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RIYAZIYYAT
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ON THE SUMMABILITY OF THE RIESZ TRANSFORM
OF LEBESGUE INTEGRABLE FUNCTIONS

R.A.ALIEV, A.F.HUSEYNLI
Baku State University
aliyevrashid@mail.ru aynurhuseynli88@gmail.com

1t is known that the Riesz transform of a Lebesgue integrable function is generally
not Lebesgue integrable. In this paper using the notion of Q -integral we prove that the
Riesz transform of a Lebesgue integrable function is Q -integrable and the its Q -integral is
equal to zero.

Keywords: Riesz transform, Q-integral, A -integral, harmonic conjugate, boun-
dary values.

1. Introduction

The j -th Riesz transform of the function f€ L, (Rd ), 1< p<+oo is
defined as the following singular integral:
: X; =Y, .
R(Nx)=rplim [ Ll f()dy, j=12,..d.
et Taoslpel ¥ = 31
I'((d+1)/2)

oo
I I'(z)= Jtz_le_’dt is Euler’s Gamma function.

0

It is well known (see [15]) that the Riesz transform plays an im-
portant role in the theory of harmonic functions. The boundary values of
harmonically conjugate in the upper half space functions are interconnected

by the Riesz transform. More precisely, if the functions uo(x, y), U (x, y),

where ) =

ey Uy (x, y) are the harmonically conjugate functions on the upper half
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space R!™ = {(x,y)e R™:x>0, ye Rd} and fe Lp(Rd), 1< p <o is
boundary values of the function u, (x, y), then the boundary values of the
function uj(x,y) is Rj(f), j=12,....d.

From the theory of singular integrals (see [15]) it is well known that
the Riesz transform is a bounded operator in the space L, (Rd ), p>1, that

is,if feL, (Rd), then R, (f)e L, (Rd) and the inequality
HijHLp <C, I, (1.1)
holds. In the case f'e L, (Rd) only the weak inequality holds:
C
m{xe Rd;‘(ij)(x)‘>ﬂ}371||f|Ll, (1.2)
where m stands for the Lebesgue measure, C,, C, are constants indepen-
dent of /. From the inequalities (1.1), (1.2) it follows that the Riesz trans-
form of the function f'e L, (Rd) satisfies the condition
m{xe R :‘(ijXx)‘>/1}=o(l//1), A — oo, (1.3)

It was proved in [11] that the distribution function of the Riesz
transform of the function f € L, (R") also satisfies the condition

lim & mive R : (R, f Y > 6}= 1,80 JL ok, (1.4)
d ] R
where 6, =2—-(£j ’ and [E] - integer part of a number
dld-1)" | 2 2
d-1
2

Note that the Riesz transform of a function f'e L, (Rd) is generally
not Lebesgue integrable. In this paper using the notion of Q-integral we
prove that the Riesz transform of a Lebesgue integrable functions is Q-
integrable and its Q -integral is equal to zero.

2. Q -integral

For a measurable complex-valued function f on R? we set

U, =@ = r(x) for 6<|fx}<a,



)y, =lf&)* =0 for |fx)<6,

[f(x)](M = Asgn f(x), [f(x)]‘” =0 for |f(x)| >A, 0<O<A.
In 1929, Titchmarsh [16] introduced the notions of Q- and Q’-
integrals.
Definition 2.1. If the finite limit (i I [f(x)]cm dx ( lim JU(X)]M A
R R?

50+
A—>to0 A—>to0

respectively) exists, then f is said to be Q-integrable (Q’-integrable,
respectively) on R?, and this fact is written as f € Q(Rd) (fe Q’(R")).
The value of this limit is referred to as the Q-integral (Q’-integral) of the
function fe Q(Rd) (fe Q'(Rd)) and is denoted by

@t (i0)frtone)

A very uncomfortable fact impeding the application of Q -integrals
and Q’-integrals when studying diverse problems of function theory is the
absence of the additivity property, that is, the Q-integrability (Q’-integ-
rability) of two functions does not imply the Q-integrability (Q’-integ-
rability) of their sum. If one adds the conditions

mixe R :|f(x)> 6 }=0(1/5), 50+, (2.1)

m{xe R’ :|f(x)|>/1}: o(1/2), A= +oo, (2.2)

to the definition of Q-integrability (Q’-integrability), then Q-integral and
O’ -integral coincide (Q(Rd ) = Q'(Rd )) and these integrals become additive.
Definition 2.2. If fe Q'(Rd ) (or fe Q(Rd)) and conditions (2.1)

and (2.2) are hold, then f is said to be A -integrable on Rd, fe A(Rd),
and the limit }1_%1 J.b‘"()c)]a”1 dx (or the limit oll_)r(r)1+ J[f(x)] 5.2dx) is denoted

R R

A—>4oo A=+

in this case by

(4) J (x)dx .

The properties of Q- and Q’-integrals were investigated in [2, 3, 6,
9, 10, 16], and the applications of A-, Q- and Q’-integrals in theory of
functions of real and complex variable are given in [1, 2, 4-8, 12-14, 16-22].
Definition 2.3. We denote by M (R";C) the class of measurable



complex-valued functions f on R? for which the finite limits
}i%l 5-m{xe R : |f(x)|>5}and }im /t-m{xe R : |f(x)|>/t}exist.
It follows from (1.3) and (1.4) that the Riesz transform of the Le-

besgue integrable functions belongs to the class M (R";C ) In case d =1, it
was proved in [3] that the Q- and Q’-integrals coincide on the function
class M (Rd ;C ) and become additive with the A -integral, that is if the func-
tion fe M (Rd;C ) is O’ -integrable on R? and the function g is A -integ-
rable on R?, then their sum f+ge M (Rd;C ) is Q’-integrable on R, and
the following equality holds:

jU x)+g(x ]dx Jf )edx +( )jg(x)dx. (2.3)

M

Similarly, one can show that this statement remains valid in the case of
d>1.

3. Q -integral and Riesz transform of Lebesgue integrable functions

Let H"*™ (Rd) be the set of all complex-valued functions # that are

harmonic in the upper half space Rf“ and are such that the nontangential
supremum function

, X€E Rd,

u"(x)= suplu(y)

yel(x)
where T'(x)= {(yo, y')e R : y'e B(x, y, )} and B(x,y,) is the open ball of
radius y, with the center at the point x, belongs to the “weak L;-space”,
that is

e =l gy = 50 b R () > A e
H(R?) be the set of all functions ue H"* (R ) such that

w e Ii=(R)={fe '"(R"): mfxe R :|f(x) > 2 At=0(1/2), 2 = +ool;
Hyeo (R d) be the set of all functions ue H})*™ (Rd ), such that

u' e Ll(;fO”(R"): {fe LIO’*""(R"): m{xe R :|f(x) > 5}: o(1/8), § — O+};
M (Rd) be the set of all complex-valued harmonic in Rf“ functions u,
such that

”u”M(R") = sup J|u(x0’x)|dx < +too,
X>0 pa
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in the other words, u is the Poisson integral of a finite complex measure on
R"; M, (R) be the set of all ue M(R") such that lin})u(xo,x) =0 for

almost all xe R? ,1.e. u is the Poisson integral of a finite singular measure

on Rd; M, (Rd) be the set of all Poisson integrals of all the summable
functions.
It is well known that M(R*)c H"*=(R*) and M (R')c H}*(R")
. It can be easily proved that if © the Poisson integral of a summable
function f € L, (Rd) and Jf(x)dx =0, then ue Hy,” (Rd).
b

In [1] A.B.Aleksandrov proved that if ue Hézg‘”(Rd), Uy, ..., Uy

are the conjugate functions of u and g,, g,, ..., g, are the boundary
values of a system of bounded conjugate harmonic functions in Rf“ , then

for any j = I,_d the function (Tu).gj +(Tuj)- g, is A-integrable on R’

and

(@) [ (Tu)x)- g, (0)+ (T, [x)- g, (x)hix = 0. (3.1)

Rd
where the operator 7 transforms each function ue H"* (Rd) into its

boundary values in R”.
If u is the Poisson integral of a summable function f e L, (R") and

J.f(x)dxzo, then, taking g, =1, g,=0, ..., g, =0, it follows from (3.1)

that for any j ﬁ the function R, ( f ) is A -integrable on R? and
(4 J(R F)x)dx =0. (3.2)

Note that if J £ (x)dx # 0, then the function R, (f) does not satisfy

the condition (2.1), and therefore the equality (3.2) does not hold in this
case.

Theorem 3.1. Let fe L (Rd). Then for any j =1,d the function
. ;7 . d
R, (f) is O’ -integrable on R and

(©)] (R, rXx)ax =o. (3.3)

Proof. Let us first prove that the function RJ.(),/B(O;,)) is Q-



integrable on R and

(Q,)J(R_/ZB(O;l))(x)dx =0. (34

Rd
Since x4 € Lp(Rd) for any p>1 and the Riesz transform is
bounded in the space L, (Rd), p >1, then we obtain that Rj(ZB(o;l))E L, (Rd)

forany p>1.
Forany 0< 6 < A denote

Fy,=feR!:5< ‘(Rj Lo, )(x){ <a
It follows from the inequality
4
(R, Zaon N6} < AIR4OY
‘ e )( (d)B(!;l) =y (r—1)
that the set F;, is bounded, and therefore y, €L, (Rd) for any ¢ >1,

‘x.j _y./"

d+1

x>r>1,

dy <

dj2
where ¥, :m(B(O;l)):ﬂ—. It follows from here that the function
I(d/2+1)

R, (;(B(O;l))- Xr,, is Lebesgue integrable on R” and
_[(R_;ZB(O;U)(’C)‘ZX = J‘(lez;(o;l))(x)'IFM (oc)ebx =

Fs, RY

X: =y
= f f L -] dil dy dx = HK(x,y)dxdy,
Fs§. 1 B(O;l)‘x - y‘ Fg. 1xB(0;1)

where K(x,y):%. Since K(-x,—y)=-K(x,y) and FMXB(O;I) is
X=y
symmetric set (that is, (x, y)e F;, xB(0;1) & (-x,~y)e F;, x B(0;1)), we
get that
I(Rj;(B(O;I))(x)dx = ”K(x, y)dxdy =0,
Fs; Fs.xB(0;1)
and, therefore, (3.4) is satisfied.
We now prove that the function R, (/) is Q’-integrable on R and

(3.3) holds. Let J. f (x)dx = o # 0. Consider the function
Rd

fl(x) = f(x)_V&'ZB(o;l)(x)a
()



/2

V4
where Vi, = m(B(O;l)):m. Then ];[fl (x)dx =0. Therefore, R, (£)
is A -integrable on R and
(4) [ (R, £, Jx)x =0. (3.5)
Rd

It follows from (1.3) and (1.4) that R, (;(B(O;l))e M(Rd;C). Then, we get that

. . , . d .
the function R, (f) is O’ -integrable on R? and it follows from (2.3), (3.4)
and (3.5) that

’ a ’
(©) [, Xt = () (R, e+ @) [ (R Nk =0.
R R (a) R
This completes the proof.
Corollary 3.1. Let fe L, (Rd). Then for any j=1,d the function

R, (f) is O-integrable on R’ and
() (1 Nx)ax =0.

Rd
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LEBEQ MONADA iNTEQRALLANAN FUNKSiYALARIN
RiSS CEVIRMOSININ COMLONMOSi HAQQINDA
R.O.OLIYEV, A.F.HUSEYNLI
XULASO

Molumdur ki, Lebeq monada inteqrallanan funksiyalarin Riss ¢evirmosi, imumiy-

yatls, gdtiirsok Lebeq monada inteqrallanan olmur. Isdo Q -inteqral anlayisindan istifado

edilorak gostorilir ki, Lebeq monada inteqrallanan funksiyalarin Riss ¢evirmosi (J -inteqral-

lanandir vo onun () -inteqrali sifira borabardir.

Agar sozlor: Riss ¢evrilmosi, () -inteqral, A -inteqral, harmonik qosma, sorhad

qiymaotlori.
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0 CYMMUPYEMOCTH IPEOBPA3OBAHMS PUCCA
HHTEI'PUPYEMBIX IO JIEBETY @ YHKIINHN

P.A.AJIUEB, A.®.I'YCEWHJIA
PE3IOME

W3BectHO, 4T0 npeobpa3oBanue Pucca naTerpupyemoii o Jlebery gpyHkumi, Bo-
o0lLe TOBOps, HE ABIAETC HHTErpupyeMoii o JleGery. B crarbe, ncnonssys noustie ( -
WHTETpaia, JOKa3bIBAaeTCs, UTO IpeobpazoBaHme Pucca naTerpupyemotii mo Jlebery GpyHk-
umit siisierest () -uHTerpupyemoii u ero (J -MHTErpall paBeH HyJIko.

KuaoueBble cioBa: npeoGpasosanue Pucca, ( -unrerpan, A -unrerpain, rapmo-
HUYECKOE COTIPsDKEHHE, TPAaHWYHbBIE 3HAYCHHUS.
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In this paper, we consider a coframe bundle of a Riemannian manifold. The class of
g —natural metrics on the coframe bundle is determined, the properties of the Levi-Civita

connection of g —natural metrics are studied, and the values of the coefficients of this
connection are calculated.

Keywords: Riemannian manifold, coframe bundle, horizontal lift, Levi-Civita
connection, g — natural metric.

1. Introduction

Among differential-geometric structures on smooth bundles, natural
Riemannian metrics play a special role. These are, in particular, the Sasaki
metric, the Cheeger-Gromoll metric, the homogeneous lift af the Rieman-
nian metric, etc. (see, for example, [1], [3], [4], [6], [7], [10]}. In [2] a new
class of g —natural metrics was introduced, which includes the Sasaki met-
ric and the Cheeger-Gromoll metric/ A similar approach was implemented
by K.Niedzialomski [8], applied to the bundle of linear frames.

The Cheeger-Gromoll metric and the structures associated with it on the
bundle of coframes were studied in [5], [9]. In this paper we shall define and
study the class of g —natural metrics on the coframe bundle of a Rieman-
nian manifold. In 2 we briefly describe the definitions and results that are
needed later, after which the notion of an adapted frame on the coframe
bundle is introduced. In 3 we determine the class of g —natural metrics and
investigate the properties of Levi-Civita connection of these metrics,
Christoffel symbols (coefficients) of Levi-Civita connection are calculated
in 4.

12



2. Preliminaries

We shall summarize briefly the basic definitions and results which be
used later. Let M be an n—dimensional differentiable manifold of class

C” and F"(M) its coframe bundle (see, [4, 5]). The coframe bundle
F*(M) over M consists of all pairs (x,u"), where x is a point of M and
u” is a basis (coframe) for the cotangent space 7, M . We denote by 7 the
natural projection of F*(M) to M defined by z(x,u’)=x. If
v ;xl,xz,...,x”) is a system of local coordinates in M , then a coframe
u' =(X%)= (XI,XZ,...,X") for T, M can be expressed uniquely in the
form X% = X% (dx"), and hence
(e Wyex 2 x” X1 XL X
is a system of local coordinates in F*(M) (see, [4]). Indices
i,j,k,.,a pB,7,... have range in {1,2,...,n}, while indices A4,B,C,... have
range in
{1,...,n,n+1,...,n+n2}.

We put i, = - n+i. Summation over repeated indices is always implied.

We denote by 37 (M) the set of all differentiable tensor fields of
type (r,s) on M. Let ¥ =V'0, and w= w,dx' be the local expressions in
UcM of a vector and a covector (I-form) fields Ve 3;(M) and

we 3)(M), respectively. Then the complete and horizontal lifts
VAVeS(F'(M)) of V and the p—th vertical lifts

"we 3\ (F*(M)) (B=12,..,n) of @ have respectively,

c V' u v p 0
V= A V= - ‘o= o, 2.1)
~ XV XTIV PHE

9
ox'
details). The vertical lift of a smooth function f on M is a function 4 f on
F*(M) definedby ” f = forx[5].

Let (U x! ) be a coordinate systemin M .In U e M , we put

with respect to the natural frame {ai,aia }:{ ’BXL"’}’ (see [4] for more

13



X, = i" 0(1) = dxi,l' = 1,2,...,1’1
@) axl

Taking account of (2.1), we easily see that the components of 7 X @) and

ag®) are respectively, given by

oh
D="x (AH) ; (2.2)
(i) =
X7,
fa «"| 556, '

with respect to the natural frame {ai,aia } We call the set { X ”’0(’)} the

frame adapted to the Levi-Civita connection V, . On putting
D, :HX(i)a D, =lag,

]

we write the adapted frame as {D[}z {Di’Dia } From equations (2.2), (2.3),

and (2.1) we see that 77 and Y« @ have respectively, components

HVzViD,-,HV:(HVI):(V(; J (2.4)
Vew=Sw.55D, , "ew= (V“a)l): 0 (2.5)
. iY%a™i,> 550)1

with respect to the adapted frame {D;}, where ¥’ and @; being local

components of Ve 3} (M) and we 3, (M), respectively.

The bracket operation of vertical and horizontal vector fields is given
by the formulas

[ﬁ'a)’}’e] —
["X,761="(V ,0), (2.6)
X Y =" X, Y]+ ﬁ(X“ o R(X,Y))

o=l
for all X,Ve 3 (M) and @,0e 3)(M), where R is the Riemannian
curvature of g (see, [5]).

14



3. g —natural metrics on the coframe bundle

Definition 3.1. Let M be an n—dimensional Riemannian manifold with
metric g. A Riemannian metric g on the coframe bundle F* (M) is said to
be natural with respect to g on M if

g("x,"1)=g(X.7),
X @)=0
forall X,Y e 3y(M) and we 3°(M).
For any xe M the scalar product on the cotangent space 7. M is
defined by

g (@0)=g"v9,
for all ,6e 3V (M).
Definition 3.2. We define a g —natural metric G on the coframe bundle
F* (M) by the following conditions
G("X,"V)="(g(X. V) = g(X,V)ox,
G("w,"Y)=0,
G“076)=0, azp, 3.1)
G(" 0, 0)= g™ (@,0)
+u(hg ™ (0, X 7)™ (6,X%)
for all X,Ye 3y(M) and we 3°(M), where h =HX“H2 =g (X%, X%,
A(h) and u(h) are some smooth functions such that A >0 and A+ hu > 0.

We note that the Sasaki metric (or diagonal lift of g to F*(M)) is
obtained for A(4)=1 and w(h) =0, while the Cheeger-Gromoll metric for

) = (W) = .7 =

,
2°
1+7,

write A, and 4, instead of ﬂ(h)zl(HX”HZ) and ,U(h)Z,U(HXaHZ)a

respectively.
From (3.1) we deduce that G has components

Glfi = (_;(Di’Dj):V(g(ai’ai)) = gl.'i’
G, ,=G(D,,D,)=0,

[xe =g (X, x%) (see, [4, 511, [9]). We will

15



.QI

., =G(D,,D,)=0, a=*p,
. =G(D,,D, )=h,g ' (dx',dx”)

+ﬂag H(dx', X )g‘l(dX’,Xf”)— A.8" + 1, 8" X g" X
with respect to the adapted frame {D 1}.

QI

The Sasaki metric ”g,the Cheeger-Gromoll metric ““g and g —natural

metric G are obviously contained in the class of natural metrics on the
coframe bundle F*(M).

For the Levi-Civita connection of metric G the folloving theorem holds.
Theorem 3.1. Let M be a Riemannian manifold with metric g and V be

the Levi-Civita connection of the linear coframe bundle F*(M) equipped
with metric G. Then V satisfes

)V, r="( Z *(X°oR(X,Y)),
il) v”x Vﬁg:Vﬁ (VX0)+%H (Xﬁ(g_l OR( ,X)@)),

i) V.,,"Y =2 (X (g7 RO Vo),

iv) VVMVW:O, for a+p,

ll
R Rared 5Y“0+G (6,45
O )(<wy) +G('6,75)" w)
u,—A
“—G 0!95
"+ hit) (@ 0)y
HoPy = Aly —

Ho =
/1 A+ hi) G("“w,y0)G("“6,15)y5

for all X,YeS3\,(M), w,0ecS3 (M), where g 'oR( ,X)we 3 (M),
h=”X“H2:g"l(X“,X“),/Ia>0,/1a+h,ua>0, R denotes the curvature

tensor field of V and Y0 has the expression yo = Z o (X ).

o=l
Proof. The Levi-Civita connection V of the metric G is characterized by
the Koszul formula

2G(V ,B,C)= A(G(B,C))+ B(G(C, A))— C(G (4, B))
—G(4,[B,C])+G(B,[C,A])+G(C,[4,B)) (3.2)
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forall 4,B,Ce 3,(F"(M)).

i) By using (2.6), (3.1) and Koszul formula (3.2), we have
2G(V, "V 2)="X (G (Y, )+ Y (G (72, X))
72 G"X, Y)Y-GX,["Y, 2D+ G (Y [ 2, X))
+G("Z["X,"Y)="X(g(Y,2)+" Y (g(Z,X))-"Z(g(X.Y))
—-G("X Y, Z1+ RY, 2N+ G("Y,"[Z, X1+ R(Z, X))
+G("Z, [ X, Y]+ R(X,Y))=X(g(Y,2)+Y(g(Z,X))
—Z(g(X,Y))—g(X,[Y,Z])+g(Y,[Z,X])+g(Z,[X,Y])

=2 g(V Y.z )

and
2G(V, Y, O="X(G (", EN+IY (G (7€ X))
“PEGUXTY)-GUX Y, EN+G (Y[ E X
+G(7E[X Y] =""E(g(X,Y))

—~G("X,(V, EN+G(Y (V)
+G("E X YTHRX,Y)) =G (7 ER(X,Y))

:5(%5’2 '“(X? oR(X,Y))),

from which it follows that

_ 1 "
VHXHY:H(VXY)+EZV"(X oR(X,Y)).

o=l

ii) Calculations similar to those in i) give
2G(V,,"6,"2)="X(G ("0, Z)+"6(G("Z," X))
Mz GAX oy-G("x,["76, " Z)+G (6,72, X))
+G("Z,["X, 0)="06(g(Z,X)-G("X,-"(V ,0))
+G("0,"[Z2, X1+ R(Z, X)) +G ("2, (V ,0) X
=G (0.7 [2.X)+G (70,3 " (X7 o R(Z, X))

o=l

= ﬂg_l(e,Xo-oR(Z,X))
+1pg” (0, X7)g T (XP o R(Z,X), X,
where :H)(ﬁu2 =g (X", X%), Ay =/1(HXﬁH2) and g, ::U(HXﬁHZ),

respectively.
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It is easy to seen that
g7(0,X% o R(Z,X))=g"0,(X’ °R(Z,X)),
=(g"9X/R,Z'X")=(g, X'R"'Z'X'6")
g(X’ (g e R(,X)0),2)=G("(X’ (g™ o R( ,X)0),"Z)
and
g (X?oR(Z,X),X")=(g" X R, Z°X7)
= (X" R Z X X") = (R, Z° X" X X7
=R, Z' X' X XP)=(-g, R, 2° X" X" X"
=g(-R(X", X" X,Z)=0,
where 8% =g"0, X" =g" X’ Thus
2G(V,,"6,"2)= 2,G(" (X" (g °R( ,X)0),"Z).
Also we have
2G(V,, 0,7 5)="X(G ("6, E)+"6(G (" &, X))
“PEGOX0)-G(X 76 EN+G (PO E X))
+G(EX ON="X(G("6, -G (76, (V .&))
+G(("& (V0.
Provided that y = 3, we have
"X(G(70,7EN="X(hyg " (0,8)+ 1,87 (0,X7)g (£, X7))
=hyX'D,("6,E)+1,D,|(g76,X ) (g" & X))
=hy (g7 (V0).5) +g7'(V 1£).0))
+11,(g 7 (V 0.XP)g (&, XY+ g7 (0, X7)g (V& X))
=G("(V,0),7)+G(76,” (V ,&)).
Therefore,
2G(V,,"0,78)=G("(V,6).,"E)+G (70,7 (V &)
~G (70,7 (V O+ G((E(V,0)=2G (", (V ,0))
Using the relations obtained, we arrive at the following

_ A
v, 1e=" (VX0)+7/”’ (XP (g7 oR( ,X)0)),

iii) By using of Koszul formula (3.2), we grt
2G(Vy, "Y1 Z)="e oG (1Y, )+ V(G (12, )
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and

H7G 0" ) -G ["Y,"Z)+ G (Y, ["Z,) w)])
+G("Z" 0" Y)="o(" (g(Z,X)))
- 6((% a)’H [Y,Z] + }R(Y,Z)) + (_;(HY’Va (Vzw))

+G("Z2,-"(V,w)=-G(* a)z (X% oR(Y,Z)))

o=l

G("- a)z (X7 oR(Z,Y))=G("w,(X* > R(Z,Y)))
A

G("(X"(g" o R( ,V)w)),"Z)

o

2G(V,, Y, O o G (Y, ENY (G (VL w))
“EG @ -G @Y, EN+G (MY [ w)
+G("E 0" Y =G (" (V,0) + G (7 (V). w)
-G ("0 (V,0)-G (& (V,w)=0.

Therefore, from (3.3) and (3.4), we deduce

iv) If y# ,B Then from (2.6) and Koszul formula (3.2), we obtain:

and

Let y=

we get

v, 1y =%H (X(g" o R( ,V)0),

2G(V..,"6,"Z)="a(G (7 6," 2)+"6(G("Z, w))
726G, -G (w6, 2)+G (76,72, w))

+G("Z[ w0 =-G (" (V,0)-G("8,(V ,w))

+G ("0 (V,0)+G("6,(V,w)=0

2G(V,, "0, E="a(G (76, EN+ (G (7 E) w))
EG (0 0) -G (w6, EN+G (70,7 w)
+G(E 0O G (70,7 EN+"0(G (7 E ) w))
~-"EG (0, 9)).

o # 3. Then using

"0(h,)=2h,67g7(X",0),
"O(u,)=21,60¢7(X",0),

G(V.,,"6,"5)="6G ("¢ w)="6(hg™" (& )

19
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+ 1,8 (&, X (0, X)) =24,60¢7 (X*,0)g™ (5, w) +
+21,60 87 (X*,0)g7 (&, X)) g (@, X")
+24,60 (27 (6,987 (@0, X" )+ g7 (§, X )g™ (6,0) = 0.
From above calculations it follows that
v, 6=0,if a=p.
By analogy we have
2G(V., ' “60,"2)=" (G ("“6,"2))+"6(G ("Z,” w))
H7G "0 0)-G(w[6,"2)+G(“0,["Z, w])
+G("Z "0 0)=-G (", (V,0)-G(“8,(V,w)) (3.5)
+G("w,(V,0)+G (6, (V,w)=0
and
2G(V,,,"6,"&)=" (G ("6, )+ 0(G ("¢." w))
G0 0) -G (w0, EN+G (0" E ] w])
+G (e @) 0= (G (0. E)+ (G (& w))
-G (- 0)).
If we put ¥ # . Then we have
2G(V,,," 6,78 = -"4G (“0/0) =487 (0,6)
+ g (0, X)g ™ (0, X)) =24,6)g7 (X", §)g " (w.6)
21,6787 (X, 6)g (@, X")g ™' (6, X))
+ 1,07 (g7 (£, 0)g ™ (6, X))+ g (0, X")g ™' (8,£)) = 0.
If we put ¥ = . Then we get

2G(V,, " 0,6)="aG (0, E)+"6(G (& w))

&G (0 0)=""x2,g7(0,5) +u,g(6,X)g (£, X))
+0(A,g 7 (&, 0) + 1,g7 (&, X)g (@, X))

&g (@,0)+ g7 (0, X ") g™ (6,X"))

=24, (X", w)g™'(6,%)

+2u,8” (X7, 0)g7 (0, X)g (5, X7)

+11,(g7 (0, 0)g7 (£, X))+ g (0, X")g ™ (£, w))
+24,¢7(X*,0)g7' (£, )

+21,87 (X,0)g7 (&, X)g (0, X7)
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+ 4, (g7 (£,0) g (@, X))+ g7 (5, X)) g (@,6))

~24,87(X",$)g (@, 6)

—2u,g (X", $)g (0, X")g™ (6, X7)

~ (g7 (@, $)g (0, X )+ g7 (@, X")g ' (6,))

=28 (X", 0)g ' (6,) +24,27(X",0) g™ (§, )

+2u,e7 (X7,0)g7 (6, X )g (@, X )

~2,87 (X", 8)g " (@,0) +2u,g7 (0,087 (5, X7).
It is obviously seen that

G 0.78)=G (0.3 (X 25) =Y G ("0 X
o=1 o=1

G0/ X)) =2,g" (@,X")+u,g" (@0, X")g (X", X%)
=g (@, X ") Ay +hity,).
Therefore, we have

I

2G(V,,, 0, &) =22 ¢ (0, X)G (6, &)
“ﬂ“ ¢ (@ X)g (6, X") g (£,X7)

v ”f ¢ (X0G (& )

—%gl (X*,0)g7 (&, X)g (0, X")

- ”j’ ¢ (X 0)0)

+2€‘ig‘l (X*,5)g (0, X)g™(6,X")

o

+2u,g7 (X7,0)g7 (&, X)) g (0, X”)
+2u,e" (0,0)g7 (£, X%)

24, yapis = VeV,
=2 G(wy)G("0,"
A +hiL) (" @,70)G( $)
2/1 v, SV £V,
G (0,506 ("¢) o
Ay (A +huty)
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2/1'
T+,
- “"’““ G (" 0.7)G (6. 75)G (£, 76)
A, (A, +h L) ’ ’ ’
24,1
G+ hiy

G(“£, )G ("0 6)

-G ("0,)G (&, 10)G (" w, y5)

2u Von Ve 7TV
— e G0, )G (&, ¥

2y,

A, (A, +hu,)’
24, —

W(G(V”@?’&G(V”e,y“f)

+G("0,70)G (&) w))
2(u _ﬂ,) =V =V, .V
e el GE )G (@, 0
+/1a(/1a+h 3 (£, 70)G("w,0)
+2(/J; ~abta = Hi) &
Ay (A +hyt,)’
21,
Ay (A + it )
L2~ A
A, (A, +hu,)
2y Ay = by —Hy) =
o” o o o o G G 0 5 5
L) (" 0,0)G (" 6,79)y3,"£).
By using of (3.5) and (3.6), we deduce

G(6,1)G (", y8)G (&, 1)

G("“w,70)G("6,y5)G (&, y5)
=G( (G w,75)6+G(0,15)" w))

G("w  0)y

— A _
Vi 0= iy G @08

_ i

G (0,5 w)+ —te"le _Geg 0)y5

+G( 7)60)+/1(/1+h)(60 ) e
Moy = Aaly —
A, (A, +hu,)’

So Theorem 3.1 is proved.

