n+k WW J‘egokt (X 1::[) dt — Z( 1)n+k \qu)ke(pkx (1632)
0 (—E)' =

Bu diferensiallanma amolini davam etdirsak, (1.6.29) va (1.6.32)-ys analoji olaraq
alariq:

(n,k) X (n k)
D°Z(x) = Z( 1)"*kW S*lje’”*t (x=t) * t) dt — Z( 1)n+k goke‘/’kx, s=0,n-2. (1.6.33)
N IS
. il
oz n (n,k) n (n,k) X _
D 22(x)=2(—1)“*kw oA —Z(—l)“*kw ot j (x=7) * e*dr, s=0,n-2 (1.6.34)
k=1 W k=1 W 0 (_1)!
2

Qeyd edoak ki, (1.6.33) vo (1.6.34)-un alinmasinda

i(—l)"*w(n'k) -0, s=0,n-2 (1.6.35)
w Te T a

oldugu gobul edilmisdir (1.6.15-in xassasidir).

Onda s=n-2 olduqgda (1.6.33) va (1.6.34)-don alariq:

1

n (n,k) X (n, k)
Dn—ZZ(X) — Z(_l)m-k W —1Ie(pkt (X t) dt — Z( 1)n+k W egokx, (1636)
k=1 0 (_7)| k=1
n—1— (n,k)
D ZZ(X) Z( 1)n+k (Dk_le(pkx Z( 1)n+k WW ‘pk—lj' (X zi) 2 e(pkrdz_ (1.6.37)
0 ()"
2

Nohayat (1.6.36) Vo (1.6.37)-don alariq:

D“Z(X)—*I(X t) dtZ( 1)”+kWn rgnt _ Z( 1)n+kWn n-l(i(I(x—tl)
o (-3)
2

N =

dtj (t"rl)_ edr =
0 (—E)!

N =

2)! )1

1

n (n,k) X n,k) 2
— _Z (_1)n+k WW ;—1 ij‘e@(td (X t) Z( 1)n+k W —1 d jewrd (X t) (t T) dt
k=1 0

dx W X9 - L 1
5- ( )' ( )'
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N |-

. (" n, k)
:_Z(_l)mk VV_(pEl% end (x 1t) J‘er/»kt (X t) dt _Z( 1)n+k A e(M _
) L
2" o 2
1
L (n.k) n,k) X (k)
Z n+k W n— _I_Z( 1)n+k W J‘e(pkt (X t) dt — Z( 1)n+k —1e(/>kx _
W (—E). 0 (_f)l k=L
1
2 (n.k) (n, k)
X 2 +Z( 1)n+k W J'(X t) efﬁktdt Z( 1)n+k e@()(’ (1638)
(—1)' k=1 0 (_7)| k=L
2
1 1
n— (n,k) X X _ ) _ -
[)zzay_ z: ”WEL_ﬂpﬂd@wmjw DEE-?,

(1)' = *dx g (1t 1
) )

C n+ w (") n- d r(x—7 2 z x n+ w N, oX
->(1 kT@k 1&“ 1) e*dz =5(x)+ Y (1) kT(Pke(pk +
k=1 0 k=1

|
( 2)-
1
(n,k) 2 (n,k)
+Z( 1)n+k WW n -1 d J' (/wd (X 1T) _5(X)+Z( 1)n+kW wke@(x_i_
Bl
%
1| 1
L wek o d (x—17)2 h (x—17)2
n+k n-1 T _ ke M2 TS =
+Z(—1) T(ﬂk ™ e” 1, ¢k!e¢ 1, dr
2 . 7=0 2 .
1 1
n nk) n (n,k) 2 n (nk) X _ 2
_I_Z n+k ewkx_Z(_l)nJrkW (ol?—l X _Z(_l)mkw ;QEJe%T (X Z-) dr =
kL =) W Y= Wy Y
( 2)- ( 2)-
- (n.k) ( ) 2
X 2 WO n+W” [ g (X=
=0(X)— 1 +Z( D I(T(PkewK —Z(—l) ‘ Iewk d 7. (1.6.39)
(o o (——)'
Bu ifadonin alinmasinda (1.6.23), (1.6.35) va
n W (k)
D (Y it =1, (1.6.40)
a W

ifadesi nozors alinmusdir. Indi téromolor iiciin aldigimiz (1.6.29), (1.6.32), (1.6.33),
(1.6.34), (1.6.38), (1.6.39) vo (1.6.24)-u (1.6.21)-do yazmagla, alarq:
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1

£ r: < 3 n+kW(nYk) s+1X(X_t)_E ot C n+kW(nYk) S AP X
202209 = 500+ 3131 A B e S NG e L o
s=0 | k=1 0 (_7)! k=1

2
1 1 1
X 2 < o n+k (nk s+1 PX n+kW( " s+l (X T) 2 T X § _
1+ZZ(1) e 2(1) o j e dr =
(— I o (=) =)
2 2 2
G n+ W(n’k) X S+ S
=000+ 2, ()™ e (ol )= 5 ().
s=0 k=1

Belaliklo (1.6.21) tonliyinin halli (1.6.24) oldugunu goriiriik.
Teorem 1.6.1. Operator (1.6.3) tc¢lin (1.6.4) faktorizasiyasindan istifado etmoklo
(1.6.19) fundamental hallindan alinan (1.6.21)-in halli (1.6.24) soklindadir.
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Il Fasil

ELLIPTIK TiP I TORTIB DIFERENSIAL TONLiYiIN FUNDAMENTAL
HOLLINDON FAKTORIZASIYA USULU iLO DUZGUN KOSR TORTIBLI
DIFERENSIAL TONLiYIN FUNDAMENTAL HOLLININ ALINMASI

2.1. Kosi-Riman tanliyinin fundamental hallindan yarimtartibli elliptik tip tonliyin
fundamental hallini almaq tg¢un faktorizasiya tsulu

Burada faktorizasiya tisulundan istifads etmokls, birinci tortib elliptik tip olan Kosi-
Riman tonliyinin fundamental hallindan, yarimtartibli elliptik tip tonliyin fundamental
hallinin alinmasi {igiin istifade edilmisdir. Eyni qayda ilo bu Gsuldan iki 6l¢uli Laplas
tonliyinin  fundamental hoallindon, Kosi-Riman tanliyinin  fundamental hallinin
alimmasinda da istifado etmok mimkdanddir.

Moalumdur ki, adi diferensial tonliklordon séhbat getdikds, ¢ox vaxt fundamental
hall dedikdo “asili olmayan” hallor basa diisiiliir. Umumiyyatlo hom adi, hoam da x(isusi
toromali tonliklor Gglin fundamental hall els halla deyilir ki, bu halli tonlikds yazdiqda
Dirakin “delta” funksiyasi alinmis olsun [17, 25, 30, 108].

Yuxarida soyladiyimiz Kimi, burada faktorizasiya tsulundan istifado etmoaklo,
yuksok tortibli tonliyin fundamental hallindon asagi tortibli diferensial tonliyin
fundamental hoallinin alinmasi iigiin istifads edilmisdir.

Qeyd edok ki, yazildig1 dovra gadar kasr tartibli tdromalardon malum olan bitiin
faktlar1 ohato edon, ensiklopedik saviyyali [117]-do fundamental hollo (kosr tortib
toromoli diferensial tonlik Gg¢iin) layiginca toxunulmamisdir. Ciinki, o dovrdo Kaosr

tortibli toramali diferensial tonlik Gglin fundamental halldan istifads edilmomisdi.
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Malumdur ki, sarhad masalasinin hallini aragdirarkon, Qrin funksiyasinin qurulmasi
qoyulmus masalonin halli haqqinda fikir sdylomaya imkan verir [28, 96, 107, 119].
Ancaq hamisa Qrin funksiyasinin qurulmasi miimkiin olmur. Baxilan sarhad masalasinin
tonliyinin fundamental hallinin qurulmasi Qrin funksiyasindan gat-qat asan oldugundan,
yalniz tonlikdon asili olan fundamental halldon istifado etmok daha magsadouygundur.
Belo ki, tanliya bltin fozada baxmagla, Furye cevirmasinin kémoyilo fundamental hall
uclin inteqgral (bdttn foza Uzro) soklindo analitik ifado ala bilarik. Nohayst kompleks
doayisanli funksiyalar nazariyyasindan ¢ixiglarin komayi ilo fundamental hall {igiin alinan
integral ¢ox vaxt hesablana bilir [32, 47, 64, 67, 70, 72, 118, 122, 124]. Ona go6ra do
[30]-da bir fosil mixtalif tonliklorin fundamental hollorinin tapilmasina hasr

olunmusdur.

Kosr tortib toromoali (% tortibli) adi diferensial tonliklor Giciin (1 addimu ils), (a,b)
n

intervalinda sarhad mosalasinin halli [97]-do, ancaq « <(0,1) tortib téromo tutan bircins
(hoam do tOramaya nazaran bircins) tonlik birinci ribds sarhod masalasi [98]-da va
nohayat miixtalif irrasional tortibli bircins tonlik ti¢iin kvadratla sarhad masalasi [101]-da
aragdirilmisdir.

Masalonin qoyulusu: Yuxarida soylonildiyi kimi, burada birinci tortib elliptik tip
olan Kosi-Riman tanliyinin fundamental hallindon faktorizasiya sulu ilo yarimtortibli
elliptik tip tonliyin fundamental hollini alacagiq.

Molumdur ki,

ou(x) i ou(x)
OX, OX,

0, x=(X,X,)eR?, (2.1.1)

Kosi-Riman tonliyinin fundamental halli

U(x—§)=zi L

”.X2_§2+i(xl_§1); (212)

funksiyasidir [30].

Kosi-Riman tonliyininin operatorunu asagidaki kimi faktorizasiya edok:
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1 1 1 1
0=(D, +iD, )u(x) = (D? +i/iDZ)(D2 —i/iD?)u(X); (2.1.3)
Burada
v(x) = (D7 ~iViD?)u(x); (2.1.4)
oldugunu gobul etsok, onda (2.1.3)-dan alariq:
(D2 +iiD?)v(x) =0. (2.1.5)

Ogor verilmis tonlikdo axtarilan funksiya bu tonliyin fundamental halli ilo avoz

edilarss, onda tonliyin sag torofinds Dirakin delta funksiyasi istirak etdiyindon

U(x=8) OUR=E) _ 50 oy 5(% —&)3(x, —&,); (2.1.6)
X, 0X,

alinacagr malumdur.
Onda yuxaridaki (2.1.4) muinasibatindon gorindiyd kimi, (2.1.5) tenliyinin

fundamental halli

V(x-&) - (07 WD) (x-&); 2.1.7)
soklinds olmalidir.
Aldigimiz (2.1.7) fundamental hoallini [117]-dan istifads etmokls hesablayag.
Sadalik Giciin x—¢& avazina x gotiirok. Bu zaman
V(x) = D§u (x)—ivi D%U (x). (2.1.8)
Belalikls,

(2.1.9)

1 1
1 1 Xo N2 X 2
V()= DU -iWiDU ()= 2 [z dt ;51 0 f-n)? dr
2 1 1 1
2 0%, (=2)! t+ix; 2 OX, g (=) X, +it
2 2

Alman (2.1.9) ifadssinin birinci toplananinda x, —t = &2, ikinci toplananinda isa

x, —7 =n* avazlomaloarini aparag. Onda (2.1.9)-dan alariq.

