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YAK 517.97

BAPUAIIMOHHBIA METO/I PEINEHUS OBPATHOM 3AJIAUYM
Ob OIIPEJAEJIEHUU CTAPHIETO KOO®PUIIUEHTA
I'MITEPBOJIMYECKOI'O YPABHEHUSA BTOPOI'O IIOPAAKA

I'.®.KYJIUEB*, BHHACUB3AJIE**
*bakunckui I'ocyoapcmeennutii Ynueepcumem
hkuliyev@ rambler.ru
**Cymeaumckuii I'ocyoapcmeennstii Ynueepcumem
nasibzade1987@gmail.com

B pabome paccmompusaemcs oona obpammas 3adaua 06 onpedeneHuu cmapuiezo
Koauyuenma eunepboIULECKO20 YPABHEHUS. 8MOPO20 NOPAOKA. Dma 3a0aya C800UMcs K
3a0aie ONMUMAILHO20 YNPAGIEHUS U HOBAS 3A0a4d UCCACOYemCs Memodamu meopuu Onmu-
MANIBHO20 YAPAGLCHUSL.

KaroueBble ciioBa: oOpaTHas 3amada, CTapiinii KO3 GHUIHEHT, ONTHMAaJIbHOE yIIpaBiie-
HHE, HeOOXOANMOE YCIIOBUE ONTUMAIBEHOCTH.

B npsimbix 3agadax Teopun quddepeHInanbHbIX YpaBHEHUH ¢ YaCTHBIMU
NPOM3BOJHBIMU WJIM B 337ayaX MaTeMaTHYeCKOM (QHU3MKU HIeTcs (QyHKIHUH,
ONKCHIBAIOLIUE DA3INYHbIe (DU3MUECKHE SBJICHUS, HalpUMep, paclpocTpa-
HEHHE TEIUIa, 3BYKa, Pa3JIMYHBIX KOJICOAHUH, JIEKTPOMAarHUTHBIX BOJIH U TaK
nanee. I[Ipu 3TOM cBO¥CTBa HccIenyeMoit cpeabl uiu K03 GUIIMEHTH ypaBHE-
HUI npeanonararoTcs u3BeCTHBIMA. OJIHAKO UMEHHO CBOICTBA cpeibl B O0IIb-
IIMHCTBE CIy4aeB SIBJISIIOTCS HEM3BECTHBIMU. TOra BOZHMKAIOT OOpaTHbIE 3a-
Jlaud, B KOTOPBIX MO0 MHPOPMALMU O PEIICHUH MPSIMO 3a1aun Tpedyercs or-
peaenuth ko3 duuueHTs ypaBHeHu. Kak W3BECTHO, 3TH 3a7jaud BO MHOTUX
cilydasix HeKOppekTHbl. Ho BMecTe Tem nckomble K03 pULIMEeHTs ypaBHEHUH
XapaKTepu3yloT uzydaemyto cpeny. Iloatomy pemienrne o6paTHBIX 3aJja4 OYECHb
Ba)KHO KakK C MPAaKTUYECKOH, TaK M TEOPETHYECKOM ToUuKM 3penus [1, 2, 3].

1. MocranoBka 3amxaum. [Tycte (2 —orpannueHHast 00JIaCTh B IPOCTPAH-

cree  R" ¢ rmagkoit rpammmeit I, T >0-3amannoe umucno,

Q={(xt):xe Qte (0,T)}- uwmunp s R™,
S={(x,t):xe I,te (0,T)}-6okopas mosepxrocTs mummHApa Q.
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[TycTh TpeOyeTcs onpeneauTs napy GyHKIui (U(X, t), v(x)) 13 YCIOBHI

% zaax olx )?]m X = £ (1) (x t)e O, 0
u(x,O):uo(x),augt(’o):ul(x),xeQ u/s=0, )
]th Ju(x, t)dt = g(x), €©)

0
=v(x)eV, rze

v ={v(x)eW21(Q): o(x)< ,uo,g

Su,i=1..,n noumu 6ciody na Q}— 4)

3aJjaHHOE MHOXeCTBO, Vo, Ugy -y 1, —3a1aHHBIE TIOJIOKUTENBHBIE YNCIIA,

0
a,€ L.(Q), f e L(Q)u, e Wy(Q)u e L(Q), Ke L.(Q) pe L,(Q)-3anaHHble GYHKIUH.
3amava (1), (2) npu 3agaHHON (HYHKIHH v(x) SIBJISICTCS TIPSIMOM 3aj1aueii B
obmactn Q, a 3amaua (1)-(4) HassiBaeTcs oOpaTHOH 3amadeii k 3amaue (1), (2).

OtmeTnM, 9TO TIpH KXo (PUKCUpOBaHHOW () YHKITHH U(X)e V' pewenue kpaeBoit

1
3amaun (1), (2) moHrMaeTcs kak 0000IIeHHOE pellIeHHEe U3 IPOCTPAHCTBA Wz,o (Q )

[Tox pemenuem u3 Wzl’O(Q) KpaeBoii 3amauu (1), (2) mpu 3aganHo# GyHK-

uun VeV Oyaem nmoHumaTh QyHKIHIO U= U(X,t), paBHy0 U (X) npu t=0 u
YAOBIIETBOPSIOLIYIO HHTEIPATBHOMY TOXKAECTBY

ou 07 ou an
- ———+a dxdt — ,0)dx = | frdxdt
[| 750t B3, e ain pt=[u (n(op= [ it @
pH BCEX 7] =77(X,t) u3 Wzlyo(Q), paBHbIX Hymto ipu t=T.

U3 pesymbraroB padotsr [4, 209-215] cnenyer, 4To NMpy MPUHSATHIX BBIIIE
MIPETNOI0KEeHUAX KpaeBas 3aaaya (1), (2) mpu kaxaoi GUKCHpOBaHHON (yHKIINN

1
VeV nmeer eqmHcTBEHHOE 06061IEHHOE petenne u3 W, (Q) Y BEpHa OLICHKa

o=l o 6)
3nech U B JalpHEHIeM uepes ¢ Oymem 0003HauaTh pa3IMYHbIC MOCTOSH-
HbIC, HE 3aBUCSIINE OT OLEHUBAEMBIX BEJINYMH U OT JIOMYCTUMBIX YIPaBICHHA.
3amaue (1)-(4) comocTaBUM CIEAYIONIYIO 3a/ady ONTHMAJIBHOTO YII-
paBiieHus: TpeOyeTcss MUHUMU3UPOBATH (PYHKIIMOHAT
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i(o)=1 j ‘T([K(x,t)u(x,t;v)dt—(p(x) " 0

npu ycnosusix (1), (2), (4), toe U :u(X,t):u(X,t;v)—pemeHHe KpaeBou 3a-
nauu (1), (2) coorBercTBYIOMICEe PyHKINIO U = U(X)e V.

OyHKINIO U(X) Ha30BEM YIpaBieHHEM, a Kiacc V — MHOKECTBOM JI0-
NyCTUMBIX yrpaBienuii. Mexay 3amadamu (1)-(4) u (1), (2), (4), (7) cymiect-
BYyeT TecHas cBsi3b-ecnu B 3amaue (1), (2), (4), (7) rvnelvn J (v) =0, rorga no-
MOJTHUTEIBHOE HHTETPATILHOE YCIOBHE (3) BBITOTHSICTCS.

2. O cymecrBoBanuu pemenus 3agauu (1), (2), (4), (7).

Teopema 1. [1ycTh BBIOJHEHBI YCIOBUS, MPUHATHIE MTPU MOCTAHOBKE 3a-
naun (1)-(4). Torma MHOXKECTBO ONTUMANBHBIX yIpaBieHuid B 3amade (1), (2),

4), (1) V., =iv*eV J(v,)=1, =in\1/:\](1))Jl HEMyCTO, Cl1ab0 KOMIIAKTHO B
Wzl(Q) u mo0as MMUHUMM3HPYIOILAs IOCIEA0BaTENbHOCTh {U(m)} cnabo B

W, (Q) cxomutes k Muoxkecty V,.

Hoxa3areabcTBo. HetpynHo yoeauTses, uto MHOXKeCTBO V, onpenernsie-
Moe cooTHOMIeHHEeM (4) cabo kommakTHO B W, (Q) IMTokaxkeM, 4TO (QYHKIIHO-
nan (7) cna6o 8 W (Q) nenpepbisen na muoxecrse V. Ilyers v =1(X)eV -
HEKOTOPBIN JJIEMEHT 1 {v(m)}e V —npousBonbHas MOCIE0BATENbHOCTD TaKasl,
yro v™ >0 cnabo B W,(Q) mpu M — o, Orcrona U M3 KOMIIAKTHOCTH
oxenns W, (Q) = L,(Q) [5, ¢.153] crenyer, uto

™ > cumpro B L (Q) mpu m — oo, (8)
B cuity onHO3HAUHOM pa3pemnMocTu KpaeBoit 3agaun (1), (2) kaxaomy

m e v 606
(S COOTBGTCTByeT CANHCTBCHHOC OOOOIICHHOC pemeHHe

<c,Vm=12,...,
Q)

yIpaBiIeHUIO U

u™ = u(x,t;v(’“)) 3amaun (1), (2) u crpaBenIMBa OICHKA Hu(m) W

2
T.€. TIOCIIEI0BATENbHOCTD {u(m)} PaBHOMEPHO OI'PAHMYEHA 110 HOPME MPOCTPaAH-
CTBa Wzl(Q). Torma w3 TeopeMbl BioxkeHus [6, c.116] ciemyer, 4to u3

m m,
TI0CIIEI0BATENLHOCTH {u( )} MOYKHO BBIIEIHTE TTOANOCIEI0BATEILHOCT {u( k)}
TaKylo, 9To IIpH K — oo

u™) - u cubmo B L,(Q), 9)
ou™  au . ou™  Qu
~ =1l"'1 v N, .

o N = cnaGos L,(Q), (10)



rae U =U(x,t)e W, (Q)—nexoropsiii amemeHT.
[Tokaxkem, 4to u(x,t):u(x,t;v), T.€. (QyHKIMS U(X,t) aBisieTca 0000-
IEHHBIM pemenneM 3aaadn (1), (2), COOTBETCTBYIOIMM yIpaBieHuio Ve V.

Scno, uto npu t = 0, U(mk)(X,O) = UO(X) U CIIPaBEIUIMBEI TOXIECTBA

au(mk) 877 n (m) au(mk) an (m,)
J R > v Tiﬂiou n dxdt—Jul(x)](x,O)dx:Jfndxdt (11)

Q i
IIpH BCex 7] = 77(X t) 3 C ( ) 77‘ =0, pasnpix Hymo npu t =T.