Ha G (% i, 18)G ("6, 15)75.
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4. Components of connection V
Let

V, D, =T;Dy (4.1)
with respect to the adapted frame {DK} of linear frame bundle F*(M),

where T denote the components of the Levi Civita connection V. Then
by using Theorem 3.1, we immediately get following

Theorem 4.1. Let (M,g) be a Riemannian manifold and V be the
Levi Civita connection of the Linear coframe bundle F* (M) equipped with
the metric G. Then particular values of 1_“11} for different indices by taking
account of (4.1) are then found to be

Tk k Th — 1 "
r Fz/’ 1_;/ 2X'£R’/k ’
T _/lﬁXﬁRkJm rr— —o)T,

iis 2 mAL.i. ik
_ A ; =

k _ Mo o pk im k7 —_Tk =
L —TX,,,R_,-. ’ L=, =9
=k
T =0 for a#p,

ﬂ,

T, =S XI55 + g X878+

o

_/1’ B ) ) n
po bzt (ﬂaglf+uag”Xf’gmez>25;’X:

A (A, +hu,,)
ﬂ’ Z’ lS‘XlZ ijaZé‘O'XO'
Ao (A +hu,,)

Proof. Indeed, using formulasi (2.4), (4. 1), we obtain
V., Y=V, ('D)=XV,(¥'D)=x"(r'V,D,
+D1.YfD_) XYJFD +XYJF’D +X9,Y'D 4.2)

and

H(VXY)+%i (X7 o R(X,Y))=(V ) D,

1 N o m i i iy s
+—25gX R, X"Y'D, =X’0,Y'D,+X'Y'T,D, (4.3)

m*= " pgh

» X YD,

m ™= pgh

+= 257X
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Equating the right-hand sides of equalities (4.2) and (4.3), we will have
Ti=rf, Th=lxpr
y )

i pm pak *
Similarly, using formulas (2.4), (2.5) and (4.1), we obtain
V., 0=V ,(676,D,)=XV,(5]6,D, )=8)X"(D6,D,
+6,V, D, )=8,X'9,6,D, +3,X'Tj D, +8/X'T,’D, (4.4)
and

A ‘
g (VX9)+7ﬁ(Xﬂ (g7 eR( ,X)0))=62(X'(9,6,-T,6,)D,

ij m

g om js

ﬂ i y i iTm
+7/’(X5R? W' X'g"6)D, =6/X9,6D, -5/XT"0,D,  (45)

A A
+7/’X5R?;mX’9SD,.
Comparing the right-hand sides of of equalities (4.4), (4.5), we arrive at the

following

_ A , o '

k _ B B pk jm ky _ _

By calculations similar to those above we obtain
V"awHY - Vb"f,’a),»D,»a (Y’'D))= 500(0)1'VD[6 (Y’'D;)

= 5ga)inVDi6Dj = 5ga)iY'jTiijK = éng‘yjfiijk

+ é‘ga)inTiZDky
and
;i’a o -1 ﬂ’a apl myrj ks
7(X (g~ °R( ,Y)w))=7(XmR,,~kY'g @,)D,
A

=2 X*R' "Y' w,D,,
2 m J s
From which we get
— A : _
k _ 7B B pk im ky _
Doy = Xn R L =0.
Now we assume that  # £. Then by using of equalities (2.5) and (4.1) we

have
= L -
Viw 0=V e, (676,D,)= 6,0V, (6/6,D,)

=0,/ (V, 6D, +6;03/0V, D, =5;06/0 T} D,

J 7 s
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+0%w 5/’<9r "D, =wOT) D+co0r D, =0.

J ’/
Thus
TF _ T _
" =0, L. =0 for o # B.

laJp

Let o = . Then formula (4.1) implies that
V., “0==5060T}, D, +5w5:0T, D

=00, D, +wdT) D, —m(é(%@ﬁ)”ae
+G(“0,10) @)+ (";;Jr’;) X

';“(; +2“ )/‘“G( ©,70)G (" 6, y5)
e R L T Tt

+ﬂag“’ng"’”XZ)Z5fX§

A BAS oS 57 oo,

Ay Ay + )
from which it follows that
™ =k /1; is v Qo SJ is vo Qo Qi
l—;fja :()9 l—;‘a};’ = /,L_(gj Xs 5y51cj+gj Xs 5}/§k)
_ ’ ’ _ 2 ’ ) ) n
lua ﬂv 5;/Xo' /uaﬂva ,Uaﬂ,a ngXSag]mXZZé‘;—X: )
]’ + h/’lcx o=1 ﬂ’a(ﬂ’a + hﬂa) =
Therefore, Theorem 4.1 is proved.
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KOREPER LAYLANMASI UZORINDO g — NATURAL METRIKALAR

H.D.FOTTAYEV
XULASO

Isdo Riman goxobrazlisinin koreper laylanmasina baxilir. Koreper laylanmasi
lizorinde g —natural metrikalar sinfi toyin olunur, g —natural metrikalarin Levi-Civita

rabitosinin xassalori dyranilir, bu rabitonin amsallarinin qiymatlori hesablanir.

Acar sozlor: Riman ¢oxobrazlisi, koreper laylanmasi, horizontal lift, Levi-Civita
rabitosi, g —natural metrika.

g —HATYPAJIBHBIE METPUKH HA PACCJIOEHMHA KOPEIIEPOB

I''’I.®ATTAEB
PE3IOME

B paborte paccmarpuBaeTcsi paccioeHune KopernepoB PumaHoBa MHOroo0pasmus.
Ompenensiercs Knacc g — HATYpalbHBIX METPUK Ha PACCIOCHIH KOPETIEPOB, HCCIIELYIOTCS

cBoiictBa cBs3HOCTH Levi-Civita g — HaTypallbHbIX METPUK, BBIUMCIIIIOTCS 3HAUCHUS KO-
3¢ UIMEHTOB 3TOH CBI3HOCTH

KaroueBble cioBa: PumanoBo MHOroo0Opasue, paccioeHHe KOpEernepoB, TOPH30H-
TanbHbIM TMOT, cBazHOCTh Levi-Civita, g —HaTypajbHas METpUKA.
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UDC 517.977

APPLICATION OF THE FINITE INTEGRAL TRANSFORMATION
METHOD TO THE SOLUTION OF IRREGULAR
MIXED PROBLEMS

E.A.GASYMOV
Baku State University
gasymov-elmagha@rambler.ru

In this paper, we study a mixed problem for parabolic equations with variable
coefficients and irregular boundary conditions. The boundary conditions include the terms
containing local and integro-differential expressions of the desired function, in which the
derivatives are higher than the order of the equation. Applying the finite integral trans-
formation to the problem under consideration, we obtain the corresponding parametric
problem. The concepts of the well-prosedness of the boundary conditions of a parametric
problem are introduced, which are broader than the concepts of regularity. An analytical
representation of the solution of the parametric problem is obtained, and some inversion
formulas are proved. Using these inversion formulas, we obtain an analytical repre-
sentation of the solution of the mixed problem under consideration.

Keywords: irregular boundary conditions, finite integral transformation method,
classical solution.

§1. Irregular mixed problem for parabolic equations with
variable coefficients
Problem statement. Find the classic solution u =u(x,¢) of the

equation

O<x<l, 0<t<T <o, (1.1)

j=0
satisfying the mtegro-dlfferential conditions

zz 2 k,ua katy . '[IB (X) ka,udx 2%(1‘), (12)

1=0 k=0 [ s=0

0<t<T, i=12
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and the initial condition

ul  =r(x), 0<x<l, (1.3)
where

0=v,<v, <..<vy, =1,
m;,n,q are non-negative integers, Ot,i‘j, are the known numbers, a,(x),
F(x,t), BX(x), 7;(t), f(x) are the known piecewise-continuous

functions.
Let problem (1.1)-(1.3) have a classical solution. Then applying the
finite integral transformation [1]

Kp= jexp(—xi%)(p(f) dr, (1.4)

)
A is a complex parameter, #,(0<?,<¢t<T) is some positive number, to
(1.1),(1.2), we have

, .
[2 a,(x) a—j/ -2 }7 = exp(—At)u(x,t) — exp(—At, u(x,t,) —
j=0 ax
~ [exp(-AD)F(x,7)d7, 0<x<l, (1.5)
o, dki
+ !ﬂ,; <x>ﬁdx} =

= [exp(~20)7,(2)dT — exp(~ 1)V, (1. A) +exp(=F1, )V, (15, A) i =12, (1.6)
where

=0 k=0

U, (i) = 22/12”{204 —— i

X=V

0= Jexp(—/lzz')u(x, 7)dT,

“ oftHi u(x 1)
— 2(j-1)
Vi(tﬂ/l)_gz {2 Zﬂ axkaty j
ﬁﬂz(' l)j wkjauf,xjt) dx}.

For solvmg problem (1.5), (1.6), we study the followinga more
general parametric problem.

x=V,
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§2. Inversion formula for solving parametric problems with
irregular boundary conditions for variable coefficients equations

Problem statement. Find the solution of the equation

- Py=w(x), xe(0)), (2.1)

satisfying the conditions

U.(y)= ZZ&#{Z #dy

k=0 p=—m s=0

1
+ |7
x=V, 0

where a,(x), w(x), y/(x) are the known functions, ', 7%, v

k
f{x{ dx} =y,i=12, (2.2)

N

(0=v,<v,<..<v,=1) are the known numbers; n,m;,q are non-

negative integers, A is a complex parameter.
1°. Let a,(x)e C""([0,1]),

- be an integer.

>0 for xe[0,1], N(N =0)

2°. Let a,(x) =|a, (x)|eﬁ"“g“2(x), larg a, (x)| S%— 49 for xe[0,1], where

[0 (O <@< %) be a constant.

Assume 0(x) = ! ,
a,(x)
/4
R¢:{1:|}t|_ Sz”"}'
We have

Theorem 1. Under the constrants 1° there exist the functions

y?(x,l)=€Xp(—/wj(X)){gé’o(X)+%g () +.. +—g”"(X)} (/=12),

for which we have

(g a,(x) j—xl, e )v (x,A) = /1’" q,,(x)exp(=10,(x)),

where

6,(0) = [6(&)dE, 6,0 = [6(&)dE,
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expl — a,($)
= WU % jxafj

gl (x), v=1,.,m), q;,(x) are some functions form C"([0,1]).

Assume

Wy (& 2) =y ()L 5 4).

¥ (&, ) -y, cf/l)dy‘(cf ;

dg

P (x,E, 1) 1 ylo(x:/l)yg(‘f,/l), npu 0<&E<x<l,
X, G, e —
' a,(EWL(E,A) |y (x, M)y (E,A), mpu 0<x<E<I.

We have
Theorem 2. Under the constrants 1° and 2° and for Ae R, (R is

a rather large positive number) the equation (2.1) has a fundamental
solution represented by the formula

P(x,6,A)=F(x,5, )+ R(x,6,4), (2.3)
where  P(x¢, /1) is some function satisfying the inequality
k
aak B(x&,A)| < p |m — e L Ee01], Ae R, k=012,

where C and &€ are some positive constants

Theorem 3. Under the constants 1° and 2° and for Ae R, the
homogeneous equation coressponding to (2.1) has a system of fundamental
particular solutions y;(x, ), represented by the formula

Y, ()= (x, ) +q,(x,4), (2.4)

where q;(x,A)are some functions satisfying the inequalities

k

d
qu(x,/i) <——exp(— 8|/1|x)

m+1—k

k

d
or (0 A) S el - ).

| |m+1 —k

xe[0,1], A€ R(p, k=012,....
Assume
Ul(yl) Ul(yz)

AD=ly G0 v
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using (2.4), we have

where

4,0=Y Zﬂw{ ﬂdy,:
B,(H=3 3 ¥

A=Y Faipt L

e

0,(1)= 2 Zlﬂ{iﬁ dkyl
{
n-3 Sl

0,(A) = Z 2/1#{2 #d J’Z

U.(y,)=4,(A)+B,(A)+0,(A), i,j=12, (2.5)

+ja/”(x) bl dx},

+IV"< NWACY) A x}

k=0 pu=—

k=0 p=—m; =0

+j;/ﬂ(x) i dx}

s=1

k_0

T j AR a5, dx}

+J.%'(/1( )d %(x l) }’

k=0 p=—m, x=1

dk% (x A)

k=0 p=—m; =1

o dky
+ | v () —dxy,
-(!‘ , dx*

k=0 p=—m x=V,

h (0<h<1) is (any) fixed number.

3% Let the functions 7,1# ) in the segment [h,1—h] be piecewise

continuous and y** e C'([0,h]U[1—-h,1]), where h(O<h<1), I (I=0)
are some numbers The integrals

h k.0
) d
I Eln”(x)ﬁdx,

1 ko0
- d’y
I, = #(x)—==dx,
2 IJ.hyI’c( ) dxk

contained in the expressions 4, (A1) and A,(A) can be transformed in the

from

where

kh i i1 &(0) 1 2
1= !gl(x)exp[—ﬂ!.H(f)df}dx:/l %+Il”+lf ),
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I = ﬂk’lfgz(x) exp(— ﬂje(f)df]dx’ 8:(x) = %(%)

10 = _p &(h)
] o0 exp[ Af 0(§)d§]

For Ae R, taking into account the estimation

exp{— y) j e(f)dfj < Cexp(—¢|A|h) < ;Tj ,

(p is any real number) we have the asymptotics

klgl() )
I, =4 8(0) +O(A47), ﬂeR(p. (2.6)

If the functions g,(x) and @(x) are rather smooth, then for /" , repeating
the above procedures, the asymptotes for 7, can be further refined. Similar

procedures are performed for 7, .
Expanding the determinant

Ao(l) — All (ﬂ’) AIZ (/1)

4, () A, (D)

we have
Ay(A) =b A" +by, AT+ +by AT +OATT, for AeR,,  (2.7)
where M (M =m, +2n+m,), S are some integers,b,,,...,b,, . are some

numbers .
Note that the number S, included in (2.7), can be taken rather large
(i.e. for A,(A) we can obtain more accurate asymptotics) if the functions

a,(x) for xe[0,1] and y/“(x) for xe [0,A]U[l—A,1] are rather smooth, i.e.
the numbers m,n and [ are rather large .
4°. Let even if one of the numbers

by by ssbyy s (from (2.7)) (2.8)

be non-zero.
Let in the sequence (2.8) the first non-zero number be b, , i.e. b, =0

for M 2 j>v,b, #0. Then for A;(4) at 1€ R, we have the asymptotics
A, (D)=L +0O(X7). (2.9)
Note that
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s e 3 3 el ol
|OI1(2')|<C|2,"’+"[ —& Ay, —E\A\h}z z { i +j.‘711ﬂ(x)‘dx};

[B,(A)]< L{\ )+ J v (x)\dx} :
A

0. e e g‘ﬂ‘h]z Z{

k=0 y1=—m,

ﬂ+ﬁﬁ%@ﬂ} (2.10)

l=qg-1.
Assume
A(L) = Uu) UM, '
U,(v) U,(»,)
Taking into account equalities (2.5), (2.9) and estimation (2.10), we have
AA)=b X +O(X7), AeR,. (2.12)

Definition 1. [f constants 1 0, 20, 3% and 40, are fulfilled, we say
that conditions (2.2) for equation (2.1) are well —posed.
Remark 1. So that unnecessary restrictions are not imposed on

the functions a;(x) and v (x), the numbersm, N and | as for as possible,

2.11)

should be taken rather small to get the asymptotics (2.12).
Remark 2. For the equation (2.1) the well-poseduess of integro-
differential conditions (2.2) is affected only by:

k
i) the coefficients of clerivatives %,conmined in (2.2) only for
X

x=0 and for x=1, i.e. only the numbers k% and 7/;(21 ;

ii) the values of the functions y(x) and their derivaties at the
extreme points for x =0 and for x=1;
iii) the values of the functions a,(x) (i =0,1,2) and their derivaties at
the extreme points for x =0 and for x=1.
For the equation (2.1) for and the well-posedness of integro-
differential conditions (2.2) is not affected by:

i) (2.2)
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x =V, ,where 0<Vv <1, ie the numbers y* for 0<s<gq;

ii) the values of the function y*(x) and their derivatives for

O0<x<l.
Assume

0,(x,y, 2)=0, F"(xA)=1, F’(x,F)=0;
Ql(x"”a/?’z)zo’ F;(O)(xa/lz)E(L F(l)(x /12)_1.

0, (x.y, ) = 3Qk_l ey, )+ O e, 2y YO

a, (x)

FOx /12)_ F,j(’f(x 2)+FO(x, /12)(—“0()‘)”2 ! );
a,(x) a,(x)

EV(x,£)=F")(x, /12)+ Fk“;(x )+ FE(x, f)(—%} (2.13)
a,
Then for the function

Yo, A) = [ P(x, &, Dy (£)dé

we have
k

A WA =0, (e B)+ B ) [ P £ ) +

+FO e ) [ LSy g
0 X

Assume

E 2 Yy {J 70| FO (e B)P( €. ) +

0

+F(x, f)ap();;f’ﬂ)]d“iadf [Fk“) (x, A)P(x,£, A) +
5=0

b
X=Vg

E;i)(x,ﬂ)= i A iﬁ”(x)éki(x,ﬂz);

H=—m; k=j+2

+Fk“)(x, /12) aP();,xé:’ l):|
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B ()= Z A Z “Oy (A
i k=j2 X=V
here the functions Qk.(x A%) are determined from the identity
d'y(x
0, (xy, ) = ZQk,( 2) ;”f 4ylx)

5%, Let if n< 2, then w(x)e C([0,1]), while if n>2, then
w(x)e C"2([0.,1]).

We have

Theorem 4. Under the constraints [°-5° for Ae R, the problem

(2.1)-(2.2) has a unique solution and this solution is represented by the
formula

Y6, A) = 864,71, 7) + I G, &, D (§)ds +

n=2 n=2

| y Ay
*2 !G, (&)L e w(é)d§+1_0§5,5( e R

| 0 »ixid) »xAd
5(xaﬂa71>72)—m_}/1 U U,
-7 U,n) U,(»n)
. P(x,5,4) »(x,4) y,(x,A)
G(x,6,A)=—— AL gD U) U,
2,6 U,(») U,(»,)
0w nEd)
Gj(x9§’ﬂ’)_ (ﬂ.) ﬁ(l)(f A Um») Uy,
ﬂ;z)(f,l) u,») U,(»)

0 (xA)  y,y(x,4)
0, (x,4) = A(ﬂ) B Uy) Uy - (2.15)
ﬁj(SZ) (A) Uu,») U,(»,)
We have
Theorem 5. Under the constraints 1” and 2 if the function w(x)

is pricewise absolutely continuous in the segment [0,1] and
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l//'(x)| € L,(0,1), (p>1), then for 0 < x <1 we have the following inversion
formulas

1 0 for k=0,
JRaa]pegaw g =1 J_—l(%m\w(x—m;w(wm’ or key, @19

L 0
where Lis an infinite smooth line in whose quite far part coincides with

and in (2.16) the line

@’

continuations of the rays arg/lzi(%+(p) R

integal L is understood in the sense of principal value
Proof. From (2.3) we have

P(x,6, )= 0,(x,6, 1)+ 0 (x,6,4)

where
__sWe®  [(fa®
O = @) exp[_! a,(@) dT}(
exp —ﬂjQ(T)dT} for 0<&E<x<],
4
< ¢
exp| — ﬂje(r)df} for 0<x< &<,

1 _lxal(f)
g(’”‘—me’*{ z!—azmd"}

G,(x,&, 1) is some function for which we have the inequality

C
|Gl (x,¢, /1)| < W exp(— 8|/1| |x =&

Let x (0<x<1) be an arbitrarily fixed point, and 6 =0, be some
positive number for which 0 < x—0 < x < x+ 0 <1. Then we have

[0, (.8, Dyp(&)ds =1+ 1,

), x,fe[O,l], AER,.

where
x+0 x=6 !
L= [0 aw@ds, L= [+ |
s 0 x+0
Consequently,
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I = Mz — -0 +y(x+0)]+1,,
I, = 2/12 —g(0g($) eXp(—/i je(r)dr}r
f=x-6 x=0
x+6
+ﬁg(x)g(§)§ » eXF{—i JH(T)dTJ+

+ﬁg(x) Jexp( lJH(T)dT] é:g(f)df—

x+0

2(x) Jexp( Af e(r)dr) £ 80

2/12

o gOw©  (fa@
S 0 p(f @, (@) T}

For A€ R,, using the inequality

| ex;{ Af e(r)dr}/ (E)dE| <

x
<
x=8

<<
2+

1
ZE

Jexp(- elde-o©ae <

x—0

]( [Jexp(- eglx - é))dfj << (%l:l}

- CE

we have

for Ae R(p.

And also have

|12|Sﬁe_€§/1 S|CL|‘Z’, for Ae R,
A

p 1s any (positive) number .

< =
Iﬁl

Let R<R<rn<r<..<r,<.. be a sequence of such positive

Jo g p(&)ds
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numbers that limz, =e and let T, = {/’t : |/1| v,

n—oo

arg/1|<—+¢} L isa

part of L remaining inside the circle |2,| =7,; R (R >> R) is such a

positive number that for |/t| >R, a part of L coincides with the half-
straight lines {/1:|/1|2§, argxlzi(%+(p)}. By the analyticity of the

integrand function in the domain R, we have

1
[AdA[ P&, p($)dE = [-= 1, +1,, (2.17)
L, 0 r,
where
__y(x=0)+y((x+0)
11 - 2 J/P k
dA _C-2n
L)< | | |1 <= (2.18)
r 2—k+— 1—k+—
W
The validity of (2.16) follows from (2.17) and (2.18). The theorem is
proved.
We have

Theorem 6. Under the constraints 1°-4°, if the function w(x) is
eL,(0), (p>1)

, then for 0 < x <1 we have the following inversion formulas
0 for k=0,

Jrarf g pert=) \/_—1(%+2(p\w(x—0);w(x+0)’ for k=t, @19

L

Proof. From (2.15) we have
G(x,&,2) = P(x,§, ) +G(x.£, ). (2.20)

For xe R,, using the inequalities
|y, (x, /1)| < Cexp(— £|/1|x), A€R,, 221)
v, (x, )| < Cexpl(- €4 (1 - x)). '

we obtain
‘G(x, £, /1)‘ <C|A N{exp(— £l x)+ exp(— &4 (- x))},
x,5€[01], Ae R,, N issome number.

38



Consequently,
1
[rdA[ G, & Aw(E)dE =0, mpn 0<x<1, (2.22)
L 0

n is any integer.

Taking into account (2.20), (2.22) and (2.16), we obtain the validity
of (2.19).
The theorem is proved .

Using inequalities (2.21), we easily prove the following theorems 7
and 8.

Theorem 7. Under the constraints 1°-4°, if w(x) is an absolutely

integrable function in the segment [01], we have
1
j;tvcijj(x, EMW(EAE=0, npu 0<x<l1, j=0,,..,n—2; (2.23)
L 0

S is any integer .
Theorem 8. Under the constraints 1°-4° and for 0< x <1 we have

[ 26,2, 7, 7,)dA =0,
(2.24)

L
[#68,(x,)dA=0, j=0,1-2, i=0,q,
L

S is any integer.

We have

Theorem 9. Under the constraints 1°-4° and in the case n<2 if
the function  w(x) is absolutely continuous in the segment [0,1] and

l//'(x)|e L,(0,)), (p>1), and in the case n > 2 constraints 5% is fulfilled,

then for xe (0,1) we have the following inversion formulas
0 for k=0,

[# 3 di- T G2 JEOIVOED) e

) 2

where y(x,A) is from (2.14).

§3. The solution of the mixed problem

6". Let the functions v, (x)=f(x) and y,(x)=F(x,t) satisfy the
constraint 5.

Under the constraints 1°-4°, 6° according to formula (2.14) from

(1.5),(1.6) we have
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jexp(—fr)u(x, 7)dr = E[x, A, j ey (D)dT— eV (,A) + eV (1,,A) J+

1} )

+ J.G(x, ¢, i){e_lztu(f, t)— e_ﬂzt()u(f, ty)— j-e_’lsz(é‘, Z')dr}df +

n=2 1 2 / 2 aj >0
j-e_iz o'F (f z') }d§+ n=2 zq: 5, (x, l){e‘%%_

LA J L VFED) } o

P &

g=v,

In (3.1) as to ¢, > +0 passing to the limit and using (1.3), we get
some equality, multiplying both hand sides of the obtained equality by
Ae*" and then, grouping the addends integrating with respect to L, we have

j;td;tj X Iy(x,7)dT + j A8(x, AV, (t, A),V,(t, A))dA —

_j,mjc;(x E (& Hdé - jzd/zjz(‘; !G (x.&, ) 24D gif o) g

= [@(x,,)dA, 0<x<1,1>0, (3.2)
L

~ [ 22} s 25( z)agg”

£=v,
D(x,1, 1) = Ae*" {K(x A, j e Xy ()T +V,(0,1) J—
0

- j G(x.¢, z)[f(f) +[e TR, r)dr}d& -

JG]( fﬂ)[d;fg(;)_i_"‘e—zz a”};éj T)d :|d§

[

n—

I
(=

J
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n-2 q J l 2
§ 3 sl fortrgn,] |
=0 s=0 dg 0 dg £y,
O(x, 4, 7)=0(x, 4,7, 72) .-
Remark . For the classic solution u=u(x,t), using (1.1) and

(1.3) we can write

dux,t)| _d'f(x)

ox* i "
o u(x, t)| _ d* f,(x)
o |,

2

where fi(x) = 2 a, (x)% + F(x,0),
j=0 x

Ou(x,t)| _d" fi(x)
ox*or’ ax*

»
2

where f(x0)=>a, (x)% + F(x,0) um.o.
j=0 v

Using these equalities, we can easily find the expression V;(0,4).
According to [1], if g(#) is bounded and continuous (except

denumerable number of points, where it can bear discontinuity of first kind)
with, respectto 7€ [0,7] then forall ¢ (0<¢<T) we have

j/id/ljeﬂf-” g(r)dr = (%—m}/flg(t -0). (3.3)

Using formulas (2.19), (2.23), (2.24) and (3.3), for 0 <x <1, #>0 we have

Jﬂd/lj e u(x,7)dr = (£ -2¢ l\/— lu(x,1),

j/w;tjG(x E (&, 1)dE = ( +2¢)J71u(x, 1),

Jw(x, AVt ).V, (t, ))dA=0,
L

j/ijj(x,g,z)a gg D) gz =0
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d'u(&,r) B
36 . { A8, (x, D)dA=0. (3.4)

Using equality (3.4) in (3.2), we obtain
1
u(x,t)=——=|®(x,t,A)dA, 0<x<1,0<t<T. 3.5
(0= — = j( ) (3.5)

Thus, we established the following

Theorem 10. Under constraints 1°-4°, 6", if the problem (1.1)-(1.3)
has a classical solution, then
i) it is unique,
ii) this solution is represented by formula (3.5).

Imposing certain constants on the data of problem (1.1)-(1.3), by the
method stated in [2], it is easy to be convinced that the function determined
by formula (3.5) in fact, is a classical solution to problem (1.1)-(1.3).

REFERENCES
1. Gasymov E. Finite integral transformation method. — Baku: Elm, - 2009, - 432 p.