1 o ¢ —2&& WA o ¢ —2ndn

V(X)= — - — =
¥ 27[(_;)! X, NS &(x, _é:z +ix;) | 272-(_;)! X A n(X, +i(x, _772))
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_ -1 3 ¢ 51 'ai dny

ﬂ(_;)! N, 5 EX— (X, +iX,) (_;)! X, 3 X, +ix, —in®

0

Burada inteqralalt1 ifadalori mogsadouygun sokilds vuruglara ayirsaq:
V%

—1 0 d&
V)= (= ), o, -([ (& + /%, +iX )& — /%, +|x)
75
+\ﬁ 1 . 0 d77

72-(_;)! X, ‘c’)‘ (77+\/X1—iX2)(77—\/X1—iX2)-

Indi iso inteqralalt: funksiyalar1 sads kasrlors ayiraq:

. i
) 5 ¢ dg
V(x) = _1)' ox, {[-{[ (5—\/x +ix,) -[ §+\/x +|x) 2\/x +|x}

n(—=

1 0 */F dn T dn
72-(_1)! X || o (U_\/Xl_ixz) 0 77+\/X —ix )

}
7[(_7)| —\/x +iX, \/x +ix, 2\/x +iX,
}

B { S +F
7[(——)' 0%, — % —ix, N 2\/x

(-

1)!.6x2 x2+ix (1/x2+|x + /%, )%, +iX,
2

i 1 '6{ 1 (1/ —ix, — /X )% —iX,
2, (i TR

Nohayat bu ifadslords istirak edon tdramalari hesablayaq:

-1 0 { 1 G+ — X )%, +ix, }
2
}

n(—;)! 2
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-1 1.1 S X +ix \/x—z —1 1 X, +iX, +\/—2
V(X)_ﬂ(_l), y ) X + 1%, +\/— (- ), 2+, X +iX, \/—2

1 1
XQWﬁwlzI”w“ i, +1/%,) = (\/x, +ix, - $®5leﬁ+2&)+
(X, +iX, + /X, )2
i 1 .1.(_1). 1 VX ‘/_ \/— 1 1 V4 1%, +‘/;><

ﬂ(_;)! 2 2\/(x1—ix2)3 \/x —ix, +\/— ), 2\/x i, \/x —

L J—xJa X, + /%)~ (/% —ix, - J‘x

—ix,
(X =ix, +4%)’

Alman ifadalori mquQdauygun sokilda sadolosdirsak:

a1 S rix =%, 1 1
V(X)_”(_l), = 4)(X HX) n o +ix +%, (- ), 2%, +ix,

(,/x2+ix1+\/x_2)2(\/x_2—1/x2+ix1)_(,/x2+|xl \/_2) (,/x2+|xl \/x_z)
2\/x_2~1/x2+ix1 2\/x_2-,/x2+ix1 N
(VX X, =% )%, + X, +1/X, )
-~ 1 1 1 ,/x —ix, — /X, 1 1
+‘ﬁﬂ(_1)!'(_2) (X, —1X,)~/ X, —iX \/x —ix, +\/_ \/_ ), 2\/x —ix,
J‘—J& X, o (JZ+J& ix, )’
2% i, =i %)= (=B =) 2% Py —ix,
(VX =%, = /%)X =%, +/%)?

i) i i R
tn(- ) [T - D)% i, e
1 Vi
27 (— ;)!'(Xz + X )~/ X, 27[(_ E)!'(Xl - ixz)\/x_1

. 1 ) 1 1/X —|—|X -\/_
_47Z(_;)! (x2-|-ix1)4/(x2+ix1) 1/x2 FiX, /%,

_|_

—iX, 2\/z .
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JiAi -In“/x_ix —\/>
\/7-47r(—;)!-(x1—ixz)«/xl—ix2 VX X +\/>
1 B Vi -i _
272'(—;)!-(X2+ixl)\/7 2n(—1)!-i-(x —ixz)\/?
1 1 o G0 i %)X ik =)
4r(- ;)! (x2+ix1)\/(x2+ix1) (\/x2 + 1%, + /%)% |x2 +/% )
. 1 ( 1 iﬁ}
Zn(—;)!-(x2+ixl) \/72 \/X»l

Beloliklo alirq:

_|_

Voy— L . 1 n (e i — X)X —ix, — \/_)
47[(_})! (x2+ixl)\/(x2+ixl) (\/x2+|xl+\/x_2)(\/xl |x2+\/_)
2
1 1 iﬁ]
(L i) (2.1.10)
27r(—;)!-(x2+ixl) (\/X_z \/X_l

Bununla da asagidaki hokmii almis olurugq:
Teorem 2.1.1. Yarmm tortibli elliptik tip olan (2.1.5) tonliyinin fundamental halli

V-t . 1 n (% +ix — X)X —ix, — \/_)
4”(_;)! (x2+ix1)\/(x2+ixl) (\/x +ix, + /%, )X, —iX, +\/_)

N 1 [ 1 _i\/TJ
2n(—$)!-(x2+ixl) \/X_z \/;1

soklindadir.
V(X) = DZ%U ) —ivi D?U (),  UX)=06(x,)5(x —ix,). (2.1.11)
) XZ(xz—t)’% . -0 (X — )’% .
V(x):ang I, 9(t)5(x1—lt)dt—I\/Ta—Xl!(_—I)l@(xzﬁ(r—lxz)dr:
27 2’
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l

Xf(xz t) S(x —it)d (%, —it) —O(x, )I\/_ j (=7 2 s ix)d (r—ix,) =

aXz 0 (_E)I o (_f)l
i o (x2+ixl)’% ii o (xl—ixz)’% i (x2+ix1)% ini (xl—ixz)’g B
2ax, 1, 2o 1, 2 .3, 2 3,
( 2)! ( 2)! (=) (=)
_ia - ixz)‘g Wi (xl—ixz)‘g i (xl—ixz)_g it (xl—ixz)‘g _
S I o U B G VR G
_ L 0amixg)? L (mixg) 2L (% - nxz) Ciy2 Cetia)
i (3, 2l (3, i [ 3 ﬁ N
( 2)! ( 2)! ( 2)! ( 2)!
11 (Hix) 1 .(x2+ixl)_5:.(x2+ixl)_5_ 2112
A < W 3Ty, .
2 2 2

Beloliklo alirq:

3

iD% (X, + iX1) \/_Dz (% - IX2) —ij (X, + in)_Z i (% —iXZ)_Z —ij (X, + ixl)_z
Ty a ). (-2) (-2) (-2)
o (o Fix) T O HIX) (X +ix) [0 X+ #0

+i(-) (2)! = (=2)! (2)! = {oo, X, +ix, =0 =0(X%)5(X,)-

Teorem 2.1.2. Yarmtortibli (2.1.5) tonliyinin fundamental halli Kosi-Riman
tonliyinin (2.1.2) fundamental hallindon (2.1.3) faktorizasiyasimnin komayi ilo (2.1.12)

soklindo alinir.
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2.2. Kosi-Riman tonliyinin fundamental hallindon % tortibli elliptik tip

tonliyin fundamental hallinin alinmasi

Baxilan isdo birinci tortib elliptik tip olan Kosi-Riman tonliyinin fundamental
hallindon faktorizasiya Gsulu ilo % tortibli elliptik tip tonliyin fundamental holli

almmusdir. Bu is diizgiin kosr tortibli elliptik tip tonlik G¢ln fundamental hallin
qurulmasinda avvalinci islordon sayila bilar.

Yuxarida qeyd etdik ki, V. Vladimirovun “Riyazi fizika tonliklori” kitabinin butiin
bir fosli muxtalif tonliklorin fundamental hoallorinin qurulmasma hasr edilmisdir [30].
Kosi-Riman tanliyinin do fundamental hoalli [30]-do verilmigdir. Burada fundamental
hallor Furye cevirmasinin kémayi ilo alinmisdir. Ona gora do bitiin tonliklora mohdud
oblastda deyil, biitiin fozada baxilmisdir.

N. Oliyevin islorindon bohs edon [87] saytinda elliptik, parabolik, hiperbolik,
qarisiq vo birgs tip tonliklor {igiin qoyulmus sorhod mosalalorinin fredholmlogundan
sbhbat gedir. Burada sarhad sortlori geyri-lokal vo global hadlardon ibaratdir. Qeyri-
lokal sorhod sorti sorhaddin bir neco yero bollnarok, axtarilan funksiyanin bu
hissalardaki giymatlorinin Xatti kombinasiyast soklinds alinir. Qlobal sarhad sorti ise
sorhoddin bélundlyd hissalor Gzro namslum funksiyanin vo onun téromolorinin
inteqrallariin xotti kombinasiyasi kimi verilir. Bu zaman basqa bir ¢atinlik meydana
cixir. Belo Ki, sorhadds eyni zamanda bir ne¢o néqgts harokat edirso, bu zaman Karleman
sorti 6donilmalidir [120]. Gostorilmisdir ki, Kosi-Riman tonliyi G¢tn bir geyri-lokal
sarhad sorti daxilinds masala, isdo alinan zaruri sartlorin kdmayi ilo ikinci név requlyar
nlvali Fredholm tipli inteqral tonliya gotirilir [89]. Homin tonlik ti¢iin verilmis sorhad
sortindo Karleman sorti ddanilmirsa, bu mosals alinan zaruri sartlorin kémayi ilo birinci
nov Fredholm tipli integral tanliya gatirilir ki, bu tanliklorin halli G¢iin Gmumi nazariyys

maovcud deyil [81].
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Bir daha geyd edok ki, togqdim olunan is birinci tortib elliptik tip olan Kosi-Riman

tonliyinin fundamental hallindan, faktorizaiya tsulu ils tortiblori % Vo % olan iki hissaya
ayrilir. Tortibi % olan operator Kosi-Riman tonliyinin fundamental hallino totbiq

edilorak, tortibi % olan elliptik tip tanliyin fundamental halli alinmis olur.

Masalonin qoyulusu: Molumdur ki,
ou(x) i ou(x) _

0, 2.
X, %, (2.2.1)
Kosi-Riman tonliyinin fundamental halli
1 1
U(x-¢&)=—- : : 2.2.2
( 6) 27 X, _52 + I(Xl _661) ( )

soklindodir [30]. Burada i=+-1, u(x)- analitik funksiya, U(x-¢) iso Kosi-Riman
tonliyinin fundamental hallidir. Yani,
(D, +iD, JU (X) = 5(x), (2.2.3)

burada D, =dd7’ k=12; J(x)— iso Dirakin delta funksiyasidir.

k
Birinci tortib elliptik tip olan Kosi-Riman tonliyinin (2.2.3)-do verilon operatorunu

asagidaki kimi faktorizasiya edok:

1 1 2 1 1 2

(D3 +aD?)(DF + D7 D3 + D7) () = 5(X), (2.24)
burada «a, #, 7 —namolum sabitlordir. Onlar1 tayin edok. Yuxaridaki (2.2.4) minasibatinin

sol va sag toroflorini tutusdurmaqla, aliriq:

p+a=0,
y+apB=0, (2.2.5)
ay=l.
Buradan iso
a=-i, p=i, y=-1 (2.2.6)

oldugunu aliriq. Onda (2.2.4)-don asagidaki kimi iki miinasibat alinmis olur:
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2 11 2

W (x) = (D$ +iD$DJ - D?)U (x),

(2.2.7)
Vo
L 1
D3 W (X) —iDZW (x) = 5(X). (2.2.8)
Kasr tortib toromonin Riman-Liuvill tarifindan istifads edoarok (2.2.7)-ni hesablayaq:
5 L iD3D? - DAIU(x—E) = L D3 1
W(x-¢)=(D; +iD; D — D7 )U (x é)—zﬂ D; x2—§2+i(x1—§1)+
1 1 2
+ pips 1 ~ L ps L , (2.2.9)
27 X, =& +i(x,—=¢&) 27 X, =& +i(x — &)
burada,
D: 1 _ 0 f(-0)°® dr _ 0 td (x-9)° dz _
Tx-gri-&) ok Ly % -gi-4)  xqdr 2 % -G +i(r-4)
3 3
0|0 1 -0 —ide _ox 1
0%, gl X2_§2+i(7_§1) 0 gl [X2_§2+i(7_§1)]2 0%, gl Xz_gz_iégl
3! B ! !
i (x = 1) dr x5 1 Ci(x =) dr
+1 1 - > =1 - —1 1 - > (2210)
0 g! [X2_§2+I(T_§1)] (_})! X = 6o &) 0 (_E)! [Xz_§2+|(7_§1)]
3 | 3 3
D:D; : S RN S (N e 1.
X2 _‘552 + I(Xl _51) (_E)I X2 _52 - |§1 0 (_E)I [Xz _52 + I(T_gl)]
3 3
x5 1 1 t (X —1)7% 2 1
=" D2 — _i[*2—2 _drD; . =
(_1)! X, =&, =1 0 (_l)! : [Xz _52 +i(z _51)]2
3 3
R I (O I S T PR (R dt _
(_;)!axz 0 (_;)! t-&,—ig 0 (_:]3')! 28 0 (_;)! [t—§2+i(z'—§l)]2
X 0%d -t dt +iT(x1—r)3dT 0 %d (=) dt _
(_1)!8)(2 0 dt g! t_§2_i§1 0 (_1)! 8X2 0 dt g! [t_égz‘”(f_étl)]z
3 3 3 3
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X2

_ %3 0 | (X —1) 1 _T(xz—t) ) —dt
(_1)!8)(2 E! t—fz—ifl 0 g! [t_§2_|§1]2
3 3 =0 3
+ixl(x1—r)§dri (xz—t)g 1 _T(xz—t)3 “oft-& +i(r—&)dt |
0 (_1)! 8X2 g! [t_§2+i(7_§1)]2 0 E! [t_égz"‘i(f_égl)]A
3 3 =0 3
L xl_% o _ng 1 +X2 (xz—t)g dt .
(_l)!axz g! _sz_ifl 0 g! [t_fz_igl]z
3 3 3
% (X —2')% ol x° 1 2 (x —t)g dt
+i | 2 d — 2 +2| 2 >
E[ (_1)! Taxz g! [_§2+i(7_§1)]2 '([ g! [t_§2+i(7_§1)]
3 3 3
xl’% x, 1 xl’% 2 (x,—t) ° dt : xz’% T(xi—r)a dr

o _1 _1 §2+i§1_ _1 0 _1 [t_éz_igl]z_l _1 0 _E [_§2+i(f_§1)]2+
(=3 =) (e ) (=50 )

o) gD | dt .
2 d :
" I'f[ (_;)! ’ 0 (_;)! t-¢& +i(c-&)f

Indi iso (2.2.9)-da olan iki haddin hesablanmasi ilo masgul olagq:
2 2

D3U(x-¢&) Vo D3U(x—-£).
Onda,

0% (xz—t)% dt
8Xz 0 (_g)l t_é:z +i(X1_§1)’
Al

2 1
DS’U(X—é):Z-

2

Ueg- L. 0femn? e
DU (x 5)_25 O, 9 (—g)l X, =& +i(r=4)
?)