ITepexonsa k npeneny (11) mpu K — cou ucnomssya (8)-(10), moayunm,
9TO0 (DyHKIHUS u(x t) paBHa U ( )an/I t=0 u ynosnerBopser ToxaecTBy (5)
npu Bcex 7] u3 C ( ) 77‘3 =0, 77 X T) 0. TTockonbky MHOXeCTBO ()YHKIIHit
77(X t) u3 C ( ) 77‘ =0, 77 X, T) 0 BcioAy MIOTHO B MPOCTPAHCTBE (HYHKIMI
Wzlyo(Q), paBHbIx Hymo npu t=T, oTcroma cieayer, 4To CHOpaBeIUBO TOXK-

nectBo (5) mms Beex (QYHKIMI 77€W21,0(Q)a77(X1T):0- OTcrona ¥ W3 eIuH-
cTBeHHOCTH pemrenus 3anxadn (1), (2) cooTBeTCTBYIOMIErO yrpasieHuo Ve V
CIIelyEeT, 9TO u(x, t)= u(x, t; v).

Tenepr ucnonb3ys €AUHCTBEHHOCTh pemieHus 3agaadn (1), (2), cooTBet-
CTBYIOLIErO yrnpasjieHuo V€V, HeTpyaHO NPOBEPHUTH, 3TO COOTHOMIEH S (9),

(10) cripaBeanTUBEI HE TOJBKO IS MOATIOCIIEIOBATEIEHOCTH {u(’“k)}, HO U JUIA
BCEH MOCIIEN0BATEILHOCTH {U(m)} CrnenoBaTenbHO, B YaCTHOCTH, CIIPABEIJIUBO
npeaesibHOE COOTHOIICHUE
u™ > u cumbho B L,(Q) mpu m — o,
Hcnonb3yst 510 cooTHOLIEH e, u3 (7) moaydaeM, uto J (U(m))% J(v) npH

m— oo, 1.e. J(v) cmaGo B W, (Q) Henpepoien na muoxectse V. Toraa B cu-

ay teopeMm 2 u 4 u3 [7, 49, 51] caengyer, 4TO CHpaBeJIMBBI BCE YTBEPKICHUS
TeopeMsl 1. Teopema 1 nokazana.
3. JAunddepennmupyemocts pyHkuuoHasa (7) 1 Heo6XoanuMoe ycJoBHE

ontumMajibHocTH. [lycTh y/=y/(X,t;U)—o606LueHH06 pelieHue U3

Wzl0 (Q) COTPSKEHHOM 3a1a4un
8t2 2 )+a01//— —K( xt)[jK x, T u(x, ;o7 -0(x)|,(x,t)e Q, (12)

w(x,T)=0, W:O,xe Q,yl =0. (13)



[Tox 0600mIeHHBIM perieHreM KpaeBoi 3amaun (12), (13) mpu kaxmom
(ukcupoBaHHOM yrpasieHud V€ V GyneM moHUMarh QYHKIHIO Y = W(X,t; 1))
u3 Wzl’O(Q), paBHyto Hymo npu 1 =T ¥ yIOBIETBOPSIONIYI0 UHTEIPATLHOMY

TOXIECTBY

J'—aa!i/g?+iv al’//ag+a\0;ug:|dxdt=—'[K(x,t)[]'K(x,r)u(x,r;v)dr—(p(x)}g(x,t)dxdt (14)
0 i1 Q 0

IpH Bcex ( = g(X,t) u3 Wzlyo(Q), paBubIx Hyro mpu t =0,
W3 pesynbratoB paboter [4, ¢.209-215] cmemyer, uTto KpaeBas 3agada
(12), (13) mpu xax10M (UKCUPOBAHHOM YIIPABICHUH U(X)e V wumeer enuucT-

1
BEHHOE 0000IIIEHHOE pelIeHUEe U3 WZYO(Q)I/I CIpaBe/IJIMBa OIICHKA

Wy < ol ) 1.
YuuTeiBas orieHKY (6), OTCIO1a UMEEM
o (15)

Hl// w3 (Q) < CMUO + ‘ul L(Q) +Hf L(Q) +H¢

[Tycte 06001meHHbIe pemenus U = u(x,t;v) uy= l//(X,t; 1)) u3 Wzl(Q)
3anad (1), (2) u (12), (13), COOTBETCTBEHHO, UMEIOT MMPOU3BOIHEIC

o’u %y .
pRaw I=1...,n, xotopsle mpuHaIekaT MpocTpancTBy L, (Q) (16)
i i

Teopema 2. Ilyctb BbIIOTHEHBI ycioBUS Teopembl 1 u ycnosue (16).
Torna pynakuuonain (7) HenpepsiBHO quddepenupyem no Operre Ha V 1 ero

W, (Q)

1
maddepeniman B Touke VEV mpu mpupamieHuu ove WW(Q) OIIpeeseTcs

BLIpa>KeHPIeM
f{fzau Wy } X)d. 17)

0 |_1
Joka3aTeabcTBo. Boruncianm npupamenue ¢gynkuumonana (7). Ilycts
ove Wi (Q) NpHUpAIICHHE YIpaBlicHUsT Ha diaemMente VEV Takoe, dTO
v+0ve V. O6o3naunm AU(X,t)=u(x,t;v+6v)-u(x,t;v) ScHo, uro yHkiws

1 .
&J(X,t) SIBJISICTCSI 00OOOIIIEHHBIM PEIICHUEM U3 Wz,o(Q) KpaeBoOH 3a/1auun

- d ol "9 (. du
at2 _zax{ (v+6v)— ax, )+a&1 z_,(&)aTJ(X’t)E Q. (18)

i i=1 BX- i
odu(x, 0)
ot

qu(x,0)=0,—=~ e Q,duf; =0. (19)



O06o001IeHHOE pEeIICHHE W3 Wzlyo(Q)zazxaqH (18), (19) paBHO HymIO TIPHU

t =0 u ynoBIETBOPSIET TOKAECTBY

oM 01 o on ou a7
oI _ s/ dxdt = 9T gyt
j|: ot ot z;’ oX; ao&n] X ;.[,21“50 o, OX, xat(20)

1
npu Bcex 7] = U(X,t)E Wz,o(Q)’ paBHBIX HyI0 ipu T =T.
PaccmoTtpum npupamenue ¢pynakmronana (7):

A (v)=3(v+6v)-I(v)= ;J'{JK(xt)[(waJdt o(x)Fdx - ;iHthudt o(x ] }:

Q1o

(21)
- JUK(X,T)UdT—(p( }] (o iHK xt)riudt} dx.

QLo 0
Eciu B (14) monoxum Q= &J(X,t), a B (20) n= l//(X,t;v)H CJI0KHUM
NOJIy4eHHBIE COOTHOILIEHUS, TO UMEEM

—Ji@a—wdv(x)dxdt - Jialgl§y(xhxdt —l' K(x,t)ﬂ K(x,7)u(x,z; v)dr—(/)(x)]&(x,t)dxdt.

T 0% 0% ot 0% 0% .

YuuThiBas 3To paBeHCTBO B (21), momyanm

JZau aw&)d i Jzaﬁla'/’mm J[I xté‘udt]z

Q |—1 Q i=1 i (22)

rIe

2
ddu d
JZ Y su(x)dxdt += j jK (x,t)oudt | dx
o o OX
OCTaTOYHBIN YJICH.

SIcHo, 4TO TIEpBOE cilaraeMoe B IpaBoii yactu (22) npu 3aganHoMm VeV

o o o 1
onpeacsICT JIMHCUHBIN OrPAaHUYCHHBIN (byHKI_[I/IOHaJI oT 51) Ha WM (Q)

Tenepb mpoBeAEM OIEHKY OCTATOYHOTO wieHa. s pemieHus 3agadu
(18), (19) cipaBeayMBa OlICHKA:!
L(Q )]

1 19%u
Q) S C[Z BX

i=1

a_u
ax

|64, Z

L(Q)
YuuThiBas 31ech O1ieHKY (6) u ycnoBus (16) umeem

2
i

10



VYuTBIBas 3Ty OLEHKY, U3 BRIp@KCHUS R momydanm
o 0
RSl for] ool

Torna u3 dpopmys (22) CJIG,Z[YGT, yro ynkuonan (7) nuddepenunpy-
em 1o ®peme Ha V' u cpaBemmusa Gpopmyina (17). Ilokaxem, uro oTobpake-
uue v - J'(v), onpenensemoe pasencreom (17) HenpepsiBHO aeiictByeT u3 V B

(23)

L(Q

conpskennoe k W.(Q) npoctpanctso W()). Myets Sy =y(x,t;v+0v)-y(x tv)
U3 (12), (13) cnenyer, urto Oy sBiseTcs 0000MIEHHBIM PEIICHUEM W3 WZ%O(Q)

KpaeBOM 3a/1auu

30y & 9 Aoy 3 (L o
- o ) vt |-
atz < aXi ((U+ U) X, ]+ oy = ; X ( () X

~ KOO K, 2, )07, (0 1)e Q,

5’//| t=T = 0,

Paccyxnas aHajgormyHa ToMy, Kak ObUIa MOJy4deHa oueHKa (23), MOXKHO
II0Ka3aTh, YTO ISl PEIICHNS 3TON 3a/1a4 CIIPABEJINBA OLICHKA

|6 (24)

Kpome Toro, ucnons3ys (17) u nepasenctso Kommu-bByHsakoBckoro, He-
TPYAHO YOEIUThCA B CIIPABEAIMBOCTH HEPABEHCTBA
L ( Q)jl

, , 98U dy au oy oA
J 5 -J 1 <
(0+60)= I W)y 0 Z{ 5 ool o 1%l %l 1%

B cuny (23) u (24) KpaeBa;I 4acTb ATOrO HepaBeHCTBa CTpeMI/ITBCH K Hy-

W3 (Q)

A0y
oX.

L(Q 1 L(Q 1 L(Q 1

JI0 TpU —0.Otcroma cuenyer, uro v — J'(v) HenpepsiBHOE OTO-

w!(Q)

OpaxkeHue u3 otoOpakenue u3 V B (Wl

=3

(Q)) Teopema 2 noka3zana.

Teopema 3. [lycTs BbIMoONMHEHBI ycioBus Teopemsl 2. Toraa mist onTu-
MaJbHOCTH YIpPaBJICHUS U, =), (X)e V B 3anauge (1), (2), (4), (7) nHeobxomumo,
YTOOBI BHITIOTHSIIOCH HEPABEHCTBO

J D I dt] v(x)-v.(x)kdx >0 (25)

o i3 OX X,
JUIS JIF000TO v:v( )eV, rae u, = u(x,t;v*) uy, :l//(X,t;‘U*)—peH_IeHI/IH 3a-
nad (1), (2) u (12), (13) cOOTBETCTBEHHO, NPU V = v*(X).

11



Joka3zareascTtBo. MHOxecTBO V, onpenensieMoe COOTHOUIEHUEM (4)

Bemykio B W2(Q). Kpome Toro cormacso teopeme 2 dyukimonan J(v) me-
npepbiBHO nuddeperupyem mo dpemie Ha V u ero nuddepeHiuan B ToUKe
ve V onpenensercs BoipaxkerueM (17). Torna B cuity Teopemsr 5 u3 [7, 28] Ha
aneMeHTe v, € V, He0OXOIUMO BBITIOJHEHNE HEPAaBEHCTBA (J’(v*),v—v*>20 npu
Bcex veV. Orciona u u3 (17) ciaenyer crnpaBesIMBOCTh HepaBeHCTBa (25).