2. Gasymov E. Application of the finite integral transformation method. - Baku: Elm, -
2018, - 456 p.

QEYRIi-REQULYAR QARISIQ MOSOLOLORIN HOLLINO SONLU
INTEQRAL CEVIRMO METODUNUN TOTBIQi

E.A.QASIMOV
XULASO

Mogqalodo doyison omsalli parabolik tonliklor ii¢iin qeyri-requlyar sorhod sortli
qarisiq mosolo todqiq edilir. Sorhad sortlorinds axtarilan funksiyanin lokal vo inteqro-
diferensial ifadslori istirak edir vo onlarda tdromonin tortibi tonliyin tortibindon yiiksokdir.
Sonlu inteqral ¢evirmo metodunu baxilan masalaya totbiq edorak uygun parametrik mosalo
alimir. Parametrik masalonin hallinin analitik ifadesi alinir vo miiayyon ¢evirmo diisturlari
isbat edilir. Bu ¢evirmo diisturlarindan istifado edorok baxilan qarisiq mosslonin hallinin
analitik ifadasi alinir.

Acar sozlar: geyri-requlyar sorhad sorti, sonlu inteqral gevirmo metodu, klassik hall.
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HNPUMEHEHUE METOJA KOHEYHOI'O HHTET'PAJIBHOI'O
ITPEOBPA30BAHMS K PEHIEHWIO HEPET'YJISIPHBIX
CMEINIAHHBIX 3AJAY

9.AI'ACBIMOB

PE3IOME

B pabote uccienayeTcs cMelranHas 3aja4a Ui napaboIHueCKUX YpaBHCHHH C Tie-
pPEMEHHBIMU KO (GHUIMEHTAMU U HEPETYJIIPHBIMU TPaHUYHBIMH YCIOBUSIMU. B rpaHuyHbIe
YCIIOBHSL BXOJAT CllaracMble, COJEpKaliue B ce0sl JoKanbHbIe W HHTErpo-auddepeH-
[UABHBIC BBIPAXXCHUS OT UCKOMOHN (PYHKIMH, B KOTOPBIX IPOW3BOIHEIC BHIIIE, YeM IIOPS-
oK ypaBHeHUs. [IpuMeHssi KOHEYHOe HHTETpANIbHOE IPeo0pa3oBaHme K pacCMaTPHBaEMOM
3aade, MOJTYyIaeTCsl COOTBETCTBYIOMIAs apaMeTprdeckas 3aada. BBOIATCS MOHATHS Tpa-
BIJIPHOCTH KPaeBBIX YCIOBHU IMapaMeTpUIECKOH 3aJaun, KOTopas IIUpe, YeM HOHATHS pe-
rymsipHOCTH. [loiydaeTcss aHaIMTHYECKOE TMPEICTABICHHUE PEIICHUS ITapaMeTpHIecKOn
3a[auu, U JIOKa3bIBAIOTCS HEKOTOpBIE opMyisl oOpamieHnid. [loms3ysace aTuMu popmyna-
MU OOpalleHuid, ModyJaeTcs aHAIMTUYECKOe MPECTaBIEHNE PEIICHUs paccMaTpUBaeMoOn
CMEIIaHHON 3aJa4H.

KiioueBble ciioBa: HEPETYIAPHBIC T'PAHUYHBIC YCJIIOBHA, MECTOJ KOHCYHOI'O HMHTEC-
IPaNBHOTO NPeoOpa30BaHus, KIACCHICCKOE PELICHHUE.
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BAKI UNIVERSITETININ XOBORLORI
Nel Fizika-riyaziyyat elmlari seriyasi 2023

YK 519.633

O PEIIEHUM U YCTOMYUBOCTHU OJHOMN PASHOCTHOM
3AJIAYU AJIS1 JMHEMHOI'O HATPYKEHHOT' O
TUPPEPEHLIUAJIBHOI'O YPABHEHMUSI
TUNEPBOJUYECKOI'O TUITIA

3.0.XAHKUIIINEB
bakunckuii I'ocyoapcmeennuiit Ynueepcumem
hankishiyev.zfl@yandex.com

B nacmosweil pabome memooom KOHEYHbIX PAZHOCHMEl peuaemcs 00Ha 3a0aya
07151 TUHEUHO20 HASPYIHCEHH020 OUPPEPEeHYUATbHO2O YPAGHEHUSA cUNePOOIULeCcK020 MUna ¢
unmezpanvhbimu ycaogusimu. Cmpoumcs. pasHOCMHAsL 3a0aud, annpoKCUMUPYIOWAs uc-
XO0OHYI0 3a0auy cO 8MOPbIM NOPAOKOM MOYHOCMU, 0Aemcs Memoo peuieHus NoCMpOeHHOU
PAa3HOCMHOU 3a0a4u U UCCAeOYemcst YCMOUYU80Cmyb pasHocmuou 3adaqu. Onpedeisiiomcest
docmamoymvie Ycaosus O YCMOUdUGOCMY PA3HOCMHOU 3A0a4y N0 HAYATbHLIM OAHHbIM U
10 Npasoti yacmu.

KaioueBnbie cioBa: HarpyxenHnoe auddepeHunanbHoe ypaBHEHUE, UHTETPajb-
HBIE YCJIOBUS, Pa3HOCTHAS 3a/]a4a, yCTOMYUBOCTh Pa3HOCTHOM 3a/1auH.

BBenenune

N3BecTHO, YTO MHOTHE 3a/layd €CTECTBO3HAHUS, HAPUMEp, 3a/1auu
MaTeMaTH4ecKol (U3MKU U OWOJIOTHH, 33JaYd JIOJITOCPOYHOTO MPOTHO3U-
pPOBaHUA U PEryJIUPOBAHUS TPYHTOBBIX BOJI, 33/1a4d TEIIOMACCONEpPEeHoca ¢
KOHEYHON CKOPOCTBIO M T.[. MPUBOMAAT K 3aJayaM JJisi Harpy>KEHHBIX AU-
(bepeHInaTbHBIX ypaBHEHUH B YaCTHBIX MPOU3BOAHBIX. [loaTOMy pemieHue
TaKMX 3a/1a4 JJI Harpy>KeHHbIX Au(QepeHnanbHbIX YpaBHEHUI TpeIcTaB-
TSIOT OOJBIION HHTEPEC.

Paznuunble 3amaun As HarpyKeHHbIX TuddepeHIaibHbIX ypaBHe-
HUW U3y4eHbl MHOTUMHU MaTemaTukamu [1]-[5]. Cpenu mMeTonoB pemieHus
TaKMX 3aJa4 4acTO UCIOIb3YIOTCS T€ UM IPYTHe YUCICHHbBIE METOBI.

Berpeuatores 3amaun mis quddepeHInanbHbIX YpaBHEHUNW B 9acT-
HBIX MPOU3BOJHBIX C MHTETPAIbHBIMH yCIOBHUSIMH. Takue ycloBUS BO3HH-
KalT TOrJAa, KOrja, HampuMmep, OOJacTh MPUIIOKEHUS COCPEIOTOUYCHHOM
CHJIBI IMEET KOHEUHBIN pasmep. B paborax [2], [4]-[8] paznuyHBIMH MeTO-
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JIaMy UCCIIeIOBaHbI 3a1a4u Uil AudQepeHnnanbHbIX ypaBHEHUH mapabo-
JMYECKOTO U TUIEPOOINYECKOTO TUIOB C WHTETPAIbHBIMH yCIOBHsIMHU. B
3THX paboTax M3yYeHBbl Pa3pPEIIMMOCTH HEJIOKAIBHBIX 3a/la4 C WHTETpajb-
HBIMH yCIIOBHSIMH, IPUMEHEHHS YUCICHHBIX METOJIOB, B TOM YHCIIE METO/A
KOHEUHBIX Pa3HOCTEH K PEIICHUsM MOAOOHBIX 331a4, JaHbl alTOPUTMBI pe-
IICHHSI TOCTPOEHHBIX Pa3HOCTHBIX 33/1a4 U HCCIICTOBAHBI MX CXOJUMOCTb.

1. ITocTanoBKAa 3aga4u
B nacrosmieit pabote uccienyercs cleAyromas 3aaada A JTuHEeH-
HOTO Harpy>keHHoro aud@depeHInaTbHOr0 ypaBHEHHS THUIIEPOOIMIECKOTO
THIIA:

HaliTH HENpephIBHYIO B 3aMKHyTOH obmactu D = {O <x<L0Lt<T }
¢bynkuuo u = u(x,t), yI0OBICTBOPSIOLIYIO YPaBHEHUIO

Iy 2 m
QU _ (2 94D |y 1+ 3 bau(ead, )+ (),
k=1

ot’ x’
O0<x<l[,0<t<T, (1.1)

HHTCIrpajibHBIM YCJIOBUSAM
l

[eryutx.ndx = @),
0 0<t<T, (1.2)

l

[ea(oyux,nydx = u, (0),

0
1 HaYaJIbHBIM YCJIOBUSM
Ju(x,0
u(x,0) = @, (x), %:gpz(x), 0<x<I. (1.3)
t

3neck f(x,1), 4, (1), i, (1), ¢,(x), ¢,(x)— HU3BECTHBIE HEMPEPHIBHbIE (DYHK-
[IUM CBOMX aprymeHToB,a >0, b, b, , k =1,2,...,m — nelicTBuTenbHBIC YHCIIA,

t,, k=12,..,m— touku wuHrepBana (0,7]. OTHOCHTENBHO (YHKUMIH
¢, (x), ¢, (x) mpeanoaraercs, 4YTo OHU YAOBIETBOPSIOT YCIOBUAM

c/(x) = a;,¢,(x) +ap,c, (%),

¢ (X) = ay¢,(x) + ayc, (%),
31eck a,,,a,,,a,,,a,, — NPOU3BOJILHBIE JEHCTBUTEILHBIE YUCIIA.
[TogoOHas 3ama4a paccMoTpeHa B [2] a1t TUHEHHOTO HArpyKEHHOTO
i QepeHIMaIbHOr0 ypaBHEHUS MapaboIu4YecKoro THIA U K PELICHUIO
pPacCMOTPEHHOM TaM 3aJjayd MPUMEHEH METOJl KOHEYHBIX pa3HocTel. [lo-
CTpOE€HA pa3HOCTHas 3ajada, allpoKCUMHPYIOIIas 3Ty 3ajady cO BTOPbIM
MOPSAIKOM TOYHOCTH, JaH METOJ] PELICHUS] Pa3HOCTHOM 3aJauu, P BBIMOJ-

(1.4)
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HEHUU OIIPENEICHHBIX YCIOBUM J0Ka3aHa CXOIUMOCTb METOJIA U MOIy4YeHa
OLIEHKa JIJIsl CKOPOCTU CXOAMMOCTH.

B aroii padore k pemenuto 3amayn (1.1)-(1.3) Taxxke, Oyaem npume-
HSATh METOJ KOHEUHBIX Pa3HOCTEH, MOCTPOUM PAa3HOCTHYIO 3aJady, alpoK-
CUMHPYIOIIEH 3Ty 3aadyy CO BTOPBIM NOPSAKOM TOYHOCTH, JaJAUM METOJ
pelleHrs MOCTPOEHHONW PAa3HOCTHOW 3a/aydl M TMpPH BBINOJIHEHUU OIpeJie-
JICHHBIX YCJIOBUM TOKA)KE€M YCTOMYHMBOCTH PA3HOCTHOM 3aJ1ayH.

B nanpueiimem mnpenmonaraercs, 4yro 3amada (1.1)-(1.3) umeer
€IMHCTBEHHOE pEIICHHUE.

2. 3aMeHa HHTerpaJbHbIX YCJIOBH HEJOKAIbHBIMH IPAHMYHBIMH
YCJIOBUSIMH
Ucnons3ysa ycnosus (1.4), 3amMeHuM uHTerpaibHble ycioBus (1.2)
HEJIOKJIIbHBIMU TPAaHUYHBIMH YCJIOBHSIMH.
Paccmotpum mepBoe ycnoBue B (1.2) u mpoxuddepeHupyem ero
JIBa pa3a 1o NEPEMEHHOM £ :

_Z[C( )azu(x 1)

OTCIO,I[a ¢ yuerom ypaBHeHus (1.1) umeem:

Lﬂm[au@)+b@0+2bwm)ﬁﬁﬂkxﬂﬁ)

k=1

dx = (1),

1501051
Je 07D g, 1{;«0) bat ()= 3ot @) J «(@f (x’t)dx]'
@D

[TpumenuB n1Ba paza GopMyay WHTETPUPOBAHUS 110 YACTSIM K MHTE-
rpajly B JIEBOM YaCTH 3TOTO PABEHCTBA, C y4eToM ycioBui (1.4), mocie sie-
MCHTApPHBIX BBI‘II/ICJIGHI/II\/'I, MOJIYYHM CIIPABCIIINBOCTb PAaBCHCTBA

Joi o2 gy 20— ) 2L g 1) s ()t +

+ (allcl 0)+ay,c, (0))”(Oat) + (a|21 taa,, )/ul )+ (analz ta,a,, ):Uz (2).
(2.2) Hakoner, ¢ y4eToM 3TOTO paBeHCTBA, W3 (2.1) moiy4ynm cripaBeiu-
BOCTh PaBEHCTBA

anan wmo

(0)——— ( 1101(Z)+alzcz(l))’4(lat)+
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+(a,,¢,(0) + a,,¢,(0)Ju(0,1) = 17, (1), (2.3)
rac

()= |::u1 () —bu, (1) - zbklu] () Jcl (x)f(x,t)dx:|—
_(all Ta,a,, ):ul (t)_(analz tajay, )/12 ().

AHaJIOTUYHBIM 00pa3oM, UCIOB3Ys BTOpoe ycioBue B (1.2) u ycino-
Busl (1.4), MOKHO TTOJTYIUTh CITPABEIJIMBOCTh PABEHCTBA

(0&“’) (@aﬂo” (aner (1) + ey DLt +
@ﬂﬂm+%ﬂﬁmhmﬁ=ﬁﬂﬁ (2.4)

rac
)

;uz(t) —_|::u2(t) bluz(t) zbk:uz(tk Icz(x)f(xat)dx -
k=1 0
- (allaZI Ta,ay ),u1 Ok (azlalz + azzz ):uz ).
Wrak, BMecTO MHTETrpalbHbIX ycioBui (1.2) MOMy4dmiin HEIOKallb-
HbIE TpaHWYHBIC ycioBus Buga (2.3) u (2.4).
Ecan uckmounts w©3 rpaHuUyHBIX ycioBui (2.3)-(2.4), cHauana

ou(l,t) ou(0,1) .
—— 3aTEM —— , TO BMECTO OXTUX YCHOBI/II/I HOJ'IyLH/IM YCJ'IOBI/IH
ox ox
Ju(0,1 -
%)+%ﬂ@ﬁ+nﬂﬂﬁ=ﬂﬁl

a (2.5)
@+ 6, -u(0,0)+ 6, -u(l,t) = i, (1),

rac
_q (Z)(a2lc1 (0)+ayc, (0))_ ¢, (l)(allcl (0)+ay,c, (0))

b ¢,(0)c, (1) —¢,(1)c, (0)
_ey(Dlaye, (D +ape, (D)=, (Dlaye, (D) +aye, (1)

t ¢,(0)c, (1) —¢, (), (0)
S = ¢ (0)(‘12101 (0)+ayc, (0))_ ¢, (0)(a1101 0)+ay,c, (0))

L ¢,(0)c, (1) —¢, (1), (0)
5. = Cy (0)(01101 (N+ay,c, (l))_ ¢ (0)(02101 () +a,c, (Z))

T ¢,(0)c, (1) ¢, (), (0)

3

2

3

2
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(D, (1) —c, (DI (1) ¢ (0)11, (1) — ¢, (0) 1, (¥)
¢,(0)c, (1) —¢ (1), (0) ’ ¢,(0)c, (1) = ¢ (1), (0) .
B nanpueiimem Bmecto 3agaun (1.1)-(1.3) paccmorpum 3amauy (1.1), (2.5),

(1.3).

i (1) = 1, (1) =

3. IlocTpoeHue pa3HOCTHOM 3a1aun
B o6mactu D OIpPEAEINM CETOUHYIO 00JacTh @), :{(xn,t j), n=0.12..,N,
=012, jo} tae x,=nh, n=012,..,N,h=1/N,t, =z, j=012...j,, N
U j, — (QuKcHpoBaHHBIEC HaTypallbHble uncia. IIpennonaraercs, 4ro mwar 7
BBIOpaH TakuM o0pa3oM, 4TO TOYKHU f,, k =1,2,...,m, PacCHOIOKEHBI CPEIH
TOYCK ¢, = jT, j=12,.., jo, W b, =t ,k=12,..mt, <t, <..<t, .

B »aroit cerounoit oOmactu ypaBHeHuto (1.1), ucmonb3ys 060-
3HauYeHHUs B [9], MOXKEM COINOCTAaBUTh PA3HOCTHOE YpaBHEHUE

i, =a*Noy ™ +(1-20)y] + oy )+ byl + Y byl + £
k=1

n=12,.,N-1Lj=12,..,j,—1, 3.1)
KOTOpOE Ui JII0OOro 3HA4YeHUs MapaMeTpa O amipoOKCUMHUPYET 3TO
ypaBHEHHE ¢ TouHOCThI0 O(h” +77), ecnu pemenue u = u(x,t) 3TOro ypas-
Henns umeet B obnacty D ={0<x </, 0<t<T} orpaHHuCHHbIC YACTHBIC

MPOM3BOJIHBIE TI0O MEPEMEHHBIM X U ¢ JI0 4YeTBepToro mnopsaka. Jus an-
MMPOKCHUMAIIMHA TPAHUYHBIX YCIOBUM (2.5) ¢ TaKOW k€ TOYHOCTHIO, MIPEIIO-
J0XHUM, yTO ypaBHeHHe (1.1) BeimonHseTcss U Ha rpaHumax x=0 u x =/

obmactu D. Torzma 3TH TpaHUYHBIE YCIOBHS MOXEM 3aMEHUTh, TAKXKE C
tounoctbio O(h* +77), pa3HOCTHBIMY IPAHUYHBIMU YCIOBUSAMU

hoo : . _ 5 _ _
5zt el +1=20)p, vyl +nyd vl +
h m (3 -2)
+Fk2:;bkyblk =1
h , . " . y , .
o Wi =By )+ v+ =200+ oyl + 8] + 0,7 -
h m . . . .
— > by =Ly F=120 jy 1 (3.3)
2a” 13
HavanpabeiM ycioBusim (1.3) cormocTtaBuM ciaeAyromre HadaabHbIE YCIOBUS:
ya=e(x,) 3, =P (x,). (3:4)

B pasnoctHoit 3anaue (3.1)-(3.4) npuHITH 0003HAYCHHS
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fi=m,)- = f(x,ot), n=12,.,N -1,
o h 11 =2yl
fi=m )+ =5 fd.1,), Ay _ Jaa In T Vn

2a’ h

?,(x,) = 0, (x,) +— (a PI(x) + b, () + £(x,.0)).

OtMmeTruM, 4To paSHOCTHaH 3amava (3.1)-(3.4) anmpokcumupyer 3a-
naay (1.1), (2.5), (3) ¢ Tounocteto O(h*> +7°), ecnu ypasuenue (1.1) BbI-
nmoJiHseTcss W Ha rpanmmax x=0 w x=/ oOmactu D wu pereHue
u=u(x,t) B obmactu D MMeeT OrpaHHMYEHHbIE YAaCTHbIE MPOU3BOJHBIEC 110
MEPEeMEHHBIM X U ¢ J0 YETBEPTOTO MOPSIIKA.

4. PemieHue pa3HOCTHOM 3a1aun

PaznoctHyro 3amauy (3.1)-(3.4) MokeMm mepenucarh B CIEIYIOIIEM
BUJIE!

1, azo;r2 s azo;z'2 v (14 bt* a’(1-20)7° . a’yt’ .
2 h h 2 h? h

2 2 2 2 2
ay,t> ; (1 a‘or’) ., ad’or’® N )
—TZ”’V*[T " }5 R X

2 2
a
fo,
a (1—20)1 ; alor’ i, 2a’ot’ )\ ., a‘or’
T YT aa t 1+h—2 v T Y T

_a2(1—20')12yj N —2+2a2(l_2o_)72—b72 , a’(1-207° ,
hz n—1 hz n I’l2 n+l

2 2 2 2
aor” 2a orT 1 d ‘ot ; 2
R (e P )

h?
n=12,..N-1, 4.1)
2 2 2 2 2 _ 2 ) 2 2 _ 2
_a 021 g l+a o;r ]].vH_a ( fa)r v - 1+br _a (1-20)7"
h 2 h h 2 h®
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; aﬂﬂrz , aort o, (1 dlor’)
vt Yo = Yva | St — 2 Py~
h h 2 h
272

_ i - =120 1,
k=1

yn :(A(xn): y:z :@(xn)a nzo’la---aN- (42)
[Tepenmmiem pazHocTHy 3anauy (4.1)-(4.2) B cinenyroniemM MaTpud-
HOM BUJE:!
Ay + By + A4y -17 (Dly"lI +D,y” +..+ D,y ): T°F/,

a’d,t’
h

7
2

Jj=12,...j,—L, (4.3)
yO:¢1a ylz(ﬁz- (4.4)

3necn

c -a, 0 0 0 0

-a, c —-a, 0

0 -a, c .0 0 0
A = )

0 0 0 -a, c —-a,

0 0 0 0 -a, ¢

-d, —a, O . 0 —e

-a, ¢, -a, .. 0 0 0
B, = 0 -a, c, .0 0 0 ’

0 -a, c, -a,

e, 0 0 .0 -a, -d,

2

%bk 0O 0 .00 0

0 °h, 0 ... 00 0

0 0 °h, .. 0 0 0
D, = g , k=12,..,m,

0 0 0 .0 7, 0

2.2
0 0 0 .0 0 Tbk
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a’t? .
yé B h 7 @, (xy) ?,(x,)
ylj T2f1j @, (x,) ?,(x))
Y Fi = v’ 5 0, = ?,(x,) . P = ?,(x,)
y;j\}_l TzfA{_l o (xy_) @, (xy_)
P 2.2 —
yif a7 J (Dl(xN) ¢2(xN)
N
h
2 2 2 2 2 2 2 2 2
_air 1=l aif,dﬁﬂ+b7—a(lgan +a%r’
h 2 h h h
2 .2 201 2 201 2
2ah?'z' L, = a (1 hzzo')r =2+ 2a (lhzzo')r _br?,
_alytt ater 4 =1 b’ d’(1-20)7° a’dyt
e = 2 = » dy =1+ 2
h h h h
Pa3znocTtHbie ypaBHeHus (4.3) nepenuuieM IS KaX10T0 3HaYeHUS J :
Ay’ -72(Dy" +D,y" +..+D,y" )=1*F' - B, @, — Ao,
Ay’ +By* —7*(Dy" +Dyy" +..+ D,y )= T°F* - 49,
4y* + By + 4y’ =7 Dy +D,y" 4.4 D,y )= TF,
. (4.5)

Aly"“]_l +Blyj°_2 +141)/"“’_3 -7’ (Dlyj1 +D2yj2 +...+Dmy'j”' )= T Fh72,
Ay +Blyj"_1 +Alyj°_2 -7’ (Dlyj‘ +D,y"” +...+D, y )= T2 Fh7

Marpuna A4, ecTh CHMMETpPHYHAs MAaTpUlla U MMEET IUaroHajabHOE

-1
npeobiananue. [loatoMy oHa umeeT oOpaTHYr MaTpully A, . YMHOXHB
00e 4acTH KaIOTO M3 JTHX PaBEHCTB clieBa Ha A ', TOC/E HEKOTOPBIX

TIpeo6pa3oBaHHuil, U3 IEPBOTO PABEHCTBA MOKEM OIIPENETHTh V', U3 BTOPO-

ro yiu T U3  TIOCJIEIHEro yh CyMMY

A.,
D,y" +D,y” +..+ D, y'.
[Tycth
y> =T7’E, -(Dlyj1 +D,y” +..+ D,y )+ G,

qyepes
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Yy = ‘L'zE2 -(Dlyj1 +D,y” +..+D, y™ )+ G,,
y4 :72E3 '(Dlyj1 +D2yj2 +...+Dmy""’ )+ G,,
i :TZE (Dlyjl +D y’2 +..+D y’”’) +G, ,
. (4.6)
yr=1E, (D1y’l +D y’2 +.. +D y"")+G

J2 Ja— -1

ym=1E, | (D" + D,y +---+Dmyj"’)+Gjm—l’

v =7°E, -(Dy" +Dyy” ..+ D,y )+ G, .
3neck E, E,,..., E j,-1 — U3BECTHBI MaTPUIILI, KOTOPBIE ONPECTIAIOTCSA YEPe3
Matpuubsl 4,, B,, a G, GZ,...,GJ.O_, — U3BECTHBI BEKTOPHI, KOTOPHIE BbIpa-
xKarores uepes 4, B, F/, o, u @,.
OTMETHUM HECKOJIBKO MEPBHIX Koaq)(me/IeHTOB B paBeHCTBax (4.6):
_ -1 _ -1 1 —
E, _Al , E, _Al (E_BIAI ) G A ( B,p, - 1(P1 )’
g 22 — “1(_2 1 —
G, = A" (2 F? — 4.5, - BA ™ (¢ F' - B.§, — A4p,)) nra
Beinenus u3 paBeHCTB (4.6), paBEeHCTBA NIPU j = Ji, jo,eees j,y, TOIY-
YUM CHCTEMY W3 /1 BEKTOPHBIX YPaBHEHHI OTHOCUTENBHO Y/, y72... y/»
N3 »sroit  cucTeMbl BeKTOpHHX YpaBHEHUH JIETKO MOKHO HalTH
D,y" +D,y” +...+ D, y’. Jlas 3TOro JOCTATOYHO CIIOKUTH ITU YpPaBHE-

HUS, IPEJIBAPUTENBHO YMHOXKHMB UX cneBaHa D, D,,ut.a. D,,

[Iycts Haiineno D,y”' +D,y” +..+D,y Jn . Torma YYUTHIBas 3HAYCHUE
3TOTO BBIPAKCHHS B MPAaBbIX YaCTSIX PaBEHCTB (4.6), MOKEM ONPEICIUTD

YA R VL

5. YcroiiunBoCcTh pa3sHOCTHOM 3a1a4H
PaccmoTtpuM pasHocTHbIEe ypaBHeHH (4.3) TPU j = ji, jysees j,,

A]yj‘+1 +Blyj‘ +A]yj‘_1 -7’ (Dlyj1 +D2yj2 +...+Dmyj'" )= T F7,
Ay + B y” + Ay -1 (Dlyj1 +D,y"” +..+ D,y )= T°F’,

Ay + By’ + A,y —Tz(Dlyj‘ +D,y” +..+ D,y )=Tsz”’.
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IIpocymmupyst 3TU ypaBHEHMS, IOJIYYUM CIPABEIIMBOCTb PABEHCTBA
A7 4y w4y )1 B (0 Ly )+
+ 4,7y Ly )= mt (D + Dy o+ D,y )=
=7 (F" +F” +...+F’).
Haiing u3 storo paseHCTBa 1’2(D,y‘/l +D,y” +...+Dmyj'”) U TOI-

CTaBJIsAsl HAMIEHHOE BBIpa)KEHUE B JIEBYIO 4acTh ypaBHEHUH (4.3) , momyuyum
yYpaBHEHMUSI

Al(y”l —%(y“1 +y 4yt ))+ Bl(y-i —%(yj‘ + Yl )J+

+A1(yf‘1 —i(y-f"1 +y +...+yfm‘)):rZ[Ff —l(F-"' +F" 4+ F )]
m m

j=120 )y 1.
B cuiy BHINOJIHEHNS PABEHCTB
Pt it =2y d O(‘L‘2 ), k=12,...m,
HOCJIEIHAE PABEHCTBA MOKEM MEPENNCAT B BUIE

Al(yj+l —i(yj1 + Yl ))+ Bl(y'i —l(yj‘ + Yl )J-i-
m m

+A1(yj1 _l(yfl + Yl )):TZ[F-’ —i(Ff1 +F2 4 4 F )],
m m

j=12,...j, -1
Hcnonb3ys 3ameHbl

Ik = ik —%(yj‘ PPty ) =120y =1, k=—101, (5.1)

MOCIIEIHIE YPAaBHEHUS MOKEM MTPUBECTH K BUAY

Alzj+1 +Blzj +Alzj—l — g/’ ,] = 1,2,...,j0 —1, (5.2)
rie
j 2 j 1 J J ] 1 j
g_ =7 F __(F1+F2+.”+Fj'”)’ ]:1’2’...,‘]0_1-
m
ITpusenem ypaBHeHus (5.2) K Tak Ha3bIBAEMOMY, KAHOHUYECKOMY BUILY

BZ?j +2'2th{ +Az' =g/, j= L2,....j, -1, (5.3)
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rae
-1

A S Y A} A 2
zl =———, z, = 5
t 2T T
CpasuuBas (5.2) u (5.3), momy4nm CIpaBeJIMBOCTb PABEHCTB
R=4,, A=24,+B,, B=0. (5.4)

Wrak, ypaBHenue (5.2) npunumaer Buja (5.3), ecnu  onepaTopbl
A, B u R omnpenemnsitorcs paeHcTBamu (5.4). K ypaBHenusm (5.3) mpu-
GaBuM ycloBus z' M Z' 3aaHBL.