(2.2.11)

(2.2.12)

(2.2.13)

(2.2.12) ifadssinde x, —t=¢° vo (2.2.13) ifadasindo x,—z=7r° avazlomasini

aparsaq alariq:
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2

0 (%, -1) 3 dt 1 o ~3p%de

D3U — — [p—— =
(x=¢)= 27[ 8X2 0 (_g)! t-& +i(x, - &) 27[(_3)! X, i, (02 (X, _(/’3 =& +i(x = ¢&))
3 3
I
3 0 do (2.2.14)

Zﬂ(—i)! O 5 @ (X =& +i(4 ~&))

DA () = O r) ’ dr 10 ~3n°dn
. 2z 0%, % (- )| X, =&, +i(r - 51) o0 (_g)l axl(ﬂ (X, =& +i(x -7’ fl))
. P
_ 3i 0 dry (2.2.15)

2By % 3 =G mG i -E)

(2.2.14) vo (2.2.15)-do inteqralati funksiyalar1 sado kosrlora ayirib, sonra homin

inteqrallar1 hesablasaq alariq:

1
DEU(X—é:):— 3 i% do _ 3 P %/X2 §2+I(X é‘l)) _
‘ 27[(_3)! X, % 53_(X2_6€2+i(x1_§1)) 27(~ g)l aXz 0 P-— i/X =&, +i(x 951)
3
1 2
3 ¢t . 3
_E3'3\/(Xz‘§z+i(xl‘§1))2 33 =&+l =) 3 0 1 i do

dob=- o _
007+ 0%, -8, ik - &) +3[(x, - &, +i(x, - &) ! zﬂ(_g)! 0%, 3:3)(x, — &, +i(, - &) | 0 03, —& +i(x - &)

g (/)+2.3,/x2—§2+i(x1—§1). dw]__ i 1 {ln‘(o_”z_é”(xl_é)vz_
s ot ol -6+l -E) +l -6 il -E) | g 3)8 34, -, +ily &)’
yf? 0+— %/X §2+| 4:1 \/X §z+| §1) i 3 0 1 {ln%_3X2_§2+i(Xl_§l)
== P : 2 3 i -
°(¢>+;3xz £+l - &)’ + (‘BSXZ &+l -£)) 27r(—§)! 0% 80+t -0 | | --G+i6u-) |
3 1 .
% ¢+73§/X2_§2+|(X1_§1)
- %In (co%wz—fz+i(x1—51))2+(§~w2—§z+i(x1—§1)>2> ++/3arcty IZ =
S eErite-2) |
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1 0 1 | ‘i/g_g X2—§2+i(X1—§1)‘ 1| (§/E+;3 =6 il 51)) (£ =6+l 51))2
=- — N - -
27[(_2)! 0X, 3\/(X2 =&, +i(x, —fl))2 ‘ =3%, =&, +i(x -¢) ‘ 2 \/(Xz =&, +i(x, 51))

_\/_ %/_ \/X §2+|(X 51) i =— ! : 0 L x
{amtg Bo-Grite-g) Vs 2r(- 2y O% Yl —& +itx -5

@ 3% =&+ -8) )| 235 +3/% - & +i(x - &) 1|
{2 e I KRR 7 e Ty S |

== ! 2 { |\/_\/X §2+|X 51 |\/—
2= 3fo-G -2 | &8 |

2%, +3fx, &, +i(% &)
\/5'3\/)(2_62”()(1_51)

[arctg

+

(%, —§2+n(x —&))? ! 23 Y00 +i(% L)) 23 Y006 +i(,-E))°

arctg\/_ 3\/— \/X —§2+i(X ‘fl 3\/— \/X _§2+|(X 51) }}

= _|n|\/— i/X §2+I(X 4:1 |\/_ 3§/X_2-|'3§/)(2_é:z‘H(Xl_é:l _
33k, - §2+|(x aFl2 | &-i-g) | V33, =& +ilx - &)

g

3

1 } 1 { 1 1, [6Pe -3 & +ite=8))|
@ e —§2+I(x -&) ﬂ(_g)!

|:arctg

—arctg

foo-c i -2)°6 | &-ite-d) |

A% +3%, — & +il ~&)

1
t — : 2.2.16
\/glarcg \/_ \/X _52 +|(X §1) 6H+23\/X22 (X2§2+i(X1§1))} ( )
Eyni gqayda ils ikinci haddi hesablayiriq:

1
2 % e : e 2
DA (x o 4y I 34 -5 il &)
( )I aXl 0 n _(Xl 51 '(Xz 52)) Zﬂ(_f)l aXl 0 §/X1 Sgl_l(x _{:2)
1 - 2
340 -¢ -k -5)" 3o 51 i(x, ~&,) i 0 fl dy

dp =

1
77"'77\))( ‘51 (X, =¢&,) + \/ i(x, 52 2(2) ax{s\/ i(X, gzz.f[n\/x =g -ix, 52)

) ! j 1+ 23x - -, 43) dn} 3 a{ 1
3406 -& 10, - &) & 0t + % =& =106 &)+ - & -i(t, - ) 2(2 0% 3:3(x, - & -i(x,~&,))’

X
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3

1 S/ \/X =& -i(x, =&, + \/X =& -i(x, - &)

— <

|n‘77 3\/X1 G —ilx - 52)“ dn;=

=0 3\/X1 §1 Xz 52)2 0 ;7_|. 3\/X 4:1 X 52 73\/)( 4:1 X 52))

3i a[ 1 {{ﬂx ~G-ity-5)| 1,

zhebfml&%m4m> g uzé)\z

3Xl

3X ~&-ix, = &))’ f%/X ~&-ix, - &))’

n+ 3% -5 -1(x,-&) i 3y —3 _
++/3arctg \/_\/ 3'2 aa{ 1 { |\/_3 P —&-ile-5)|
S E 8| oy O[3l Ei a7 g it
Jx & - Jx —&-i(%,-&))’ 2 + 35 =& <0, —&) .
V3(arct 1 o —arctg—=) | =
J(x ey T B gt - 52) i
I B 1 o3&t &) ! )
o(-2 2, L 0% | 6-3(x & —i(x, - &) | & +i(x, - &) | B -0 - &)

(%/Z_val _61 _i(Xz _‘/atz))3 3
§1+i(xz _52)

xarctgzi/;l+3“xl_§l_i( ~%) arctgi __ 80 L 1In
IVX =& =0 =5)) \/g 27[(—2) \/(X1 & -i(x, - 52))2 6

R e U U NS N B N 1, (b3t -it-)f |
Im ‘/§ 33\/(X1—§1—i(X2 §2 5

6 ‘ §1+i(X2_§2)
[ 2§/7+3le =& -i(x, -¢&,) ] 1 %/74'3\/)( —6-i(x,-&) §/7 P -6 -ilx, - &,)
f3\/X =& -i(x, = &,) K \/(X =& -ix, - 52 \/ i(x, = &) )’ 3\/? Gm B\F

(\/_ \/X —&—i(x, - 52)3

1
i(x, - 452))5{6 | Grik-g) \

1[ 25+ -&-ilx &) gﬂ+

arctg
ﬂ(—g)l{ \/(X1 G- \/_\/X1 &-i(x,=&5) 6

1
+ : 2.2.17
ZSJ?V(xlsai(xzéz»Z} R
Belaliklo biz (2.2.15), (2.2.16) vo (2.2.17) ifadslorini (2.2.9)-da nozors alsaq,

asagidaki hokmii almis olariq:
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Teorem 2.2.1. Kosi-Riman tonliyinin fundamental hallindan % tortib elliptik tip

(2.2.8) tonliyinin fundamental halli Gglin faktorizasiya Usulu ilo (2.2.7)-nin kdmayi ilo

asagidaki ifado alinir.

W (x—&) = — { 1 5(1 @&fx - VXZ &+t —&))°|
(- 2y (306 =& +i0a - &) o —i04—&) |

. e PG -G+ &)« 1 )

ﬁ{amtg V3-3/x, - & +i(x -&) 6 +2§/7§(x2—§2+i(x1_§1))

1 1 1
. 1 3 . 1 3 1 3
i X 3 X, 1 i ox 3 f(x, 1) dt 1% t(x -1) dr

2n Ly Ly&+ig 2n L L f-g-igP ar L L, Fa+ie-&)f
) (e ) (e )

3
YT RPN (S S S 1 i
) (_;)! 0 (_;)! [t_§2+i(7_§1)]3 ﬁ(—g)! \/(Xl G —i(x, - 52))5

-3 X1_§1_i(xz _‘}::z) B
§1+i(xz_§z)

In

|~

3\/_ ?{/X -&—i(x, = &) ”J L
— | arct 6 |
(arc g B —fl—l(x ) o + 5 W i/(xl—éi—i(xz -&))*

(2.2.18)

Bilirik ki, faktorizasiyadan yiksok tortib toromodon asagi tortib tdéromo (gln
muayyan naticalorin alinmasinda istifads edilir.

Birinci tortib elliptik tip olan

(D, +iD, JU(X) = 5(x), (2.2.19)
Kosi-Riman tonliyinin fundamental halli
U(x)—zi 1_ _ DY +ix) T (D —ix, ) ; (2.2.20)
T X, +iX, 27 (! 27 D!
soklindadir.
Onda
8U(X):i -1 aU(X)_i —i 2921
X, 27w (x,+ix, )] 27 (x,+ix,) (2.221)
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soklinds ifadoalori almis olariq.
(2.2.19) tonliyini agsagidak: sokildo faktorizasiya edok.

(D§ —iD§)-W(x) = 5(X), (2.2.22)
W (X) = (D§ +iD§D§ - D?)u (x). (2.2.23)

Molumdur ki, ixtiyari « vo g haqiqi adadlori tigiin [14]

pr X _ X7 s (2.2.24)
al (a—-p) o o

Onda (2.2.24) disturundan istifads etmokls (2.2.23) ifadasindan alariq.

4

W0 — (D +iD3DS - Dpy. CD! (e +b) _ (DY (x, sig)s (DY (ki) s

27 -D! 27 _§ 2r  * _ﬂ
( 3)! ( 3)!
G D? i) D O tix) s D (i) L DY (6 —ixg)s
2 (-! 2 (- §)| 27 - §)| 2 - §)|
3" 3" 3"
DY (grix) s (D (1) (kx5 DY () (g +ix) s
T ox 5 i -2x 5 27 5 -
-2 -2 2!
D! (i) s . 1 i (D! (g rix) s {1 1_L}=
R ey +(—i)-?J(—i)Z} )y TV
3. (! (g rix) s (2.2.25)

2 5 I
( 3)-
Teorem 2.2.2. Iki 6lgiilii, xatti %-tartibli elliptik tonliyin fundamental halli

3 (D) (%, +ix,)s
2r S
-

W(x) =

soklindadir.
Molumdur ki, (2.2.9) Kosi-Riman tanliyinin x, istigamatinds fundamental halli
[14]
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U(X_f) = 6’(X2 _62)5()(1 _51 _i(Xz _gz))

funksiyasidir.

Dogrudan da
(Dz + iDl)U = 5(X2 _52)5()(1 _51) —iH(XZ

_52)5’()(1 _§1 B i(Xz

+i9(X2 _52)5’()(1 —& - i(Xz _52)) =35(x=3).
Qoabul edak ki, x, >0, x,>0. Onda (2.2.13)-don alariq:

W (x) = D§U(x)+|D;D;U(x) D3U(x)_ 0 [t °

3 0 F,-1)°® f(x-1)3
+iD; j—e(w(x —|t)dt—axj

1) ?

20 (_g)!

1 2

2

Y2 " ptys(x, —it)dt +

0(x,)5(z —ix,)dr =

X2 % (_1) 10 (_g)!
_ 0 e _ I I iy
=i j 5 — 004 =i)d (g —it) - Df — 0% ~it)d (x, ~it)
2.0 (—f)! 2.0 (—5)-
0 1(x —Ixz)i‘ 0 1%+ le)g_Di a1 (x2+ix1)3_ 1 (xl—ixz)’g _
2 2 ax22 2 tox, 2 1 2,5,
( 3)! ( 3)! ( 3)! ( 3)!
i (X tixy) ® D3 5 (X, +ix) ° 1( i) s (X2+IX1) S0 (X tix) ®
T2 5, 2 4, 2 "2 5.,
(—5)! (—g)! (—5)! (—5)!
1 s —ixy) B0 Hix) BB (XHix) B3 (x —ixy) ®
2 5 2 5 T2 5 ) 5 '
(—g)! (—5)! (—5)! (—5)!

Ona g0ro do (2.2.12)-y» asasan aliriq:

3_i (Xz + ixl)_z +§i (X1 — ixz)_2 _ ﬁ (Xz + ixl)_z

1 1
D3W (x) —iDAW () =

2 (2! 2 (=2

C 3G +ix)* i +ix) 0 X+ #0
o, X, +ix =0

2 (=2 2 (-2

2 (=2)

—&)+

+g(—i)‘

= 6(x,)5(X,).

2 (X +iX,)”? _

(=2)!
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2.3. Iki olciilii, xatti %—tartibli elliptik tip diferensial tonliyin fundamental

hallinin Kosi-Riman tonliyinin fundamental hallindon alinmasi

Isdo iki Olgull, xotti %-tertibli diferensial tonlik ilo Kosi-Riman tanliyininin

fundamental hollori arasinda olags faktorizasiya tsulundan istifado etmoklo tapilmisdir.