Teopema 3 nokasana.
3ameuanue. Eciu B 3amade (1)-(4) Bmecto ycinoBus (3) B3ATh YCIOBHE

u(X,T): ¢(x), To cipaBennMBHI Bee yrBepKaeHus TeopeMsl 1, 2, 3. Ho B 5TOM
ciydae conpspbkeHHas 3amada (12), (13) mpuoOperaer BuA:

0° L0 d
. _éa_x, v(x)—'// +aw =0,(x,t)e Q,

ot X

w(xT)= O,%):'T) =—{u(x,T;v)-p(x)} xe Qs =0.
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IKIiTORTIBLI HIPERBOLIK TONLiYIN BAS OMSALININ TOYiINi HAQQINDA
TORS MOSOLONIN VARIASIONAL HOLL USULU
H.F.QULIYEV, V.N.NOSIBZADO
XULASO
Isdo ikitortibli hiperbolik tonliyin bas omsalinin toyini haqqmnda bir tors mosaloya
baxilir. Bu masalo optimal idarsetma mosslasina gotirilir vo yeni mosalo optimal idaroetms

nozariyyasinin tisullarinin kémayilo todgiq olunur.

Acar sozlar: tors mosals, bag omsal, optimalidaroedici, optimalligin zoruri sorti.
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VARIATIONAL METHOD FOR SOLVING INVERSE PROBLEM AT DEFINING
OF HIGHER COEFFICIENT OF SECOND ORDER HYPERBOLIC EQUATION

H.F.GULIYEV, V.N.NASIBZADEH
SUMMARY
In this work we considered one inverse problem at defining of a higher coefficient for
the hyperbolic equation. The problem is reduced to the optimal control problem and the new

problem is studied with the methods of optimal control theory.

Key words: inverse problem, higher coefficient, optimal control, necessary condition of
optimallity.

Hocmynuna 6 peoakyuro: 27.12.2017 .
Hoonucano k neuamu: 09.04.2018 2.
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Paccmampusaemcea 3a0aua onmumanvho2o ynpasienus ONUCHIBAEMAs. COBOKYNHO-
cmbio QughpepeHyuanbHbIX U UHMESPAIbHBIX YPABHeHUU. YemaHnosneHvl Heobxooumbie yCao8us
ONMUMATLHOCIU NEPBO20 NOPAOKA.

KiroueBble cioBa: nmuddepeHnraibHoe ypaBHEHHE, HHTETPAIbHOE ypaBHEHUE THTIA
BouneTeppa, HeoOX0qMMOE YCIIOBHE ONTHMANBHOCTH, NpuHIMN Makcumyma JI.C. TToHTpsiruHa,
METO]I IPUPAIICHUH.

B mpakTuke oueHb BaKHBIM SIBISETCSI aeKBATHOE OMUCAHHUE H3ydae-
MOro rmpoiecca. Bce 370 npuBOAUT K HEOOXOAUMOCTH U3y4EHHUS] MHOTO3TaIl-
HBIX (COCTaBHBIX WJIM € CTYNEHYAThIX) MPOLIECCOB, KOTOPHIE OUYEHb IIMPOKO
pacnpocTpaHeHbl Ha MpakTHKe. Takue mpoiecchl BO3HUKAIOT B KOCMOHABTHKE,
TEOPUH JIOKOMOIIMOHHHEBIX IIPOLIECCOB U ap.[1-5].

B pa6otax [1-5] u mp. u3ydeHsl psa 3a1ad ONTHMAIBHOTO YIIPABICHUS
MHOTO3TaIlHBIMH (COCTaBHBIMHU) MPOLIECCAMH ONUCHIBAEMble OOBIKHOBEHHBIMU
muddepeHaIbHBIMI YpaBHEHUSIMHU. B npeanaraemoit xe pabote u3ydaercs
OJIHa MHOTOATAIHAas 33/1aya yNpaBJeHHs ONMHUChIBaeMasi COBOKYITHOCThIO AH-
(dbepeHInaTbHBIX ¥ UHTETPATBHBIX YPaBHECHUH.

IlocTranoBka 3agauyu. PaccmoTpuM 3a1aqy 0 MUHUMYyMeE () yHKITMOHAJIA

|(U,V)= ¢1(X(t1))+¢2(y(t2 ))' 1)

IIPU OTPAaHUYECHUSX

ult)eU cR", teT, =[t,t],

(2)
vit)eV cRY, teT,=[t,t,],
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K0)= [ s xOuE)ds, teT,, ®

y=gty.v), teT, (4)
Y(tl)z G X(tl))' ()
3necy  f(t,s,x,u) (g(t,y,v)) — 3amammas n (m)-mepHas BekTOp-
(QyHKIMSA HEMpephIBHAs IO COBOKYIHOCTH IIEPEMEHHBIX BMECTE C YAaCTHBIMH
nponssoabMu 10 X (Y), @,(X), @,(y) — 3amanmsie HenpepsBHO MUbDEpen-
nupyemble ckanspubie Gynkiuu, G(X) — 3amaHHas M -MepHAs HEMPEPHIBHO
muddepenmmpyemas Bektop-pynkims, ty, t,t, (t, <t <t,) — 3amamer, u(t)
(v(t)) — r (q)-mMepHBIii KycouHO-HETPEPHIBHEIH (C KOHEYHBIM UHCIOM TOYEK
paspbiBa IEPBOrO POJa) BEKTOP YNPABJIAIOMINX BO3ACHCTBHH CO 3HAYECHHUAMM
U3 3aJIaHHOT'0 HEMYCTOI'0 M OTPaHUYEHHOr0 MHOKecTBa U (V )
Iapy (u(t),v(t)) C IEPEYUCIIEHHBIMU CBOMCTBAMHM HA30BEM JOIYCTH-

MBIM YIIPaBIECHUEM.
B nanbHeimem npeamnosaraeTcs, 4To KaxkJI0My JOMYCTUMOMY YIIpaB-

JICHUIO (u"(t), Ve (t)) COOTBETCTBYET €IMHCTBEHHOE PELICHUE (X”(t), y"(t)) cuc-
tembl (1)-(3), roe X"(t) HEINIPEPBIBHOE PELICHUE HUHTErPAIBHOTO ypaBHEHHUS
Bonbreppa (3), a y°(t) xycouno-rmazxoe (cM. Hamp. [6, 7]) pemreHue 3anaun
Kormu (4)-(5).

JlomycTrMoOe  yrpaBJieHUE (u”(t), v”(t)) JOCTaBIISIIONEE MHHUMYM
byuknnonany (1) mpu orpanndenusx (2)-(5) HazoBeM ONTHMAIbHBIM YIIpaB-
JIEHHEM, a COOTBETCTBYIOIIMH IIpoLEce (u"(t), ve(t), x°(t), y"(t)) — ONTUMAIlb-
HBIM ITPOIIECCOM.

Heo0xoauMple ycJI0BUSA ONTUMAJIBbHOCTH. J[J15 BEIBO/Ia HEOOXOIUMBIX
YCJIOBHI ONTHUMAJIBHOCTH OYIEM HCIIOJIB30BaTh METOM IPHUPAIICHUN MPETO-
xennbiii  JL.U.Po3onospom [8] u pasButhiii B paborax P.['abacoBa wu

@®.M.Kupumnooii [6, 9], A.U.Eroposa [10], ®.I1.Bacunsesa [7], B.HU.ITnoT-
nukoBa u B.I. Cymuna [11], K.T.Axmenosa u C.C.Axuesa [12] u np.

[Tycts (uo (t),ve(t), x°(t), y°(t )) — (pukcupoBaHHBII TOMYCTUMBIH ITPO-
uecc. Yepes
(@) =u” 1)+ Au(t), v@t)=v° (t)+ Av(t), x(t)=x° (O)+ Ax(2), y(t) = y° (1) + Ay (D))
— 0003HAaYUM TIPOHU3BOJIBHBIN TOMYCTUMBIN IIPOIIECC.

Torna sicHo, uto (AX(t), Ay(t)) 6ymer pemenuem 3anaun

axt)= [[f 5. 55)065)- £ uelds,  teT,, @)

)

AY(t)=gt, 7). V) -9ty () v ), teT,, )
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Ay(t;)=G(x(t,)-G(x(t,)). 8)

Tpexnonoxum, uro y°(t), p°(t) moka HemssecTHEIE N W M -MepHbBIE

BeKTOp-(QyHKIMH. YMHOXKass 00e yactu cooTHomeHus (6) ((7)) cneBa cKalsipHO

Ha w°(t) (p"(t)), a 3aTeM MHTErpupys 00€ Y4acTh MOJYyYEHHOTO TOXKIECTBA IO
T, (T,) Gynem umets

tfw"’(t) j[jw f(t,s,x(s ())—f(t,s,xo(s),u"(s))]ds]dt,(9)

tjp” (t)Ay(t)dt = JP o, @), v(t)- gt y’ @) vo@)]at.  (20)

Ucnons3ys toxaecta (9), (10) 3anmumem hopmyny s npupamieHus
(¢yHKIIMOHAAa KayecTBa:

Al v )= 1)~ 10 v°)= lso (%(t,) - 0, (< (0 )))+ o, (712, )) - 2, (v (1) +
+T v () Ax(t)dt - | [J v (s)[f (st x(t)u(t) - f(S,t,xo(t),uo(t))]ds:|dt+

+p (t;) Ay (t,)- p”'(tl)[G(Y(tl))—G(X"(tl))]—T p” (t)Ay(t)dt -

(11)

Beens 0003HaueHme

N(p?,x)= p”(t,)G(x),

npu oMo Gopmynsl Teitnopa, u3 (1 1) nonquM

Al{u® v0)= %X())Ax(tl) a(pz— _[1// t)dt —

[l r Ol sexea)- e @u®)ks o pk)ayt,)-

t

- N;(p7 X ())Ax(n )~ [ p” (D) Ay (t)dt - (12)

4

- [ ©lot 709 0)- oty O @)ldt-+ o, (axtt )+
+02Q|Ay ))-o QIAX )

31eCh BEIMYUHBI 0,(), =1,3 ompenensroTcs, COOTBETCTBEHHO, W3

16



pa3ioKeHU !

anee, ¢ yueTom TOro, 4TO
t

axtt)= [ 6t XO00) - £t @ @),

ty
u3 (12) 6ynem umethb

Al(u® ve )= ja¢1( )[f )T())- f (t,t, x° (), ue (t))|dt +
+%y(t2))Ay(tz)+Il//"'(t)Ax(t)dt—
”W ) (5.6, x@.a)- .t (0)u” )]s [de+ p” (t,)ay(t.) - (13)
—th; (p°, x° (t, ) f (t,.t, X(0), u(t))— f (t,,t, x°( )t - ]p t)dt —

-Tp0'<t>[g<t,v<t>,v<t>>—g<t,y0<t>,v°<t>)]dt+olmAx(tlx|)+
+o0, (||Ay(t2 )||)— 0, (||Ax(t1j|).

Beens ananoru ¢ynkumii ['amunbrona-Ilontparuna B popme
H (t,X,U,l//O)Z —%X(tl)) f(t,,t,x,u)+

4

+.|'1//"'(s) f(s,t,x,u)ds+ N (p° x°(t,) f (t,.t,x,u),

t

Mt y.v,p°)=pglty.v),

dbopmyna npupanienue (13) 3anuceiBaeTcs B BUAC!