YuuteiBas, uro onepatop B =0, 3Ty pa3HOCTHYIO CXEMYy MOXEM 3a-
MMCaTh B BUC

TRz + Az =g/, j=0,,..,j, -2, z'wu z' samamm (5.5)

CHayana paccMOTPUM OJHOPOJIHYIO PA3HOCTHYIO CXEMY, COOTBET-
cTBytoLIyIO0 cxeme (5.5):

T’RzIM + 4277 =0, j=0,1,..,j, -2, z°u z' 3amaHsL (5.6)
OtmeTuM, 4TO omepaTtop R €CTh CaMOCOMNPSHKEHHBIN oneparop. OmnepaTtop
A TaKKe eCTh CaMOCOIPSDKECHHBIM Omeparop, eciii O, =—¥,, HIH TO XKe
camoe, uto ¢,(0)=c¢,(/), ¢,(0)=c, (). Jlerko MOXHO IIPOBEPUTH, YTO HPH
BBINOJIHCHHUH MOCIIEIHUX YCIOBHM, BBIMONHSIETCS M YCIOBUE O, = —7V,.

Jlyis uccrieoBaHusl YCTOMYMBOCTU CXeMBI (5.6) 10 HAYalbHBIM JaH-
HBIM, YMHOHM 00€ YacTH MOCJIEHEr0 ypaBHEHHs CKaIApHoO Ha z. "

t

(sz“ 20 )+(Azj” zg“)_o. (5.7)

t

B cuny nemmsi 4 B [10, ¢.225] umeem:
(RZJ+1 j+1 ) O S(RZJ+1 j+1 )
f’

s t

(Azj” zJ" )— ;(A(Zj +z/" ), (zj +z/* )) < (Az’” JH )I.
YuuThiBas 3TH paBeHCTBA B (5.7), MPUXOIUM K paBeHCTBy
0,57° (Rz’” s+ )t +%(A(zj +z/M ),(zj +z/M )) . (Az’H J+ )t =0

nim

z(R_%A}gﬂ,zgﬂ Pl e ) =00 68)

t

1
Omnepatopbi 4 u R_ZA - camocomnpspkeHHbIe. OnpenenuM yCIIOBuUs,
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IIPY BBIIIOJIHEHUH KOTOPBIX A >0 u R —iA > 0.

C 570l Lenblo, B IPOCTPAHCTBE CETOUHBIX QYHKUMH y/. n=0,l,.,N

PacCMOTPHUM CIIEAYIOIINE 3a1aul Ha COOCTBEHHBIC 3HAYCHUS:
Ay = Ay, (5.9)

1
(R—ZA)y—/ly. (5.10)

B cuny pasenctB (54), A=24,+B,, R —%A = %(2141 ~B,).

Cuauana HaiiieM coOCTBeHHBbIC 3Ha4eHHs 3amadu (5.9). Oty 3amauy
MOJKEM IepEerrcaTh B BUJIE

2.2 2 2 2 2.2 2 2
a’t- bt ayr at ay,t
[ - - 1 }0_ M~ h2 Yy =W

h* 2 h h*

_a 2r? 2a°7? a’t?
h* VERG ( h’ - Jyn_h—zynﬂ =y,,n=12,.,N-1, (5.11)

a’or’ a’t’ a’t’ br* a’o,r’
Yo~ Ynat - + N =My

R & o2 h
Pemenue sToit 3amaun Oyaem HCKaTh B BUJIE
y,=Asimna(l-x,)+Bcosa(l-x,), n=0,1,..,N.
3/ech o —1OKa HEM3BECTHASI TIOCTOSTHHASI.
[ToncraBus 31y pyHKIMIO B ypaBHeHusx (5.11), npu n=1,2,..., N —1, nocne
AJIEMEHTAPHBIX MPEOOPA30BAHUIMA, TTOTYUUM:

2 2
(262 (1-cosah)—-bt’ —ﬂ}Asina(Z—xn)+Bcosa(l—xn))=0.

Ortcrona, B cuity ycioBust y, # 0, TOXKIECTBEHHO, UMEEM:

4a’7? 2 aoh
h2

ITocTosiHHYIO ¢ OlpenenuM U3 NEPBOIO U MocaeaHero ypaBHeHui B (5.11).

A=

—b72, (5.12)

IMoacrasnsas ¢pynkuuto y, = Asino(/—x,)+ Bcosa(l—x,), B mep-
Boe ypaBHeHHeE B (5.11), mocne aneMeHTapHbIX IpeoOpa30BaHuil, MOTyIHM:

2 2 2 2.2
G e

2
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2.2 2 2 2 2.2
+ af 1—4sin2a—h +bi—ﬂ cosal—af cosa(l—h)—
h 2 2 h h

h

W3 nocneanero ypaBaenus B (5.11) umeem:

2 2 2.2 2 2 2.2
(a ilr sinal -2 z sinah]~A+(a iﬂ' cosal—za r sinz%h+

2 2
_M]B:O,

h’ h’

2 2 2
+bz' La 0,T _o.
2 h

Cucrtema U3 IByX MOCIEIHUX anreOpanvyeckux ypaBHEHHH MMeeT He-
TPUBUAJIBHOE DPEIICHUE, €CIIM €€ ONpENeIuTeNb paBeH Hymo. M3 sToro
YCIIOBUS, IUISl ONPENEIICHUA (¢, NOCIE HEKOTOPBIX BBIYMCIICHUH, IOIYYHM

ypaBHEHHUE

2 2 2
2az£—a2 +%—az}/l h]sina(l+h)+[[—a2 +%—az;f1 h) +a47/251h2]-

-sinad +a* (8, — y, )hsinoh +a* sina(l+2h) =0 (5.13)
OnpenenuB N +1 nocnenoBaTeNbHBIX KOPHEH 3TOr0 ypaBHEHUS U

MOACTaBUB MX B MPaBYIO YacTh paBeHCTBA (5.12), HaX0IUM BCe COOCTBEH-
HBIC 3HaYeHUs 3a1a4u (5.9):

da’t® ., oh
A=A, = ‘;lf sin? 25 b7, k=012, N, (5.14)
CrnemyeT OTMETHTH, YTO BCE COOCTBEHHBIC 3HAUYCHHUS 3a/1a4H (5.9) MONI0KH-
TenapHBI ipH b < 0.

Teneps mepeliieM K HaXO0XACHUIO COOCTBEHHBIX 3HAUYCHUM 3a/1auu

(5.10). C ygerom paBeHcTBa R —iA :%(2A1 — B,), 5Ty 3a/1auy MOXKeM 3a-

II1caTh B BUJC

(24,-B,)y=py, (5.15)
1
A=—u.
rae 4,u

[lepenuiem 3Ty 3a7a4y B CIEAYIOIEM BUE:

56



4a’or* vt b’ d'yr a’t’ 4a’or’ a’y,t’
S A M I

a’t’ 4da’or’ 8a*or® 24°7° a’t’ 4dd’or’ _
h2 - hz n71+ 4+ h2 - h2 +bT n+ hz - h2 n+1_luyn’

n=12,.,N—1, (5.16)

a’or’ a’t’  4a’or’ 4a’cr’ d’t’ b7’ a’677 |
B i G e S e

Pemenue stoii 3amaun, Kak B MpeAbIAyIIeM ciiydae, OyaeM UCKaTh B

BUJIC
y,=Asinf(l—x,)+Bcosf(l—x,), n=0,1,...,N. (5.17)
3nech [f—1OKa HEW3BECTHAS MIOCTOSTHHASL.
[ToncraBuB 3Ty pyHKIUIO B ypaBHeHHsIX (5.16), mpu n=1,2,..., N —1,
MocyIe AIEMEHTAPHBIX TPe0Opa30BaHUH, TOIYIUM:

(4"‘46;;7 (40 - l)smz’B +b7’ - }Asinﬂ(l—xn)"'Bcosﬂ(l_xn)):0

OTCro1a UMEEM:

4+4a

(40 —1)sin’ '62h+b1'2—,u:0

HIIN

2
ﬂ=4+4‘27 (40 —1)sin? 2° ﬂ (5.18)

[locrostHHyrO [ ompenenum w3 nepBoro U TIOCJIICHETO YpaBHEHHWH B
(5.16). IloncraBuB BBIpaxkeHue y,, ompexenseMoe paseHcTBOM (5.17) B
3TH ypaBHEHUS, MOCIIE 3JEMEHTAPHBIX MPEOOPa3OBaAHMMA, TIOTYIHM:

(p,sin B1+ p,sin (I —h))A+(p, cos B+ p, cos B —h)+ py)B =0,
(pysin B1+ p, sin Bh)A+(p, cos Bl+ p, cos B+ p,)B=0.
a212 bt’ azylrz
h

3necy p, =2+

2

_a’or’
h
[Tocnenusisi cucreMa anreOpanyeckuxX ypaBHEHHM, OTHOCUTEIBHO A
U B, Kak B NpeAblaylieM ciy4yae, UMeeT HETPUBUAIbHOE pElIeHHEe, €Cld

OTIpeICTUTENb 3TOM cucTeMbl OyneT paBHATHCS HyMI0. 3 sToro ycnosus,

CZT

(40' 1), p

P, =
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MOCIIE HEKOTOPBIX MPeoOpa30BaHUi, MPUXOIUM K CICIYIOIIEMY YPABHCHHIO
OTHOCHTENBHO [ :

pasin (I —2h)+ p,p,sin B(I—h)— p,p,sin Bh+ ( - P; )sm Bl+
+p,p,sin f(l—h)—p,p,sin fh=0. (5.19)
OmnpenenmuB N +1 nocienoBaTenbHBIX KopHeH [ = 3, sToro ypas-

HEHUsI ¥ TIOJICTaBHB WX B IpaBylO 4YacTh paBeHCTBa (5.18), Haxomum Bce
coOcTBeHHbIe 3HadeHus 3anadn (5.10). DTu 3HAYEHHS, OYEBHUIHO, OYAYT
OTIpeAeAThCS paBeHCTBaMI/I

A=d =ty =149 i (40— 1)sm2ﬂk 7%, k=0,l,..,N.
4 h? 4
o 1
OueBnaHO, YTO HAMJCHHBIC MOCIEAHUE 3HAUeHUs A=A, = 2 U, To-

JIOXKUTEIBHBI, U1 JOCTATOUYHO MAJbIX 3HAYEHUH 7, eCliu O > i

Takum 00pa3oM, IMEET MECTO CIIEAYIoMIast

Teopema 1. Onepatopet 4 u R —%A— CaMOCOIIPSKEHHBIE, €CIIH
¥, =—0, (wmm to *xe camoe, uto ¢,(0)=¢,(/) u ¢,(0)=c,(/)). Oneparop
A— monoxwurenen, ecnu b <0, oneparop R —%A — TOJIOXKUTENIEH, €CIIN

40-1>0 u 7<7,, rAe T, — HEKOTOPOE MOJIOKUTEIBHOE YUCIIO.
PaBencTBO (5.8) MOXeM mepenucaTh B BUIC

((R—%A}Zjﬂ —Zj),zj+1 —Zj] +%(A( ARy ) j+l +Zj), =0,

UK B BUAC

([R—%A}Z”z —Zj+l),Zj+2 _ )+%(A(Zj+2 +Zj+l),Zj+2 +Zj+1):

:((R—i/l}z”l —Zj),Zj+1 —z/ )+%(A(zj+l +Zj),Zj+1 +Zj).

Orcrona, ¢ yuetom 3aMeHslI (5.1), momydum:
1 . . . :

R _—A Jjt+2 _ Jj+l | Jt+2 _ Jj+l +
(( 4 }y y ) y y
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i(A(y]+2 +y]+l _E(y/] +y/2 +'--+yjm )Jy]+2 +y]+l _z(y/] +y/2 +.“_|_yjm )):
m m

:[(R —%A}y’“ —yl ),yjﬂ — )+

i(A[(y’” +yl )2 (y"l "ty )}y"” ey o (et oty ))
m

Ilycts

E, =((R—i/l}yj+l ) ]+
! + / 2( i j i+1 2 ; .
+_(A((yj +y’ )——(y"‘ +yP Ly )Jyj +y’ __(yh + )2 oty )]

Torzxa U3 MOCJICAHETO PABCHCTBA IIOJIYYUM, YTO
E,=E, j=0l.,j,-2. (5.20)

[TycTh BBIMOJIHAIOTCS YCIOBUS
b<0, 40-1>0, 7<7,. (5.21)

1
Torma 4>0, R _ZA >0 u BbIpaxeHuE /£, ONPENEIET HOPMY B IPOCTPaH-

ctBe H’>. TTostomy yerosus (5.21) 0GecednBaOT yCTOYMBOCTh PA3HOCTHOM
sanaau (4.3)-(4.4) BHOpME /E, . DTy HOpMY 0003HAYMM 4epe3

. l
I

Teopema 2. Eciiu BemosHsitores ycnoBust (5.21), To pa3HOCTHas 3a-
nada (4.3)-(4.4) ycroifunBa 1o HadajdbHBIM JaHHBIM. [Ipu 3TOM MMeeT me-
CTO PaBEHCTBA

Pl =l ==l

Tenepp mepeliieM K HUCCICIOBAHUIO YCTOWYMBOCTH MO MPABOM
yacTu. C 3TOM LIeJIbI0 paCCMOTPHUM PAa3HOCTHYIO 3a7a4y

Bzl +12Rz,{“ + Az =g/, j=01,.,7,-2, z°u z' samammL (5.23)
t

2
j+l

V- +y 2 (yj‘ +yj2 +...+yj’"1 . (5.22)

A

W3 Teopun ycToMYMBOCTH pa3sHOCTHBIX cxeM u3BecTHO [10, ¢.231], uro,
eciu onieparopsl 4, B u R— CaMOCOHpH)KeHBI Y BBIIOJIHSIOTCS] YCIIOBUS

450, R—L 450, B+ TPl 50, pa, (5.24)
4 2p+1

59



TO pa3HOCTHas cxema (5.23) ycToiiunBa IO HaYaJIbHBIM JTAHHBIM U IO Ipa-
BoM yactu. [Ipu 3TOM 17151 peleHust pa3HOCTHOM CXEMbI CIIPABEIJIMBA OLICHKA
j
Jj+l 0 J JHl-k k
50" ol + 16 e ]+ T e
k=1

Jj+l

|

., (5.25)
A

rae HZ]HE ompeensaercs paBeHCTBoM (5.22) mpu Y = Z.

Jlst pazHocTHOM 3amaun (5.23), B =0 u nepssie nBa ycioBus B (5.24)
BBHITIONHSIOTCSI, €CIIM BBIMONHSIOTCA yenoBus (5.21). B cuiy HepaBeHCTB
(5.14) umeem, uTo

||A|| >-p7* >0, Tak kak b < 0.

Orcrona cineayer, 4yTo mocieaHee yciuoBue B (5.24) OyaeT BBITOTHATHCS IS
Bcex p=1.

Wrak, umeet mecTo cieayromas

Teopema 3. Eciii BBINOJHSIOTCS YCIOBUSI TEOPEMBI 2, TO Pa3HOCTHAS
3anmava (4.3)-(4.4) ycroifunBa 1Mo HaYaJIbHBIM JAaHHBIM U TIO MPABOW YACTH.
[Tpu aTOM MMeeT MecTo HepaBeHCTBO (5.25).
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HIiPERBOLIK TiP XOTTi YUKLONMIS DIFERENSIAL TONLIiK UCUN
BiR FORQ MOSOLOSININ HOLLI VO DAYANIQLIGI HAQQINDA

Z.F.XANKISIYEV
XULASO

Mogqalads hiperbolik tip yiiklonmis xotti diferensial tonlik {igiin inteqral sortli bir
moasaloya baxilir. Inteqral sortlor qeyri-lokal sorhod sertloriylo ovoz edildikdon sonra,
qurulmus yeni masalonin holline sonlu forqlor iisulu totbiq edilir. Sonlu farqlor tisulunun
totbiqi noticasindo, baxilan mosoloni ikinci tortib daqiqliklo approksimasiya edon forq
masalasi qurulur. Forq masalasinin hoall alqoritmi verilir vo miioyyon sortlor daxilinds forq
masalasinin baslanqic verilonlors vo sag torafo nozeron dayaniqligi isbat edilir. Baxilan
masalonin hallina totbiq edilon tisuldan parabolik ve hiperbolik tip tenliklor ticiin daha
imumi sokilli masalalorin hallinda istifads etmok olar

Agar sozlor: yiiklonmis diferensial tonlik, inteqral sortlori, sonlu forglor isulu,
hallin dayaniqligi.

ON THE SOLUTION AND STABILITY OF A DIFFERENCE PROBLEM
FOR THE HYPERBOLIC TYPE LINEAR LOADED DIFFERENTIAL EQUATION

Z.F. KHANKISHIYEV
SUMMARY

The finite difference method to the solution of a problem for a linear loaded
differential equation of hyperbolic type with integral conditions is applied in present paper.
After replacing the integral conditions with nonlocal boundary conditions, a difference
problem that approximates the considering problem with new boundary conditions with
second order accuracy is constructed.. Subsequently, an algorithm for solving the
constructed difference problem is given and the stability of this problem is investigated.
Sufficient conditions for the stability of the difference problem with respect to the initial
data and the right side of the equation are obtained. The method applied to the solution of
the considering problem can be used in solving more general problems for equations of
parabolic and hyperbolic types.

Key words: loaded differential equation, integral conditions, finite difference
method, stability of the solution.
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UOT 517.91

ON A PROPERTY OF THE AIRY FUNCTIONS
OF THE FIRST KIND

H.M.MASMALIYEV
Baku State University
hacimasmaliyev@hotmail.com

The problem of distribution of zeros of the function Al',( 2)+ Ml( 2) is

considered. It is established that this function is closely related to the scattering problem
for a certain one-dimensional Schrodinger operator with a growing potential. Proceeding

from this connection, it is proved that the function Ai’( : )+ AAi (ﬂz ) has no zeros.
Keywords: Schrodinger equation, scattering problem, Airy functions, eigenvalue.

1. Introduction
Consider the Airy equation
-y +2zy=0.
It is well known (e.g., see [1]) that this equation has two linearly
independent solutions 4i(z) and Bi(z) with the initial conditions

4i(0)=— ! ,A4i"(0)= !
3 2

; r(s)
Bi(0)=——— BI(0)=—~

] b
3 r(z)
3
where T'(-) is a Gamma function. The functions Ai(z) and Bi(z) are called
the Airy functions of the first and second kind, respectively. The Wronskian

w{A4i(z), Bi(z)} of these functions satisfies
W{4i(z), Bi(z)} = 4i(z)Bi'(z) - 4i'(z)Bi(z)=n"".
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Both functions are entire functions of order % and type % . We have (see

[1]) asymptotic equalities for |z| —> o0

Ai(z) ~ ﬂ_%z_%e [1 + O( )],|arg z| <z
1

Ai(— z)~ T2z 4 sm(§’+ 2 )1+O( )l|argz| < Tﬂ-

Bi(z) ~ ﬂlz e§[1+0( )l|argz|<§
1 1
Bilez)~z 22 " Cos(; +Z ]1 +ole rg| <22
3
where §:§22

Known properties of the Airy functions are effectively used in the
study of the spectral properties of the Airy operator and its various
perturbations (see 1-5 and related literature). It turns out that in some cases
the spectral problems also make it possible to reveal some properties of the
Airy functions. This note is devoted to the study of the zeros of the function

Ai'( : )+ /1Ai( ? ) The main result of this paper is the following theorem.
Theorem. The function Ai'(ﬂz)+ /lAi(/’tZ) has no zeros in the entire
complex plane.

2. Proof of the theorem
Consider the one-dimensional Schrodinger equation

—y"+0(x)xy =4y, —o<x <00, leC, (2.1)
. . o Lx=20, . :
where 6(x) is Heaviside function, ie. 6(x)= 0 0 Differential
,x <0.

equation (2.1) defines in space L, (— oo,+oo) a positive self-adjoint operator

L, which can be obtained by closure of symmetric operator defined by
equation (2.1) on twice continuously differentiable finite functions.
Let us denote by D the complex A- plane with a cut along the

positive semi-axis. Let us consider a function VA in the plane D, choosing

an analytic branch of the radical such thatvA+i0 >0 for 1>0.
Lemma2.1. For any A from the complex plane, equation (2.1) has
solutions g.(x,A) in the form
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2 220 2.2)

2{Bi' (= 2) + i ABi(= A)Ai(x - 1) -
g- (0 A) =1 2{ai’ (- )+ iNAAi(= D)Bi(x - A)x 20, (23)
e x <.
Proof. Obviously, when x>0 one of the solutions of equation (2.1) is
function 4i(x—A). On the other hand, for x <0 any solution of equation
(2.1) can be represented as
aeiﬁx +ﬁe—iﬁx
If we glue these solutions at a pointx =0 , we get
a+ = Ai(- 1),
iNAa—iAB = 4i'(- A).
From the last system of equations we obtain
1
o=— A A)————=4i'(-1
i) 57 2),
1 1
=—Ai(- 1 +——A" -A).
p= i3}~ A(-2)

Thus, formula (2.2) is established. Similarly, when x <0, the func-
tion e”V* can be taken as a solution of the equation (2.1). On the other
hand, whenx >0, the functions A4i(x—A) and Bi(x—A) are linearly in-
dependent solutions of this equation. Therefore, for x <0 any solution of
equation (2.1) can be represented as

C,Ai(x— 1)+ C,Bi(x-1).
If we glue these solutions at a pointx =0 , we get (2.3).
Ifx <0, then formula (2.2) determines the solution g_ (x, 1) only for

A#0. However, A=0 1is a removable singular point of the function
g.(x,A). Indeed,
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e z)}el‘ 2 +{%Ai(— el z)}e—fﬁx _
:{1,4,-(_ DL /1)}(1+i\/7x+o(/1))+

The lemma is proved.

By virtue of formulas (2.2), (2.3), the solutions g, (x, ) with respect
to A are analytic functions in the plane D and are continuous up to its
boundarydD. It is clear that for A€ [0,4e0)the equality
g (x,A+i0)=g_(x,A—i0) is valid. Moreover, the solution g, (x,A4)is
takes real values when Ae oD . Hence g, (x,A)is an entire function of A.
Further, according to formulas (2.2), the solution g+(x,ﬂ) for all A

decreases as e_gx2 at x — +oo, and g, (x,A) hence belongs to L, (0,+0).
Similarly, the solution g_(x,A) forall A€ D belongs to L,(—e,0).

Note that for A€ (0,4+o0), the function m is also a solution to
equation (2.1). Moreover, for A€ dD, the solutions g_(x,4) and g_(x, 1)
are linearly independent, since their Wronskian is equal to 2iA . Taking
into account that for A€ dD the function , (x,4) takes real values, we
obtain the expansion

g, (x,A)=a(V)g_(x,A)+a(1)g_(x,4), AedD. (2.4)
Using formula (2.4) we find that the function a(/i) is defined by formula

_Wig_(x,2).g,(xA)}

a(A)= : (2.5)
2iA

Since the Wronskian of two solutions of the equation (2.1) does not depend

on x, it coincides with its value at x = 0. Hence, by virtue of (2.2), (2.3) it

follows that

wig_(x.2).g.(x,A)}=g_(0,4)g’(0,4)- g’ (0,4)g,(0,4)=
= Ai'(- A)+iNAdi(-A).

Therefore, the coefficient a(A) is determined by the formula

a(2) = iva) [ A)+ iNA4i(- 2)]. (2.6)
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It follows from the last equality that the function Ziﬁa(}t) is continuous
for A€ dD and admits an analytic continuation to the plane D . Note that the
function a(/i) does not vanish on the dD by equality (2.4). We now assume

that a(4,)=0,4,&dD. It then follows from (2.5) that the solutions

g.(x,A) andg (x,A4) are linearly dependent and positive self-adjoint
operator L have a complex or negative eigenvalue, which is impossible.
Then it follows from (2.6) that the function Ai’(- A1)+ ivAAi(-A) has no

zeros in the entire complex plane. Replacing 4 with — A4*, we find that the
function Ai'(/l2 )+ AAi (/12) also has no zeros in the entire complex plane.
This completes the proof of the theorem.

REFERENCES

1. Abramowitz M.and Stegun I. Handbook of Mathematical Functions with Formulas,
Graphs, and Mathematical Tables, Dover Publications, New York, (1972).

2. Yishen Li. One special inverse problem of the second-order differential equation for the
whole real axis, Chinese Ann. Math. 2 (2), 147-155 (1981).

3.Korotyaev E.L. Resonances for 1D Stark operators, Journal Spectral Theory, 7(3), 633-
658 (2017).

4. Korotyaev E.L. Asymptotics of resonances for 1D Stark operators, Lett. Math. Phys.,
118(5), 1307-1322 (2018).

5.Savchuk A.M., Shkalikov A.A. Spectral Properties of the Complex Airy Operator on the
Half-Line_, Functional Analysis and Its Applications, 51:(1), 66—79 (2017).

6. Khanmamedov, A.Kh., Makhmudova M.G., Gafarova N.F. Special solutions of the Stark
equation, Advanced Mathematical Models & Applications, 6(1), 59-62(2021).

BiRINCIi NOV EYRi FUNKSIiYALARININ BiR XASSOSi HAQQINDA
H.M.MOSMALIYEV

XULASO

Ai'(/lz)+ Mi(/lz) funksiyasinin sifirlarinin sopilmasi masalesine baxilmisdir. Bu
funksiya ilo artan omsalli miioyyon Sredinger operatorunun sopilmo masalasi arasinda slage
mioyyan olunmusgdur. Bu oslagoadon istifado edorak isbat olunmusdur ki, Ai'( ’ )+ /?.Ai( 2)
funksiyasinin kompleks miistovido sifirlar1 yoxdur.

Acar sozlor: Sredinger tonliyi, sopilmo masalasi, Eyri funksiyalari, moxsusi adod.
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O CBOWCTBE ®YHKIIUH D1PU NEPBOI'O POJIA
I M.MACMAJIMEB

PE3IOME

PaccMoTpeHa 3aaua paccesiHus HyJel QyHKIUM Ai'( ’ )+ Mi(lz ) VcraHos-

JIeHa CBS3b DSTOHU (byHKIII/II/I C 3a,uaqe171 paccesaHus OAHOTOo omneparopa H_[pezu/mrepa C BO3-
pacTaromuMn KOS(IJ(lJI/IIII/IeHTaMI/I. C IIOMOIIBKO 3TOr0 COOTHOIICHUA OBLIO JI0Ka3aHo, 4TO

V4 2 . 2 o o
Qynxuus Al (/1 + Ml(ﬂ ) HE UMeeT HyJIeH B KOMIUIEKCHOH IJIOCKOCTH.

KaioueBnle cioBa: Ypasuenue llpeannrepa, 3agaua paccesinus, GyHKunu D¥pH,
COOCTBEHHOE 3HAUCHUE
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Permanent volatility in the economy requires any commercial bank to conduct
effective market risk management. Every year, the volume of banking operations associated
with market risks increases appreciably, which causes further complication of financial
instruments. Based on this premise, the importance and relevance of the task of managing
market risks from the position of finding the optimal ratio between income, risk and bank
liquidity becomes obvious. The above applies to small and medium-sized commercial
banks, whose assets do not have the necessary expert and analytical resources to analyze
trends and predict dynamics in the securities market, exchange operations and interest
rates. Actually, this has become the main subject of this study, which discusses the methods
of expert assessment of market risks using the example of a hypothetical commercial bank.

Keywords: market risks, market risk components, expert assessment, market risk
index

Introduction: In the field of banking risk management, along with ra-
ting systems, methods of scoring analysis and econometrics, methods based
on the application of expert knowledge are widely used. However, the choi-
ce of an appropriate method and software to support the banking decision-
making process still remains a rather difficult problem. Based on this pre-
mise, it becomes obvious the importance and relevance of studying various
methods for assessing banking risks, conducting their comparative analysis
and developing recommendations for their use in a commercial bank.

The article considers an expert knowledge-based approach to solving
the problem of multi-criteria assessment of market risks, which is an
integral part of banking risk management under uncertainty. In this case,
data obtained from the same group of highly qualified experts are used as
initial information.

Market risks of commercial banks: Commercial banks are systema-
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tically improving their own risk management systems that take into account
all types of risks, among which the most significant are credit, market, ope-
rational, etc. In the decision-making process, a commercial bank prelimi-
narily conducts a comprehensive assessment of all alternative options,
taking into account the risk. At the same time, it is almost impossible to
completely level the risks. Therefore, the most important task of market risk
management is to maintain an acceptable balance between risk, profitability
and liquidity, which acts as the main factor in management decision-
making.