Belo ki, birinci tortib elliptik tip olan Kosi-Riman tonliyinin fundamental hoallindon, iki

olcull, xatti %-tertibli elliptik tip tonliyin fundamental halli alinmisdir.

Riyazi fizika tonliklorindo vo xisusi téromali tonliklor nazariyyasinds sarhad
masalalarina asason elliptik tip tonliklor {i¢iin baxilmisdir [30, 53, 56, 62]. Bu islords
elliptik tip tonliyin model (kanonik) sokli Laplas tonliyidir. Sonralar birinci tartib elliptik
tip olan Kosi-Riman tanliyi Gglin asason geyri-lokal sarhad sorti daxilindoe masalalars
baxilmisdir [90, 95, 97, 116].

Burada iso faktorizasiyadan istifads etmoklo, Kosi-Riman tanliyindan %-tsrtibli

xatti elliptik tip tonlik alinaraq bu tonliyin kasr tortib tGromanin torifindan istifads
etmokla [117] fundamental halli tictin analitik ifads alinmisdir.

Bir daha geyd edok ki, verilmis sorhad masalasinin Qrin funksiyasinin qurulmasi
fundamental hall ilo migayisada ¢ox ¢otin prosesdir. Ancaq fundamental halldan istifads
etmokla masalonin fredholmlugu [87]-ds bir ¢ox masalalar tigiin aparilmigdir.

Masalanin qoyulusu: Moalumdur ki, [30]

ou(x) i ou(x) _
OX, 0%,

0, (2.3.1)

Kosi-Riman tonliyinin fundamental halli [30]

1 1
U(X_éj):E. X2—§2+i(X1—§l)’

(2.3.2)

soklindadir. Yani,
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(D, +iD, )U (X) = (X) (2.3.3)
Birinci tortib elliptik tip olan Kosi-Riman tonliyini asagidaki sokildo faktorizasiya
edok.

1 1 2 1 1 2

(D3 +aD?)(D3 + ADFD3 + DU (X) = 5(X) (2.3.4)
Burada sol torafi hesablayib alinan ifadoni (2.3.3) ilo tutusdursaq alariq:
p+a=0,
y+af=0, (2.3.5)
ay =i,
buradan da,
a=-i, f=i, y=-1 (2.3.6)

oldugunu almis olurugq.

Onda (2.3.4) asagidaki soklo diisar.

D§W(x)—iD§W(x) =0(X), (2.3.7)
burada,
W (x) = (D§ +iD§D§ —D?)U(x), (2.3.8)

Eyni qayda ilo (2.3.4) avazins agagidaki kimi faktorizasiyaya da baxa bilarik.

(D, +iD, U (X) = (D§ + iDl%DZ% — DE)(DZ% - iDlé)U (x) = 5(X). (2.3.9)
Yani,
D2V (x) +iDED2V (x) - DV (X) = 5(x). (2.3.10)
Burada
V(X) = D§U(x)—iD§U(x) (2.3.11)

Bu ifadoni kasr tortib téromonin tarifindon istifado etmoklo hesablayaq [117].

L 1
1 1 X 3 % o\
V(x)=D;U(x)_iD5u(x):2i.i (%, 1t) dt ;1.0 F f) dr
T OX, % (=) t+ix, 27 OX -1y X, +ir
3 3

(2.3.12)
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Almnan (2.3.12) ifadssinin birinci toplananinda x, —t = &2, ikinci toplananinda iso

x, —7=n° avazlomalarini aparag. Onda (2.3.12)-don alariq.

1 0 -3¢ ot 0 —3n%dn

V(X) = =
) Zﬂ(_é)! 0%y 3 &(%, = &7 +ix;) 2%(—;)! Oy g5 (X, +i(x = 1%))

3 o' we 3 o gy _
272'(—;)! 0%, 5 &= (X, +iXy) 272.(_1)! X 5 = (X —ixy)

|
|
—

3

2 &
(& —3/% + X )(E? + 3%, + %, +3/(x, + Ti))

|
|
w
S))
O =y x

77 1, (2.3.13)

(7 —3/%, —iX, )(n® +n3/x, —iX, +\/(x —ix,)?)

(2.3.14)

3 0
I, =- —
27r(—§)| o ?[(f 3%, +ix )(&° +§\/X2+IX1 \/(X2+|X1))

I, = 9 mdn (2.3.15)
27z(—§) % ! (7=3% =%, )(* + 3%, =, +3/ (% —ix,)?)

Alinan ifadalords inteqralalti funksiyalari ¢evirak:
Bunun tguin avvalcs 1,-i hesablayaq:
Bé+C

3 ____A -
(& =3% 10 )& +& 3+ +3(x, +ix)°) 5—3\/x2+ix1)+(§2+§ ¥ i +3(x, +ix,)°)

[5 + &3/ X, + X, + 3/ (X, +1X,) ] (B§+C)[§ /X, +|x] (2.3.16)
(& —3/%, +ix )(E? + & 3/x, +ix, +\/(x +ix,)?)

Asanligla gorarik ki,

A+B =0, = B=-A
A-3/x, +ix, —B-3/x, +ix, +C =1, (2.3.17)
A-3/(x, +ix,)> —C-3/x, +ix, =0, = C = AY/x, +ix,;
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Belalikla,

1 Bz_; C=l,
3

A:—' L
3 1 3 i
3-3/X, +iX; 3-3/X, +iX;

Alnan ifadslori (2.3.16)-do nazars almagla onlari (2.3.14)-do yerins yazib

(2.3.18)

hesablayaq:
3 o Ve

Il
22 o = (& —3/%, +1x,)(£2 +§\/x2 X, +3/06 +)7)

#64_1
3 0 1 Ve Ve 3-3/x, +ix, 3

N 27(~ ), 6x2 3-3/x, +ix, ;[af—,/x +|x)Jr -([ §2+§m+3/(xz +ix,)?

=- 30 In(&-3/x, +ix,)

" P §+E3\/x2+ixl—§3\/x2+ixl
Ly, %, |3:3% +ix, 50 3.8fx, X 3 .
21 (_é) 2 2P0 (g4 J,/x +ix,) %/x2+|x1)2

B
3 8| 1 —J*+V54§’ 1 Jg* V) + O g i)
oy O [ e, b oo iy ’

3)(2

d|=

§+E,/x2 +iX

arctg S E ! ( XZHX )
.3 1 .3 i
3

3(x, +ix,)? \/5-3,/x2+ix V3-3fx, +ix, ) rtg\/_
3 0 { 1 1/x +iX; —f 3(x, +ix,)’ (x +|x) X, 2,

J_+ S i) + V;:&_ 1 [ 231, +3f%, +i%, ]

_zﬂ(_é)!.g 6-3\/X2+iX 3(x, +ix)) \/>+§/» x, +ix, +3/(x, +ix,)?) (% +ix,)
arctg 2% +3/% + X _ arctg ——= 3 0 ! x
J_ %/x2 X, J3- 3-3/X, +ix, J_ ), 8x2 6-3/X, +iX,

81



1
+ arctg
\/5-3,/x2+ix1{ V33 3-3/%, +ix,

. 1 arty 2\/>+3,/x2 ti ozl 3 ]| 1 -In(3’/X2+iX1_3‘/X>2)3+
V33, +ix, Bafirix, 6 27z( 1) 18(

+6-3\/x2+ix1 -(?{/x2+ix1—3\/x>z)3. X,

X

X

xIn

(,/x +iX —3\/>) (,/x +iX, —3\/>)(\/>+3\/> 3/, +iX, +§/ (X, +1x; )
1%, (\/>+?;/> Wﬂ/x +iX,)
2%, +3k, +ix, _]}_ 3 i{ 1, M—VTZ)3+
6 21 6

T —1)!.8)(2 % +iX1 in
3

X, +1X))3/X, +1X, IX,

X

3
1 X, 36/%, +ix ~3x.)’ 1 1 1
' - + - . .
33(x, +ix,)’ 33\/722 3V3(x, +ix,)3/, +ix,
) 3, +iX,

1 1
arctg X
[ \/_,/x2+|xl j J3:3x, +ix, 43 x22+43\/x>2-3,/x2+ixl+3,/(x2+ix1)2

33/(x, +ix,)?

- 2 1 1 -
V3.3x, +ix + - 23/x, +3/x, +ix
C s Bl rin)? ) VB +i)? i) 3

33/(x, +ix,)’ 27(- L)1

—

__ L " (3VX2+iX1_%/;2)3 1 f (%, +ix,)
18(, +iX,) 3/, + X, iX, 2-3/x, +ix, (3fx, +ix, -3/, 3f (X, +ix,)
__ 1 (arct §/>+3,/x +iX, 1
| 3V3(x, +ix) 3%, +ix | NI 3-3/x, +ix, R 3/X, +iX,
\/§(x2 +ix1)+J§§/;§-3,/x2 +iX, —2\/§x2 —J§i/x?-§/x2 +iX, ]

X

33\/x>22~%/(x2+ix1)2 3 1
4(1/;§+§/72-3,/x2+ix1+3,/(x2+ix1)2) 21(~2)! 18(x +iX,)3/%, +iX,

I @3/, +ix, -3/x,)° Q% tix, +3x,) e 1
ix, 8(x, +ix,)-3x¢ 3V3(X, +ix,)3/x, +ix,

1
3

\/_ %/X +ix,
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ix, - (X, +i%,) = X,) _
VE 1/x +ix, 2\/_\/> 3/(x, +ix,) (\/sﬁ/» 3/X, +ix, +3/(X, +ix.) ) (%, +1x,) = %,) ]

3 - 1 n @/x, +ix, —3/%,)° @ tix +§/x7) .
2”(_;), 18(x, +iX,) 3/X, +iX, iX; 6(X, +ix1)-?§/x>22 |

+| - 1 (arctg 3‘/>+“X % L
3\/§(x2+ix1)3,/x2+ix \/_3,/x2 X \/_?;/x2 X,

iX, (/x2 + X, —?{/X_ZX\/»+3{/X_2 3/x, +ix, +3/(x, +ix,)? ) B

2\/_\/72 3/(x, +ix;)? (r+§/x_ 3%, +ix, +3/(x, +ix,)? ) N

3 ] 1 n Qe —3%)° @ +ix +3%)
( 1), 18(x, +iX,) &/X, +iX, iX; 6(x, +ix,)-3/x2

2:3x, +3fx, +ix, _7[]} 1 { 1 (3,/x2+ix1—§/x—2)3+
13, 16( i
2m(=2)!

1
- arct
3\/§(x2+ix1)3\/x2+ixl( ) V3.3, +ix, 6 X, +i%)3/%, +ix, iX,

3

1 1 2-?;/x_2+3,/x2+ix1 T 1 1

+ + - —| arctg - -— X
(6, +ix)&fx, V306 +ix)3/x, +ix, V3-3/x,+ix, 6 2”( ) (%, +1%.)3/X, +1X,

L G+ —3\/>) arct 2-3[x, +3/x, +ix, 1 _
iX, J§ ) J3-3/x, +ix, 6 x2+ix1)-§/x>2 |

Belalikla,

| 1 1 (,/x2+|x1 \/_) arct \/_+3,/x2+|x1
o 27(— ), (X, +1x,)3/%, +ix, X, \/§ ) V3-3/x, +ix, 6

soklindadir.
Analoji gayda ila 1,-ni hesablayag.
3 ot

I, = —
27 (~ )u 5X1 ! (7 -3/x —ix,)(n° +773,/x —ix, +3/(x —iX, )

(2.3.19)
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Bn+C

n
(7 =3/% —i%,) (1" +7 /% ~ix, +§/(x —ix,)?) %/X —iX ) (n° +n3/x —ix, +\/(x —iX,)

A[(n + 773/ %, —iX, +3/(X, —iX,)? )]+(B;7+C) —%/x —iX, ]
(7 —3/%, —ix )(77 +n3/x, —iX, +3/(X, —|x2) )
An? + An3/x —ix, + A3/ (X, —ix,)?) + Bn® —Bny/x —ix, + Cn—C3/x, —ix, =7;

Buradan aling ki,

A+B=0, = B=-A
A-3/x, —ix, —B-3/x, —ix, +C =1,
A-3/(x —ix,)? —=C-3/x, —ix, =0, = C =A% —iX,;
- - - 1
A-3IX =X, + A-3/x —IX, + A-3/X —IX, =1 = A=
3-3/% —IX

Alinan ifadslari inteqralda yerino yazsaq alariq:

U

3 o ndn

I, =

1 1
+7

gﬁpéﬂkﬂ1£ 3%&‘” (U VX—W) (n® +n3/x, —ix, +J@—4x))

1 0 1 i dn n—3/% —ix,

B | e S e e R

77+—?{/xl—ix2 \/x —ix,

3X1

1 6 1 d Va
0 0

77—3\/x1—ix2)

JJW) +<—W>

2r(— 1y KX —ix,
3

1 -
7+ =3/x, —ix X —3/x —ix,
++/3arctg ——2 . __1 0 1_ 3 VX
V3, v 27[(_1)! X, &%, —iX, 2 —3/x, —ix,
1 2 3
n=0