2107w [H e 0 10 () HE €0 Oy @)+

t
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P D)o )ave)- o Ot

[ 5050 5 ©)- My O @) p O+ 1)

+ [ Oax)ot + o,(axe )+ o, (vt ) o (axtt)).
Haiee, I/;CHOJ'II)SySI dbopmyny Teitnmopa u BBeass 0003HAUCHUS:
AgyH 6 x 0 O (1) = H it x .00 ) H e @) u @O 1)
oM {6y @ v (1) P (0)= M (L y .90, p ()M y @v° (), p° (1),

npupamenue (14) dpyakuronana kadectsa (1) MOXHO MPECTABUTH B BUJIC:

A1 )= [ 0 107 (©) - H . x 0)u )y () -

f

b

—J['V' t yo@).v(@), po(t)-M(t, y @) ve (t), p"(t))]dt -

4

_]’H;(t,xo(t),uo(t),z//o(t))Ax(t)dt— (15)

My O ) o7 @)yt + [y ©axe)dt +

ay

31ech OnpeaeIeHrIo

J,Mo(tz))Ay(t2 )+ p“(t,)Ay(t, )—]% p? (t)Ay(t)dt +7(Au; Av).

b

n(Au; Av) = o, (Jax(t, )+ o, (|ay (@, ) - o, (Jay (e, ) - j04 (lax(t)])dt -

)

- T(’smAY(t)H)dt - tjAumH 7(t,x (), ue (), () Ax(t)dt -

‘tjAva J(ty )V (t), po () Ay(t)dt,

a BEJIUYMHBI O (), I =4,5 onpenensroTcs, COOTBETCTBEHHO, U3 Pa3I0oKEHUI
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H(t, %(0), 7). p° (1) H 6 x (0.0, p° ()=
( X (0),T(t). p° (t)) Ax(t)+ o, (|ax(t)]),
( (), p° (1) - Mty ().v(). p° (1) =
y(t,y (t).v(t), p° (©))Ay(t)+ oy (Jay ).

Ecnu npennonarate, 4to (l//o (t), p”(t)) SIBJISICTCS. PEIICHUEM CHUCTEMY

JUHEHHBIX MHTETPaNbHBIX U IuddepeHINaTbHbIX YpaBHEHUN (COMpsiKEHHAs
cucremMa)

TO opMyIia mpUpanieHus (15) (byHKuHOHana kadectBa (1) mpumer BUI:

Al (u® v JA u° (), w (t)) Ax(t)dt —
. (16)
~ [AqM vy () v 1), p° () Ay(t)dt + 7 (au; Av).

Onenka HoOpMBbI Tpupamenusi Tpaekropun. 13 (7)-(8) scHo, uro
Ay(t) SIBIISETCS PELICHUEM UHTETPAIILHOIO YPaBHEHHUS

Ay(t)= j[g @ 3@@)- 9l y @ @)+ et )66 @) an

tl
N3 (17) mepexoast K HOpME M UCHOJIB3Ys ycioBuro Jlummmia Oyaem
HUMCETH

ay() <L, !”AY(T)” dr+ JHQ €.y (0)9())- ol y* (2)v° (z)) dz + s

+ Ly[Ax(t,)

rae L, L, — HEKOTOpBbIE MON0KUTENBHBIE TIOCTOSIHHBIE.
A u3 (6) umeem

||Ax(t)||s_t|'uf(t,s,x"(s),U( )— £ (t,s,x°(s)u(s )Mds+L J||Ax )ds, (19)

rac L3 — HCKOTOPOC MOJIOKUTCIBbHOC ITOCTOAHHOC.

N3 (18), (19) npumensiss nemmy oboOmmeHnyro ['ponyoinia-bemnmMana,
(cm. Hamp. [11]) momyuum
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Iy <L, o v* (@) 9@)- ole. v () v ()] d o+ Laxte)] . @0)

IAx(t) < L, ].H f(t,s,x°(s),u(s))- f (t,s,x”(s),u”(s)]‘ ds, (21)

rae L,, L, Ly — HEKOTOpBIE MOIOXKUTENIBbHBIE TOCTOSHHBIE.

CnenmnanbHoe npupanieHue JOMYCTHMOIO yNpaBjieHHs U Heo0Xo-
AUMOEe yCJI10BHe ONTHUMAJIBHOCTH. IlycTh O€ [to,tl) IIPOU3BOJIbHAS TOYKA HE-

IIPEPBIBHOCTU YIIPABIICHUS u”(t), Ue U mnpousBoJbHBIN BeKkTOp, a € >0 mpo-
U3BOJIBHOE JOCTATOYHO MAJIOE YUCIIO TaKoe, 4To 6+ € <t;.

CnenuanbHOE MPUPALICHUE JOIYCTUMOTO YIIPABICHUS (u" (t),ve(t ))
orpenenuM 1o ¢popmyie

_Ju-ue), telp0+e),
Auf(t)_{o, tet,,t,]\[6.6+¢), (22)

Av,(t)=0.
Yepes (AXS (t) Ay, (t) 0oGo3HaunM crienManBEHOE TIPHpAIIEHHE TPASKTOPHH

(X"(t), yo(t)), COOTBETCTBYIOIICE MPUPAIICHUIO (22) yIpaBICHUsI (u°(t),v°(t)).
C yuerom omenok (20), (21) u3 (16) Oyaem umeTh

AL (U )V (1) = 1Hu® @)+ Au, ) () - 1 ©)ve (1) =
= —T[H (t, % (1), u,p° (©) - H{t, x° (), u® (), w° @©)ldt + o(e).

[Ipumensist TeopeMy CpeHEM U3 MOCIEIHEr0 COOTHOLICHUS MOTY4YHM,

(23)

YTO BOJb ONTHMAIBHOTO YIPABICHUS (u °(t) vt ))

—e[H(6.x°(6).u.y(6))-H(g,x"(6) u” (6)y* (0))+ ole) 2 0.
Ortcroa B CHITY TIPOU3BOJIBHOCTH M IOCTATOYHOM MJIOCTH £ CIIETYET, 4TO
max H (6, x°(8),u,w°(9))=H (6, x°(8).u°(8).w°(8)). (24)

Tenepp crnenuanbHOE NPUPALICHUE JOIYCTUMOIO YIIPABICHHUS Olpe-
nenuM 1o gpopmyiie

Au,(t)=0,
_v=ve(t), tel6,6+u),
AV“(t)_{o, tet,t,]\[6,0+u), ()

rae Oe [t,,t,) npousBonbHAs TOUKA HEmpepbIBHOCTH yrpaBaeHus VO(t), veV
IPOU3BOJIBHBIN BEKTOp, a 4 >0 HmpoU3BOIBHOE, JOCTATOYHO MAJIOE YUCIIO Ta-
Koe, uTo O+ 1 <t,.
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UYepes (Axﬂ (t), Ay, (t)) 0003HAUYMM CITeUATIbLHOE TPUpAICHUE TPACKTO-

pun ( °t),y’ (t)) OTBEYArolIee NPUPAIIEHUIO (25) ynpaBiaeHus (u"(t),v" (t))
U3 onenok (20), (21) cnenyer, uro HAX j‘ HAyﬂ )” UMEIOT MOPSI0K

manoctu /. [Toaromy u3 popmyinel mpupamenus (16) momyyaem, 4ro

—u[M(6,y°(0).v, p°(8)-M (6, y* (0)v° (6), p° (6))|+ o) 2 0.

CrnengoBarenbHO
maxM(6,y°(6),v, p°(6))=M(6,y°(6).v*(6). p°(6)).  (26)

ChopmynupyeM OJTyICHHBIN pe3ysIbTarT.
Teopema 1. /[Ing ONTUMaNbHOCTH  JOINYCTUMOIO  YIIPaBJICHHUS

(uo(t),vo(t)) HE00X0AUMO, YTOOBI COOTHOIIEHUS (24), (26) BBINOIHAINCH IS
BCeX fe [to,tl), Oe [tl,tz), COOTBETCTBEHHO.

[Mpunnun makcumyma [loHTpsirmHA cHOpMyTHpPOBaHHBIN TeopeMoi |
SIBJISIETCS CAMBIM CHJIBHBIM HEOOXOJUMBIM yCIIOBHEM ONTUMAIHHOCTH MEPBOTO
nopsiika. M3 Hero mpu TONOJHUTENBHBIX MPEIIOIOKEHUAX MOXKHO MOITYYUTh
PS5 HOBBIX, OTHOCHTEIBHO IPOCTO MPOBEPSIEMbIX, HO 0ojee Cia0bIX YCIOBHMA
ONTUMAIBHOCTH.

[IpuBenem nBa U3 HUX.

Teopema 2. Ilycts B 3amade (1)-(5) maoxectBa U u V BBIIYKIBI, a

f(t, S, X,u) (g(t, y,v)) HEIpEPBIBHA 110 COBOKYITHOCTH IIEPEMEHHBIX BMECTE C

gactaevME nipoussoguevi 1o (x,u) ((y,v)). Torma mns ontumansHOCTH J10-

IyCTHMOI'O YIIPaBIICHUS (u”(t),v" (t)) B 3aj1aue (1)-(5) HeoOxoauMo, 4TOOHI cO-

max2H6X (00" " (6 ))u H(0x ) Oy ©) g (2
ueu au ou )
M EW ), My OO0 o)

BBIIOJIHSJIMCH [UI BCEX TOYEK HEIPEPBIBHOCTU € [to,tl), Ee [tl,tz) ympasiie-

mmii U°(t), v°(t), coorBeTcTBEHHO.

[Tapa HEOOXOIUMBIX YCIOBHI onTUMaabHOCTH (27), (28) ecTh aHayOr
JMHEapU30BaHHOI'O YCIOBUS MaKCUMyMa.

[IpuBenem ananor ypaBHeHuUs Diliiepa.

Teopema 3. ITycts MuO)ectBo U (V) otkphITOe, a f(t,s,x,u) (g(t,y,v))
HETIPEpbIBHA T10 COBOKYITHOCTH IEPEMEHHBIX BMECTE C YaCTHBIMH IIPOU3BOJI-
mpivE 1o (X,u) ((y,v)). Torma ans onTMMATBHOCTH JOMYCTHMOTO YIIPABJICHHS
(uo(t),vo(t)) B 3amaue (1)-(5) HeobXommmo, uToObI mms Bcex O€ [ty,t) u

e [tl,tz) BBIIOJIHSUIMCh COOTBETCTBEHHO COOTHOIICHUS
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DIFERENSIAL VO INTEQRAL TONLIKLOR KULLUSU iL® TOSVIR OLUNAN

OPTIMAL iDARDETMO MOSOLISINDO OPTIMALLIQ SORTLORI
K.B.MONSIMOV, A.A.9LOKBOROV
XULASO

Mogalods Volterra tipli inteqral vo diferensial tonliklor sistemilo tosvir olunan,

dayison strukturlu optimal idarsetma mosoalasine baxilir. Optimalliq tiglin maksimum prinsipi
va xattilogdirilmis maksimum prinsipi formasinda zoruri sortlor isbat olunmus, Eyler tonliyinin
analoqu alinmgdir.