According to the “Risk Management Rules in Banks™ approved by the
Board of the Central Bank of the Republic of Azerbaijan dated 06.09.2010
No. 24 [1], market risk is understood as the risk of losses due to changes in
the market of interest rates, exchange rates, prices of securities and goods.
According to this document and the recommendations of the Basel
Committee [2], market risk (MR) has the following subcategories:

e interest rate risk is the risk of losses (casualties) due to adverse changes
in interest rates (x);

e currency risk is the risk of losses (casualties) due to unfavorable changes
in foreign exchange rates (x»);

e capital risk is the risk arising from adverse changes in the appreciations
of capital and securities. This risk affects capital as well as subsidiaries of
capital used for hedging and speculation purposes (x3);

e commodity risk is the risk arising from adverse changes in the value of
goods on the market (x4).

This list of MR factors is somewhat different from the list introduced
in [3], where capital and commodity risks are combined under the common
name “security risks”.

Currency risk is the probability of costs from changes in exchange
rates and foreign exchange policy. The main objectives of the analysis of
currency risks are:

e assessment of compliance with the current restrictions of the regulator on
the value of the open currency position (including for individual
currencies);

e determining the degree of influence of changes in the exchange rate on
the bank's profit;

e assessment of the bank's policy on insurance of currency risks.

When assessing interest rate risk, commercial banks are guided by
forecasts, choosing different forecasting horizons. Thus, small banks
manage interest rate risk, as a rule, for short-term intervals (up to 1 year);
medium-sized banks — for the medium term (up to 2-3 years), and large
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banks — for the long term (from 3 to 5 years). There are several explanations
for this. First, the time structure of a commercial bank's assets and liabilities
and the attention the bank pays to the issue of interest income volatility
depend on the size of the bank itself. Secondly, small banks are not able to
actively manage their balance sheet structure through the pricing tool. They
are forced to take into account the price of banking products, which is
established by large market participants.

Problem Definition: Suppose that for a certain commercial bank “X”
for the current date the analysis of income, expenses and results on
operations subject to market risks has been carried out. As a result of this
analysis, objective characteristics of market risk were established and
summarized in Table 1.

From the point of view of bank risk management within the risk
management system, the quantitative characteristics of market risk given in
Table 1 must be converted into a unified indicator R, which would aggregate
the relative influence of the considered number of listed factors x; (i=1+4)
using an imaginary function R = R(x;, X2, X3, x4). Estimates obtained on the
basis of an expert analysis of the data given in Table 1, banking operations
subject to market risks, assets and liabilities of commercial bank “X” by
types of currencies, as well as summary data on its open foreign exchange
positions are used as initial information.

Table 1
Detailing of market risk on the example of a hypothetical bank “X”
Factor The share of the indicator in the Share of indicator in
aggregate capital of the bank (%) market risk (%)

Market risk, total: 32.3 100

- interest rate risk (x) 19.6 60.68
- currency risk (x;) 4.9 15.17
- capital risk (x3) 3.6 11.15
- commodity risk (x4) 4.2 13

Determination of the weighted level of MR based on expert
evaluations: The requirements for the competence of approaches to the
formation and assessment of the MR level implies the study of its
constituent components as influences. In other words, the estimation of MR
is the multicriteria procedure that implies the application of the compo-
sitional aggregation rule for each of the factors x; (i = 1+4).

Suppose that to conduct a weighted examination relative to the
assessment of the MR, a commercial bank (CB) “X” invited 15 specialized
specialists. At the initial stage, each expert was asked to rank the variables x;
according to the following principle: designate the most important with the
number “1”, the next less important — with the number “2” and then in
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descending order of importance. As a result of the independent questioning
of these specialists, expert rank estimates of factors x; were established and
summarized in Table 2

Before identifying the weights of the MR factors, it is necessary to
determine the presence of consistency of expert opinions in the form of a
degree demonstrating the acceptable multiple rank correlation of expert
conclusions. For this, the so-called Kendall concordance coefficient is
usually used [4], which is calculated by the following formula:

W= 2123~S ’ 1)
m-(n” —n)

where m is the number of experts; 7 is the number of MR variables; S is the
deviation of expert opinions from the average rank of the MR variable,
which is calculated by the formula [4]:

m(n+1
5= 2(2 (—)) , @
where r;; € {1, 2, 3, 4} is the rank of i-th factor established by j-th expert.

Table 2
Ranking of MR variables in orders of experts’ preferences

Estimated MR variables and their ranks (7;)
Expert number Interest rate risk | Currency risk |  Capital risk | Commodity risk
Designation and indexing of MR variables x; (i=1+4)

X1 X2 X3 X4

01 1 2 3 4
02 1 3 2 4
03 1 2 3 4
04 1 3 2 4
05 1 3 4 2
06 1 4 3 2
07 1 3 2 4
08 1 3 2 4
09 1 2 3 4
10 2 1 4 3

11 1 3 2 4

12 2 1 4 3

13 1 2 4 3

14 1 3 2 4

15 1 2 3 4
> 17 37 43 53

In our case, i.e. with the value of §=691 calculated on the basis of (2)
and the data from Table 2, in accordance with formula (1) the Kendall
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concordance coefficient is the following number:

1201 6140,

15°(4° -4)

For the totality of expert rank estimates, the value of the Kendall

concordance coefficient exceeds the threshold value of 0.6 (W = 0.6142 >

0.6), which indicates the fairly strong consistency of expert opinions relative

to the degrees of influences x; (i = 1+4) on the level of MR as a whole.

Now, in fact, we can begin to identify the generalized weights of the

MR variables. To do this, assume that at the preliminary stage of the

independent survey, the experts were asked to set the values of the

normalized estimates ¢; (i=1+4; j=1+15) for the generalized weights of the
variables x; in accordance with the established ranks 7;; and the condition

4
;%:uznw. (3)

Suppose that as a result of the survey of experts, the corresponding
estimates were obtained and summarized in Table 3.
Table 3
Expert estimates of the generalized weights of the MR variables

Estimated MR variables and normalized values of their weights (¢;)
Expert number Interest rate risk | Currency risk |  Capital risk | Commodity risk
Designation and indexing of MR variables x; (i=1+4)
X1 X2 X3 X4

01 0.350 0.250 0.245 0.155
02 0.400 0.200 0.300 0.100
03 0.360 0.240 0.225 0.175
04 0.450 0.200 0.250 0.100
05 0.500 0.150 0.100 0.250
06 0.400 0.150 0.200 0.250
07 0.500 0.100 0.350 0.050
08 0.350 0.250 0.300 0.100
09 0.450 0.300 0.200 0.050
10 0.300 0.350 0.100 0.250
11 0.350 0.200 0.300 0.150
12 0.300 0.400 0.050 0.250
13 0.400 0.300 0.100 0.200
14 0.450 0.150 0.300 0.100
15 0.350 0.250 0.225 0.175
15

2% 5.910 3.490 3.245 2.355

Next, preliminary calculations are carried out for the subsequent
identification of the weights of the MR variables based on the data
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presented in Table 3. To do this, group estimates of variables x; (i = 1+4)
and numerical characteristics are determined that characterize the “degrees
of competence” of experts.

To calculate the average value ¢; for the i-th group of normalized
estimates of the generalized weights of variables x;, the following iterative
equation is used [5]:

a(t+1)= ZW e, , 4)

where wj(?) is the indicator characterlzmg the degree of competence of the j-
th expert (j = 1+15) at time 7. According to [5], at each iteration step, these
indicators are updated using the following formulas:

w1 (DZOMD o, (j=1,14),

W =1-Fw @, Sw,0=1
j=1 =
where 7(¢) is a normalizing factor that ensures the transition to the next
iteration step and calculated by the formula

n) =YY a e, (6)

i=1 j=I

The process of finding group estimates of the normalized values of the
generalized weights of variables x; (i = 1+4) is completed under

max{|o,(t+1) -, (1)} < e, (7)

where £1is the feasible accuracy of calculations, which is set by the user.
Assume that the feasible calculation error is &£ = 0.001. Then,
assuming at the initial stage (+=0) the number w(0) = 1/15 to be the same
degree of competence for all experts, in the 1% approximation the average
values of the normalized estimates of the generalized weights of the

variables x; (i = 1+4) are established from the particular case of the (4):
15

15
1
o)=Y w0, = Ya
= 154

in the form of the following numbers satisfymg condition (3):
a1(1) =0.39400; (1) =0.23267; o5(1) =0.21633; cu(1) = 0.15700.

It is easy to see that condition (7) for the 1* approximation of the
group estimates of the generalized weights of the variables x; is not satisfied.
The transition to the next iteration step is carried out using the following
normalizing factor 7(1):
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4 15
n(1)=YY e,(1)a, =0.39400-5.910+0.23267 -3.490 +0.21633-3.245 +
i=1 j=1
+0.15700-2.355=4.2123.
Then, for the 2™ iteration step, the experts’ competence indicators are
calculated on the basis of (5) by the following equalities:

1 & L —
W= Ya e, (=119,

w5 (1) zl—iwj(l), iwj(l) =1.

As a result, at the 2™ step the indicators of the competence of experts
are the following corresponding numbers: wi(1) = 0,06491; wy(1) =
0.06760; ws(1) = 0.06501; wa(1) = 0.06970; ws(1) = 0.06951; we(1) =
0.06529; ws(1) = 0.07213; wg(1) = 0.06568; wo(1) = 0.07080; wiop(1) =
0.06185; win(1) = 0.06478; wipp(l) =0.06204; wi3(1)=0.06658;
wi4(1)=0.06951; wys(1) = 0.06462.

Further, having updated indicators of expert competence, it is already
possible to calculate the average estimates of the generalized weights for
groups of variables x; (i=1+4). According to (4) or more specifically:

o)=Y w0,

in the 2" approximation, these are the following numbers:

21(2) =0.39668; x(2) =0.23035; o5(2) =0.21812; au(2) = 0.15485,
which, as it is not difficult to detect, also correspond to the main
requirement (3). However, checking these values of the generalized weights
of the MR variables for the fulfillment of condition (7) and making sure that
it is not satisfied again:

mlax{|0(l,(2)—0(,(l)|} =max {/0.39668 — 0.39400|;0.23035 - 0.23267);

0.21812-0.21633(;]0.15485-15700[} = 0.00268 > &,

we proceed to the calculation of the normalizing factor 7(2):
4 15

n(2)=YY (), =0.396685.910+0.23035-3.490+0.21812-3.245 +

i=1 j=1

b

+0.15485-2.355=4.2208.
As a result, the updated expert competence indicators for the 31 step
of the iteration are the following corresponding numbers: w(2) = 0.0649;
wo(2) = 0.0677; w3(2) = 0.0650; wa(2) = 0.0698; ws(2) = 0.0695; we(2) = 0.0653;
w1(2) = 0.0724; wg(2) = 0.0657; woe(2) = 0.0708; wio(2) = 0.0616; wy;(2) =
0.0648; wi2(2) = 0.0618; wi3(2) = 0.0665; w14(2) = 0.0697; wi5(2) = 0.0646.

74



The average estimates of the generalized weights for groups of
variables x; (i=1+4) in the 31 approximation are established from the
particular case of formula (4):

0(3)=3 v,

These are the following numbers:
21(3) =0.39676; x»(3) = 0.23023; o3(3) = 0.21826; au(3) = 0.15475,
which satisfy requirement (3). Moreover, the obtained values ensure the

fulfillment of conditions (7), which is confirmed by the following:
max e, (3) - & (2)]} = max {0.39676 - 0.39668]:{0.23023 - 0.23035

2 b

|O.21826 —0.21812};|0.15475 - 0.15485|} =0.00014<e.

Thus, the values of group estimates in the 31 approximation {o(3);
a(3); a5(3); ou(3)} will be considered as generalized weights of variables x;
(i=1+4) that affect the total level of MR.

The method of expert assessments involves discussing the influence of
factors x; (i=1+4) on the total level of MR for the particular CB “X”. Thus,
each expert is invited to individually assess the risks by factors x; (i=1+4) in
terms of their impact on the level of MR based on the following five-point
scoring system:

° 5 — NON-EXISTENT RISK;

4 — RISKY SITUATION IS UNLIKELY TO OCCUR,;

3 — NOTHING DEFINITE CAN BE SAID ABOUT THE POSSIBILITY OF RISK;

2 — RISKY SITUATION IS LIKELY TO OCCUR;

1 — ARISKY SITUATION WILL SURELY COME.

Further, expert assessments of risk situations are analyzed for their
consistency (or inconsistency) according to the rule: the maximum allowab-
le difference between two expert opinions on any type of risk relative to x;
(i=1+4) should not exceed 3. This rule allows to filter out unacceptable
deviations in expert assessments of the probability of risk occurrence for the
separate MR factor.

The determination of the weighted MR index, theoretically ranging
from 0 to 100, is carried out using the following formula:

4
a.e.
R B ®)

4
xS |

i=1

b

where ¢; is the specific weight of the variable x; (i=1+4) as a component of
the MR; e; is the consolidated expert assessment of the probability of the
risk situation occurring according to the i-th factor of the MR on a five-point
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system. At the same time, the minimum index means the maximum risk, and
vice versa, the maximum index means the minimum risk.

Suppose that based on the analysis of the data presented in Table 1,
banking operations subject to market risks, assets and liabilities of CB “X”
by type of currency, as well as summary data on its open currency positions,
relatively consistent expert assessments of risk situations by components
MR according to the above-accepted five-point system. These expert
estimates are summarized in Table 4, which also shows the aggregated MR
index obtained using formula (8).

Table 4
Expert description of MR according to a five-point scoring system
Weights of MR variables
Expert [24] 293 (24} (27 .
number 039676 0.23023 0.21826 0.15475 MR index
Expert assessments on a five-point system

01 4 3 2 3 68.69
02 5 4 3 2 83.62
03 3 5 4 3 79.51
04 4 4 4 4 86.45
05 5 3 3 3 81.99
06 3 4 2 3 65.10
07 3 4 4 4 77.87
08 4 5 3 3 83.36
09 5 4 4 2 88.34
10 3 5 2 4 73.42
11 4 4 4 3 83.10
12 5 3 3 2 78.64
13 4 4 4 4 86.45
14 4 4 3 3 78.39
15 3 5 2 2 66.73
Average score 3.93 4.07 3.13 3.00 78.78

Conclusion: In the conditions of dynamic development of market
relations, commercial banks ensure financial stability by expanding the ran-
ge of their banking operations. Many banks are diversifying their business
by expanding the volume of speculative operations and going beyond the
traditional intermediary activities, which provides them with additional
income. All this undoubtedly leads to an increase in MR, which is
accompanied by a significant complication of the financial instruments and
their markets, as well as the search for new types of trading and investment
operations with a large potential for profitability.

At the current level of development of information technologies, the
tools for regulating market risks are distinguished by their diversity. Many
banks use international experience, but approaches to managing market risks
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are constantly updated based on their own resources.

The article proposes an alternative approach to the assessment of MR
based on expert knowledge. For a hypothetical bank “X”, expert assess-
ments of risk situations for all four MR factors are considered and a method
for identifying their generalized weights is adapted, taking into account their
relative impact on the total level of MR. As a criterion for a weighted
assessment of the MR, an index is used that aggregates five-point expert
assessments relative to risk situations by MR components. In Table 4, using
criterion (8), for the CB “X” under consideration an integrated MR index is
established as the weighted value R = 78.78 based on a consolidated (ave-
raged) expert assessment on a five-point risk gradation scale.
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EKSPERT BILiKLORININ KOMPIiLYASIYASI iLO BAZAR RiSKLORININ
QiYMOTLONDIRILMOSI

C.H.AGACANOV
XULASO

Igtisadiyyatda miisahido olunan daimi volatillik istonilon kommersiya bankindan
bazar risklorinin effektiv idaro edilmosini tolob edir. Hor il bazar risklori ilo bagli bank
ompliyyatlarinin hocmi nozaragarpacaq doracados artir ki, bu da maliyye alatlorinin daha da
miirokkablogmosina sobob olur. Bu miiddoadan ¢ixis edorok, golir, risk vo bank likvidliyi
arasinda optimal nisbotin tapilmasi modvqeyindon bazar risklorinin idare edilmosi
vazifasinin shamiyysti vo aktualligi aydin olur. Yuxarida gostorilonlor qiymotli kagizlar
bazarinda, valyuta omsliyyatlarinda va faiz daracalerinds tendensiyalar1 tohlil etmak vo
dinamikasini proqnozlasdirmaq ii¢iin aktivleri lazimi ekspert vo analitik resurslara malik
olmayan ki¢ik vo orta kommersiya banklarina aiddir. Oslinds, bu, hipotetik kommersiya
banki niimunosindon istifado edorok bazar risklorinin giymetlondirilmosinin qeyri-salis
iisullarin1 miizakirs edon bu tadqigatin asas mévzusuna ¢evrilmisdir.

Acar sozlor: bazar risklori, bazar riski komponentlori, ekspert giymstlondirmosi,
bazar riski indeksi
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OHEHKA PBIHOYHOI'O PUCKA IIOCPEICTBOM
KOMITNJISIOUHA SKCITEPTHBIX 3HAHUU

Tk X.ATAJJKAHOB
PE3IOME

[lepmaHeHTHasT BOJNATHIBHOCTh B HKOHOMHUKE TpeOyeT OT Jr000ro KOMMEPYECKOro
OaHka mpoBeneHHst Y3PPEKTUBHOTO YIPaBICHUsI PHIHOYHBIMU pUCKaMHu. C Ka)bIM T0OJIOM
00beM 0aHKOBCKHMX OllepalMii, CBI3aHHBIX C PHIHOYHBIMU PUCKAMH, 3aMETHO YBEIHYHBACT-
Csl, YTO BBI3BIBAET JAJIbHEHINEE YCIOXKHEHHE (PUHAHCOBBIX MHCTPYMEHTOB. Mcxons u3 aToii
IIPEANOCHIIKY, CTAHOBUTCS OYEBHMJIHOM BaXXHOCTb U AKTYyaJIbHOCTb 3aJaud YIPAaBICHUS
PBIHOYHBIMU PUCKaMH C IO3ULHUH IIOMCKA ONTHUMAJILHOIO COOTHOLIEHHUS MEXIY HOXOIO0M,
PHCKOM M JIMKBHIHOCTHIO OaHKa. Cka3aHHOE BBIIIE OTHOCHTCS K MajbIM U CPEITHHM KOM-
MepYecKUM OaHKaM, aKTHBBI KOTOPBIX HE 00Jaal0T HEOOXOJMMBIMHU AKCIICPTHHIMU W aHa-
JUTHYECKMMH PEeCypcaMH IJIs aHaau3a TEHACHIUI W MPOTHO3HPOBAHUS AWHAMMKH PBIHKA
LEHHBIX OyMar, BaJIOTHBIX OTEpAIlMii W NPOLEHTHHIX cTaBOK. COOCTBEHHO, 3TO M CTallo
OCHOBHOHM TE€MOH JJaHHOTO HCCIIEAO0BaHMs, B KOTOPOM PacCMaTPHBAIOTCS METOIbI dKCIEPT-
HOW OLIEHKU PBIHOYHBIX PHUCKOB Ha NMPUMEpE IMIOTETHIECKOT0 KOMMEpYeCcKoro OaHkKa.

KiaroueBble ciioBa: PBIHOYHBIC PUCKH, KOMIIOHCHTBI PLIHOYHOI'O pHUCKa, SKCIICPTHAA
OIICHKA, THACKC PBIHOYHOT'O PUCKA.
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3adaua obcayscuseanus cemu sensiemcsa akmyanvhou. Kak obviuno, 3adava oocuny-
JHCUBAHUSL PEUUAEMCSl NPU 02PAHUYEHHBIX Pecypcax u mpebyemcsi, unmoobl Obliu GbINOIHEHb]
me 3anpocul, KOmopwvle Haubosee yeHHvl. Ananocuunas 3a0a4d 603HUKAem U npu onpeoe-
JIeHUYU UHGDOPMAMUBHOCTNU NPUSHAKOS 8 PACNO3HABAHUU 06pA308. 3anpocvl cocmagisiom
ouckpemmuoe (21eMeHmol U30aUpo6anvl) muodcecmso. To ecmov nomyuaemces 3aoava Ouc-
KpemHoU ONmuMU3ayuu.

KaroueBble ci1oBa: TpaagucCHT, 3JIEMECHT, CCTh, ONITUMU3ALINA, PECYPCHI.

BBenenne. 3anaya oOCIy)XMBaHUS CETH SBJISIETCS akTyanbHOM. Kak
00BIYHO, 3a/1a4a 00CITYKMBAHHUS PELIAETCs MPU OIPaHUUYEHHBIX pecypcax U
TpeOyeTcsi, YTOObI OBLIM BBIMOJIHEHBI T€ 3allPOCHI, KOTOphIe Hanbojee IeH-
Hbl. AHaJIOTU4YHAas 337a4a BO3HUKAET U MPH ONpPEAeIeHUH HWH(OPMATUBHO-
CTH MPHU3HAKOB B pacro3HaBaHUM 00pa30B (CM., HatMp., [1, 2]). 3ampocsl co-
CTaBIISIIOT UCKPETHOE (3JIEMEHTHI M30JIMPOBAaHbl) MHOXKECTBO. To ecTh mo-
Jydaercs 3a/avya AMCKPETHON ONTHMM3ALNU.

ITocTanoBKka 3agauu.

OObIYHO 337292 00CTY)KUBAHUS CETH UMEET BUJI:

max{f(x):x=(x,..,x,)€ D}, (1)
rIe

n 1 n n
f)=Ycx, —520(,.)@2, D={xe Z!:Y ax,<b,a=(a,..a,)€R;,be R},
i=1 i=1 i=1

f(x) - neyOwiBaromas ¢yukius Ha muoxkecrse D, o =(¢,,...,2, )€ R! .

B 3agade (1) npeanonaraercs, 9To
¢, —ox,—a,/2=20,Vxe D, Vie fes(x,D)

Jns aTOM 3amaun npeaiaraeTcs rpaAueHTHBIA alrOPpUTM U MPOBOIUT-
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Csl aHAIM3 YCTOWYMBOCTH U HE YCTOWYHBOCTHU MPHU BO3MYIICHHSIX IMapaMeT-
poB 3agaun. CHauasa u3jaraéM MHTEPIPETALNIO ATOW 3aJa4H.

[Tocrynaer cucreMy »n 3ampocoB € HEHHOCTHbIO (IIPHOPUTETHOCTH)
COOTBETCTBEHHO C,,...,C,. HE00X0qMMO BBIIOJHUTH T€ 3aIpPOCHI, KOTOPHIE
MMEeT CyMMapHOe HanmOoJbIee 3HaueHue. Tak kak pecypcesl (T.e. b) orpa-
HUYCHBI, TO BCE 3alPOCH HE BHIMIONHSIOTCA. B TakoMm ciiydae 3a HE BBINOJ-
HeHHe [ -ro 3ampoca cucrema mrpadyercs B pasmepe ¢, . Boszuukaer cie-
Ayrolas mpakTudeckas 3anada. [Ipy Bo3MylIeHHUsIX MapaMeTpoB 3a/auil He
YXYAMIAETCS JU, Ka4eCTBO TPAIMEHTHOTO AJITOPUTMA, T.€. TPAIUEHTHBIN all-
TOPUTM OCTAETCs JIM, YCTOWUYUBBIM. ECIM rpaueHTHBIN alrOpuTM yCTOM-
YHB, TO 3TO O3HAYAET, YTO MOTEPU CHUCTEM HE HaOIIOaeTCs.

AJITOpUTM.

Jlnst pewtenust 3anauu (1) npuMeHUM CleyIOIUN TpaueHTHBIA allro-
PUTM.
llar 1. onaraem x° = (xlo,...,xg) =(0,...,0),t=0..

IIar 2. Haxonum
i(t) =argmax{c, —a,x, + o,/ 2:i€ fes(x',D)}.
i
Illar 3. Eciu fes(x', D) =, To nepexoauM K mary 4. MHaue npuHEMaem
t+1

x" =1, (x"),t < t+1 nnepexonum K mary 2.

Iar 4. Kownerr.
B pesynbpTaTe paboThl 3TOTO aNropuTMa MOJy4eHHOE pemieHue 000-

3HauuM yepes - X°. Pemenne X® GyneM Has3bIBaTh TPAJMEHTHBIM PEICHH-
em 3amauu (1). s 3amaum (1) cpaBeayivBa cieayromas OmeHKa (C y4eTom

f(0)=0))
SCO-f@) (1 o)
S 1+(1-c)(h-1)
rac

h=max{h(x) = zn:xl. :x€ D}, r =min{h(x): fes(x,D) =, xe D},

i=1
. 20, .
c=c(f)=ming————:ie fes(0,D)

2c, —«,
[Ipu Bo3MymIeHNH BeKTOpa @ =(0,,...,,) B mpexenax (0,0), 6=(J,..,0,)€ R;
HOJIy4aeM CIIEAYIOIIUE 3a1a49K

max{fs(x):x=(x,..,x,)€ D}, (2)

rie

80



n l n n
[0 =Y ex, —52(051. +6)x',D={xe Z!:Y ax,<b,a=(a,..a,)€ R}, be R},
i=1 i=1 i=1

[f5(x) - HeyObIBatommas ¢yHkIus Ha MHOXecTBe D, o = (¢,...,0, ) € R} .
B 3agaue (2) npeanonaraercs, 4To
¢, —(a+0)x,—(a, +0,)/220,Vxe D, Vie fes(x,D).
Ilpu  Bo3mymenunm  Bexktopa c¢=(c,...,c,) B  Ipenenax

0,9), 9 =(q,,---.q,) €R nmomy4yaem crenyronme 3aga4u
max{f, (x):x=(x,..,x,)€ D}, 3)

n 1 n
rae S, () :Z(Ci +q,)x; —EZaixf,
i=1 i=1

D={xeZ!:Y ax,<ba=(a,..a,)€ R, be R},
i=1

S, (x) - HeyObIBatowas GYHKIMs HA MHOXKECTBE D.

B 3agade (1) npeanonaraercs, 9To

(c, +q)—ax —a /220,Vxe D,Vie fes(x,D).

COOTBETCTBEHHO TapaHTUPOBAHHBIC OILCHKU TPAIUCHTHOTO ajro-
putMa 1 3a1a4 (1)-(3) o6o3naunm uepes &, £(9), £(q). I'panueHTHbIH al-
TOPUTM Has3bIBaeTCs yeToWunBBIM st 3anaun (1), ecimu £€(0) < K(Jd)e, tae
K(0)—1 mpu 6 — 0. I'paiueHTHEINA alIrOPUTM HA3bIBAETCA HE YCTOWYH-
BBIM i1 3a1a4u (1), ecmu £(q) > €.

Teopema 1. Ilpun ManbIX BO3MYILIEHHSX BeKkTopa « =(¢,,...,Q,) B

3aga4e | rpaAMeHTHBIA AITOPUTM YCTOMYHB.
HoxazarenbctBo. s 3ampauu (1) umeem

e=| 1- ! r,
( L+ (1=c(f)h=1) ]

()= [ 1- ! ) .
I+ =c(f:)(h=1)
Eciu nokaxewm, uto £(J) < €, T0o Teopema OyJIeT J0Ka3aHa. Y UUTHIBAsI, YTO
20, _2e,+8) _ e, +3)
2¢; -, 2c; _(ai +5l)

,Vie N,

2¢,—a,

1

NMECM
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c(f) =min{ 20, i€ fes(0,D }S 20, <
2¢c, — ¢, 2c, — ¢,

M, VZG fes((), D)

2ci - (ai + 5,)

Tak kak HepaBeHCTBA BIMONHSIOTCS i Vi€ fes(0, D), To moaydaem
. 2(e, +0,) ,
c(f)<ming ———2— Vie fes(0,D) y=c
) { et 18y Ve S )} (/9
[TosTOMY M3 LIEMOYKH HEPABCHCTB, HAXOIUM
I+(I=c(Nh-D21+A=c(fs))(h-1),

1 < 1

L+ (=c(/Nh=1) T+ =c(f))h=1)"

e=| 1- ! VZ
( L+ (1=e(/Nk=D) J

1- ! =£(0)
I+ (I=c(fs)(h-1)
Toects £(d)<e.