ZE(_;)! . %, .C‘: (7 —3/X — IX, )(772 + /X — X, + %/(Xl - in)Z) -

. T
3 iﬂ 1 d7 3-3/x, —ix, 3 ~
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1 %/_+ 3/, —ix,)? +(—ﬂ) 2%/X_1+3x1—ix2

5 In +~/3(arctg

1
?{/(Xl |X2 \/§%/Xl—iX2 \/§ B
IS O Y e ) S (e i),
2;;(_:1)))! 0% 3x =i, | 2| 3f-in)? QI+ k-, +Y(x —ik)?) (% =%) %)
1 0 1 {_I{(X—IX —§/>)Z

2§/Z+m 1
++/3(arctg T, arctgﬁ)}_zﬂ(_)!.&ex_lxz )
(\/Xl X —{X@ +3x4% - +3(6 - i) ) J3(arctg B 3 IXZ—aTCtg }
e i s Bk
__ 1 .i#[— (X_IX D3+f(arctg A el T _4_
6

2 J33/x, —ix,
1 { 1 { (w/xl ix, — \F)ih/_(arctg 3/x, +3/x —ix, 1)]+

i, T w6

1 [1 ix, PG -3k S 11,
(3\/X1_iX2 _3\/)(»1)3 X, 33\/(X1—iX2)2 33\/XT2

— 1 N e
3 1 -, [S\F 33/(x, —ix,) ]_\/531/(x1—ix2)2(2\/;1 " IXZ) _
2f+ﬂ 3 (Xl_iX2)2

Bk -ix,

! ! (“ f)z+f(arctg 2+ —ix 2 _Tyly
27r(——)| L= R% — ‘in J33fx, -ix, 6 |
L1 [ 1 3% —ix, +3/x, +\/_( 33/(x, —ix,)?
3 X1 X, 2 3/(X —ix,) 2 W (,(X " ix ) +m\/> \/>)
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23/x, —ix, 1 3\/_ 1
B Va3 i) VA i, _ 1| 1 §
33/(x, —ix,)? 2,,(_1)! 3(x, =X, )3/% —ix,
3

[ (m f)z+f(arctg GiThe T )] . {—E Wi, + \F
-ix, \/—m 6 3X1 IX, 2 \/7 r

2((x, —ix,) —X,) 1 B 1 y
4\/_(4 (% —%,)? +3/x —ix, &/x + r) 3/(x, —ix,) r]} 2,,(_:1)’)!{ (%, — 1%, 3/% —iX,

{ SR Y e ﬂF__)] S L.
—ix, Vafx—ix, 87| - L 2 gf(x —ix,)?- r
2/x, —ix, _3\/_X’/ —ix,)? +3/x, —ix, 3/x + \/») ]} 1 { 1

(,/ X, —iX,)? +3/x —ix, 3/x + \/Z) Jx —ix,)? 3%} Bl 3(%, —ix,)3/%, _'Xz

{Eln(“xl_f(izx_‘/;l)zﬂ/g(arctg 23/x, +3/x, i __)} 1 [; 3x—|x2+§/—

\/_\/Xl_lxz \/X —ix, 3/(x, —ix,)’ 3§/>
1 /%, —ix, — i/_ 1 {_ 1 (lln (%/xl—ixz—?\'/x_l)a+
2 (%, —ix,)? 3% 2,,(_l)! 3(X1—ixz)3\/xl—inL2 —ix,
2fx +3x -,z
++/3(arctg \/7 ) 3\/_ (X1 |x2)
Belaliklo,

| — 1 1 { (,/ —iX, — ‘/_)3+\/_(arctg \/_ +3/% — |x2

2 27[(_?, 3(x —iX,)3/% —iX, L —Iix, \/_,/x —iX, 6

1

- - 2.3.20
Yx -(xl—ixz)} (2320
soklindadir.

| =1, +1, oldugundan asagidaki teoremi almis olurugq.

Teorem 2.3.1. Iki 6lgiilii, xatti % tortib ellitik tip olan (2.3.10) tanliyin halli,
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V()= (D; ~iDHU ()= { L Emm—%h
27 ( )l

2= Iy | G +ix)3/%, +ix, X,

arct92 \/_+§/x +iX, 1 1 y
NG J3-3/x, +ix, 6 (x +|x1) \/— 27[( 3(x, — 1X,)3x, — X,

y 1 (?;/xl—ix2 —i/x_l)z 2~§/x_1+3,/xl—ix2 ENE 1
{E In - i)(2 +\/§(arctg \/éi/xl = iXZ E) m (2321)

soklindadir.
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III Fasil

IKi OLCULU LAPLAS TONLIYININ FUNDAMENTAL HOLLINDON
FAKTORIZASIYA USULU ILO KOSR TORTIBLI TONLIYIN
FUNDAMENTAL HOLLININ ALINMASI

3.1. Faktorizasiya iisulunu totbiq etmokls iki o6lciilii Laplas tonliyinin

fundamental hallindan g tortibli tonliyin fundamental hallinin alinmasi

Baxilan isdo iki 6lcull Laplas tonliyinin operatoru faktorizasiya edilorok, g tortibli

bircins xususi téromali tonlik tG¢lin fundamental hall qurulmusdur. Bunun tigiin iki 6l¢iili

Laplas tonliyinin fundamental hallindan % tortib xtsusi toromolarin hesablanmasi lazim

olmusdur.

Yuxarida adi diferensial tonliklorin fundamental hallarindan istifado etmakla %

tortib, % : % Vo a (a €(0,1) tortib adi diferensial tonliklorin fundamental hollori Gglin

faktorizasiya Usulundan istifado etmoklo analitik ifadolor alinmisdir [104]. Xisusi

toromali tonliklora galdikds isa geyd etmaliyik ki, avvalca birinci tortib elliptik tip olan

Kosi-Riman tanliyinin fundamental hallindan istifads etmoklo faktorizasiya tsulu ils %

% Vo % tortibli xususi téromali tonliklor t¢tin fundamental hallor qurulmusdur [1, 4, 42].

Masalanin qoyulusu: Asagidaki sokilds iki 0l¢uli Laplas tonliyina baxagq.

o°U (x) . U (x) _

ox: o 0,  x=(x,%). (3.1.1)

Burada (3.1.1) tanliyinin fundamental halli [30]

U(x)=%-ln|x| : X=X +X; (3.1.2)
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soklindadir. Bels ki,

U, UK

o g = (DI DU =509 ~0(x)3(x), (3.1.3)

(3.1.3) ifadosindo &(x,), (k=12) Dirakin “delta” funksiyasidir. Laplas tonliyinin

operatorunu asagidaki kimi faktorizasiya edok.

1 1 3 1 1 3

D; + D} = (D? +aD?)(D2 + AD,D2 +yD2D, +AD?) =

3 1 1 3 3 1 1 3

= D? + D2D? +)D,D, + AD2D? + aD2D? + afiD,D, + ayD2D?2 + aAD?. (3.1.4)

Bu ifadani (3.1.3)-do nazars almagla asagidak: xatti cobri tonliklor sistemini alariq:

ail=1,
pra=0, (3.1.5)
y+af =0,
A+ay=0.
Buradan da,
a=Al, p==i, y=i, A=-ivi, (3.1.6)

oldugunu alariq.
Aldigimiz omsallari (3.1.4) ifadasinds yerine yazsaq apardigimiz faktorizasiya

asagidaki soklo diisar.

1 1 3 1 1 3
D? + D? = (D2 ++/iD2)(D? —+/iD,D? +iD2D, —i~[iD?2) (3.1.7)
Vo ya
E 11 E! 1
D? + D? = (D2 —+iD,D2 +iD2D, —i~iD?)(D2 ++/iD?). (3.1.8)

Belaliklo (3.1.3)) vo (3.1.8)-don alariq:

(ng —\ﬁDle% +iD§D1 —i\/fDlg)(DZ% +\ﬁD§)U () = 5(x). (3.1.9)

Burada asagidaki sokilds isaraloma gobul etsok:

DZU (x) +/iD2U () =V (x), (3.1.10)
onda (3.1.9)-dan alariq:
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3 1 1 3
D2V (x) —[iD,D2V () +iDZDV (X) — iviDAV (X) = 5(X). (3.1.11)
Yoni V(x) funksiyas1 (3.1.11) tonliyinin hallidir. Bu hallin alinmas: tigiin (3.1.2) vo
(3.1.3)-don istifads edok:

V (X) = D2U(x)+\/_D2U(x)_—D2In|x|+\/—D2In|x| o I(X In X +t2dt +
7z. _
2 2
(X — T) 2, 2
27[6X1I _7)| In\/x; +7°d7z. (3.1.12)
!
Alman (3.1.12) ifadasinda
S T weaee
| (_l)l In /%7 +t?dt, (3.1.13)
!
V3
R (s I v (3.1.14)
2

soklinda isaraloma gobul olunub. Biz bu inteqrallar1 ayri-ayriligda hesablayib (3.1.12)
ifadasindos yerina qoyacagiq.
Bu inteqrallar1 hesablamaq tiglin hissa-hissa integrallama vo Xxisusi tGromanin

xassalarindan istifada edeceyik.

_ 109 (Xz_t) In \/xZ +t 2t = -~ 9 Id et X7 +t?dt =
272' 5X2 0 (_l)l 2 8X2 0 dt 1|
27 2’

X
1 1 L 1

18| (x-0" 7 F(x, -1 tdt 1] x° %(x,—t) © tdt
=— In x> +t? - | =—| =2 —Ihx+ |2
272’ 8X 1' '[ 1 X12+t2 27T (_l)l ! '([ (_1)| X12+t2

o

2 =0 2 2" 2

==X hx+G| (3.1.15)

90



(3.1.15)-do asagidaki kimi isaralomoa gobul edilmisdir:

NI

%(x,—t) © tdt

G= : 3.1.16
0 (_1)! Xl2 +t? ( )
2
Burada G-inteqralinda x, —t =#7* avozlomosini aparsaq, asagidakini alariq:
(%, 1) gt 77 (X, —n%)-2ndn 2 X, —1n°
G:-[ 1 +1? _J (-7 1L j *—2x 2+x2+x2d -
0 (_E)! X M (- )I X+ (%7 (_E)! o 77 Aql T X+ X
Vo 2
2 -1
= —dn.
(_;)u '([ — (% +IX1))(77 |x1)) g (3.1.17)

Biz (3.1.17) ifadessinds inteqralalti funksiyani sada kasrlors ayirmaqla asagidaki

naticoni alacagiq:

N N
6-—2- _% Zd—ﬂ__%j W |- [6+G) (3.1.18)
(=) o 17— (% +iX,) o 17 _(X2_|X1) (=)
2 2
burada,
B dn _ dn
o I o) |t I n° = (%, —ix) (3.1.19)

soklindo qgobul edib vo integralalti funksiyalart yenidon sads koasrloro ayiraraq
hesablayag.
o

dy 1 1 1
- dn, 3.1.20
, +ix, -([{ — %, +iX, 77+\/x2+ixl] 7 ( )

Vo

N [P E—— t Y (3.1.21)
o M= (X —ix%) 2%, —ix, 3 \m—% =X 7+% —iX

Burada G, vo G, -do alinan sado kasrlorin ibtidai funksiyasini tapib, sorhod

giymatlorini yerins yazag. Onda
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%
G-t UAR ST I _ In‘( % T X (3.1.22)
2,/%, +iX, ‘77+\/x +ix 2,/X, +iX ‘ X,
— X .
G, - 1 _ |77 |x1 _ 1 _ In‘(,/xz—lx%—\/xj)z‘. (3.1.23)
2,/%, i, ‘77 + \/x i), 2,/%, —ix, ‘ —ix ‘

Alman (3.1.22) va (3.1.23) ifadolorini (3.1.18)-do va daha sonra (3.1.15)-da nozaro
alsaq |, -liclin asagidaki kimi notics alariq.

I2=i " Inx— 1 L ‘ LT IXl ‘/_)Z‘ ‘ % ‘/_)Z‘ (3.1.24)
PP W o e |
Eyni Gsulla I, -i hesablayaqg.
L= \ﬁ 2] ) In /x> +z°dr :—ﬁi (4| =) ) In /x5 +7°dz =
27 ax (_E)I 27 0x, 3 dz 1,
2" 2
Vi o (xl-f)% (X —r)% dr | i xf (X—r)% dr
__ Nt o | [\2 2| [ N | 1 —
272'8X1 1[ " X2+T '([ 1' X22‘|‘T2 272' ( 1)|nX +0 (_1)| X§+T2
2 =0 2
iy X, +F |. (3.1.25)
2 (—1)'
Burada asagidaki kimi isaraloma gobul edilmisdir:
T -1) ° dr
E = 1.
! T (3.1.26)
!

Bu integralda x, —z = &% avazlomasini aparmagqla asagidaki sokildas ifads alariq:

P famnl de | f e (x-gh2eds 2 %2
0 (_;)! X; +17° E(—;)! X; + (%~ &%) (_;)!054—2X1§Z+X12+X22
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S
L ] de. (3.1.27)

__2 f
(_;)| > (&7 —(% +|X2)X§ — (% —ix,)
(3.1.27) ifadasindos inteqralati funksiyani sads kasrlore ayirmaqla hesablayacagiq.