Acgar sozlor: diferensial tonliklor, Volterra tipli inteqral tonliklor, optimalliq ii¢iin

zoruri sart, L.S. Pontryaginin maksimum sorti, artim tisulu.
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NECESSARY OPTIMALITY CONDITION ON THE ONE DISCRETE OPTIMAL
CONTROL PROBLEMS DESCRIBED UNIVERSE DIFFERENTIAL
AND INTEQRAL EQUATION

K.B. MANSIMOV, A A. ALAKBAROV
SUMMARY
In the paper considered the change control problems described the universe by sys-
tems of Volterra type integral and differential equations. Necessary optimality conditions on
the maximum principle and linearization maximum principle are obtained. Analog Euler equa-

tion is obtained.

Key words: differential equation, VVolterra type integral equations, necessary optimal-
ity condition, L.S. Pontryagins maximum condition, method of increment.
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Bu isda yumsaq(soft) modullarin bazi xassalari 0yranilir, daha sonra soft modullarin
tars sistemi tayin edilir va gostarilir ki, onun limiti bu kategoriyada mévcuddur va funk-
toriyaldir. Umumiyyatla, tars sistemlorin dagiq ardicilliginin limiti d>qiq deyil. Buna gora tors
limitin térama funktoru - |im® anlayist miiayyan edilir va nahayat, homoloji cabrdan istifada

edarak toramalarla daqiq olmayan ardicilligr daqiq ardicilliga tamamlayirig.

Acar sozlar: Soft modul, tars limit funktoru, zincir kompleksi, tars limitin téromasi

Bir ¢ox totbigi masalalorin hallinds klassik riyazi tisullar azliq edir. Ona
goro riyaziyyatda yeni, klassik olmayan nazariyyslorinin qurulmasina ehtiyac
hiss olunur. Ilk belo nozoriyys Liitfi-zado torofindon 1965-ci ildo geyri-solis
coxluglar nozariyyasi adlanan nazariyys qurulmusdu [17]. Daha sonra basqga
nozariyyalor: intuitiv geyri-salis ¢oxluglar, interval doyarli coxluglar, gaba
(Rought) coxluglar nazariyyslari qurulmusdur. 1999-cu ilds Molodtsov tarafin-
don boazi totbigi masalalorin aragdirilmasi iiglin yumsaq (soft) ¢oxluglar noze-
riyyasi verilmisdir [15]. Bu nozariyyanin inkisafinda Maji va s. alimlarin boyuk
tosiri olmusdu [13]. Aktas vo Cagman [2] soft qurup verarak, bazi xassalorini
Oyronmisdilor. Daha sonra soft halga, soft modul kateqoriyalar1 daxil edilmis,
bu kateqoriyalarda bazi aragdirmalar aparilmisdir [1-16]. Har bir yeni qurulmus
kateqoriyada onun cabri amollora géra gqapaliliq problemi an vacib masalalor-
don biridir. Tars vo duz limitlor bu cobri amallarls ifads olundugundan, tors
limitin varlig1 va onun xassalorinin mixtalif kateqoriyalarda arasdirilmasinda
bir ¢ox tadqiqatlar aparilmisdir [8, 9,10,11,12].

Bu isdo yumsaq (soft) modullarin bazi xassalori ¢yronilir, daha sonra
soft modullarin tors sistemi tayin edilir va gostarilir ki, onun limiti bu kateqori-
yada méveuddur va funktoriyaldir. Umumiyyatla, tors sistemlorin doqiq ardicil-

ligmmn limiti doqiq deyil. Buna goro tors limitin téroma funktoru - lim® anla-
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yisin1 miiayyan edilir vo nohayat, homoloji cobrdan istifado edarok téromalarlos
doqiq olmayan ardicillig1 doqiq ardicilliga tamamlayiriq.

OWValca biza lazim olan bazi molumatlari verok. U abstrakt bir coxluq, E
parametrlor coxlugu, P(U) U goxlugunun alt coxluglar ailasi vo A € E olsun

Toarif 2.1 [15] (F,A) cutl U Uzerinds soft ¢oxluq adlanir belo Ki,
F:A—- P(U)

Basqa sozlo desok U (izarindas soft coxlug U ¢oxlugunun parametrs bagl
alt coxluglar ailosidir.

Tarif 2.2 [13] U Uzarinds verilmis iki (F,A) va (G, B) soft ¢oxluqlar
ucitin (F, A) (G, B)-nin soft alt goxlugu adlanir, ogor asagidaki sortlor 6donarss

(1) AcBvs

(2) Vee A, F(¢e) ¢oxlugu G(e) ¢oxlugunun alt ¢oxlugudur. Bu olage
asagidaki kimi gosdarilir (F,A) € (G, B) .

U Uzoarinds verilmis iki (F, A) va (G, B) soft ¢oxluglari soft barabar
adlanir, belo ki, (F, A) (G, B) -nin soft alt coxlugudur, eyni zamanda (G, B)
(F, A) -nin soft alt ¢oxlugudur.

Tarif 2.3 [13] U Uzarinds verilmis iki (F,A) va (G, B) soft ¢oxluglarinin
kasigsmasi (H, C) soft coxluqudur, burada € = ANB vo VeeC,H(e) =
F(e)N G(e). Bu (F,A) N (G,B) = (H,C) soklinds 6donilir.

Tarif 2.4 [13] ©gar (F, A) va (G, B) soft ¢oxluglardirsa, onda (F, A) va
(G,B) (F,A) \(G,B) kimi isars edilir. (F,A) A(G,B) (H,AxB) kimi
musyyan edilir, burada H(a, 8) = F(a)N G(B) , V(e, f)e AXB.

Tarif 2.5 (F,A) va (G, B) iki soft ¢oxluglarinin birlasmasi (H,C) U
Uzarinds elo soft coxlugdur ki, € = AUB vo Vee C (gln

F(e), gre € A—B,
H(s) =< G(e), gre € B—A,
F(e) U G(¢), gre € AUB.
Bu omoliyyat (F,A) U (G,B) = (H,C) kimi ifado olunur.

M sol R —modul, A bos olmayan har hansi ¢oxluq vo (F,A) cuti M
Uzarinds soft coxluq olsun.

Torif 2.6 [16] (F, A) soft coxlugu yalniz vo yalniz o vaxt M Uzarinds soft
modul adlanir ki, biitiin x € A U¢iin F(x) <M .

Xassa 2.7 [16] Tutaq ki, (F,A) va (G,B) M uzoarinds iki soft modullar-
dir.

(1) (F,4) N (G,B) M iizarinda soft moduldur.

(2) (F,A) U (G, B) M iizorindo soft moduldur, ogor AN B = @.

Torif 2.8 [16] Tutaq ki, (F,A) va (G, B) M lzarinds iki soft modullardir.
Onda (F,A) + (G,B) (H, A x B) kimi mioyyan edilir, burada butin (x,y) €
A x B cutlor Gglin H(x,y) = F(x) X G(y) 0danir.

Toklif 2.9 [16] Tutaq ki, (F,A) va (G,B) M Uzarinds iki soft modul-
lardir.
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Onda (F, A) + (G, B) comi da M (izarinda soft moduldur.

Tarif 2.10 [16] (F,A) va (G, B) uygun olaraq M va N (zorinds iki soft
modul olsun. Onda (F,A) X (G,B) = (H,A X B) bitin (x,y) € A X B citu
Ucin H(x,y) = F(x) x G(y) kimi toyin edilir.

Xassa 2.11 [16] (F,A) va (G, B) uygun olarag M va N (izarinds iki soft
modul iss F(x) X G(y) M x N (zarinda soft moduldur.

Torif 2.12 [16] (F,A) va (G,B) uygun olaraq M vo N Uzarinds iki soft
modul, f: M - N, g : A — B iki funksiya olsun. (f, g) ciitii asagidaki sort-
lori 8darsa soft homomorfizm adlanir:

(1) f: M — N modullarin homomorfizmidir;

(2) g: A - B coxluglarin inikasidir.

(3) f(F()=6(g(x), VxeA.

§1. Soft modullar kateqoriyasinda tars sistemin limiti

SMod ils soft modullar kateqoriyasini gostorok. Bu kateqoriyada hasil
Vo toplama amoaliyyatlar1 daxil edak.

{(F,,A)}., ailesi {M,},., modullar ailssi lizorinds soft modullar ailasi
olsun. A=TTA Vo M =M, ¢oxlugunu vo modulunu qurag. F:A— P(M)

iel iel
inikasim Va={a }e A (cln F(a)=]]F(a) disturu ilo verok. Hor a;e A
icl

uctin F(a;) M, modulunun alt modulu oldugundan (F(a) modulu M -nin alt
moduludur. Belaliklo, (F,A) M Uzarinds bir soft moduludur. Bu soft modulu

[TF.A) soklinda gostarak va {(F;, A)}., ailesinin hasili adin1 verak.
iel

ogar g TIA-A b M > M, proyeksiya inikaslar1 iso, onda
(pi,»9;,) :I_I(Fi ,A)—(F ,A,) soft modullarin soft homomorfizmidir.
iel

Indi {(f;,09,):(F,A)— (K,,B,)}., soft modullar ailssinin soft homo-

morfizmlari iso
(H fi'Hgi):H(Fi'Ai) _>H(Ki’ B)

soft modullarin soft homomorfizmidir va
(F,,A)
H(F“A*)w.?%o)w_ "
[T e)d o
H(Ki'Bi) _>(Ki°]Bi°)

(piy i)
diaqgram1 kommutativdir.

Toaklif 1. Hasil omaliyyt1 soft modullar kateqoriyasinda bir funktordur.
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Yenoa {(F,A)}., soft modullar ailasi vo hor bir A parametrlor ¢oxlu-
gunda a, nogtesi geyd olunsun, elo ki, F(a )=0-dir. A=[JA, M =@M,

iel il
alagvo F: A — P(M) inikasim F(a)=®F(a) soklinds verak Va={a,}e A
uctin. Onda (F,A) citi M modulu uzarinds soft moduldur. Bu soft modulu
@I(Fi, A) soklinds gostarok vo {(F,, A)} ailssinin dliz comi adin1 verak.
¢, A, > [[A inikasm ¢,(a;)={a} soklindo verok, burada ogor
iel
i#]isoa=a ,i=]ise g =a;-dir. f;:M; —®M, daxil etms inikas1 ol-
sun, onda (¢;, fj):(Fj,Aj)%_Qr)l(Fi,A) soft modullarin soft homomorfiz-
midir.
ogor {(f,,9,):(F,A)— (K,,B,)}., soft modullar ailssinin soft homo-
morfizmlor ailosi iso

(@ 1o } ®(F,A) > B(K,.B)

soft modullarin soft homomorfizmidir va
(F,A) - ©(F,A)

(f.a)d \ (G') fi’Hgi)
(K;;B;)) —» &(K;,B)
diaqgram1 kommutativdir.
Taklif 2. Soft modullar kateqoriyasinda diiz com omoaliyyati bir funktor-
dur.
| istigamotlonmis ¢coxluq olsun, bu ¢oxluga bir kateqoriya kimi baxagq.
Tarif 1. Hor D:1°° — SMod (D: 1 — SMod) funktoruna SMod kateqo-

riyasinda tors (duz) sistem deyilir.
Tarifo gora har tors sistemi

R, Ak {( piiri qii,) (FA) = (R AN 1)
soklinds yaza bilarik, elo ki asagidak: sartlor 6danir:
)i=i tein (p;,ay) :1(5,;\);
2) i<i’<i” tgin (p;’,a)=(py, o) (pi,qf)-
Teorem 1. (1) soklinds olan har tars sistemin limiti var va yeganadir.
Isbati. (1) tors sisteminin torifindon aliriq ki,

A} {0 }a) (2)
coxluglarin tors sistemidir vo
CLYI R ) 3)
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modullarin tors sistemidir.
Bu tors sistemloarin limitlori a=jimp, M =limm, P olsun. FiA%P[HMi]

inikasim toyin edok. Va={a}e A Ucin q'(a,)=a sorti odonir vo

(p",a"):(F,, A) = (F,, A) soft modullarin homomorfizmi oldugundan
pii,(Fi’(ai )) = Fi (, qii/(ai')) = Fi (ai) -dir.