Teopema 1 gokasana.
Teopema 2. [Ipu mManbIx BO3MyLIEHHUAX BeKTOpa ¢ = (C,,...,C,) B 3a-

naue (1) rpaiveHTHBIN adrOpUT™M HE YCTOWYMB.
HoxazarenbcTBO. M3 TeopeMbl 1 COOTBETCTBEHHO AJIs 3a]1a4U UMEEM

e=| 1- ! s
( 1+ =c(fNh-1) )

1 :
8@)_[1_1+O—cupxh—b )'

Ecnu nmokaxem, urto £(q) > &, To Teopema 2 Oyner JoKa3zaHa. YUWThIBas,
4TO

20 2% vier —qi..m)
20c,+q)-0, 2 -0,

Tak kaK 3TH HEPAaBEHCTBA BBIMOJIHSIIOTCA i Vi€ [, , TO Moydaem

n?o
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c(f):min{ 20, i€ fes(0,D }>
2¢c, -,

20, . 20
-t 2 min -
2(c;+q,)-q, 2(c;+q,)—-q,
H03TOMy M3 HCIIOYKH HEPABCHCTB, HAXOAUM

I+(I=c(f N -1) <1+ =c(fDh-1),
1 1

Cr (=1 I+ =c(f ) =1)

tie fes(0,D) }=c(ﬁ,)

e=| 1- ! ’<
[ L+ (=c(N=-D) )

1 -
(1_1+ﬂ—dﬂDw—D )—emx
T.e. £(q)>€.

Teopema 2 nokasaHa.
IIpumepsnl.
ITpumep 1. ITycth
J(x)=f(x,x,) =3x, +2x, _x12 _xga
D={x=(x,x):2x, +2x, <2, x,,x, =0Vv1}.
Torzna ¢ MOMOLIBI0 TPATUEHTHOrO AITOPUTMA MOKOOPAMHATHOIO MOJbEMA

umeeM x* =(1,0). OT™MeTuM, YTO AJIS ATOH 3a/a4M ONTUMAIILHOE PELICHHE
paBuo x =(1,0) = x%.

W3BecTHO, YTO I'PaJUEHTHBIN AJTOPUTM HE BCETJa rapaHTHUPYET MO-
Jy4eHHEe ONTUMAJIBHOrO pereHus uist 3aaa4u tuna (1). s aToro moctpo-
UM NIpUMep.

ITpumep 2. ITyctb

max{f(x)=3x, +4x, — xl2 /2 — x22 :xe D =1{(0,0),(0,1),(1,0),(2,0)}}

Torna
c=34),a=(1,2), x* =(0,1),x =(2,0), f(x*)=3, f(x)=4,h=2,r=1
[Ipumep 3. Ilycts

max {f(x)=4x, +3x, —x_ —x3 /2:xe€ D=1{(0,0),(0,1),(1,0),(0,2)} },
max { f5(x) =4x, +3x, - 2.1x} /2-1.2x; /2: xe D ={(0,0),(0,1),(1,0),(0,2)} },
T.C.

0=(0.05, 0.2),a=(2,1),c=(4,3)

ITosTOoMy
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e=| 1- ! =1-5/8=3/8,
( 1+(1—c(f))(h—1)]

£(8)=| 1- ! =1-2/3=1/3<3/8=¢
I+ (=c(fs)(h=1)

To ecTh rpaAMEHTHBIN AITOPUTM IS 33/1a4d U3 IpuMepa | yCTon4umB.
[Ipumep 4. Ilycts

max{f(x)=4x, +3x, — x12 - xz2 /2:xe D=1{(0,0),(0,1),(1,0),(0,2)} },
max {f, (x) = 4.1x, +3.2x, - 2.1x? /2= 1.2x7 /2: x& D = {(0,0),(0,1),(1,0),(0,2)} },

T.C.

g=(0.1,02),a=(2,1),c=(4,3).

Tornma
. 2, . . 4 2 (2
c(f)—mm{ m.ze fes(0,D }—mln{ o1 }—5
. 2, . _10
C(fq)—mln{ m.le fes((),D) } mll’l{ 1 }— 27
ITosTOoMy
e=| 1- ! =1-5/8=3/8,
( L+ (1=c(/)(h=1) J
elq)=| 1- ! =1-27/44=17/44>3/8=¢
( I+(A=c(f,))(h-1) J

To ecTb, rpalUEHTHBIN AITOPUTM IJIs 3a7a4d U3 puMepa 4 HE YCTOMYUB
IIpY BO3MYIIEHUAX BEKTOPA IIPUOPUTETHOCTH.

3akiouenue. 3agada oOCITy)KMBaHHs CETH SIBIJISIETCSl akTyainbHOW. Kak oObIYHO,
3a7a4a 00CITy)KMBaHUsI pelIaeTcs MPU OrpaHUYEHHbIX pecypcax U Tpedyercs, 4ToObl Obun
BBITIOJTHEHBI T€ 3aIPOChl, KOTOPblE HanOoJiee IEHHBI. AHAJOTWYHAs 33jada BO3HUKAET W
IpU  OmpeneNieHMd MH(GOPMaTHBHOCTH NPU3HAKOB B PAClO3HaBaHWUM 00pa3oB. 3ampockl
COCTABIISIIOT AUCKPETHOE (3JIEMEHTHI M30JIMPOBAHBI) MHOXKECTBO. TO €CTh mosrydaercst 3a-
Jada JUCKpeTHOH ontuMmsanuu. B paborte aHanmm3mpyercs 3agada oOCITyKMBaHHS CETH.
[TocTpoeHs! npuMepsl.
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BiR XUSUSI SOBOKO XiDMOT TAPSIRIGI UCUN
QRADIYENT ALQORITMININ TOHLILI
S.F.AXUNDOV
XULASO

Sabokayo texniki qulluq tapsirigi aktual olaraq qalmaqdadir. Homiso oldugu kimi,
texniki xidmot tapsirigi mohdud resurslarla yerino yetirilir vo an doyorli olan sorgularin
yerina yetirilmasini tolob edir. Niimunoslorin taninmasinda xiisusiyyatlorin informativliyini
toyin edorkon oxgar problem yaranir. Sorgular diskret (elementlor tocrid olunur) dosti tagkil
edir. Yoni diskret optimallagdirma problemi aliriq.

Acgar sozlar: gradient, element, soboko, optimallagdirma, resurslar.

ANALYSIS OF A GRADIENT ALGORITHM IN
ONE SPECIAL NETWORK MAINTENANCE TASK

S.F.AKHUNDOV
SUMMARY
The task of network maintenance is urgent. As always, the maintenance task is
performed with limited resources and requires that those requests that are most valuable be
fulfilled. A similar problem arises when determining the informativeness of features in pat-
tern recognition. Requests constitute a discrete (elements are isolated) set. That is, we get a

discrete optimization problem.

Keywords: gradient, element, network, optimization, resources.
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NANOOLCULU SIiLISiUM HiSSOCIKLORI 9SASINDA POLIMER
NANOKOMPOZITLORIN ALINMASI VO QURULUSU

O.E.SURXAYLI, B.G.PASAYEV, M.O.COFOROV, H.A.SIRINOVA
Baki Doviat Universiteti
afsana.surxayli@bsu.edu.az, h.shirinova@bk.ru

Isdo polistrol polimeri va silisium nanohissaciklori asasinda polimer nanokompo-
zitlor hazirlanmisdwr vo alinmis nanokompozitlorin qurulusu mikroskopik va spektroskopik
metodlarla todqiq edilmisdir. Skanedici elektron mikroskopu tasvirlorine asasan malum
olmugsdur ki, silisium nanohissaciklorinin polimerdaki olgiisii 50 nm tartibindadir. Rentgen
difraktogrammalarina asason miiayyon olunmusdur ki, qeyri-iizvi doldurucu hissaciklori
ozlari polikristallik qurulusa malik olmalarima baxmayaraq, polimer fazada paylanaraq
nanokompozit ti¢tin struktur markazlori rolunu oynayir.

Acgar sozlar: polimer nanokompozit, silisium nanohissaciklori, termoplastik polimer

Hal-hazirda 6ziindo eyni vaxtda bir nec¢o forqli istismar xassosi da-
styan nanokompozit materiallarin alinmasi, xassolorinin todqiqi vo totbiq
potensialinin qiymotlondirilmasi istigamatinds ciddi islor aparilir [1]. Asan
texnoloji tisullarla aldo edilon vo genis totbiq imkanlarina malik olan nano-
kompozit materiallarin alinmasi vo todqiqi hom elmi baximdan, ham do
praktik baximdan bdyiik ohomiyyat kosb edir [2].

Belo maraqli materiallardan biri do, polivinilxlorid (PVX) polimeri
vo silisium (Si) nanohissaciklori osasinda alinmis polimer nanokompozitidir.
PVX, soanayeds asan sintez olunan vo istehsalatda genis istifado edilon pol-
yar, sintetik polimerdir [3]. Polivinilxlorid termoplastik polimerlor sinifino
daxildir vo bu da homin polimer osasinda olan nanokompozitin asanligla
oldo olunmasina, senayenin toloblorino cavab veron formaya vo ya sokilo
salinmasina, eyni zamanda bir ne¢o dofo tokrar emal olunmasina imkan ve-
rir. Silisium nanohissaciklari boyiik sath enerjising v sathinde olan deffekt-
lor hesabina olduqca maraqli optik xiisusiyyotloro malik olan dielektrik
maddadir. Toqdim olunan isdo PVX-ya silisium nanohissaciklori daxil et-
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moklo alinmis nanokompozitlorin qurulusu skanedici elektron mikroskopu
vo rentgen difraktoqgrammasi vasitosilo todqiq olunmusdur. Isdo PVX matris
qismindo, silisium nanohissaciklori isa qeyri-lizvi doldurucu qismindas segil-
misdir.

PVX tozlar1 otaq temperaturunda, {izvi hoalledicisi olan tetrahidrofu-
randa (THF) hall edilmisdir. Daha sonra polimer mohluluna Si nanohisso-
ciklori olavo edilmis vo maqnit garisdiricida 1 saat orzindo bircins mohlul
almana godor intensiv sokildo qarigdirilmigdir. Alinmis polimer vo nanohis-
sacik garisigi Petri gqabina siiziilmiis vo halledicinin buxarlandirilmasi iiglin
24 saat saxlanilaraq nanokompozit kiilgolor oldo edilmisdir. Alinan kiil-
¢olordon PVX-nin orimo temperaturunda 10 MPa tozyiq altinda isti presle-
modon sonra otaq temperaturlu suda soyudulmusdur. Niimunolorin galinligi
90-110 mkm intervalinda, diametri iso 4 sm olmusdur.

Sokil 1-do tomiz Si nanohissociklorinin enerji paylanma spektrlori
verilmisdir. Enerji paylanma spektrlori (EDS) skanedici elektron mikros-
kopu vasitasilo aparilmigdir. Bu todqigat, istifado olunmus Si nanohis-
saciklarinin tomizlik derocesini miioyyan etmays imkan verir. Malum ol-
musdur ki, Si nanohissaociklori yiiksok tomizliyos malikdir. Qeyd edok ki,
EDS spektri har bir kimyavi elementdon bir saniyada golon va detekts olu-
nan signalin impluslarinin sayinin gorginlikdon asililigini ifados edir.

Sak. 1. Si nanohissaciklorinin enerji paylanmasi spektri

SEM tosvirlorino asason alinmis nanokompozitin morfologiyasi ba-
rado tosavviir alde etmok vo nanokompozitin Slciilorini qiymotlondirmak
miimkiindiir. isdo Si nanohissaciklori osasinda alinmis PVX+3%Si nano-
kompozit SEM vasitasilo tadqiq olunmusdur. Qeyd edak ki, tosvirlor itali-
yanin Frasati oyalatinda yerloson Milli Niive Todqiqatlar Institutunun Next-
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LNF-INFN isci qrupu torofinden aparilmisdir. Sokil 2-do PVX+Si sis-
teminin sothinin morfologiyasi, sokil 3-do iso PVX+Si sistemindo silisium
hissaciklorinin Olgiisiinli oks etdiron tosvirlor verilmisdir. SEM tosvirloring
osason miioyyon edilmisdir ki, Si nanohissociklorinin polimerdoki 6l¢iisii 50
nm tortibindadir.

SEM HV: 20.00 kV' WD: 9,552 mm VEGAW TESGAN SEM HY- 20.00 kV WD: 9.929 mm VEGAW TESCAN
SEM MAG: 25.48 kx  Det SE 2pm i SEMMAG: 27.14 kx  Det: SE 2um 7
Vac: Hivac NEXT - LNF - INFN" Vae: Hivac NEXT - LNF - INFNn

Sok. 2. PVX+Si nanokompozitinin sathinin SEM vasitasilo alinmis tasvirlori

WD: §.504 mm L VEGAW TESCAN|
3.48 kx  Det SE 500 nm

Sak. 3. PVX+Si nanokompozitindo Si nanohissaciklorinin
SEM vasitasils oldo olunmus 6lgiilori

Isdo todqiq olunan nanokompozit materiallar vo Si nanohissociklori
Rentgen qurulus analiz vasitosilo todqiq olunmusdur. Todqiq olunan nano-
kompozit materiallarin rentgenstruktur analiz qrafiklori “Rigaku Mini Flex
600s powder” difraktometrindo geydo alinmigdir. Sokil 4-do Tomiz Si na-
nohissaciklarinin difraktoqrammasi verilmisdir. Sokildon goriindiiyii kimi Si
nanohissaciklorinin rentgen difraktogrammasi 20 bucaginin 28.40°, 47.20°,
56.05°, 69.10° vo 76.30° qiymotlorindo miisahido olunan [111], [220],
[311], [400], [331], [422] Miller indekslori ilo xarakterizo olunmaqdadir.
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Odobiyyata osason molum olmusdur ki, baxilan Si nanohissociklori poli-
kristallik qurulusa malikdir [4].

11
25000

20000

15000

Intensity (cps)

220
10000

311

5000
400 3 422

20 40 80 80
2-theta (deg)

Sok.4. Tomiz Si nanohissaciklorinin rentgen difraktoqgrammasi

Bununla yanasi 20 bucaginin 28.40° qiymatinds miisahido olunan on
intensiv difraksiya monzorasine osason Debay-Serrer diisturu vasitasilo
kristallitlorin 6l¢iilori hesablanmisdir:

ko

£COST
Burada B - [111] Miller indeksino uygun maksimumun hiindiirliiyiiniin
yarimenidir vo tocriibi olaraq toyin edilmisdir. Hesablamadan molum ol-
musdur ki, Si nanohissaciklorinin orta 6lgiisu toqribon 35-50 nm-dir. Bu
naticolor SEM tasvirlordon alinmis naticalar ilo uzlasir.
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Saok. 5. PVX vo Si nanohissaciklori asasinda alinmis polimer nanokompozitin
rentgen difraktoqrammasi 1) Si hissociklori 2) tomiz PVX polimeri 3) PVX+Si
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Tomiz Si nanohissacikleri il yanast PVX+Si nanokompozitinin do
rentgen difraktoqrammasi todqiq edilmisdir (sokil 5). PVX polimeri osason
amorf qurulusa malikdir. O kristalliq doracasi 10% qodor olan sonaye po-
limerlori sinfino aid edilir. Tomiz polimerin rentgen difraktoqrammasi onun
amorf qurulusa malik olmasini tesdigloyir. Nanokompozitin difraktoqram-
masinda 26 bucaginin 15°-30° giymotlori arasindaki oblast polivinilxlora
aiddir [6]. Bu oblasda 26 bucaginin 17,5° qiymatindo miisahids olunan mak-
simum PVX-nin qismoan kristallik fazasina aiddir. Sakil 5-don goriiniir ki, Si
nanohissociklorinin daxil edilmasi ilo PVX-nin bu difraksiya pikinin inten-
sivliyi koskin olaraq artmaqdadir. Hodge torofindon miioyyon edilmisdir ki,
kristallik fazanin polimerdoki pay1 ilo difraksiya monzorasinin intensivliyi
arasinda korrelyasiya movcuddur [7]. Bu natico onu demayas asas verir ki, Si
nanohissociklorinin daxil edilmosi ilo polimerin kristallik fazasinin payi
artmig olur. Basqa s6zlo, Si nanohissaciklori 6zlori polikristallik qurulusa
malik olsalar da, onlar polimerds struktur morkozlori rolunu oynayair.
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INOJTYYEHHUE U CTPYKTYPA NOJIMMEPHBIX HAHOKOMITIO3UTOB
HA OCHOBE HAHOPA3MEPHBIX YACTHUIl KPEMHUA

AD.CYPXANJIN, B.I.MMAIIAEB, M.A.JIZKA®APOB, X.A.INIUPUHOBA
PE3IOME

Bbuti nosyueHsl monMMepHbIE HAHOKOMITO3UTHI Ha OCHOBE IMOJHMMeEpa MOJIHMCTH-
pojla M HaHOYacTHI KpeMHe3eMa. CTpyKTypy MOJyYeHHBIX HAHOKOMIIO3UTOB H3ydald
CHEKTPOCKONMYECKUMH ¥ MHKPOCKOIMYECKMMHU MeTojamu. Ha ocHoBaHMM HM300pa)<eHUi
C3OM 0bUIO YCTaHOBJIEHO, YTO pa3Mep HaHOYacTHI] Si B IOJIMMEpE CocTaBisieT okoso S50
HM. Ha ocHoBanuu peHTFeH-I[I/Iq)paKTOFpaMM])I HaHOKOMITIO3UTa YCTAHOBJICHO, YTO, XOTA
CaMH YaCTHLB! HAMIOJHUTEIS UMEIOT MONUKPUCTAIUTHYECKYIO CTPYKTYPY, YaCTHIIBI HEOpra-
HUYECKOTO HAIMOJHUTEIS BBICTYIAIOT B KayecTBE LIEHTPA CTPYKTYpOOOpa3oBaHHE B IOJHU-
Mepe.

KiaioueBble ci10Ba: MOJMMEPHBI HAHOKOMIIO3UT, HAHOYACTHIBI KPEMHE3EMa,

TEPMOIUIACTUYHBIN TOJTHUMED
PREPARATION AND STRUCTURE OF POLYMER NANOCOMPOSITES
BASED ON NANO-SIZED SILICON PARTICLES
A.E.SURKHAYLI, B.G.PASHAYEV, M.A.JAFAROV, H.A.SHIRINOVA
SUMMARY

Polymer nanocomposites based on polystyrene polymer and silica nanoparticles
were prepared. The structure of obtained nanocomposites was studied by spectroscopic and
microscopic methods. Based on the SEM images, it was found that the size of Si nano-
particles in the polymer is around 50 nm. Based on the X-ray diffractograms of the nano-
composite, it was found that although the filler particles themselves have a polycrystalline

structure, the inorganic filler particles act as structural centers in the polymer.

Keywords: polymer nanocomposite, silica nanoparticles, thermoplastic polymer
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SILISIUM DIOKSIiD NANOHISSOCIKLORI 9SASINDA ALINMIS
POLIMER NANOKOMPOZITIN XASSOLORINO
KRiSTALLASMANIN TEMPERATUR-ZAMAN
SORAITININ TOSIRI
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Isdo polipropilen polimerinds dispers sakildo paylanmis SiO, nanohissaciklori
asasinda alinmis nanokompozitin qurulus xiisusiyyatlori va optik xassalorina kristal-
lasmanin temperatur-zaman saraitinin tasiri 6yranilmigdir. Niimunalarin isti preslanma
prosedurundan sonra =20000C"daqg, p=200C"daq vo B=20C"/daq siiratlori ilo so-
yudulmasi ilo farqli kristallik quruluslar alda edilmisdir. Alinmig niimunalorin UB-go-
riinan diapazonda udulma spektrilori arasdirilmisdir va qadagan olunmug zonasinin eni
tayin edilmisdir. Eyni zamanda niimalorin struktur analizi 1Q spektroskopiyast vasita-
sila tadqiq edilmig, SiO; nanohissaciklorinin udulma zolaglarinda siiriismonin sababi
miiayyan edilmisdir.

Agar sozlor: kristallasmanin temperatur-zaman soraiti, termoplastik polimer-
lor, masamoli SiO,, UB spektroskopiya, I1Q spektroskopiya

Giris: Son illordo materialsiinashigin stiratli inkisafi polimer na-
nokompozit materiallara olan maragi artirmig vo onlarin totbiq saho-
lorinin genislonmosino tosir etmisdir. Xiisusilo do dispers hissaciklorin
polimer matrisada paylanmasi naticasinds, polimerin vo funksional ola-
volorin unikal xassolorini 6ziindo comlosdiron polimer nanokompozitlor
adi kompozit materiallarla miiqayisade {istlin xiisusiyyatlorine gora in-
tensiv sokildo todqiq edilir.

Uzvi vo ya qeyri-iizvi nanohisscoiklorin polimer matriss daxil
edilmosi onlarda yeni optoelektrik, maqgnit, katalitik vo s. xiisusiyyatlorin
formalagmasina sobab olur [1].

Polimerlor vo miixtolif kristallik fazalarda olan silisium dioksid
osasinda alinan kompozit materiallar optikada, elektronikada, funksional
materiallarin hazirlanmasinda istifadasino gors segilir [2].
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Kvars tozu vo ya silisium tozu adlanan SiO;-nin tobiotdo genis
sokildo yayilmis texnoloji shomiyyoto malik bir material oldugu molum-
dur. Bu material elektrodlarin hazirlanmasinda xiisusi yers malikdir.
Yiiksok orimo temperaturu (=1700°C), kimyovi dayaniqlig1 onu ola istilik
va elektrik izolyatoru edir. Buna gora da SiO, elektron texnologiyasinda,
xtisuson do metal-oksid-yarimkecirici (MOS) cihazlarinda osas dielektrik
materialdir [3]. Yarimkecirici xassali, yiiksok sothi aktivliys malik SiO,
nanohissociklori sothinin asan modifikasiya edilo bilmaosi ilo yanasi, hom
do liminessent xiisusiyyatlorina gora diqqet morkozindadir. Sothindaki
defektlor hesabina maraqli optik xassolor niimayis etdiron nanodlgiili,
amorf Si0,, mavi siialanma niimayis etdirir [4-5]. Eyni zamanda silisium
dioksid nanohissociklori giiclii absorbent materiallar olub, yaxsi Oy-
ronilmis hidrofilik sotho vo yliksok termal stabilliyos malikdir [6]. Mohz
Si0;-nin giiclii optik xassalorinin polimer faza ilo birlogsmasi kompozitin
xassalorinin yaxsilagmasi ilo noticolona bilor ki, bu ciir polimerlor ara-
sinda polipropilen 6ziliniin asag1 sixligina, yiiksok orimo temperaturuna,
mexaniki mohkomliyina vo s. miixtalif xassalorine gora bdyiik potensiala
malikdir [7].

Polipropilen termoplastiklor ailosinin niimayondosi olub yarim-
kristal polimerdir, kristallasmasindan asil1 olaraq (165-170°C)-do oriyir.
Onun molekulyar qurulusu amorf vo kristal fazalardan togkil olunmus-
dur. Izotaktik polipropilen yiiksok elastiklik moduluna, yiiksok orima
temperaturuna (165-170°C) vo kimyavi reagentlorin tosirino daha ¢ox
davamli olmasi ilo segilir.

Polimerlorin kristal qurulusundan asili olaraq soyutma siiratinin
doyismasi ilo onlarin qurulusunda amorf vo kristallik fazanin payini
doyismok miimkiindiir.

Toqdim olunan isdo miixtolif kristallasma sortlorindo alinmis
polipropilen vo SiO; osashi polimer nanokompozitlorin qurulus-xasso
miixtoalifliyi tadqiq edilmigdir.

Material: Todqgiqgat isindo do Sky spring sirkotino moxsus, oldug-
ca narin tozsokilli, ag rongli yarimkecrici xassali metal-oksid tozu olan
50 nm &lciilii SO, nanohissaciklori istifads edilib. izotaktik polipropilen
- IPP marka Sigma-Aldrich sirketine moxsus olub P-kodu 1001326963-
diir. Ag rongdo, geyri-soffaf, donovari qurulusa malik, 0,5-1,0 mkm 6l¢ii-
sli olan narin polimer tozudur.

Istifado edilon halledici - toloul daxil olmagla biitiin maddolor
99.9% tomizlik doracosine malikdirlor.

Metodika: Polipropilen 100 ml halledicido hall edildikdon sonra,
sistemo miivafiq kiitlo miqdarlarinda SiO, nanohissociklori alave edi-
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lorak intensiv olaraq maqnit qarisdiricida secilmis temperatur v siiratdo
iki saat orzindo qarigdirilmisdir. Vakuum sobasindan istifado edorok holl-
edici sistemdon uzaqlasdirilmisdir. Isti presslomo metodu ilo niimunalor
formalara salinmigdir. Bu mogsadlo niimunolor 165-180°C temperaturda,
10 MPa tozyiq altinda 4 doqiqe miiddstinds presde saxlanilmigdir. Daha
sonra =20000°C/daq, p=200°C/doq vo PB=20°C/doq siiratlo soyudul-
magqla diametri 4 sm, qalinlig1 90-120 mk araliginda doyison toboagolor
alimusdir [8].

Tadgiqat: PP+Si0, nanokompozit niimunalorin qurulusuna kris-
tallagmanin-temperatur-zaman (KTZ) soraitinin tosirini arasdirmaq mog-
sadilo bu niimunslorin Specord 250 Plus spektrofotometrindon istifado
edorok ultrabondvsoyi-goriinan oblastda spektrlori todqiq edilmisdir.
Sokil 1-do KTZ soraitindon asili olaraq PP+Si0, nanokompozit niimuno-
larin UB-goriinon oblastda spektrlori toqdim edilmisdir.

Absorbance (a.u)

20 0 420 S0 620 0 820 20
Wavelength (nm)

Sak. 1. PP+SiO, nanokompozitinin kristallagmanin temperatur-zaman soraitindan asili
olaraq UB spektri 1) =20C"/doq 2) p=200C"/doq  3) p=20000C"/ doq

PP+Si0O; osasli polimer nanokompozitlorin kristallagmanin tem-
peratur zaman rejimindon asili olaraq udulma amsalinin diigon fotonun
enerjisindon asililiq oyrilori qurulmus vo xatti ekspolyasiya iisulu ilo ga-
dagan olunmus zonasinin eni Tauc metoduna osason hesablanmigdir.
Molum olmusdur ki, soyuma siirotinin doyismasi ilo todqiq edilon
PP+SiO, nanokompozitlorin gqadagan olunmus zonasinin eninds ciizi
doyisiklik bag verir (codval 1).
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Cadval 1

Niimuna B (C'/daq) eV
e 20 426
2 « 200 4.309
& 20000 439

Yavag rejimdo alinmis nanokompozitds qadagan olunmus zona-
nin eninin daha boyiik olmasi nanohissociyin polimer matrisdo paylan-
mast vo polimerin iist molekulyar qurulusu ilo baglidir [8].

PP+Si0; nanokompozit nlimunalorin kristallasmanin temperatur-
zaman soraitindon asili olaraq 1Q spektrlori 400-4000 sm” dalga uzun-
lugu intervalinda Varian 640 FT-IR cihaz1 vasitasilo todqiq edilmisdir.

Odobiyyatdan molumdur ki, 2950 sm™ CH qrupunun valent, 2870
sm’, 2836 sm™' CH, qrupunun valent, 1462 sm™ CH; qrupunun defor-
masiya, 1375 sm™ CH; qrupunun simmetrik, 1166 sm™, 1102 sm™ C-C
zoncirinin valent, 997 sm™ 972 sm™ CH; qrupunu deformasiya ragsleri,
840 sm™ CH; qrupunun struktur rogslorine uygun udulma xattlori izotak-
tik polipropileno moxsusdur [9].

Lakin PP+SiO, nanokompozitlorinin 1Q spektrlorindo miixtalif
rejimlorinde hazirlanmis niimunalords ilkin komponentlorin funksional
gruplarinin xarakterik zolaglari, homg¢inin zolaglarin intensivliyinin do-
yismasi va bozi zolaglarin yerdoyismosi miisahide edilmisdir. Molum
olmusdur ki, SiO; hissaciklarino xas olan 466 sm'l, 808 sm'l, 973 sm'l,
1099 sm™ xarakteristik piklorin [9] hamisinda soyuma siiratinin artmasi
ilo mavi siiriismo miisayiot olunur. SiO,-ys moxsus 466 sm” pikinds
miisahido edilon siirlismo sokil 2-do gostorilmisdir.

2 468622

458.98

B

45898

Absorbance (a.u)

480 4
Wavenumber lsm'll

Sak. 2. PP+Si0O, nanokompozitinin kristallagmanin temperatur-zaman saraitinden
asil1 olaraq 1Q spektri
1) p=20C°%doq  2) p=200C°/doq 3) p=20000C"/ doq
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Soyuma siiratinin doyismosi ilo SiO, nanohissaciklorinin IQ ob-
lastdak1 spektral xottlorindoki siiriigmo codval 2-do qeyd edilmisdir.

Cadval 2
. . Miixtalif soyuma siiratlari ils alinmig PP+SiO, nanokompozitlari
j(i;l'aktelilstllk {iciin 1Q oblasda qeydo alinan siirlismolor
uduima zolaqlan $=20C"daq $=200C"daq $=20000C"daq
1098 cm™' 1099 cm™' 1103 cm’' 1105 cm’'
971 cm’ 971 cm’ 971 cm’ 973 cm’!
808 cm’' 808 cm’' 808 cm-1 808 cm’'
457 cm’! 458 cm’! 458 cm’! 468 cm’!