___1 dé dé 1
i Y J.(52—(Xl+ix2)+ -[ E—(x —ix,) | _1|[F1+F2]1 (3.1.28)
( 2) 0 0 ( 2)
burada,
d& dé
Eal vy GRSl v 3.1.29
1 !éz—(xwixz) {5 — (% —iX,) ( )

soklinda olan isaralomani gobul edok va inteqralalti funksiyalari yenidon sads kasrlora

ayirib hesablayaq.

e
1 1 1
v ! E2— (X +iX,)  2./% +iX, ![5—,/xl+ix2 St x tix, ]dg’

(3.1.30)

V3
P de ) 1

1 1
. ! E-(y=ix,)  2x-ix, l[f-m_§+M}§' (3.1.31)

Burada F, vo F, -do alinan sado kosrlorin ibtidai funksiyasini tapib, sorhod

giymatlarini yerino yazaq. Onda

1 X, +|x2 1 ‘(m_\/zﬂ
2\/X1+|x ‘§+\/x1+|x H 2\/x1+|x ‘ iX, ‘ (3.1.32)

1 1 Wi - x|
i 2,/% —iX, ‘f+\/x1 iX, H 2\/X1—ix2 In‘ i, ‘ (3.1.33)

Yuxaridaki (3.1.28) ifadasinds (3.1.32) va (3.1.33)-u nazars alsaq:

Fo— 1 N (NN A ([ 'X2 J_)Z% (3.1.34)

9 (_;)! X +iX, ‘ iX, ‘ \/Xl—IXZ

minasibatini alariq.
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\/sz

Homginin 1, Inx,+F | oldugundan,
(—*)'
I1=ﬂ Xl% In x, - L 1_ ‘“Xl i, - ‘/_)Z‘ ‘“ i, - ‘/_)z‘ (3.1.35)
2 (_;)! 2_(_;)! \/x1+|x2 ‘ iX, ‘ \/xl iX, ‘ —ix, ‘

Biz 1, vo 1, iiglin aldigimiz naticalori (3.1.12) ifadasindo nazors alsaqg, V(x)=1,+1,

oldugundan asagidaki teoremi alariq.

Teorem 3.1.1. Verilmis iki olgiilii Laplas tonliyini (3.1.8) soklinds faktorizasiya

]+

+\/7{xlilnx21[ ! |n|(vx1+ix2—\/;1)2|+ L In|(“X1iX|2X‘/Z)Zm}- (3.1.36)

etmoklo (3.1.11) tanliyinin halli iiglin alinan ifada

1 . 1] 1 ‘( X, +iX; — /X 1 ‘(,/x —ix —\/x_)2
V(x)= ‘Xz Inxl—E{ ,—X2+in|n‘ 2 i; ‘+ T_inln‘ Z _;Xl 2

2| % +ix, ‘ iX, ‘ X =X, ‘ —ix,

soklindadir.

3.2. Faktorizasiya iisulu ils iki o6lciilii Laplas tonliyinin fundamental hoallindon

% tortibli tonliyin fundamental hallinin alinmasi

Burada iki Olcult Laplas tonliyinin operatoru tortiblori % Vo % olan operatorlara

faktorizo olunmagla Laplas tonliyinin fundamental hallindan %tartibli tonliyin

fundamental halli alinmigdir. Faktorizasiya zaman1 vuruqglarin yerini doyismoklo Laplas

tonliyinin fundamental hallindan % tortibli xtsusi téromali tonlik Gg¢lin do fundamental

hallin qurulmas1 miimkiindur.
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Molumdur ki, hoallini bildiyimiz adi vo ya xususi téromoli diferensial tonliyi
diferensiallamagla gostormak olar ki, tortibi asagi olan diferensial tonliyin halli, tortibi
yuxar1 olan tonliyi do 0dayir. Ancaq biz burada tors omal ilo mosgul olacagiq. Basqa
sOzlo desok, yiksok tortibli diferensial tonliyin fundamental hollinin kdmayilo asagi
tortibli diferensial tonliyin fundamental hollini alacagiq. Demok olar ki, bu yolla iki
olculd, ikinci tartib elliptik tip olan Laplas tonliyinin fundamental hallindan birinci tortib

elliptik tip olan Kosi-Riman tonliyinin fundamental hollini almaq olar. Lakin biz burada

iki Olcult Laplas tenliyinin fundamental hollindon, kasr tortibli % Vo ya% tortibli

xususi toromoali tonliyin fundamental hallini alacagq.

Bu Usulu ham adi, ham da xtsusi téromali diferensial tonliklors totbiq etmok olar.

Biz bu tisulla artiq bir ne¢o hala baxmigiq. Ovvalki islords =

—_ Vo 2 tortib xdsusi
2 3

w|

toromoali tonliklarin fundamental hoallini almisiq [1, 4, 42].
Masalanin qoyulusu: Yuxarida soyladiyimiz kimi, iki 6lctli ikinci tartib elliptik
tip olan Laplas tonliyino baxag.

o’u(x)  o%u(x)
+ =
ox, X

0, (3.2.1)
burada x=(x,x,). Malumdur ki, (3.2.1) tonliyinin fundamental halli [30]

U=, =Xk, (3.22)
funksiyasidir. Bels ki,

PV, VM) _ (02, b2y (x) = 5(x) =506)5(x,), (32.3)
OX5 0X;

burada 5(x,), k=12. Dirakin “delta” funksiyasidir. Laplas tonliyinin operatorunu

asagidaki sokildo faktorizasiya edok.

2 2 4 2 2 4

DZ + D? = (D} +aD?)(D; + DD} +D7F) =

2 4 4 2 2 4 4 2

= D? + DD} +yDED2 +aD3D3 + DD} +aD?. (3.2.4)
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Alinan ifadoni bagladigimiz ifads ilo tutusdursaq alariq:

L+a=0,
y+af=0, (3.2.5)
ay=1.
Buradan da,
a=1 p=-1 y=1 (3.2.6)

oldugunu almis olurugq.

Onda yuxarida apardigimiz faktorizasiya asagidaki soklo diisor.

2 2 4 2 2 4
D? + D? = (D} + D?)(D} — DD} + D}), (3.2.7)
Vo ya
422 4z 2
D? + D? = (D} — DD} + D?)(D} + D}). (3.2.8)

Belalikls (3.2.3) vo (3.2.8)-don alariq:

4 2 2 4 2 2

(D2 —D2D2 + D) (D2 + D2)U () = 5(X). (3.2.9)

Burada asagidaki sokilds isaralomo aparsaqg:

D§U(x)+D§U(x):V(x), (3.2.10)
onda (3.2.9)-dan alariq:
D3V(x) D§D§V(x)+ D3V (x) = 5(x). (3.2.11)

Yoni V(x) funksiyasi (3.2.11) tonliyinin hallidir. Bu hallin alinmas: tigiin (3.2.2) vo
(3.2.10)-dan istifads edok:

2

2

V(x)= D2U(x)+ D2 U (x) = iD3|n|x|+iD3|n|x| j(x i Xt +
2r X, % (-
3
f 20T e (3.2.12)
271' 5Xl 0 (_g)l
2]

Alman (3.2.12) ifadasinda
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w\r\:

_iixz(xz—)

5 =

In \/xZ +t2dt, (3.2.13)
27 OX, 1 (_7)|

Va

l,=— 1.0 f T) In\/x; +7°dr, (3.2.14)
272' 5X1 0 (_7)
3
soklinda isaralomoni gobul edib, onlar1 ayri-ayriligda hesablayagq.
Hissa-hissa integrallama va xususi kasr tortib tdromonin Riman-Luivill tarifindon

xassolorindon istifads edorok asagidaki ifadoni alariq.

I2=i 0 (=Y In x12+t2dt=—i 0 J'i(xz_t) In \/x? +t*dt =
2 8X2 0 (_E)| 2 6X2 0 dt ll
3" 3

X2
1 1 2

_ 1 0 (Xz_t)sln X2+t2 _]Z(Xz—t)3 tdt _i X23
- 1

2
3

T(x,-t) ° tat

=2 = In x =
27T 6X2 1[ 0 1' X12+t2 277 (_g)l 1+ (_g)l X12+t2
3! . 3 3! 3!
L% X, +G |, (3.2.15)
Ton 2y,
(=3)
burada asagidaki kimi isaraloma gobul edilmisdir:
j(xz t . (3.2.16)

Y X +t?
3.

Bu integralda x, —t =7° avazlomasini aparsaq, asagidakini alariq:

G- f0emh tdt __§ n (on)dridy 3 O
- 2, X2+t 2, X+ -n%? 2 o A
o (=5 M e (S) N 21 (=S o7 Al T A T X
3 3 3
3 ¢ X, —1°
(_2)!! )~ 0 ) (3.2.17)
3
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Burada inteqralalt1 funksiyani sados kasrlore ayirsaq asagidaki kimi notico alacagiq:

%/)TZ 3)(2
3|1 dn 1 dn 3
°° _2y| 2 I n°—(X, +ix) 2 I n° — (X, —iX,) 2 I[G1+Gz]1 (3.2.18)
( ) 0 0 ( 3)
burada,
1 __dn _ 1y dp
2 .[ 7 — (X, +ix,) 2775 }[ 7= (% —ix,) | (3.2.19)

gobul etsak vo inteqralalti funksiyalar1 yenidon sada kasrlora ayirib hesablasaq alariq.

3
X2

1
- '[ —(Xz iX;) __0(77 3/x, +ix,)(n? +773,/x2 ix, +3/(x, +ix,) )

1 1

3/ x - N n+ -
_ 1f 330 +x)° 330 +ix)? | B e |
295 —3/%, +ix, 172 +173/%, + i, +3/(X, +ix,)?
1 % 1 77+1§/x2+ix1+§§/x2+ix1
_ J‘ _ 2 2 dr.

/ -3 i
6 (XZ—HX ) n X, +1IX; (n+;m)2+(\/2§m)z

Burada alinan sado kasrlorin ibtidai funksiyasini tapib, sarhad giymatlorini yerinoa

yazsag, onda

1 1
G=—=—————|n X, +IX In +—1/x +ix, )" + —%/x +iX —
1 63 (X2+iX1) ‘77 2 1 (n 2 1) ( 2 1) )
%

A 77+;3;/x2+ix1
—+/3arctg
\/_

31/x2 IX;

1 - V3 -
1 (3\/X—z+§3\/Xz+'Xl)2+(73\/X2+'X1) 2-3/%, +3/%, +ix,
—=In — /3] arctg —arctg——
2 3%, +ix,)? V3-3/x, +ix, \/_

B 1 (,/x +iX; \/_) 3\/_+,/x + X,
- GW)[ {arctg B i 6}] (3.2.20)

1 1 3{/_ 31/x +1ix;
630, ) | Xt

X
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Eyni gqayda ilo G, —ni hesablayaq:
Y
|

_ 1 dn _
25 (n-3fx, —ix )® + 1%, =%, +3/(%, —ix,)*)
1 1 2
x2 = \2 —> 7T 5 i
,[ 3-3/(x, —ix,)?  3-3/(x, —ix) 3-3/%, —ix
3 —3/x, —ix, 172 + 3%, —ix, +3/(X, —ix,)?

1
G, = 2 ! |xl)

1
2

3)(2

1 - 3 -
1 1 1 77+§3,/x2—|x1+§3,/x2—|x1

= dn.

3 3
6 \/(Xz ix,)* 3 \/XZ +;‘°{/X2 —ix,)% + (\/253\/ X, —ix, )’

Burada da alinan sado Kkosrlorin ibtidai funksiyasini tapib, sorhad giymatlorini

yerina yazsaq asagidaki ifadoni alariq.
Yx

In

G, ——1 1_ {In‘n
6 3\/(Xz _|X1)
%

1. —
—\/§arctgn+23 M :_l 1 |:|n 3§/X_2—3\/X2—ixl_
\[_%ﬁ;_:Ti_ 6 3/(x, —iX,)? —3/x, —ix,
@/x, +—3,/x2 —ix,)? +(—3,/x2 ix, )’ /7
L P 2 ~3 arctg2 P 3% L _arctg—
V3-3/x, —ix, \/_

( +_3\/X2 'X1) +(_\/ le))

X, — |xl

n=0

2 3\/ (Xz - IXl)

1 1 (,/x —ix, —3/x, )° 3%, +3/%, —ix,
<3 m)[ i -3 (arctg Ny 6}] (3.2.21)

Alman (3.2.18) va (3.2.19) ifadalorini (3.2.15)-ds va daha sonra (3.2.13)-da nazars

alsaq asagidaki kimi natico alariq.

1 xz_5 N 3 1 1 1/x +iX, —\/_ A arct 23X, +3/%, +iX, 1«
2 ) 2 d 6

63/(x, +ix, )’ 3-8/, +ix,

1
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(16 ini.x . (\/7_ 1J_ y (arctg iJF_ jg GDI} (3.2.22)

Belalikla biz I, -ni hesablamis oldugq.
Analoji qayda ilo 1, -1 hesablayagq.