Onda

(G SHCIRNELIC Y
alt modullarm tars sistemi olur, bu sistemin limitini limF, (a,) ilo gostarok.

indi . A%P(HMi) inikasini F(a) = limF(a,) dusturu ilo verak.
Beloliklo, (F,A) cuti M Gzorinds bir soft moduldur. (F, A) citinin (1) tors
sisteminin limiti oldugunu isbatlayaq. (H,B) cutd N modulu (izarinds ixtiyari
soft modul va {(h;,¢,):(H,B) = (F, A)}., asagidaki sorti 6dayan soft homo-
morfizmlar ailasi olsun:
(pii/’ qii/) (v, p)=(h, @) Vi<i’
(v,7):(H,B) > (F,A) soft homomorfizmini verak. ¥:B — A inikasin
y(b) ={e. (b)}, w:N — M homomorfizmini iss w(x)={h(x)} disturlan ilo
toyin edok. Gostars bilarik Ki,
(7;,q;) - lim(F;, Ai) — (F;, A)(q; - limA — A, 7, :limM; — M;)
soft homomorfizmlari Gglin
(H,B)—22-(F, A)

.
(F,A) /(vfriqo
diagrami kommutativdir.
Indi
(K, By A ) (4)
soft modullarin tars sistemi, ¢:J — | izoton inikas va(f;,g;):(F,;,A,;) =
(K;,B;) soft modullarin homomorfizmi olsun.
Torif 2. Ogor har j< j Ggln
(Fotiys Aiiy) = Ky, By)
J \2

(Fociys Avy) = (K}, B))

4
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diagrami1 kommutativdirss (¢,{f;,9;)}
morfizmi deyilir.

SMod kateqoriyasinda tors sistemlor vo onlarin morfizmlori kategoriya
toskil edirlor, bunu Jnv(SMod) ils gostorak.

(0.{f;,9;)},) tors sistemlorin morfizmi olsun. Tarifdon
[TAGw = TIM,
\2 l
[18 - IIN
diaqram1 kommutativdir. Burdan aliriq ki,

limA, ;) — limM,;,

\J \J

limB; — limN;

ies) ailasina (1) sistemindan (4) gedan

diagram1 kommutativdir. Belalikls,
(limf;, limg;) : !Ln(F(p(j): A¢(j)) — !i_nKKj’ Bj)

soft modullarin homomorfizmidir. Bununla asagidaki teorem isbatlanmis olar.

Teorem 2. ({F,A)}k.,. {( pii,! Qii’)i<i’) —lim(F,, A) qarst golmasi
Jnv(SMod) kateqoriyasindan SMod kateqoriyasina gedon funktordur.

Toars limit funktoru daqiq ardicilliginin doqiqliyini saxlamadigini bilirik.
Bu mosaloni SMod kateqoriyasinda arasdiraq.

2. Tors limit funktorun toramasi

Bundan sonra butin soft modullarda parametrlor ¢oxlugunun eyni
oldugunu qabul edok, onda soft modullarin tars sistemi

{(F A AP L) (R A) = (R, A)YL)
soklinds olacag. Hor ae A (gln
{(F@} ’{pii, ‘F(@) - F@hs)
modullarin tors sistemi olacaq va
(lim(F, A))(a) = limF; (a)
Odanir.
indi d:[JM; = M, homomorfizmini

d({ x3) ={x - p:(X|)}
soklindo toyin edok. Aydindir ki, Vae A gln
d(a) =d|np<a) :TIF(a) > TIF(a)

uygun modullarin homomorfizmidir. Onda kerd(a) vo cokerd(a) modullari-
nt vera bilorik. Aydindir ki, kerd(a)=limF, (a)-dir. Hor ae A ugln
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cokerd(a) ilo verilon modula I_IMi modulu tzarinda bir soft modul olaraq

gebul edilo bilor. Bu soft modulu lim® (F;, A) kimi géstorok vo bu soft modula
tors limit funktorunun birinci téromos funktoru adin1 verak.
Belolikla, lim(F;, A) =kerd, lim“(F, A)=cokerd boraborliyi alinr.

Taklif 3. !i_m(l) soft modullarin tors sistemlor kateqiriyasindan soft mo-
i

dullar kateqoriyasina gedan bir funktordur.
Asagidaki kozincir kompleksina baxaq

C=0-]](F,.A——(F,, A)—>0.
Aydmdir ki, bu kozincir kompleksinin H°(C) kohomoloji soft modulu
lim(F,,A)=kerd, H'(C) iss lim"(F,, A)=cokerd barabardir.

Taklif 4. lim(F,, A)=H°(C), lim® (F,, A) = H*(C) -dir.

!i_m(l) funktorunun bazi xassolorini aragdiraq. | istigamatlonmis ¢oxluq
olarag N natural adadlor ¢coxlugunu alaqg, onda tars sistem
soklindos olacag.

p P
Teorem 3. (F, A)«(F,, A)«... soft modullarin tors sistemido har bir

sonsuz alt sistemi Gigiin lim® funktoru doyismir.
Isbati. S={i, j,k,.} coxlugu N natural ododlor coxlugunun sonsuz

alt coxlugu olsun. Toklif 5-don soft modullarin alt sistemindo !i_ms(l) asagidaki
d:J](R.A ->]](F.A
seS seS

soft homomorfizmi ils toyin olunur. Modullarin

fo, f:[IM. = M,
seS

neN

Homomorfizmlorini
fO(Xi'Xj’Xk!"') = (pli(xi)’ piz(Xi),..., pii—l(xi)! pij+1(xj)!"'1 pjj—l(xj)!"')l
£, (X, X %r) = (0,0, (%),0,..., X;,0,..., X,,0....)

diisturlari ilo verak. Asanligla yoxlaya bilorik ki,
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1M, 5 M,

seS neN

ld>  1d
IIm, - [IMm,

seS f; neN

diagram1  kommutativdir. Beloliklo  f,, f, homomorfizmlori C’=0—
H(FS,A)LH(FS,A)_)() C’ soft modullarin kozincir kompleksindon C
seS seS

kozincir kompleksina gedon homomorfizmlardir.

Indi iso
gOigl:HMn %HMS
neN seS
Homomorfizmlari
Jo (Xp, Xg0ee) = (X5 X, X yen0)
0: (X X0 Xgr) = (6 + P (Xyg) +o+ DI (X L),

X; + PI (X 0) + ot P (X))
soklindo verak. Onda yens yoxlaya bilasrik ki, g,,9, homomorfizmlori C ko-
zincir kompleksinin C” kompleksina gedon homomorfizmlordir vo

Joo fo=0,0f, :151;15(F5,A)

barabarliyi 6danir.

D:[IM, = ]]M,

neN neN

homomorfizmini
D(Xl’ sz---) = (Xl + plz(XZ) +..t pli_l(xi—l)’ X, + pS(X3)+...+ p;_l(xi—l)""’
X200, X PLT (Xi2) ot Pl (%) Xig +oeet P (X14).0,.0)
disturu ilo toyin edok. Hesablamalar gosterir ki, D homomorfizmi f,og, vo
f, o g, homomorfizmlori arasinda kozincir homotopiyadir. Onda

0->JJF.A -] . A—O

neN neN

0->J[(R.A-]](R.A—0

seS
soft modullarin kozincir kompleksloari kozincir homotopik ekvivalentdirlor va

demoali, onlarin kohomoloji modullar1 barabardirlor. Nozars alsaq ki, !i_m(l)

funktoru birinci kohomoloji moduluna barabardir, teorem isbatlanir.
Teorem 4. Ogor

P p3
(F,A)«(F,, A) ...
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SMod tors sisteminda p** homomorfizmlori epimorfizmlar iss lim”(F,,A)=0-
dir.
isbati. lim®(F., A) funktoru

d:JI(F.A-=T]F.A

homomorfizmi ilo toyin olunur. p/™ homomorfizmlori epimorfizmlor
oldugundan d homomorfizmi do epimorfizmdir. Onda
lim“(F,, A) = cokerd

oldugundan !i_m(l) (F,,A)=0-dir.

Teorem 5. .
l l l
0—(F,A) —(F,A) —(F,A)—0
l l l

0> (F A - (F,A—>(FA)—0
soft modullarin tors sistemlorinin qisa doqiq ardicilligi olsun. Onda soft mo-

dullarin
0 - !i_n-KFn’! A) — !i_ma:ni A) - !iﬂ(Fn”' A) -

\! 1 \J
— lim® (F;, A) = lim“ (F,, A) — lim” (F,", A) > 0
ardicilligr dagiqdir.
Isbati. Soft modullarin hor bir {(F,, A)},_, tors sistemi iciin

C=0->J](F,.A—=J](F,. A -0
neN neN
soft modullarin kozincir kompleksidir vo

H®(C) = lim(F,, A), H'(C)=1im" (F,, A) (6)
barabarliyi 6danir. Eyni sokilds {(F., A)}, va {(F., A)} tors sistemlori tiglin

C'=0->J](F, A—>T](F.A -0,

neN neN

C’'=0->J[(F.A—>]](F.A -0

neN neN
kozincir komplekslarinin kohomoloji modullari
H®(C") =lim(F,, A), H*(C) =1lim® (F/, A) (7)
H®(C") =lim(F,, A), H(C") =1lim" (F,", A) 8)
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soklindadir. Teoremin sortino gora

0-C'>C—>C">0

soft modullarin kozincir komplekslorinin qisa doqiq ardicilligidir. Bu ardicilli-
gin kohomoloji modullarinin

0—->H%°C)—>H’C)—>H’(C") > HYC)—>H'C)—
H'(C") - H*(C) > H?*(C) > H?*(C") —...

doaqiq ardicilligr alinir. (6),(7),(8) barabarliklorini nazars alsaq

H3(C)=H?*(C)=H?(C")=H*(C)=..=0
0 lim(F;, A) — lim(F,, A) - lim(F;, A) -

lim® (F;, A) - lim® (F,, A) - lim® (F, A) - 0

doaqiq ardicilligr alds olunur.