On koskin siiriismo 457 cm™ dalga adadine uygun udulma zola-
ginda miisahide edilmisdir. Malumdur ki, bu udulma zolag: Si-O-Si ra-
bitosinin deformasiya rogslori ilo baghdir [9]. Bu rogslordo boyiik dalga
adadi oblastina dogru siirlisma rabito bucaginin doyismasi ilo alagodar-
dir. Belo hesab olunur ki, maye azot miihitino daxil edilmoklo soyudul-
mus niimunoslorde nanohissacik vo polimerin sorhadinde bdyiik daxili
gorginlik yaranir [10]. Buna sobab ¢ox boyiik siirotlo soyudulma zamani
geyri-tarazliq proseslori naticosindo termoplastik polipropilen fazada ya-
ranan gorginlik nanohissaciklo sorhade otiiriiliir, bu gorginlik hesabina
amorf Si0, sobokosindo deformasiya yaranir [11]. Todqigatlar gdstorir
ki, Si-O-Si rabitasi miihitde yaranan dartilma vo sixilma deformasiyalari
hesabina infraqirmizi oblastda qirmizi vo ya mavi-siiriigmo gostoro bilir
[12]. Beloliklo, matris fazanin nanohissaciklo sorhoddo yaratdigi mexa-
niki gorginlik Si-O-Si rabitosinin deformasiya rogsalorina cavab veran
udulma zolaginda daha yiiksok enerji oblastina dogru siirlismoyo sobob
olur.
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BJIMSHUE TEMIIEPATYPHO-BPEMEHHOI'O PEXKUMA
KPUCTAJUIM3ALIMU HA CBOMCTBA NOJJMMEPHOI'O HAHOKOMITO3UTA
HA OCHOBE HAHOYACTHUII IMOKCHUJIA KPEMHUS

M.T'ACAHOBA, TMAME/J10OB, M.JVZKA®APOB, X.IIIUPUHOBA
PE3IOME

B pabote n3ydeHo BiusHUE TEMIEPaTypHO-BPEMEHHOTO PEXXNMa KPUCTaJUIN3alnN
Ha CTPYKTYPHBIE M ONTHYECKHE CBOWCTBA HAaHOKOMIIO3MTa Ha OCHOBe HaHOYacTHI SiO,,
JIUCIIEPTUPOBAHHBIX B MOJUIPONUICHOBOM IOIUMEpe. Pa3nudaHble CTpyKTyphl ObLIN MOTY-
YeHBl OXIaXkJCHHEM O00pasinoB co ckopoctsamu  P=20000C"/mun, B=200C°/mun u
B=20C°/MuH mocIIe MPOLEYPhl TOPSAUETO MPEcCoBaHus. VIccIe10BaHbl CIEKTPhI HOTTIOMIE-
HUS TTOJTy4EeHHBIX 00pa3ioB B Y ®-BUAMMOM AMana3oHe U OIpe/iesieHa IUpUHA 3aIperieH-
HOHM 30HBI. Tarke ObII M3y4eH CTPYKTYPHBIH aHainnu3 obOpasuoB meronom MK-cnekrpo-
CKOITMH Y YCTAHOBJICHA NPUYMHA CJ[BUTa I10JIOC roronieHus Hanodactul Si0O,.

KuroueBblie caoBa: TeMepaTypHO-BPEMEHHOM peXUM KpUCTAIM3aLNU, TEPMO-
IJTACTHYHBIN TToJIuMeEp, mopucThiid Si0,, MK-criekTpockonus, cuHee cMeleHue
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EFFECT OF CRYSTALLIZATION TEMPERATURE-TIME REGIME
ON PROPERTIES OF POLYMER NANOCOMPOSITE BASED
ON SILICON DIOXIDE NANOPARTICLES

M.HASANOVA, HMAMMADOV, M.JAFAROV, H.SHIRINOVA
SUMMARY

The work studied the influence of the temperature-time regime of crystallization
on the structural and optical properties of a nanocomposite based on SiO, nanoparticles
dispersed in a polypropylene polymer. Various structures were obtained by cooling samples
at rates p=20000C"/min, p=200C"/min and B=20C°/min after the hot pressing procedure.
The absorption spectra of the obtained samples were studied in the UV-visible range and
the band gap was determined. The structural analysis of the samples was studied by IR
spectroscopy and the reason for the shift in the absorption bands of SiO, nanoparticles was
established.

Keywords: Temperature-time regime of crystallization, thermoplastic polymer,
porous SiO,, IR spectroscopy, blue shift

98



BAKI UNIVERSITETININ XOBORLORI
Nel Fizika-riyaziyyat elmlari seriyasi 2023

UOT 62.50/519.7

ADI T(")lgaMaLi TalyLiKLaR SISTEMLORINDO PARAMETR
UYGUNSUZLUGUNUN SINXRONLASMAYA TOSIRI

R.ANURIYEV
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Baki Dovlat Universiteti
rus.nuriyev. 74@mail.ru

Isda sistemlor arasinda parametr miixtolifliyinin sinxronlasmanin méveudlugu iigiin
zaruri oldugu bazi hallar tadqiq olunub. Miiayyan edilib ki, sistemlor arasinda baglanti
noviinii va parametr uygunsuzlugunu se¢makla selektiv sinxronlagmaya nail olmaq olar. Bu
halda sinxronlasma rejimi tigiin movcudluq vo stabillik sartlori miiayyan edilib. Nazori
naticalar kompiiter modellagdirilmasinda tam tasdigini tapib.

Acar sozlor: sinxronlagsma, oks-olaqo rabitosi, Rosler sistemi, Lyapunov-Kra-
sovski funksionali

Parametr forqliliyi noticosindo sinxronlagsmanin keyfiyyotinin asagi
diismasi parametr uygunsuzlugunun sinxronlagsmaya yegana tosiri deyil. Bir
sira hallarda sinxronlagsan sistemlor arasinda parametr forqliliyinin mévcud-
lugu sinxronlagsmanin hoyata ke¢mosi ii¢iin oldugca vacibdir. Nozoro alsaq
ki, real hoyatda praktik olaraq sistemlor arasinda parametr eyniliyini (iden-
tikliyini) texnoloji cohatdon hoyata kegirmok ¢ox miirakkobdir, bels soraitds
sinrxonlagmani todqiq etmok miihiim ohomiyyat kosb edir [1-5].

Isdo parametr fargliliyinin sinxronlasmanin yaranmasina xiisusi
diqgoet yetirocoyik. Gostoracoyik ki, hansi soraitdo parametr uygunsuzlugu
sinxronlagmani hoyata kecirmok ii¢iin zoruri faktora ¢evrilir. Adi toromali ii¢
tonlikdon ibarot Rdsler sistemlori arasinda sinxronlasmaya bu sistemlor
arasinda parametr miixtolifliyinin neco tosir etdiyini elmi adobiyyatdan nii-
munolor gotirmaklo aydinlasdiracagiq. Qeyd edok ki, Rosler sistemi kimyoavi
reaksiyalarin dinamikasinin, elektrik dovralorinin vo s. modellasdirilmo-
sindo istifads olunur [6, 7].

Forz edok ki, iki adi toromali tonliklor sistemlori arasinda sinxronlas-
maya baxilir. Birinci Résler sistemi
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—ﬁ— ) z,+€(x, — X))
dt W 1 2 1
dyl
—=wx, ta 1
i X T ay, (1)
dz,

—=f+z(x —c

W f+z(x -0

kimi, ikinci Rosler sistemi isa

[ d,

—=—w,y,—z, +&(x,—x
i WV, =2, (x, 2)
dy,

T—==w,x,+a 2
dt hX, Tay, ()
dz,

—==f+z(x,—c
Z f+z(x,—¢)

kimi yazilir [8]. Burada x, y,z - dinamik doyisonlordir; @ - Rosler siste-
mindo dinamik doyisonlorin doyisms tezliyini xarakterizo edir; a, f,c - sa-

bit komiyyatlordir; € - sistemlor arasinda slaqo intensivliyini xarakterizo
edir. Sistemlor arasinda parametr uygunsuzlugu

@ =0, +A, 0,=0,-A (3)
ifadolorilo hoyata kegirilir. (3) ifadolorino osason
20, = 0, + w, 4)

oldugunu alariq. Digor parametrlor identikdir. Miioyyon edildiyi kimi [§]
olago intensivliyinin miioyyon qiymaotlorindo Rdsler sistemlori (1) vo (2)
gecikon sinxronlagma rejimindo sinxronlasirlar.

X,(t+7)=x(8), y,(t+7)=y(), z,(t+7)=z/(1) (5)
Burada

T,=——2,  6,-6,<F(Ax,y) (6)

olub, geyri-identikliyi xarakterizo edon A parametrinin vo dinamik doyi-

sonlorin miirakkab funksiyasidir. Qeyd edak ki, F(A=0)=0 olur. Masale-

nin prinsipiallig1 ondadir ki, agor sistemlor identikdirso, yoni A=0 olarsa,

6,—6,=0 olur. Bu halda 7,=0 olur vo demali, gecikon sinxronlagsma
identik (tam) sinxronlagsmaya g¢evrilir:

X0 =x), y,@O)=y @), z,@)=z(#) (7

Molumdur ki, parametr forqliliyi sanki identik sinxronlagmani ge-

cikon sinxronlagsmaya ¢evirir. Qeyd edok ki, nlimuno odobiyyatdan gotiirii-

liib vo adi toromali tonliklor vasitosilo modellosdirilon sistemlor arasinda
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parametr uygunsuzlugunun sinxronlagsmaya tosiri barade tosavviir yaratmaq
ti¢iindiir.
Aparici

L oS (x,) ®)

vo aparilan

D ey f () o, ©)
zamana goro gecikon funksional sistemlor arasinda sinxronlasmani todqiq
edok. Burada x vo y - dinamik doyisonlordir; &, vo «, - aparict vo apari-
lan sistemlorin relaksasiyasini xarakterizo edir; 7, - aparici vo aparilan sis-
temlords oks-olago rabitesi zamanidir; 7, - aparict vo aparilan sistemlor ara-
sinda signalin yayilma zamamidir; k, vo k, - uySun olaraq aparici vo apa-

rilan sistemlordo oks-olaqo rabitosinin intensivliyini xarakterizo edir; &,
aparici vo aparilan sistemlor arasinda alaqo intensivliyini xarakterizo edir.
Qeyd edok ki, sistemlor arasinda oslage xattidir vo 7, gecikmosi ilo
bas verir. Aparict vo aparilan sistemlorin relaksasiya omsallarmin forqli
oldugunu qgobul edok: o, =a—3J, o, =+ . Burada § - parametri relak-
sasiya omsallarinin geyri-identiklik dorocosini xarakterizo edir. GOstormok
miimkiindiir ki, aparic1 va aparilan sistemlor y = X, gecikon sinxronlagma
rejimindo sinxronlaga bilor. Bu mogsadlo sinxronlagsma xotasi adlanan
A= X, =Y komiyyatin dinamikasina nozor yetirmok olar. Aparici vo apa-

rilan sistemlorin dinamikasindan asanliqla

dA
AT QO k¥, kS () =k f () (10)

oldugunu miioyyon etmak olar. Bu dinamikadan da ballidir ki, 20 =k;,

k, =k, sortlori daxilinds kigik xata dinamikasi iigiin

dA ,
—oEmARA, [(x, ) (11)

tonliyi alinir. Burada f’ - dinamik doyisono goérs téromoni nazords tutur.
Aydindir ki, A =0 bu tenliyin hollidir. 26 =k,, k, =k, sortlori y = X, reji-

mi ii¢lin moveudluq sortlori adlanir. Zoruri stabillik sortini iso Lyapunov-
Krasovski funksionalindan istifado etmoklo miioyyon etmok olar [9, 10, 11].
Beloliklo, y =x, sinxronlagsma rejimi tU¢iin stabillik sorti asagidaki kimi

yazila bilar:
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0(2 > ‘klf’(le+T2) (12)
Beloliklo, miioyyon edildi ki, bozi sortlor daxilindo aparici vo
aparilan sistemlor arasinda y = X, gecikon sinxronlagma rejimi movcud ola

bilor. Maraghdir ki, belo rejimin méveudlugu iigiin 6#0 vo ya o, # ¢,
olmalidir. Basqa s6zlo aparici vo aparilan sistemlor arasinda sinxronlagsma-
nin movcudlugu iiclin parametr uygunsuzlugu osas sortdir vo bu bir zo-
ruratdir. Qeyd edok ki, ¢, = ¢, identik parametrlors malik aparici vo apari-

lan sistemlor arasinda y=x, . veya y=x sinxronlagma rejimi sayil-

mir. Yend do asanliqla miioyyonlosdirmok olar ki, hom ¢, =¢«,, hom do
o, # ., olarsa belo aparict sistemlor arasinda tam (identik) vo gabaqlayici
sinxronlasma mdvcud deyil. Bagqa sozls yuxarida gosterilon sokilda veril-
mis apariclt vo aparilan sistemlor arasinda yalniz gecikon sinxronlagsma
movcuddur vo bunun ii¢lin parametr uygunsuzlugu ¢, # &, 9sas sortdir.
Sabit oks-olago rabitesi zamani sinxronlagma halin1 aragdirdiq.
Doyison oks-olago rabitosi sistemlori daha real oldugu {iciin, belo sistemlor
arasinda sinxronlagsmanin todqiq olunmasinin boytik praktiki ve fundamental
ohomiyyati var. Qeyd edok ki, oks-olago rabitosi zamanin doyismasi hom
tosadiifi, hom do bilorakdon ola bilar. Son illerin naticalori gostorir ki, dayi-
son oks-olaqgo rabitosi sistemlorinds xaos osasinda kommunikasiya sistemlori
sabit oks-olaqo rabitasi zamani sistemlori asasinda informasiya miibadilosi
sistemlorino nisboton daha tohliikosiz ola bilor. Bunu nozoro alaraq doyison
oks-olaqo rabitosi zamani 7,(f) soraitinds aparict vo aparilan sistemlor ara-
sinda sinxronlagmani todqiq edacayik. Sabit oks-olage rabitesi zamani ha-
linda oldugu kimi y = X sinxronlagma rejimini aragdiraq. Asanligla miioy-

yon etmok olar ki, doyison oks-olago rabitoesi zamani 7,(¢) ligilin kigik sin-

xronlasma xotasi

Bk, f (50 2.) (13)

dinamikast ilo idars olunur. Qeyd edak ki, y =x, sinxronlasma rejimi ti¢lin
moveudluq sortlori (20 =k,, k, =k,) hom sabit, hom do dayison oks-alaqo

rabitosi zamanlari li¢lin eynidir. y =x, sinxronlagsma rejiminin zoruri sta-
2

billik sortlorinin miisyyon olunmasina goalinco, yenas do Lyapunov-Krasovski
funksional yanagmasini totbiq etmok olar. Basqa sozlo, bu yanasmaya goro
kasilmoz téromays malik mahdud 7 =17(¢) lciin
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dA

EZ—r(t)A—S(t)A(l‘—T(t)) (14)
tonliyinin A=0 halli >0 va
(Mz)—u)(l—%)u > 5(0) (15)

sartlori daxilinde asimptotik stabildir. Miioyyan etmok olar ki, s°(f) mak-
simal qiymatini g =r olanda alir. Belaliklo, A =0 hallinin stabillik sorti

dr(t)
(z)( o ) 52 (16)

kimi yazila bilor. Asanligla gérmok olar ki, sabit oks-slaga rabitosi zamani

iclin 7 =const sorti gozlonildiyi kimi » > s| barabarsizliyine gatirilir. No-

zoro alsaq ki, doyison oks-olaqo rabitesi zamami r=¢, hal {giin
s=—k f'(x(t—(z,(t)+7,))) olur, onda y=x, sinxronlagma rejimi Ugiin
stabillik sorti asagidaki kimi yazila bilor:

ai(l d’;f’)}(kf(x(r—(rl(z)w)))) (17)

Beloliklo, deya bilarik ki, kifayot qodor genis yayilmis sistemlor tiglin
parametr forqliliyi sinxronlagmaya nail olmaq ii¢lin yegano yoldur. Bu
zaman sinxronlasan sistemlor xotti vo gecikon baglantiya moruz qalir. Belo
naticaya golmoak olar ki, sistemlor arasinda hom baglantinin névii, hom do
parametr forqliliyi sinxronlagsma rejimlorinin varligi vo névii mosalosindo
halledici rol oynaya bilor. Bu natico sinxronlasmanin informasiya miiba-
dilosi iictlin, o ciimlodon canli alom {i¢iin oldugca miithiimdiir.
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BJIUAHUE HECOOTBETCTBHUA TIAPAMETPOB B CUCTEMAX
OBBIKHOBEHHBIX JJU®PEPEHIIMAJIBHBIX YPABHEHUI
HA CUHXPOHM3ALIUIO

P.A.HYPUEB
PE3IOME

B pabote ObIH M3yYeHBI HEKOTOPHIC CIYYaW, KOTJA pa3HOOOpasue mapaMeTpoB
MEX]Iy CUCTEMaMH HEO0OXOJMMO UIS CYINICCTBOBAHMS CHHXPOHH3AIMU. Y CTAHOBJICHO, YTO
BEIOOPOYHAS] CHHXPOHU3AIHS MOXKET OBITh JOCTHTHYTA 32 CYET BEIOOpA THIIA COSTUHCHHS U
HECOBIMA/ICHHUS [IapaMeTPOB MEXIy cucTeMaMu. [Ipu 3ToM onpeneneHo yciuoBUs J0CTYITHO-
CTU U YCTOMYMBOCTU PEXHMMa CHUHXPOHU3ALUU. TeOopeTHUecKHe pe3ysbTaThl MOJHOCTHIO
MOATBEPKIEHBI MPU KOMIIBIOTEPHOM MOJECIUPOBAHUU.

KiroueBble cioBa: cuHXpoHM3aIMs, oOpaTHas CBs3b, cucTeMa Pécnepa, pyHkumo-
Hansl JIanmynoBa-Kpacosckoro.

INFLUENCE OF PARAMETERS MISCONFORMITY IN SYSTEMS
OF ORDINARY DIFFERENTIAL EQUATIONS ON SYNCHRONIZATION

R.A.NURIYEV
SUMMARY

The work examined some cases where a variety of parameters between systems is
necessary for the existence of synchronization. It has been found that selective syn-
chronization can be achieved by selecting the type of connection and mismatching para-
meters between systems. At the same time, the conditions for the availability and stability
of the synchronization mode are determined. The theoretical results are fully confirmed by
computer simulation.

Keywords: synchronization, feedback communication, Rossler system, Lyapunov-
Krasovskii functionals
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p-Pby Sn, Te/n-PbTe HETEROSTRUKTURUNUN ALINMASI
VO ELEKTROFIZIiKi XASSOLORI
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Isdo PbTe va Pb,_,Sn,Te nazik tabagalorinin althgin asagi temperaturlarinda
alinma texnologiyast islonmis, alinmis tobaqalarin elektron difraksiya metodu ilo strukturu
va takmilliyi miiayyan edilmis, molekulyar dastalorin kondensasiyasi tisulu ilo homo- va he-
terostrukturlar yaradilmis va onlarin fiziki xassalori kompleks sakilda tadqiq edilmisdir.
Miixtalif althglarda géyardilan epitaksial tabagalorin va strukturlarin elektro fiziki xassala-
rina tabaganin goyardilma siiratinin, temperaturunun va sath polyarizasiyasinin tasiri oyra-
nilmigdir.

Acar sozlar: Pby, Sn, Te bork mohlul kristallari, optoelektron cihazlar, metal
komponentli, epitaksial komponentli, epitaksial nazik tabagoaler, fotogabuledicilor.

Giris. Elektron cihazlar1 texnologiyasinda on perspektivli material-
lardan biri do bork mohlul esasinda hazirlanan vo infraqirmizi oblastda
isloyon fotoqobuledicilordir. Belo cihazlar osason metal komponentli Pb;.,
Sn,Te bork mohlul kristallarindan hazirlanir. Torkib hissasini vo qadagan
olunmus zolagin enini vo kristal qofos parametrlorini doyismoklo, tobogo-
sinin elektrik va fotoelektrik parametrlorini idars etmak olar. Mdvcud nazik
epitaksial toboaqo texnologiyasinin asasinin altlig-nazik tobaqo vo onun asas
parametrlori togkil edir. Altligin temperaturu kondensasiya zamani kristal-
lagsmaya ciddi tosir edir. Altligin temperaturunun yiiksok olmasi konden-
sasiya zamani kristallagmaya yaxs1 tasir gostorir, amma, eyni zamanda, alt-
l1q vo nazik tobagonin atomlarinin garsiliqh diffuziyasini da siirstlondirir ki,
bu da bork mohlulun tolob olunan stexiometriki torkibinin alinmasini ¢atin-
lasdirir vo noticado hazirlanacaq cihazin deqradasiyasini siirotlondirir. [1,2]

Mohz bu sobobdon althigin asagi temperaturlarinda qaz fazasindan
molekulyar dostolorin kondensasiyasi ilo nazik tobogolorin alinmasi daha
magsadauygun sayilir vo hazirda aktual problem olaraq qalir. Digor asas
problemlordon biri do altlig materialinin soth morfologiyasinin (mosalan,
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seqnetoelektrik althigin sothindoki polyarlagmanin) nazik tobagenin fiziki
xassaloring tosirinin modellogdirilmasidir.

Altliq vo onun iizorindoki tobago eyni torkibo malik olarsa, belo
nazik tobogolor homoepitaksial toboqo adlandirilir. Ogor toboqo ilo altliq
miixtolif maddslardirss, heteroepitaksial tabagqo adlanir. Epitaksial mono-
kristal tobogolor adoton dislokasiyalara qablagsma defektlorlo, struktur qosa-
lagmalarina vo substrukturlarina malik olurlar. Bu baximdan miixtolif
materiallarin novbologon epitaksial toboagolorinin alinmasi miixtolif struk-
turlarin, o climlodon heterokegidlorin alinmasi {igiin asas ola bilor. Qurgusun
halkogenidlori 6z unikal xassolorino goro ciitlorin diizgiin se¢imi halinda
aparici rola malik olurlar [3,4].

Nozari hissa. Fiziki parametrlori idaro olunan nazik tobogolorin
alinmasi va totbiqi ilk névbads texnoloji rejimin seg¢ilmasi ilo baglidir. Elm
vo texnikanin vakuum texnologiyasi sahosindo oldo etdiyi ugurlar bu
problemi hall etmays, hondasi vo fiziki parametrlori dayaniqli olaraq genis
intervalda doyiso bilon nazik tobogolorin yaradilmasini aktuallagdirmisdir
[5]. Nazik tobogolorin tokamiiliinii idaro etmokds bir sira spesifik mikro-
strukturlarin alinmas1 miimkiindiir. Bir sira fiziki effektlor strukturla ola-
gadar oldugundan yalniz nazik tobogslords todqiq oluna bilorlor. Ona goéras
do epitaksial nazik tobagolor bu baximdan oldugca maraqgli vo vacib ob-
yektlordir. Epitaksial nazik toboqe dedikds adston monokristal altliqda
onunla miioyyon kristallografik olaqodo goyoardilon monokristal tobogo
nozardo tutulur. Epitaksial monokristal tobagolor adston dislokasiyalara
gablagsma defektlorlo, struktur qosalagsmalarina vo substrukturlarina malik
olurlar. Bu baximdan miixtalif materiallarin ndvbalogon epitaksial tobagalo-
rinin alinmasi miixtalif strukturlarin, o ciimlodon heterokegidlorin alinmasi
iiclin osas ola bilor. Qurgusun halkogenidlori 6z unikal xassolorino goro
clitlorin diizgiin se¢imi halinda aparici rola malik ola bilor [6].

Heterokecidin xiisusiyyatlorinin onu omala gotiron materiallar cii-
tiinlin xassolori osasinda doqiq vo dayanigli toyin oluna bilmasi {i¢iin kon-
takta gotirilon yarimkegiricilorin mexaniki, kristallokimyavi, termik vo ener-
ji xarakteristikalart uygunluq toskil etmolidir. Kontakta gotirilon miixtolif
kimyavi torkibs malik materiallarin asas parametrlori qofos sabiti, qadagan
olunmus zonanin eni, termik genislonmo omsallar, elektrona horislik
enerjisi, dielektrik niifuzlugu [7].

Heterociit omolo gotiron materiallarda uygunlagsmasi vacib olan
parametr gofas sabitloridir. ©gor kontakta gatirilon materiallarin qofas sabiti
ciddi forglonarso, sorhoddo defektlorin omalo golmosi qagilmaz olur ki, bu
da kontakt oblastinin fiziki xassolorino ciddi tosir edir. Altliq lizorindo gofos
sabitlori boyiik forqo malik materialin nazik tobogosinin gdyordilmosindo
miixtalif nov dislokasiyalarin omals golmasi enerji ndqteyi-nozorindon epi-
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taksial gdyormoadon daha olverislidir [7].

Hocmi yiiklor oblastinda vo sarhaddo defektlorin mévcudlugu vo on-
larin rekombinasiya maorkozlori kimi ¢ixis etmasi heterostrukturun tod-
qiqindo tocriibodon alinan naticalorin Anderson torafindon toklif olunan [§]
«ideal heterokecid» modelindon ciddi forqlonir. Heterokeg¢idin fiziki xasse-
lorini izah etmok iiglin osas xarakteristikasi olan enerji zona diaqrami
miioyyanlogdirilmalidir. Enerji zona diagrami malum olduqda heterokecida
mixtolif xarici amillorin elektrik, maqnit saholorinin, temperaturun, siia-
lanmanin va s. tosirini aydinlasdirmagqla fiziki xassalorin idara olunmast
mioyyonlosdirilo bilor. Heterokegidlorin xassolorini aragdirmaq tigiin hocmi
yiiklor oblastinda potensialin doyigsmosinin iki ndviindon istifados olunur.
Koskin heterokegidlordo sorhoddo potensialin doyismosi kegidin hocmi
yiiklor oblastinin eni, ylikdasiyicilarin diffuziya mosafasindon xeyli kigik
olur. Bu halda yiikdasiyicilarin hocmi yiiklor oblastin1 kegorok coroyan ya-
ratmasinda rekombinasiya amili vo ayrilma sorhadindoki soviyyelor miithiim
rol oynaya bilmir. Heterociitlordo asqarlarin konsentrasiyasinin doyismosi
oblastinin Sl¢ilisii hocmi yiiklor oblastinin enindon ¢ox kigik olarsa belo
kecidlor sort heterokecid adlanir. Asqarlarin doyismo uzunlugu hocmi yiiklor
oblastinin eni ilo eyni tortibdadirss, belo sorhadlor tadrici heterokecid adlanir
[9].

Tacriibi hissa. Oksidlorin mévcudlugu Pb,_ Sn Te osasinda foto-

diodlarda soth coroyanlari itkisino sabob olur vo Pb,_,Sn,Te sothinds yara-
nan oksid Sotki baryerinin formalasmasina sorait yaradir [9]. ©Ogor qurgusun
alman epitaksial toboqgolorin havada ekspozisiya etmosino imkan vermodon
onun sathino ¢okdiiriilorse, strukturun volt-amper xarakteristikast xatti
ganuna tabe olur. Lakin agor ¢okdiiriilmo alinan tobogo bir miiddst havada
saxlanildigdan sonra hoyata kegirilorso, Sotki ¢opari yaranir. Bu naticolor
gostorir ki, Pb;_,Sn, Te — PbTe sistemindo 0l¢ii {iciin omik kontaktlar ya-
radilmasi sothin diqqatle yoxlanilmasini tolob edir. Volt-amper xarakteristi-
kas1 heterokecidlorin osas parametrlori olan heterosorhoddo enerji zonala-
rinin ayilmasinin qiymatini doqiqlosdirmak ii¢lin istifade olunur. Bununla
yanas1 volt-amper xarakteristikas1 hocmi yiiklor oblastinda elektrik kegirici-
liyinin mexanizmini aydinlagdirmaga imkan verir.

Birinci sokildo algaq temperaturlu nazik tobogolor osasindaki p-
Pby778n9,3Te n-PbTe heterostrukturlarinin elektronogrammasi (a) vo
sothinin elektron mikrofotoqrafiyasi (b) gostorilmisdir.

Texniki islonmis Pb;_,Sn,Te nazik tobogolori iizorindo PbTe tobo-
gosinin gdyardilmasi prosesindo struktur tokmilliyi saxlanilir, PbTe tobagolori
yuxarida geyd edildiyi kimi kigik 6l¢iilii istigamotlonmig kristallardan togkil
olunur (sokil 1).
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Sok. 1. Algaq temperaturlu nazik toboqolor osasindaki p-Pby 7,51 :;Te n-PbTe hetero-
strukturlarinin elektronogrammasi (a) va sathinin elektron mikrofotoqrafiyasi (b)

Bu tsulla alinmis p-Pby 778np23Te n-PbTe heterostrukturunun volt-
amper xarakteristikalar1 sokil 2 vo, sokil 3-do verilmisdir.