2

l:i o (=7 |, x22+12dr:—i 0 Ii(xl ) I X2 +7dr =
27 OX 2 27 OX 1
10 (=) 10 —1
3 3

1 1 2 2

=_ii (% -7) n ,X22+z'2 _J’(Xl_f) dz :i X Inx, + (X -7) ZTdTZ _

2rox | 1, 1 X+t 2 (_g), (_E), X, +7
3 . 3 S )
= L Inx, +F |, (3.2.23)
2r (_g),
3!
burada asagidaki kimi isaraloms gobul edilmisdir
t(x—7) ° dr
F = L.
'([ (_E)! R (3.2.24)
3

Bu inteqralda x, —7 = &% avazlomasini aparsaq, asagidakini alariq:

- j<x—r> de % ogt (g-g)agtde 3 L x-g
0 (- ), X2 +17° %(_2)! X2 +(x — &%)? (_2)!056—2x1§3+xf+x22

3 X, —& d
R GECE T = (i) (3.2.25)
3

Burada inteqralat1 funksiyani sads kasrlars ayirsaq asagidakini alacagiq.

i i
3 | 1 dé 1 d&
F-_° |_= _= F+F 3.2.26
(_E)! 2 ! (&% - (% +ix,)) 2! E3—(x, —|x2)) a ),[ +F.) ( )
3
burada
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1 ge 1 g
_‘E! : -2 ! __de (3.2.27)

F= (X +ix,) E (% —ix,)

goabul etsak vo inteqralalti funksiyalar1 yenidon sada kasrlora ayirib hesablasaq alariq.

Pl g 1f

T2 80uHi) 24 (-3 i) +«:M+\/xl+nxz)
1 1 fh 2

1f 3-3/(x +1x,)°  3-3/(x +ix,)? | 3-3/x +ix,

20

—3/x +ix, E? + E3/x, +ix, +3\/(x1+ix2)2

1 1 Px 1 §+1§/xl+ix2+§§/x +iX,
- dé.

63/(x +ix,)° | E—3/x +ix, (§+7m) +(7m)
Burada alinan sado Kkasrlorin ibtidai funksiyasini tapib, sarhad giymatlorini yerinoa

yazag.
Onda,

a1
F=- GW) [In‘f—,/x +iX, _0——In
%/71

—\/_arctg§+23X+iX2 __1 1 { x 3 +ix,
\/_m 6 3/(x, +ix,)? —3/%, +ix,

O

_1 \/_+ 3%, +iX,)’ +(—,/x +|x) o arcg 3\/—+3\/m ctgi _
2 \/(x +ix,)? V3-3/x, +ix, V3

1 1 n X *ix \/_) 3fx +3x, +ix,
6 3/(x, +ix,)? [arctg J3-3x, +ix, 6}] (3.2.28)

Analoji gayda ilo F, —ni hesablayaqg.

(§+—3,/x +IX ) +(—31/x +IX ) )

1 e

I
_tp_d 1 de _
©2 ! E=(x-ix,) 2 ! (E=3/x, —ix, )(E% + E3f%, —ix, +3/(X, —X,)?)
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1 1 £
P 3 8/0a -t 3300 —ix)? T 3R |

1
R ) R ey e e

__1 1 3jxl 1 §+£§/x1—ix2 +§§/X1_ix2
63/(x —ix,)° 3 | E—3/x —ix, &+ 73/)( Zix, )? +(7§/x —ix,)?

Burada da alinan sado kosrlorin ibtidai funksiyasini tapib, sorhod giymaotlorini

dé.

yerino yazsaq asagidaki ifadoni alariq.

_ 1 Lo Ty _3/7 _
F,=- 6W) {In 3% — |x2 2In (§+2 X, |x2) +( X, |x2))
%/71

— /3 arctg

1 -
g 53 X, —IX, =_1 1 ?\»/_ 3/X1 |X2
—3/%, —ix,

IW —x 6 3/(x, —ix;)?

=0

1, 3\/—+ m) Him) — /3] arctg 3‘/_+3\/m—<’=1r0'[9i =
Jox—ix,)’ Vi ﬁ

1 1 (,/x —ix, - \/_ i/_+3,/x —iX,
=~ 7o IX){ i \/_(arctg N GH (3.2.29)

Yuxaridaki (3.2.23) ifadasinds (3.2.26)-n1 nozars alsaq:

@i %) [tg P H
\/_3,/x +iX, 6

3 1 1

F= _),[ 6,/(x +ix,)? { X,

(15 Jﬁ ){ (\/7 %) [amg ?JX\/T 6}“ (3.2.30)

minasibati alinmis olar.

2
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Eyni zamanda 1, = I R T x, +F | oldugundan,
2 (_g)|
* 37

1] x° 3 [ 1 1 1. G/ +ix, —3/x )
I, 5 In x, + 5| "= ——| —1In - —
2 =Y (-5 6 3/(x, +ix,)*| 2 X,

3 37
2:3/% +3x +ix, gD 11 {gm @fx %, -3/%)°

V3-3fx +ix, 6] 63/(x—ix,)’|2 —ix,

— /3| arctg

— /3| arctg 2'\3‘//_?;;“ )ill; b, %JH} (3.2.31)

Indi iso (3.2.12) ifadasina qayidib, (3.2.22) vo (3.2.31)-i nozero almagla onu
asagidaki sokilds yazaq:

V(x)=1,+1,, oldugundan, asagidaki hokmii alariq.

Teorem 3.2.1. TOromasinin tortibi %olan, bircinsli (bltin hadlorda téromalarin

tortibi eynidir) sabit omsall1 xiisusi toromali (3.2.11) tanliyinin halli

2 3 i —3/y )3 3 3/ i
o {Xz In X, P 1 Fln( e ) —\/é[arctEJz\/X—zJr i —Eﬂ—

V(x)= - ENRINR TR
X 2n(- ;2;)! 23/(x, +ix,)?| 2 i, J34[x,+ix, 6
1 1 1, @fx —ix —3/x,)° 2-3/%, +3/%, —ix, =«
—Z————|Zh : — /3] arctg 1=+
23/(x, —ix,)?| 2 —ix, V3-3fx,—ix, 6
+x;§ In x2—i 1_ Lin (3\’/X1+i>_<2 —/%0°
23/(x, +ix,)?| 2 Xz

7 2.3 +ifx+ix, )| 1 1 1 @fx—ix, —3%,)°
—/3| arctg _ el e Bl : —
\/§.§/x1+|x2 6 23/(x, —ix,)*| 2 —ix,
2~§/x_1+§/xl—ix2 Vs
— 3 -z ) L.
\/_(arctg B, 6}} (3.2.32)
soklindadir.
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3.3. Faktorizasiya iisulu ils iki o6l¢iilii Laplas tonliyinin fundamental hsllindon

% addim ilo g tortib xiisusi toramoli tonliyin fundamental hallinin alinmasi

Isdo iki 6lculii Laplas tonliyinin fundamental hallindon faktorizasiya tsulu ilo %
addiml1 % tortibli elliptik tip tonlik Gglin fundamental hall qurulmusdur. Bu fundamental
halli qurmag Ucun % tortibli iki Olculu elliptik tip operatorla iki 6l¢tllt Laplas tanliyinin

fundamental hollins tosir etmok lazim olur. Hor bir doyisona nazoran % tortib tdramonin

alinmasi ti¢lin kasr tortib tdromonin Riman-Liuvill tarifindon istifads edilmisdir.

Laplas tonliyi tcglin lokal sarhad sortlori daxilinds mixtalif sarhad mosalalarineg
baxilmigdir [20, 21, 30, 33, 35, 43, 45, 50, 53, 64]. Son vaxtlar bu tenlik Ugtin geyri-
lokal sarhad sartlori daxilinds masalalors baxilmisdir [13, 78, 84, 109].

Faktorizasiya usulu ilo yuksok tortib tOromoli tonliyin hallindon kicik tortibli
tonliklarin hallinin alinmasi1 son zamanlar bizim torofimizdon aparilmisdir [1, 6-11, 34,
42, 106].

Masalonin qoyulusu: Bilirik ki, iki olcult ikinci tortib elliptik tip olan Laplas
tonliyi asagidak: sokildadir.

o°u(x) J%u(x
6x(2)+ axfz)=0, (33.1)
2

Burada x=(x;,x,) Kimi tayin olunmusdur. (3.3.1) tonliyinin fundamental halli [30]

1 2
U (x) =5 In|x] , X =%+, (3.3.2)

funksiyasidir.
Belo ki,
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UK V) _ (b2, D2 (x) = 5 ~50)505,) (33.3)
OX; OX;

buradas(x,), (k =1,2.) Dirakin “delta” funksiyasidir.

Laplas operatorunun faktorizasiyasini agagidaki kimi aparagq.

1 1 5 4 1 2 2 1 4 5

D2+ D} = (D2 +aD?)(D? +bD2D? +cD,D2 +dD2 D, +eD?D? + fD3) =

5 1 4 2 2 4 1 5

= D2 +bD2D? +cD2D? +dD,D, +eD2D? + fDID? +

5 1 4 2 2 4 1 5
+aD3D? +abD2D2 +acD,D, +adD2D? +aeD2D? +afD; . (3.3.4)
Buradan machul omsallar1 agsagidaki sistemin komoayils tapag.
af =1,
b+a=0,
c+ab=0
’ 3.35
d+ac=0, ( )
e+ad =0,
f +ae=0,
Buradan da,
a=i, b=-i, c=-1 d=i, e=1 f=-i (3.3.6)

soklinds amsallar1 tapmus olariq.

Onda yuxarida Laplas operatoru liclin apardigimiz faktorizasiya asagidaki kimi
olacaqdir.

1 1 5 4

1 2 2 1 4 5
D?+D? = (D2 +iD?)(D —iDZD? — D,D? +iD2D, + D3D? —iD?) (3.3.7)
voya
50 41 22 14 51 1
D? + D} =(D$ —iD2D? —D,D? +iD2D, + D3D? —iD3)(D3 +iD3). (3.3.8)
Biz (3.3.3) vo (3.3.8) ifadalorindon alariq:
5 41 2 2 14 5 1 1
(D —iD$D;¢ — D,D? +iDZD, + DiD? —iD2)(D$ +iD2)U (X) = 5(X). (3.3.9)
Burada
1 1
D3 U (x)+iDU(x) = Z(x), (3.3.10)
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soklindos isaralosak, onda

5 4 1 1 4 5

DZ(x)-iDZD3Z(x) - DDSZ(X)+ID3D Z(x)+D3DEZ(x)—iDFZ(X) = 5(x). (3.3.11)
Burada (3.3.11) tonliyinin holli Z(x) funksiyas1 olacaqdir. (3.3.2) dusturunu
(3.3.10) tanliyins tatbig etmokls (3.3.11) tonliyinin hallini tapacagiq.

1

Z(x)= D3U(x)+|D3U(x)—iD3In|x|+—D3In| |_ I(X In X, +t2dt +
21 OX, (-
3
LAY G k) A SRS (3.3.12)
27[ 6X10 (_1)[
D'

Biz (3.3.12)-ni hall etmokls (3.3.11) tanliyinin fundamental hallini alarigq.
Alman (3.3.12) ifadasinda

1

|2—21ﬂ ai Xz%m X2 +tdt, (3.3.13)
3
V3
0 amn) Ty e (3.3.14)
1 27 0%, ) (_1)! n4X; +z°dr, .
3

soklindo gobul edib, homin inteqrallar1 ayri-ayriligda hesablayib comlomoklo Z(x) -i
tapacagiq.
Hissa-hisso inteqrallama gaydasindan vo xUsusi téromonin tapilmasi qaydasindan

istifads edorok 1, tigiin asag1dak1 kimi ifado alargq.

I, In \/x} +t*dt =

10 f(x —t) 0 atidte_ L O Ti(xz—t)s
27 6X2 0 ( 7)| ! 27 aXZ dt 2|

0

X2
2 2
Xy

10| 06,-0" . = %t tdt | 1|x 2(x,—1) ° tdt
S R N (VG £ R A AR S i | A e =
27[ 8X2 gl ! ‘([ gl X12+t2 27[ (_1)| ! '(l; (_1)| X12+t2
3 w 3 3 3
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! _t
i (3.3.15)
)

(3.3.15) ifadasinds asagidaki sokilds isaraloma gobul edilmisdir:

Inx, +M |,

% (x,-1) ° tdt
M_J; (_;)! o (3.3.16)

(3.3.16) inteqralin1 hesablamagq {igiin x, —t =7° avazlomasini aparaq. Onda alariq:

v fOe -0 1 tde B AU o Y L N VB
0 (_1)! X+t i (_1)! X +(x, —n%)* (_1)! 2 110 =217+ X+ %
3 3
3 'f (=7
= : — d7.
Ly N FEeRTs) reRTH) (3:3.17)
3
Bu inteqrali inteqralalt1 funksiyani sads kasrlora ayirma yolu ils hall edok:
Belaliklo,
Y, Yx,
M = 3 _1 .[ —dn_l R n . d77 =
(_1)! 2 1 n°—(x, +ix,) 2 3 m7 = (% —ix,)
3
3
T VYR (3:318)
2. (=)
( 3)
soklinds ifads alinmus olar.
Burada,
%/72 Y%
= I 3#.(177, I —.dﬂ ' (3319)
o 17— (X, +ix;) o 17 _(Xz iX;)

soklinda gabul edib, inteqralalti funksiyalar1 sada kasrlors ayiraraq bu inteqrallari

hesablayaqg:

3X2 3X2

n

n
M= [y~ ——dn=
' '([ n° = (%, +ix,) E[ (77_3\/X2+ix1)(772+773\/ X, +iX, +3/(X, +1%)*)
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1
_3f2 ?;-'{/x2+ix1 i/xz 177+§ d
5 —'{/X2+iX 7° + 13/ x, +ix, +\/(x +ix;)?