N

10.
11.
12.
13.
14.
15.
16.

17.
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IPOU3BOJIHBIIA ®YHKTOP OBPATHOI'O ITPEJIEJIA
B KATETOPUM CO®T MOJYJER

C.2.AB/1YJJIAEB, C.A. BAIPAMOB
PE3IOME

B sroif pabote mccuemyercss BOIPOC CYIIECTBOBAHUS Tperesia 0OpaTHON CHCTEMBI B
KaTeropuu co(T MOIYJICH, JOKa3bIBACTCS CYHIECTBOBAaHHWE M (DYHKTOPHAILHOCTH OOpaTHOTO
npezena. Jlanee paccmarpuBaeTcst MpodIeMa O TOYHOCTH MPEAETIOB OOPATHBIX CUCTEM TOYHBIX
MIOCJIEI0BATENILHOCTEH, B CBA3H C YEM BBOIMTCS POU3BOAHBIN (hyHKTOp 0OpaTHOTO Mpexena.

KawueBble cioBa: codht Moayiu, GYHKTOp 0OpaTHOrO Mpejena, EHHbIC KOMIUICKCHI,
MPOU3BOHBIN (PYHKTOP 0OpaTHOTO Mpesena.

DERIVATIVE FUNCTOR OF INVERSE LIMIT
IN THE CATEGORY OF SOFT MODULES

S.E.ABDULLAYEV, S A BAYRAMOV
SUMMARY

The paper studies the basic concepts of soft module. Later, we introduce the inverse
system in the category of soft modules and prove that its limit exists in this category.
Generally, the limit of the inverse system of exact sequences of soft modules is not exact.
Then, we define the notion Ii_m(“ which is the first derived functor of the inverse limit functor.
Finally, using methods of homology algebra, we prove that the inverse system limit of the
exact sequence of soft modules is exact.

Key words: Soft modules, functor of inverse limit, chain complex, derivate functor of
inverse limit.

Redaksiyaya daxil oldu: 05.01.2018-ci il
Capa imzalandi: 09.04.2018-ci il
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EXACT SOLUTIONS OF THE PROBLEM OF NON-STATIONARY
MOTIONS OF VISCOUS PLASTIC MEDIA

E.A.GASYMOV
Baku State University
gasymov-elmagha@ rambler.ru

In the present paper, applying the finite integral transformation method [2] we get exact
expressions for solving the boundary value problem for a parabolic type equation with the
desired moving boundary, described by the process of one-dimensional non stationary rec-
tilinear motion of a viscous-plastic incompressible medium.

Keyword: exact solutions, moving boundary, finite integral transformations

In [1] it is established that one-dimensional nonstationary rectilinear
motion of a viscous-plastic incompressible medium may be formulated in the
form of a boundary value problem of parabolic type and with a desired moving
boundary.

After substitution y(x,t) :v3(x,t)+%x, where v,,v,h from [1, p. 86],

with respect to u(x,t) , we get the following boundary value problem with the

desired moving boundary:
Find the solution y =u(x,t) of the equation

2
a—u:aza—l;, 0<X<oo,t>0, 1)

ot oX

Satisfying the initial condition

u(x,t)|_, =0,0< x<ee, (2)

and the boundary conditions
u(x,t) _, =H, (3)
ux b, o =A (4)

where a’=n/p,n is viscosity, p is density, H(0<H <) and A are the given
numbers, X = X, (t) is the desired law of changing the size of the nucleus, u(x,t)
is the velocity of the rectilinear motion of flow in the direction of the axis Z.
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Following [1], the desired law of changing the size of the nucleus x = X,(t) is
given in the form

X () = Bylt, (5)
where /A is some constant coefficient to be determined.

Applying the finite integral transformation method [2] to [3], [4], we prove the
following
Theorem 1. For a>0, 0<A<H <o the boundary value problem

(1)-(5) with a desired moving boundary has a unique solution u=u(x,t),
represented by the exact formula

H 7 y’
UX,t)=—— | exp| ——— fy,0<x<eo, t>0, 6
=77 | p[ 4az}y 6)
where the desired number £ is uniquely determined from the functional equation
A
=~ 7
o(B)="1 ™
the function ¢(f3) is represented by the formula
o(B) = [exp(-y*)dy. (®)
Bi(2a)

For proving the theorem, it suffices to note that the function ¢(f) determined
by the formula (8), on the semi-axis [0,) is positive, continuous and strongly

decreasing, and the values of this function decrease from V712 to“0”.
Further, in view of restraints of the theorem we have

0< AT < ﬁ
2H 2

Therefore, equation (7) has a unique solution, and the a mount of the
solutions of problem (1)-(5) is not more than one. In the sequel, by direct
verification it is easy to see that the functionu(x,t), determined by the formula
(6) is the solution of the problem (1)-(5). The theorem is proved. It holds

Theorem 2. For a>0,0<H < A, or 0<H, A<O0 the boundary value
problem (1)-(5) with a desired moving boundary has no solution.

For proving the theorem it suffices to note that in the case O<H < A

we have
Mz Iz
2H 2’
while in the case 0 < H, A<0 we have
Az _
2H

36



Consequently, under the constraints of the theorem, the functional
equation (7) on the semi-axis [0,e0) has no solution. Hence it follows the
validity of the theorem.

Remark. Theorem 2 fully corresponds to the physical meaning of the
problem described by the process of one — dimensional non-stationary rectili-

near motion of a viscous — plastic incompressible medium with moving
boundaries.
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OZUL-ELASTIK MUHITIN QEYRI-STASIOANR HOROKOTI
MOSOLOSININ DOQIQ HOLLI

E.A.QASIMOV
XULASO
Bu mogalads, sonlu inteqral g¢evirmo metodunun [2] totbigi ila, miayyan parabolik
tonliklar tictin doayigon sarhadli masalonin hallinin dagiq ifadasi alinir.
Baxilan sorhad masalasi sixilmayan 6zil-plastik mihitin birdl¢ili geyri-stasionar Xatti
harakatini xarakterizs edir.

Acar sozlar: dogiq hall, doyison sarhad, sonlu integral ¢evirmo.

TOYHBIE PEHIEHUA 3AJIAYN HECTAIIMOHAPHBIX JIBUKEHUN
BA3KO-IIVIACTUYHBIX CPE[]

9. A.'ACBIMOB
PE3IOME
B macrosmieir pabote, mpuHUMAash METOJl KOHCYHOTO WHTEIPaIbHOTO MpeoOpa3oBaHHUS
[2], mony4aeTcss TO4YHBbIE BBIpAXKEHHs PELICHUS KPAeBOM 3aqaudl Ui ypaBHEHUs apabou-
YECKOr0 THIA C MCKOMOU IOJBMIKHON TpaHUIEH, OMHMCHIBAEMBIM IPOIECCAaM OJHOMEPHOTO

HECTAIITMOHAPHOT'O HpﬂMOJ’IHHeﬁHOFO JIBHOKSHHS BSI3KO-TIJIACTUYHONW HECKHMAEMOU Cp€anl.

KiioueBble cj10Ba: TOYHBIC PEIICHUS, ITOJBIKHAS TPAaHUIA, KOHEYHbIC HHTETPAIbHbIC
nmpeoOpa3oBaHus.

Ilocmynuna 6 peoaxyuio: 08.01.2018 e.
Hoonucano xk newamu: 09.04.2018 .
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BA3UCHBIE CBOMCTBA B L, CACTEM COBCTBEHHBIX

®YHKIHAN OJTHOM KPAEBOM 3AJIAYM CO CHEKTPAJILHBIM
IMAPAMETPOM JIMHEIHO BXOJIAIIIAM
B TPAHUYHBIE YCJIOBUS

®.M.HAMA30B
bakunckuii I'ocyoapcmeennulit Ynueepcumem
faig-namazov@mail.ru

B pabome paccmampusaemces 3adaua Ha cobcmeeHHble 3HAYEHUsL 051 0ObIKHOBEHHO20
ouppepenyuanpiozo onepamopa 4emeepmoz0 NOpsOKA CO CREKMPAIbHbIM NAPAMEMPOM 8
epanuynblx ycrnosusx. Hzyuaiomess 6asuchvlie c60UCmea cucmemvl COOCMEEHHbIX (HYHKYULL
9MO20 ONEPAMOPA 6 NPOCMPAHCMEE || 1< p < oo,

KiroueBble cioBa: nuddepeHIraibHbIil OnepaTop YeTBEPTOro MOPsIKa, 3a/ava Ha
COOCTBEHHBIE 3HaUEHUS, COOCTBEHHAS! QYHKINS, CTPYKTYpa COOCTBEHHBIX ITOATIPOCTPAHCTB

PaccmoTtpum crienyroniyio 3ajauy Ha COOCTBEHHbIE 3HAUEHUS

y @)= @)y’ () = Ay(x), 0<x<1, 1)
y'(0)=y"(1) =0, ()

Ty (0)-(a4+hb)y(0) =0, (3)
Ty@®)-(cA+d)y@) =0, (4)

rae A—cnextpansHbii mapamerp, Ty =Y”(x)-q(x)y'(x), ge ACIO, 1], q(x) >0,
xe[0,1], a,b,c,d -neiicrBurensusie nocrosnusie Takue, uro a>0, <0, b,deR.
3anaga (1)-(4) onuckiBaeT cBOOOJHBIC M3TUOHBIC KOJICOAHUS OJHOPO/I-
HOTO CTEPXKHSI C TIOCTOSIHHOW JKECTKOCTBIO, B CEUCHHSIX KOTOPOTO JCHUCTBYET
MPOJI0oNbHAS CHIa, 00a KOHIIA 3aKPEeIUJICHBl YIIPYTro W Ha 3TUX KOHIAX JEHCT-
BYIOT CJIESIIME CHIIBI (CM. Hamp., [1]).
Basucueie coiictBa B mpoctpanctBe L,, 1< p<eo, cucrembl kopHe-

BBIX (DYHKIUI CHEKTPaibHBIX 33134 JUI1 OOBIKHOBEHHBIX AU depeHnanbHbIX
YPaBHEHMI 4YETBEPTOro MOpsAKAa CO CHEKTPAJIbHBIM HapaMEeTpOM JIMHEHHO
BXOJISIIIMM B TPAaHUYHOE yCJIOBHE M3y4YeHBI B paboTax [2, 3], a co cneKkTpab-
HbIM T1apaMeTpPOM JIMHEMHO BXOJAIIMM B TIPAaHUYHBIE YCIOBUS (3alaHHBIE
JIMIIb B OJHOM TOYKE) u3y4eHa B [4].
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OTMeTuM, 4YTO 3HAaKWM MapamMeTpoB A U C WrpaloT CYHUIECTBEHHYIO
pone. B ciywae a, >0, a, <0 3amaua (1)-(4) peanmusyercst Kak CHEKTpanbHas
3aJada IS CaMOCOIPSDKEHHOTO oIeparopa B TWIHOEPTOBOM MPOCTPAHCTBE
L, ®C?, B ciysae a>0, ¢ >03anauy (1)-(4) MOXHO MHTEpPHPETHPOBATH KaK
CHEKTPANbHYIO 3aJady JUIs CaMOCOIPSDKEHHOTO OIepaTopa B MPOCTPAHCTBE
Hourpsiruna I, = L, ®C2.