I, mkA LA
4 10° E
24 107 |
1 1 | | | T T T
03 02 0,1 0,1 02 UV 0.05 0.1 015 U, v

Sok. 2. p-Pby77Sny 3 Te / n-PbTe Sok. 3. p-Pby77Sny 3 Te / n-PbTe
heterokegidlorinin 80 K temperaturda VAX- heterokegidlorinin VAX-1 .
1.T{=40K ; T,=60K; T;=77K T,=40K ; T,=60K; T;=77K

Miisyyon olunmusdur ki, asagi temperaturlu sliida althq tizerindo
goyardilon d, =0.4mkm qalmlig1 olan Pby 781 ,3Te toboqosi iizerinde
buxarlanma ilo alman d, = 1.6mkm qalinligh orientasiyali PbTe nazik to-
bogolaorindon togkil olunan heterokecidin volt-amper xarakteristikasi yiiksok
diizlondirma xiisusiyyatino malikdir. Gorginliyin 0.1 V giymaetinds diizlonma

omsali k = Ilﬂ = 102 + 103 tortibinds olub kifayat godor boyiikdiir. Texniki

ak
islonmis Pb;_,Sn,Te nazik tobogolori iizorindo PbTe tobogosinin gdyordil-

masi prosesinds struktur tokmilliyi saxlanilir, PbTe tabagalari yuxarida qeyd
edildiyi kimi ki¢ik o6l¢iilii istigamotlonmis kristallardan togkil olunur.
Heterokegiddon diiz istiqgamotde axan corayanin gorginlikdon asililiginin
tohlili sokil 3-do tosvir olunmusdur. Sokildon goriindiiyii kimi, gorginliyin
(070 mV) qiymatlorindo axan corayanin gorginliyin artmasi ilo doyismosi
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eksponensial ganuna tabe olmaqla
I~1yexp(eU/BkT), =3 ifadasi ilo tosvir olunur.

Sak. 4. Altligin temperaturu T,=40°S olduqda oriyentasiyas: olmayan

A
I, A

10°

T TTTTH

10°

T TTTTTIT

N
-

1.0 2.0 UV
p—Pb,,Sn,,,Te/ n— PbTe heterokegidin miixtalif temperaturlarda diiziino
volt-amper xarakteristikasi. d;=0.8 mkm, T,=77K, T,= 100K, T;=120K.

Belo volt-amper xarakteristikast malum oldugu kimi [10] hetero-
kecidin hocmi yiiklor oblastinda generasiya vo rekombinasiya proseslorinin
bas vermosinin naticosidir. Coroyanin gorginlikdon belo asililigi vo S -nin
qiymatinin temperaturun artmasi ilo doyismaesi irali siiriilon mithakimonin
dogrulugunu niimayis etdirir. Diiziino istigamotdo totbiq olunan gorginliyin
U >0.07 V giymetlorindo coroyanin artma tempi xeyli zoifloso do ekspo-

nensial asililiq saxlanmilir, lakin [ ~f(U) oyrilorinin meyli temperaturdan
asili olaraq, demok olar ki, doyismir. Bu gorginliklori heteroke¢iddon axan
corayanin generasiya-rekombinasiya carayanina nozoran ¢ox kigik olmasi vo
onun zoif temperatur asililigi coroyanin axma mexanizminin doyismosini,
corayanin asasan tunel kegidlori ilo olagali olmasini niimayis etdirir. Todqiq
olunan p-Pby;,5ny,35e —n — PbSe heterokecidlor algaq temperaturda
alindigda oriyentasiyaya malik oldugda axan coroyanin gorginlikdon asi-
lilig1 eksponensial xarakter dasidigindan hom generasiya-rekombinasiya,
hom do tunel kegidlori ilo alagolondirilir. Heterociitlorin ayrilma sorho-
dinds olan sath hallar1 ils effektiv rekombinasiyanin bas vermasi son ola-
raq heterokecidin tam volt-amper xarakteristikasinda gah rekombinasiya, gah
da tunel mexanizmi ustiinliik togkil edir. ©gor Pby ;751 ,3Te — PbTe hete-
rostrukturunda tobogolor orientasiyaya malik olmazlarsa, VAX- 1 yuxarida
tosvir olunan asililiglar 6denilmir vo bu halda axan ceroyanin gorginlikdon
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asililigt I~Iy exp( AU) ifadasi ilo tosvir olunur.

Natica. Pb,_,S5n,Te bork mohlul kristallarinin nazik epitaksial tobaqge-
lorinin keyfiyyotini idaro etmoklo bir sira spesifik xassoloro malik mikro-
strukturlarin alinmas1 miimkiindiir. Molekulyar dostolori vakuumda konden-
sasiya etdirmoklo slida vo LiNbO; dielektrik althiglart {izorindo
p-Pb;xSn,Te/n-PbTe anizotip heterostrukturlarin yaradilmasi hayata kegi-
rilmigdir. Gostorilmisdir ki, heterostrukturun alinma soraitindon vo altligin
temperaturunun doyismosi ilo heterokegiddon coroyanin axma mexanizmini
doyisdirmok miimkiindiir.
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MOJIYYEHUE FETEPOCTPYKKTYPBI HA OCHOBE
p-Pb, .Sn Te/n-PbTe 1 Ero 3JIEKTPO®PU3UYECKUE CBOMCTBA

C.P.CAPMACOB, P.LlI.PATUMOB

PE3IOME

B paGoTe paspaboTaHa TexHONOTHs ToJdydeHns Tomkux mienok PbTe wu
Pb,__Sn Te npu nuskux temueparypax noztoxku. OnpeseneHa CTpyKTypa U CTCICHb

COBEPIIICHCTBA MOJIYYSHHBIX TNIEHOK METOZOM 3JIEKTPOHHOM nudpakiui. Co3qaHbl TOMO- U
TeTePOCTPYKTYPHI METOJIOM KOHACHCAIIMHA MOJICKYIISIPHBIX MTyYKOB M KOMIUIEKCHO HCCIIEI0-
BaHBI U UX (PU3NUECKHE CBOWCTBA. V3ydeHBI BIMSHHS CKOPOCTH BBIPAIMBAHMSA, TEMIIEpa-
TYpHI ¥ TIOBEPXHOCTHOH MOJISIPHU3AINH HA JCKTPOPHU3UUIECKIEe CBOMCTBA SMUTAKCHAIBHBIX
IUIEHOK U CTPYKTYDP.

KaioueBble c1oBa: KpucTalubl TBEPABIX pacTBOpoB Pb; ,.Sn,Te, onTOAIEKTPOHHBIE
puOOpPHI, SNUTaKCHAIBHBIE TBEPAbIE PACTBOPHI, POTONPHEMHHKH.

PREPARATION AND ELECTROPHYSICAL PROPERTIES
OF HETEROSTRUCTURE p-Pb,, Sn, Te/n-PbTe

S.N.SARMASOYV, R.Sh.RAHIMOV

SUMMARY

The technology of thin films production at low substrate temperatures has been
developed. The structure and degree of perfection of the obtained films were determined by
electron diffraction. Homo- and heterostructures were created by the method of conden-
sation of molecular beams and their physical properties were comprehensively investigated.
The influence of growth rate, temperature and surface polarization on the electrophysical
properties of epitaxial films and structures has been studied.

Keywords: solid solution crystals of Pb, Sn.Te, optoelectronic devices, epitaxial
solid solutions, photodetectors.
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NADIR TORPAQ ELEMENT ATOMLARININ TlInSe; BORK
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Miiasir materialgiinasligin qarsisinda duran vacib sahalorindon biri praktik ahomiy-
yatli, dayamqli xassalara malik yeni yarimkegirici birlasmalorin alinmasi, tadqiqi, onlarin
fiziki xassalorinin magsadyénlii istiqamatds idara olunmasidir. Bela materiallardan biri do
bu baximdan son zamanlar bark mahlullarin fotoelektrik va istilik xassalori ilo bagl mii-
sahida olunmayan effektlorin, onlarin asasinda alinmis bark mahlul kristallarinda yaran-
mast ilo baghdwr. Bu baximdan TlInS; (Se;Te,) iicqat birlasmalari asasinda bark mahlul-
larin alinmasi va onlarin fiziki xassalarinin tadqiqi xiisusi ahamiyyat kasb edir. Bu birlas-
malor tetraqonal sinqoniyada kristallasirlar va onlarda iki struktur vahidi mévcuddur.
Kimyavi cahatca asas struktur vahidi tetraedr hesab olunur.

Acar sozlor: bork mohlul kristali, Lantanoid atomlari, defektli kristal, struktur
defektlori, ionlasdirict siialar, detektor.

A"BMc," tipli yarimkegirici birlosmolor sinfino daxil olan TlInSe;
bork mohlul kristali kvant elektronikasi vo optoelektronika sahosindo prak-
tiki ohomiyyet kasb edon birlogsmolordon biridir. Bu tip birlogsmolorde kim-
yovi dlagolor vo elektron qurulusu ciit olmayan valent elektronlari hesabina
yaranir. A"'B"'C,"" tipli birlosmolor layl vo zoncirvari quruluslu qofosdo
kristallasirlar [3, 5].

Torkibindo nadir torpaq elementi (lantanoidler) olan bels birlogsma vo
bork mohlullar kifayot qodor yiiksok orimo temperaturu, boyiik mexaniki
gorginliyo malik olub, hotta yiiksok temperaturlarda belo 6z yarimkegiri-
ci xassolorini saxlayan yiiksok termoeffektliyo malik birlogsmolordir. Bu tip
kristallar spektrin infraqirmizi oblastinda isloyon optoelektron cihazlarin vo
mixtolif toyinath detektorlarin hazirlanmasinda perspektivli materiallar sa-
yilir. Amma bu materiallarin daha genis praktiki totbigine mane olan mii-
hiim amillordon biri praktikada istifado zamani, cihazlarin parametrlorinin
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deqradasiyasina sobob olan miixtolif tobiotli struktur defektlorinin vo asqar-
larin konsentrasiyalarinin yiiksok olmasidir [5].

Defektli quruluga malik bu tip bark mohlul kristallar1 goriinen, ultra-
bondvsoyi, infraqirmizi, rentgen siialarina hossas olan yaddas, ¢evrilmo va s.
xtisusiyyatlora malik anizotrop kristallardir. 7//nSe; kristalinda kimyavi va
fiziki xassolorin anizotropluguna sobob homin kristalda “c” kristallografik
oxuna nazaran mixtalif istiqamotlorde defektlorin paylanma konsentrasi-
yasmin (10'°-10"” sm™) koskin forqlonmosidir [4].

Isdo TlInSe; bork mohlul kristali, homginin miixtolif atom faizli Dy
nadir torpaq element atomlar1 (lantanoid element atomlar1) daxil edilmis
TlIn; .Dy.Se; (x: 0,01, 0,03, 0,05 at. %) bark mohlul kristallar1 alinmis, on-
larin elektrik kegiriciliyinin mexanizmi genis temperatur intervalinda (80-
600 K) tadqiq olunmusdur. Sokil 1-do T//nSe, bork mohlul kristalinin kristal
gofasi (a), atomlarin bazis miistovisindo proyeksiyalari (b) vo atomlarin go-
fosdo yerlogsmolori (¢) gostorilib. 71InSe; birlogsmosi tetraqonal sinqoniyada
kristallagir. Uygun olaraq, elementar qofasin parametrlori a=8,044°, c=6,84
A° z=4 olub, klassik TISe-nin struktur qurulusuna uygundur. Qofosds 77
atomu 8 selen atomu ilo, /n atomu 1sa 4 selen atomu ilo shato olunub [1].

OTl ®In © se OTIl @ In

Sok. 1. TlinSe;, bark mohlul kristalinin kristal qafasi (a), atomlarin bazis miistovisinda
proyeksiyalar1 (b) ve atomlarin yerlogmalari (c)

TlIn; «Dy.Se; - boark mohlul sisteminds ilkin komponentlorin barabor
1:1 nisbatlorindo yeni dordqat birlogsmolor omolo golir. Rentgenoqrafik toh-
lildon miioyyon olunmusdur ki, 7/n; .Dy.Se, bork mohlul birlogsmolori ilkin
TlInSe, tliggat birlosmolorinin analoqudur. Amma yeni birlosmonin gofos
parametrlori 7/InSe;-nin qofos parametrlorindon kaskin forqlonir. Terkibda
TIDySe; birlogmosinin nisbi migdarmin artmasi ilo Veqard ganununa uygun
olaraq, gofos parametrlori hollolma oblastlarinda additivlik ganunu {izro
artir. T/InSe, - TIDySe; sistemindo bu oblast 0-9 mol.% intervalim1 ohato
edir. Aparilan rentgenoqrafik tohlildon miioyyon olunmusdur ki, 7//nSe; bir-
losmosindon 71In;..Dy,Se; bork mohlullarina kegdikco torkibdo disprozium
atomunun nisbi miqdarinin artmasi ilo elementar qofas parametrlori miioy-
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yan hadda gadar xatti bdyiiyiir. Bu da indium atomunun ion radiusunun dis-
prozium atomlarinin ion radiusuna nisbaton daha kigik olmasi ilo alagodar-
dir. Disproziumun ion radiusu Rp, = 0, 931{ indiumun ion radiusu R;, = 0,91
A tortibindadir [2].

Biitiin bu faktlar bir daha siibut edir ki, 0+11 mol % TlInSe, inter-
valinda otaq temperaturunda 7//nSe,—TIDySe,, sistemlorindo Tlln;Dy.Se;,
torkibli bark mohlul oblastt mévcuddur. Sokil 2-do T//nSe,-TIDySe, sistemi
ticlin alinan hal diagrami gostorilmisdir.

T.K
m+,
\ B
1200
m+TlInDySe;

1000 |

800 [

6001 o+TlInDySe;

400

TlinSe; 20 40 60 80 TimDySe,
mol. % TlInSe,

Sok. 2. TlInSe,-TIDySe, sisteminin hal diaqramu.

Sokil 3-do TliIn;..Dy.Se, bork mohlullarinin elektrik keciriciliyinin
temperatur asililiglart 1go = £(10°/7,K ") koordinatlarinda, sokil 4-do iso

TlIn;.xDy.Se; kristal1 {i¢iin Holl omsalinin g RTY? = 700*/7,K™") koordi-
natlarinda temperatur asililiglar1 gostorilmisdir.

0F

lgo (Om-sm)

1
1 i 1 i 1 i 1 i 1 i 1
1,4 1,8 22 2,6 3,0 34

10T

Sak. 3. Tlin;..Dy,Se; bark mohlul kristalinin elektrik kegiriciliyinin |go = £(10° /T, K™")
koordinatlarinda temperatur asililiglar: (x: 0,01, 0,03, 0,05)
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T4 T8 22 26 30 34
10T
Sak. 4. TlIn;..Dy,Se; kristal1 ticiin Holl amsalinin 1gRT3/2 =fA0*/T,K™)

koordinatlarinda temperatur asililiglar: (x: 0,01, 0,03, 0,05).

Asililiglardan goriindiiyii kimi, tadqiq olunan miixtolif torkibli 77/n;.
«Dy,Se; kristal1 liclin nisboton asag1 temperaturlarda (80-450 K) asqar kegi-
ricilik, ~450 K-don yuxari temperaturlarda iso moxsusi kegiricilik miigahida
olunur. Kegiriciliyin temperatur asililiginin meyllorino goro uygun torkib
iiclin gadagan olunmus zonanin eni (aktivlosmo enerjisi) miioyyon olunmus
vo torkibdon asili olaraq, 7/In;. Dy,Se; tigin Ae = 2,10, 1,95, 1,80 eV uygun
qiymotlor alinmigdir (x: 0,01, 0.03 0.05 uygun qiymotlori iigiin). Istor elek-
trik kegciriciliyinin, istorso do Holl omsalinin temperatur asililiq meyllorino
g0ra toyin olunan qadagan olunmus zonanin eninin qiymseti tocriiba xotasi
daxilinds bir-birilo uygunluq toskil edir. Nisboton asagi temperaturlarda (80-
450 K temperatur intervalinda) kegiricilik zoif meyllorlo artir. Belo asililiq
niimunodo yaranan asqar kegiriciliklo olagodar olub, kvazimetallik xarakter
dasiyir. Miiayyoan temperaturdan baslayaraq, elektrik kegiriciliyinin nisbaton
azalmasi miisahido olunur vo bu azalma torkibdo lantanoid atomlarinin
artmasi ilo daha kaskin hiss olunur. Temperaturun sonraki artiminda elektrik
keciriciliyinin eksponensial artim1 ilo moxsusi kegiricilik oblast1 miisahido
olunur. Temperaturun kifayot qodor yuxar1 qiymatlorinde yiikdasiyicilarin
istilik enerjilori onlarin gadagan olunmus zonami kegmolorino daha yaxsi
imkan yaradir. Holl amsalinin temperatur asililigindan askar olunmusdur ki,
misahido olunan bu asililiq elektrik kegiriciliyinin temperatur asililig
odobiyyat molumatlar ilo yaxsi uygunluq toskil edir. Otaq temperaturunda

nisbaton yuxar1 temperatur intervalinda |g RTV2 = f(l) astliliginin meyl
T

bucagina goro hesablanmis gqadagan olunmus zonalarin eninin qiymati,

kegiriciliyin temperatur asililigina goro hesablanmis qiymotlo bir-birilo

tocriibi xota daxilinds uygunluq toskil edir.
Miioyyon olunmusdur ki, elektrik kegiriciliyi vo Holl omsalinin
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temperatur asililiglar1 todqiq olunan bork mohlul kristallar ti¢lin bir-birilo
yaxs1 uzlasir. Holl omsalinin temperatur asililigindan goriiniir ki, ~ 450 K
temperaturdan yuxar1 temperaturlarda temperaturun artimi ilo yiikdasiyi-
cilarin konsentrasiyasinin koskin artimi vo bu zaman Holl omsalinin koskin
azalmasi bas verir. Sokil 4-don goriindiiyii kimi todqiq olunan bark mohlul
kristallarinda yiikdastyicilarin Holl yiiriikliiyiiniin temperatur asililigi nis-
boton yuxari temperaturlarda (7>300 K) y ~ 77’ miitonasib olub, yiikda-

styicilarin akustik fononlardan sopilmasine uygundur. Biitiin niimunoslords
Holl yiiriikliiyliniin temperatur asililiglar1 asagi temperaturlarda miirokkob
xaraktera malikdir. Otaq temperaturundan yuxari temperaturlarda (7>300
K) akustik fononlardan sopilma iistiinliik togkil edir.

Holl yiiriikliyii vo dreyf yiriikliiyli bir-birindon ciizi forqlonss do
onlar eyni fiziki mahiyyot dasiyir. Kegiricilikdo yalniz bir nov yiikdasi-
yicilar istirak etdikdo Holl omsali vo elektrik kegiriciliyinin qiymotinao gora,
dreyf yiirtikliyliniin qiymotini hesablamaq miimkiindiir. Holl amsalinin
temperatur asililiq qrafiklorindon aydin olur ki, miisahido olunan asililiq
elektrik keciriciliyinin temperatur asililigi ilo yaxsi uygunluq toskil edir.
Temperaturun 300-500 K intervalinda sorbast yilikdasiyicilarin konsentra-
siyas1 praktik olaraq, doyismoz qalir vo yiiksok temperatur intervalinda

Ig RT = f % asilihgmin meylino goéro qadagan olunmus zonalarin eninin

hesablanmis qiymati ilo tocriibi xata tortibinda bir-birino uygundur.

Holl yiirtikliiyliniin temperatur asililigina asason, demok olar ki, yiik-
dasiyicilar asason akustik fononlardan sopilirlor. Tadqiqat aparilan tempe-
ratur intervalinda yiriiklilylin temperatur asiilifn 4 ~ 77 ganunu ilo

dayisir, bu is9 ylikdasiyicilarin uzun dalgali akustik fononlardan sapilmasini
bir daha tosdiq edir. Temperaturun /00-450 K intervalinda kegciricilikdo ya-
ranan elektron kecidlori, gadagan olunmus zonada yerlogon asqar soviy-
yolordon bas verir. Miioyyon temperaturdan sonra bu soviyyodon yaranan
kecidlor “tiikonir”. Yenidon kegidlorin bas vermasi ii¢iin daha boyiik ener-
jinin alinmasi ii¢lin nisboton yuxari temperatur tolob olunur. Cadval 1-do
miixtolif torkibli niimunslor tiglin tocriibadon alinan naticolor gostorilmisdir.

Cadval 1
Ag, eV Ag, eV a, mkV/K
Torkiblor 8 8 500 K-da
lgo=f(10°/T)-don | 1gRT** = f(10°/T)-don
THno,gt)Dy0,0lSCz 2,20 2,13 730
TlIn0,97Dy0,03Sez 1 ,95 1 ,92 650
TlInO 95 DyO 05892 1,75 1,80 600
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BJIUAHUE ATOMOB PEJKO3EMEJIBHBIX 3JIEMEHTOB HA
SJEKTPOITPOBOANMOCTD KPUCTAJIJIA TBEPJOI'O PACTBOPA TlInSe,

IO.I'HYPYJUIAEB, 3.C.TTAPAEB, H.C.CAPJAPOBA
PE3IOME

OmHUM U3 Ba)KHBIX HAIIPABICHUH COBPEMEHHOTO MaTEPHAJIOBEICHHUS SBISCTCS MIPH-
oOpeTeHne W WCCIICOBAaHME HOBBIX ITOJYNPOBOIHMUKOBBIX COCIMHEHHWH C IMPAKTUYHBIMU,
cTaOMIBHBIMA CBOICTBaMU W IIEJICHATIPABICHHOE YIIPaBICHUE X (HU3NIECKUMHU CBOICTBA-
mu. OJIMH W3 TAaKUX MAaTEPHAJIOB CBS3aH C TMOSIBJICHUEM paHee He HabmomaBmmxcs dddek-
TOB, CBSI3aHHBIX C (DOTOIIEKTPUUECKHUMHU U TEINIOBBIMU CBOHCTBAMH TBEP/BIX PACTBOPOB B
KpHCTaJulaX TBEPAbIX PACTBOPOB, MOJYYEHHBIX Ha MX OCHOBE. B cBsi3u ¢ 3TMM 0coboe 3Ha-
YEeHHE NPUOOpEeTaeT IOJIy4eHUE TBEPABIX PAcTBOPOB HA OCHOBE TPOWHBIX COEIMHEHHN
TlInS2 (Se,Te,) n u3ydyenue ux QU3NUECKUX CBOWCTB. DTHU COCIUHEHUS KPUCTAIUIM3YIOTCS
B TETPAaroHAJHHBIX CHHTOHHAX M MMEIOT JBE CTPYKTYpHBIC €IWHHUIBL. B XmMMHUYecKkoM OT-
HOIIEHUU OCHOBHOM CTPYKTYPHOM €IMHUIICH SIBISIETCS TETPadAp.

KaioueBble cioBa: KpucTail TBEpPAOTO PacTBOpa, aTOMbI JAHTAHOUAOB, AeheKT-
HBII KPUCTAIUT, CTPYKTYPHBIE Ne(DEKTHI, HOHU3UPYIOIINE JTY4H, JETEKTOP.

INFLUENCE OF RARE EARTH ATOMS ON ELECTRICAL
CONDUCTIVITY OF TlInSe; SOLID SOLUTION CRYSTAL

Yu.G.NURULLAYEYV, E.S.GARAYEYV, N.S.SARDAROVA
SUMMARY

One of the important areas of modern materials science is the acquisition and re-
search of new semiconductor compounds with practical, stable properties and targeted
control of their physical properties. One of these materials is associated with the appearance
of previously unobserved effects associated with the photoelectric and thermal properties of
solid solutions in crystals of solid solutions obtained on their basis. In this regard, the pre-
paration of solid solutions based on ternary compounds 77/nS, (Se,Te;) and the study of
their physical properties is of particular importance. These compounds crystallize in tetra-
gonal systems and have two structural units. Chemically, the basic structural unit is the
tetrahedron.

Keywords: solid solution crystal, lanthanide atoms, defective crystal, structural
defects, ionizing rays, detector.
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MUOSLLIFLORIN NOZORINO!

Azarbaycan Respublikasinin Prezidenti yaninda Ali Attestasiya Komissiyasinin sadrinin
07.05.2021-ci il tarixli 48-01-947/16 sayli moktubunu osas tutaraq «Baki Universitetinin Xo-
barlori» jurnalinin redaksiya heyeti bildirir ki, nosr etdirmak iiciin toqdim edilon moaqalolor aga-
gidaki qaydalar asasinda tortib edilmolidir:

1. Toqdim olunan magalonin matni — A4 formatinda, satirlorarasi — 1 intervalla, yu-
xaridan — 5 sm, asagidan — 3,75 sm, soldan — 4 sm, sagdan — 3,5 sm, Times New Roman —
12 (Azarbaycan dilinds — latin olifbasi, rus dilinds — kiril slifbasi, ingilis dilinds — ingilis
alifbast ilo) srifti ilo yigilmalidir.

2. Har bir moqalenin miisllifinin (miislliflerinin) ad1 va soyadi tam sokilds yazilmali, el-
ektron pogt linvani, ¢aligdig1 miiassisonin (togkilatin) ad1 gostorilmolidir.

3. Hor bir moqgalodo UOT indekslor vo ya PACS tipli kodlar vo agar sozlor ver-
ilmoalidir (agar s6zlor moaqalonin va xiilasolorin yazildigi dilde olmalidir).

Moqalalor vo xiilasalor (ii¢ dilde) kompiiterdo ¢ap olunmus sokildo disklo birlikde
togdim olunur, disklor geri gaytarilmur!

Olyazmalar kvartalin avvalindan bir ay kegmomis verilmolidir.

4. Hor bir moqalonin sonunda verilmis odobiyyat siyahis1 Azorbaycan Respublikasi-
nin Prezidenti yaninda Ali Attestasiya Komissiyasinin «Dissertasiyalarin tortibi qaydalari»
barads qiivvads olan Tolimatinin «Istifads edilmis odobiyyat» bolmosinin olave 4.1 toloblori
osas gotirilmolidir.

Kitablarin (monoqrafiyalarin, darsliklorin va s.) biblioqrafik tasviri kitabin adi
il tortib edilir. Mas.: Qeybullayev Q.O. Azarbaycan tiirklorinin tosokkiilii tarixinden. -
Baki: Azornosr, - 1994. - 284 s.

Miiollifi gostarilmayon va ya dérddan cox miisdllifi olan kitablar (kollektiv monoqra-
fiyalar va ya dorsliklar) kitabin adi ils verilir. Mos.: Kriminalistika: Ali moktablor {igiin dors-
lik / K.Q.Saricalinskayanin redaktosi ils. - Baki: Hiiquq odobiyyati, - 1999. - 715 s.

Coxcildli nasra asagidaki kimi istinad edilir. Moas.: Azorbaycan tarixi: [7 cildds], -
Baki: Elm, - 2000. IV c., - 456 s.

Magqalalorin tasviri asagidaka sokilda olmahdir. Mos.: Valixanlt N.M. X asrin ikinci
yarisi — XI asrdo Azorbaycan feodal dovlatlorinin qarsiligli miinasibatlori vo bir daha «Nax-
¢ivansahlig» haqqinda // - Baki: AMEA-nin Xoborlori. Tarix, folsofa, hiiquq seriyasi, -
2001. Ne 3. - 5. 120-129.

Mbogqalalar toplusundaki va konfrans materiallarindaki manbalor bels gostarilir.
Mas.: Mammodova G.H. Azarbaycan memarliginin inkisafinda Heydor Sliyevin rolu /
Azorbaycan Respublikasinin Prezidenti H.9.9liyevin 80 illik yubileyino hosr olunmus
elmi-praktik konfransinin materiallar1. - Baki: Nurlan, - 2003. - 5.3-10.

Dissertasiyaya istinad belo olmalidir. Mos.: Siileymanov S.Y. Xlorofill-ziilal kom-
plekslori, xlorplastlarin tilakoid membraninda onlarin struktur-molekulyar toskili vo forma-
lasmasinin tonzimlonmasi: Biol. elm. dok. dis. - Baki, 2003. - 222 s.

Dissertasiyanin avtoreferatina da eyni qaydalarla istinad edilir, yalmiz «avtore-
ferat» sozii alavd olunur.

Qazet materiallarina istinad beld olmahdir. Mos.: Mommodov M.A. Facis jan-
riin tadqiqi / «9dabiyyat va incosonaty gaz., - Baki, 1966, 14 may.

Arxiv materiallarina asagidaki kimi istinad edilir. Mos.: Azorbaycan Respub-
likast MDTA: f.44, siyah1 Ne2, ig Ne26, voraq.3-5.

Istifado edilmis odebiyyat siyahisinda son 5-10 ilin odebiyyatina iistiinliik verilmolidir.

PS: Rohbarliyin biza verdiyi gostorisa asasan névbati saylarda bu talablorin har hansi birina
cavab vermayan maqalalor nasriyyat tarafindon qabul edilmayacak.
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