3

L 77+;?§/x2+ix1—§3§/x2+ix1

1 f
= dn
.3 1 _3 1
3 \/XZHXl o | 77 \/X2+IX1 (77+;’é’,/xz+ix1)2+(\/2§3’,/x2+ix1)2

. f . nim
335 +ix, o | 7=3% +i%, 07+ L35 ) +(fm)

:233,/x2+ixl
+
1 . V3 :
(77+§3,/x2 +ix,)° +(73,/x2 +ix,)?

Belaliklo bu inteqralalti funksiyan1 ii¢ sado kosr funksiyanin comi soklinda

dn.

gostordik. indi iso onlarm ibtidai funksiyalarini tapmaliyiq. Sonra sorhad giymotlorini

yerina yazib hallini alacagiq:

M=+ Infyp =3/, +ix, E—1|n +

3-3/X, +iX, n=0

O+ 3 i)’ +(—W))

3/X2

1. —
Jr\/_arctgnjLz3 T — 1 |3"X2 —e i)
\/—3 S 3-3/x, +ix, ‘ —3/x, +ix, ‘

7=0

SJ_MJW) +(—W)

5 |

arct —arct
2 \/(X +IX) J \/_3\’/X2+IX g\/_
— s —
1 In|(3 o 7% %) |+2\/§ arctg 2:3/%, +3 et 7 (3.3.20)
6-3/X, +iX, ‘ X, ‘ V3-3/x, +ix, 6

Indi iso M, —ni hesablayaq:
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M. = 2 n | X2

’ 7|)-773—(X2—|X1) " '(l). (n —3/%, —ix,)(? +173,/x2 ix, +3/(x, —ix,) )
1 1 1

Ve 3-3\/x2—ix1 3-3/x, —ix 773

= d -
o e e ol

1 -
S S | — (ARl
3.3 —i —3 —1 1. /
\/Xz X; o | 77 \/XZ X, (77—|—§3 X, — |X1) +(73 Xy — IXl)

gwxz—ixl

+ dn.

(77+;,/x —|x) +(—§/x —|x)

Bu ifadado sado kasrlorin ibtidai funksiyasini tapib, miivafiq sarhad giymatlorini

homin ibtidai funksiyalarda nozars alsaq asagidaki kimi holl alariq.

7+ %)’ +<—W>)

2= +

{In‘n—?;/xz —iX, o —Eln

Py
3-3/X, =X, 1o

3X2

1 -
++/3arctg T Ve _ 1 { |§/x_2 VX — 1%

\/_m 3-3/x, —ix, ‘ —3/x, —ix,
1 — . 3 .
(i/X—2+E3VX2—IX1) +(73\/X2_|X1)

+f£ 2:3t, 4308, ~i%, ]

arctg —arctg—
3/(x, —ix,)’ V3-3/x, —ix, V3

_ 1 |(3\/X2_ixl_3\/x_2)3| 3%, +3/%, —ix,
= 5w [In‘ T ‘+2\/_(arctg NI 6 . (3.3.21)

Aldigimiz (3.3.20) vo (3.3.21) ifadoalorini (3.3.18) ifadossindo, sonra (3.3.15)

ifadasinda nazors alag. Onda 1, {igiin asagidak: sokildo cavab alariq.
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l,=— Inx, - - arctg — - ——
2o (_})! ' 4'(_})! 3/, +iX, . ‘ V33fx,+ix, 6
3 3

T

AP { . [|§(ﬁr>|2@[ 23 i D

‘ J3.3/x,—ix, 6

Belaliklo kasr tortib téromo Vo inteqralin xassalorindon istifads edarak 1, -ni

hesabladiq.
Indi iso I, Uglin tothiq etdiyimiz gaydalardan istifado edorok I, -i hesablayag.
i) g, b 0d (-0)
1= o, ) (_1)' In{x; +7°dzr = . 6Xl'([dr 2, In{x; +7°dr
3" 3
i 0| (-1 s -0 dr | i x “(x-7) dr
- Y | _ _ | _
2mox | 2, n\/XZH- s 2y x+rt| 2m (_1)|nxz+'c[ (_1)| X +7°
A . 3 ) D!
LN A (3.3.23)
272' (_1)| 2
Bl
soklinds ifads alariq. (3.3.23) ifadasindo
A -7) | dr
N_£ 1(_1). T (3.3.24)
8l

kimi isaralomo aparilmisdir.

Bu integralda x, — = £* avazlomosini aparaq. Onda asagidaki kimi ifads alariq:

N=T(x1—r)3 dr _§ et (q-&)(8E)de 3 P (x &
0 (_;)! X; +7° yg(_:lg)! X; +(x — &%)’ (_é)!ofﬁ—zegslerxlerxzz
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3 ¢ (x — &) &

= - - dé.
1y ! (ERICRETS) C o) (3.3.25)
3
(3.3.25) ifadasindos inteqralati funksiyan1 sads kasrlora ayirmagqla asagidaki ifadoni
alacagq.
Pu P
3 E £
N=- —dé+ —_.d& | =
ol T )
3
3
== [N+ N, (3.3.26)
(=)
2-( 3).
Burada,
P Pu
S - _ ¢
M. o E (X +ixy) N ) 2 (%, —ix,) de, (3.3.27)

Kimi gobul olunmusdur. Burada inteqralalt1 funksiyalar1 sads kasrlors ayirib hesablasaq

alariq.
2 & —0u+ixy) T g (=3 x i )(ER + E[x X, + (X +iX,)?)
1 B 1 sl
VR 3.3/x +ix, 3-3/x, +ix, 3 de —

N Z‘; & —3x +ix, +§2+§3\/X1+i><2 +3/ (04 + ix,)?

1 - 3 -
L P L §+53§/X1+'X2_§§/X1+'X2

~ a3 : J. 3 ix, s
3-3/x +ix, 3| E-3/% +ix, (§+;3/x1+ix2)2+(\/2§3«/X1+iX2)2

1 -
S SVt
:3 3 1 I 3 i B l 3 '
.\/)(1+|x2 0 g—\/xl+|x2 (§+53’_x1+ixz)2+(73,X1+ixz)2
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23./xl+ix2
+
1 : V3 .
(§+§3,/x1+|x2)2 +(73,/x1+|x2)2

Burada aldigimiz sado koasrlorin avvalco ibtidai funksiyasini tapib, sonra sorhod

dé,

giymatlarini mivafig olaraq yerino yazmagla bu inteqrali hesablayaq.
Onda,

+

1
—3/% +1iX, —=In
2

%
€+ 23w+ (L))
£=0

N, = In
3 3% +iX,
3Xl

+\/_arctg§+23X+iX — 1 : |3\/_ 3\/X+'X|
\/_m 3-:{/X1+IX2 ‘ —3/x +iX, ‘

&=0

&/x +—,/ +ix,)? +(—3,/x +ix, )? sy 2w
Ly P - ++/3 arctg2 R +3fx +i, 2 —arctg——
2 3/(x, +ix,)? J3-3/x +ix, \/_
1 |(3,/x1+ix2 —i/;l)3| 3/x +3/x +ix,
T [In‘ . ‘+2\/_(arctg N 6 (3.3.28)

soklinds olacaqdir.
Eyni Usulla N,—-ni hesablayaq. Burada da inteqralalti funksiyani sado kasrlora

ayirag.
N2: I#dgzj. . é: : . dg—
o &b T (é—%/xl—nxz)(52+§M+m)
1 1
=3f1 3-/% —ix, 3\/X—|x2§+§ ds —

0 '):_i/xl_ixz f + E3/ % — X, +\/(X1 ix,)?

1 - 3 -
1 Pa 1 §+§3{/X1_|X2 _*i/x1_|xz

:3-§/X1—iX2 '<[ Sg_?i/x1_ixz B 1, i / 4
(§+§3 Xl_IXZ) +(7 'Xz)
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I B £ 3
_3-%/X1—iX2 '([ g_%/xl_ixz B 1 ; 2 \/§ ; 2+
(§+§3\/X1_|X2) +(73\/X1_|X2)
23,/x —iX,
(§+fﬂ) +(fﬂ)

Analoji olaraq aldigimiz sado kosrlorin ibtidai funksiyasini tapaq. Sonra sarhad

dé.

giymatlarini yerina yazaq. Onda

N, = In ——In
3 3% — X,

+

(§+ 1/ |x) +(—§/x—|x))

<+ 13 X, — 11X,
+\/_arctg 2

\/_31/x — X,

[
3-3/x —i | =3/ - |

SJ_+*JXTXZ> +(IVXTXZ)

At |

2 3/(x, —ix,)? arctg \/_ 3-3/x —ix, -arcg J3
1 6/x =%, —3/% )| A i, x
¥ [In‘ “ix, ‘+2\/_[arctg N 5 (3.3.29)

soklinds hall alacagiq.
(3.3.28) vo (3.3.29) ifadalorini (3.3.26)-da nozars alsaq asagidakini alariq:

w1 [ 1 {In|(m_3\/;1)3|+2\/_( 2:3/x +3/x +ix, 6]}

: _ arctg
4,(_;)! 3%, + i, ‘ iX, ‘ J3-3/x, +ix,

L {mksvxlixzﬁ)ahzf ( 231 +3/4 i, 6}" (3.3.30)

+ : arct
3/x, —ix, ‘ ~ix, ‘ . J3-3x, —ix,

Homginin I1=2L % X, +N | oldugundan,
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1
3

LD b TSV wx +'xz—sf> R
Yooon (_::;)! 2 4. (_::;)I ?{/X +|X X, ‘

+2f£ 234 3/ +ix, 7 D = IX{I(WV‘)I

arct
J V3-3/x, +ix, iX

o355

g J3-3/x —ix,

Beloliklo aldigimiz (3.3.22) va (3.3.31) ifadalarini (3.3.12) ifadasinds nazars alag.

Burada Z(x)=1, +1,, oldugundan, asagidaki teoremi almis olurugq.
Teorem 3.3.1. Téromasinin tortibi g olan, bircinsli sabit omsall1 xiisusi toromali

(3.3.11) tanliyinin halli

1 - _ 3 . i
Z(x)= X, In|x1| = n| \/XZ-H).(l ix,) |+2\/§[arctgz 3/, +3,/x2-+|xl _EJ
2n(- ;)‘ 3 Xz i, ‘ % ‘ @m 6

1 ‘(3\/Xz—ixl—§/72)3‘ 3fx, +3[x, —ix,
3/x2ix1(ln‘ — X ‘+2\/§£arctg V3-3/x, —ix, GJJ]

3/ X, +iX, 2
3% +3[%, +ix, 1 |(§/x1—ix2 —3/x, )
+24/3 {arctg NERT 6 m In‘ T +
2-?§/Z+3,/x1—ix2 oz
+2\/§(arctg NERRTS GJH} (3.3.32)

soklindadir.
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Notico

Dissertasiya isindd asagida gostarilon natico va takliflor ahimmsdar:

1. Tortibi diizgiin kosr olan vo diizglin kosr olmayan (yoni tortibi (0, 1) vo (1, 2) —
do olan) adi birhadli diferensial tonliklor iiglin fundamental hollor alinmisdir.
Burada birinci tortib birhadli diferensial tonliyin fundamental holli faktorizasiya
edilmisdir.

2. Yuxarida soylonilon noticolor sabit omsalli xotti kosr tortibli diferensial tonliklor
ticlin aparilmisdir. Burada ikinci tortib birhadli diferensial tonliyin fundamental
halli faktorizasiya edilmisdir.

3. Birinci bandds alinan naticolor birhadli olmayan xotti sabit omsall1 kosr tortib
toromoli tonliklor ticiin alinmisdir. Burada birinci tortib sabit omsallr adi
diferensial tonliyin fundamental halli faktorizasiya edilmisdir.

4. Adi sabit omsall1 xotti ikinci tortib toromoli diferensial tonliyin fundamental
hollindon faktorizasiya {iisulu ilo, tortibi diizgiin kosr olmayan adi sabit omsalli
xotti kasr tortibli diferensial tonliyin fundamental holli alinmisdir.

5. Kosi — Riman tonliyinin fundamental hallindan faktorizasiya iisulu ils, diizgiin
kosr tortibli, xilisusi toromoli diferensial tonliyin fundamental halli {i¢iin ifads
alinmsdir.

6. Iki dl¢iilii Laplas tonliyinin fundamental hollindon faktorizasiya iisulu ilo, tortibi
diizgiin kosr olmayan kosr tortib xtlisusi toromali tonliyin fundamental halli {i¢lin
analitik ifado alinmisdir.

7. Sonralar bu fundamental hallorin komoyi ilo sorhoad masalolorinin  halli

arasdirilacaqdir.
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