B nactosimeit pabore u3y4aroTcs 0a3ucHbIE CBOMCTBA B NMPOCTPAHCTBE
Lp(O, 1), 1< p <o, mozcucTeM cobeTBeHHbIX PyHKIWMiT 3axaun (1)-(4)

CriextpanbpHast 3a1a4a (1)-(4) cBomuTCS K 3a7aue Ha COOCTBEHHBIC 3HAYC-
HUSL JUIS JIMHEHHOTO oreparopa L B rumsGeproBom mpoctpanctse H = L,(0,1)@C°
CO CKaJIAPHBIM MPOU3BEICHUEM

(9.9) = €y (), m, i} {B(x), 5,t}) = jy(x)ﬁdﬂ a“ms—cnf,

rjae onepaTop L ompenenseTcs CienyomuM 00pa3oMm:
Ly = L{y,m,n}={ (Ty(x))", Ty (0) —by (0), Ty (1) - dy (1),
D(L) ={{y,m.n}e H:yeW,'(0,2), (Ty(x))’e L,(0,1),
y'(0)=y"(®)=0,m=ay(0), n=cy()},
OueBuaHO, uto omeparop L ompenenen B H koppektHo. 3amaua (1)-(4) amek-
BaTHA 3aj1aue
Ly =4y, ye D(L),
T.e. cobcTBennble 3HaveHus A, ke N, samaum (1)-(4) u omeparopa L cos-
MaJal0T BMECTE C MX KPATHOCTSIMH, a MEXKAY KOPHEBBIMU (DYHKIIMSIMA UMEETCS
B3aMMHO OJTHO3HAYHOE COOTBETCTBHE
Y () <Ly (), m,n}, m =ay(0), n =cy, (1), keN.
3anava (1)-(4) sBiaseTcss yCUIEHHO PETYISIPHOM B cMbIcie [5]; B yacT-

HOCTH, OHa UMEET AUCKpEeTHbIN crekTp. Oneparop L ABiaseTca caMoconpsikeH-
HBIM TUCKPETHBIM IOJyOrpaHMYEHHBIM CHHU3Y omnepaTopoM B H u, 3HauuT, 00-

JTamaeT cucTeMol coOcTBeHHBIX BekTopoB {Y, (X),m,,n }, ke N, xoropas 06-

pasyeT opToroHaabHbIN 6a3uc B H.
BBenem rpaHudHOE yciaoBUe
y(®)coss+Ty(@)sind=0, de[0,7/2]. (5)
Hapsiny ¢ kpaeBo#t 3amayeii (1)-(4) paccmoTpum KpaeByto 3amady (1)-
(3), (5). Dra 3amaua B Gosee 0OIICH MOCTAaHOBKE KMCCieq0oBana B padore [2]. B
cuy Teopembl 2.2 u3 [2], cobctBeHHbIe 3HaYeHus 3a1aun (1)-(3), (5) saBiusroT-
Csl BELIECTBEHHBIMHU, MPOCTHIMU M 00pa3yiOT HEOIPAaHUYEHHO BO3PACTAIOIIYIO

nocienosarensHocth {4, (d)},, Takyt, uro A4, (0)>0,k=2; 4,(5)>0 mpu

b<0. Coberennas dyuxumsa Y'” (X), coorsercTByromas cobCTBeHHOMY
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suauenuio A, (0), npu k >2 umeer B k—lmpocteix myneii B (0, 1); cober-
Bennas ¢ynkmus Y% (x) me nmeer mymneit B (0,1) mpu b <0, uncno mymeit
y{?(x) MoxkeT GBITH MPOM3BOMBHOI TIpu b > 0.

N3 nokazarenbcTBa TEOPEMBI 2.2 TAKXKE CIEAYET, UTO

A2 < 4(0) < (7)) < H(0) < (7D < AO)< ... . ()

Crietyst pacCyXICHUSIM, MIPOBEIACHHBIM MPU JOKA3aTEILCTBE TEOPEMBI
3.1 u3 [4] yOexxmaemcsi, 4To mpH KaxaoM pukcupoBaHHOM A€ C CyIliecTByeTr
€IMHCTBEHHOE C TOYHOCTBHIO MOCTOSHHOIO MHOXKUTENS HETPUBHAIBLHOE pelle-
aue Y (X, A) 3amaun (1)-(3). dna xaxmoro ¢puxcuposansoro Xe€ [0,1] pynxuus
Y (X,A) aBngercsa nenoi Gpynkumeii ot A.

Co6crennbie 3uauenus A4, (0) u A, (7/2), ke N, zanaun (1)-(3), (5)

npu 6 =0u & =7/2 sensrorcs mymamu uensix pysxummii Y (L, A)u Ty (1, A)
cooTBeTcTBeHHO. 3amernM, uro ¢yukuust F(4)=T(1, 1)/y (@ 1) onpenenena

s snasenmii Ae K = (C\R) U(O (4.(0), 2. (0)) ) re 4y (0) = — eo.

Jemma 1. Huerom mecma coomunouienusi.

dF(D) !y (x,A)dx+ay“(0, 1)
di y2(L, 1)
im F(A) = — . (8)

I
A——co
Hoka3areanbcTBo. B cuny (1) umeem
Ty (X, )’y (%, A) = Ty (X, D)y (X, 1) = (=) Yy(x, 1)y (X, 4), u,A€C. (9)
Wurerpupys paBenctso (9) B npenenax ot 0 g0 |, ucrons3ys hopmyay uHTET-
PUPOBAHUSA MO YACTSAM M YYUTHIBAs yCioBus (2), (3) momyuyum

YOAOTYQL ) -yQLu)Ty(@LA) =

, e K, (7)

. 10
(u—@{Jy(x,u)y(x,z)dx+ay(o,u)y(o,ﬂ)} 0
B cuny (10) mpu i, A€ K (1 # A) umeem
VEA TYED [y vix A 0.10)y (0,4
L) y(1,ﬁ):;[y(xﬂ)y(x Ydx+ay (0, 1)y ( ). .

pu—=A y@L )y A)
JHenennem obeunx vacreit (11) Ha 4 — A W TOCHEQYIONIMM MPENEITbHBIM Iepe-
xofoM npu i —> A nomyuum (7).
B ypaBuenmn (1) momoxum A= p*. B cuny teopems 1 u3 [6, 58] u
TpaHUYHBIX ycinoBui (2), (3) umeem
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y (x,2) =sin px+e”"Vsin p+0(1/p),
OTKyZa CIENYET, YTO
F(4) = p*((cos p —sin p)/2sin p) (1+ O (1/ p). (12)
W3 (12) moay4unMm CIeAyIonyi0 aCHMITOTUYECKYIO (GOPMYITy
F(D)=-@/V2)§i 2F a+ol/4i2])

CnepnoBarenbHo, lim F(A) = — . JleMMa goka3ana.
A——c0

Ouesnano, uto Hymu ¢ynkuuu Y (X, A), pacnonokeHHble B MHTEpBAJE
(0,1), sBusmorcs mpocTeIMH ¥ HempepsBHO AuMOEPEHIHPYEMbIME DYHK-

nusmu aprymenta A. Ipu mmenenuu A >0 (4 <0) ¢pynkous Y (X, A) Tomsko
TOTJIa MOXET MOTEPATh HYJIM WU MPHOOPECTH HOBBIC, €CIIM OHH BOWIYT
BHYTPh MHTEpBAJa WIIM BBIMIET OTTyzaa depe3 KpaeByro Touky X=1 (x=0).
Yucno myneit dyrxumn Y (X, 4), pacnonoxennsix B (0, 1], mpu Bospacranuu
A >0 Hue yosiBaer [4]. Toraa, u3 [2, Teopema 2.2 | HEMOCPEACTBEHHO CICAYET
CIIeIYIOIIee YTBEPXKICHHE.

Jlemma 2. ITycmo A>0. Eciu A€ (4,,(0), 4 (0)],ke N, mo ¢yuryus
Y (X,A) umeem K —1 uyneii ¢ unmepsane (0, 1).

3ameuanne 1. Ecim A sBnsercsa coGcTBeHHBIM 3HaueHneM 3aqaun (1)-
(4), To B cury Teopembl 2.3 w3 [2] u coorHomieHue (6) uMeeM
y(0,4)y(@,4)#0.

Hmeet MecTo cieyromas OCHHUIIMOHHAs TeopeMa.

Teopema 1. Coocmeennvie snauenus cnekmpanvrol 3aoayqu (1)-(4) se-
JISIIOMCSL 8EUyeCMBEHHBIMU, NPOCMBIMU U 00pA3YIOM HEOZPAHUYEHHO B03PAC-

Mmanwyro nociedo8ameibHOCHb {ﬂk}::l, npuuem A, >0 npu k >3. Cobcm-

gennas @yuxyusa Y, (X), coomeemcmeyowas co6CmMEeHHOMY 3HAYEHUIO ﬂk,

npu K > 3umeem 6 mounocmu k —1 npocmoix nyneii 6 unmepeane (0, 1).

Jloka3aTeabcTBO. OUeBUIHO, YTO COOCTBEHHBIMH 3HAUYEHUSAMHU (C yue-
TOM KpaTHOCTH) 3aaauu (1)-(4), sSBISIOTCS KOPHHU YpaBHEHUS

Ty(@LA)—(cA+d) y(L 4)=0. (13)

Eciu A HeBewiecTBeHHOE coOCTBeHHOE 3HaueHue 3aqaun (1)-(4), o A
TaKke OyJeT COOCTBEHHBIM 3HAUYEHUEM ATOH 3a71a4M, TaK Kak KO3 HUIIMESHTHI
q(x),a,b,c,d
SBISTIOTCS BenecTBeHHbIMA. [Ipr aToM Y (X, A1) =y (X, A).

Monaras 4 =A B (10), yunteBas (13) u cooTHomenue A # A mony-
YUM
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1
cly@ A= {ﬂ Y (XA dx+a|y(o,z>|2}.
0
IMocnennee  paBeHCTBO — mportuBopeunt — ycnoBusim  a>0,c<0  m

1
f| y (X, A)|* dx. CneoBatensHo, A DOMKHO GHITH BEIIECTBEHHBIM.
0

B cuny 3ameuanus 1, kaxaplii KOpeHb (C y4ETOM KpaTHOCTH) ypaBHe-
uus (13) aBaseTcs U KOPHEM ypaBHCHHUS

F(4)=cA+d. (14)

IMycte A€ R saBnserca kopHeM ypasHenusi (14). Eciu F'(1)=c, to B cuny
(7) monmyanm

ey’ A) = '1[ y*(x, A)dx +ay? (0, A),

4TO HEBO3MOKHO B cuity ycinosuu a >0, ¢ <0. CrnenoBaTensHO, Bce COOCTBEH-
HbIe 3HaYeHue 3a71a4u (1)-(4) sSBASIOTCS MPOCTHIMH.
B cuny nemmsl 1 ¢ynxuus F (4) sBnsercs menmpepsiBHOM cTporo Bos-

pacratouteit ynkiumeii B unrepsaie (4, ,(0), 4, (0)), ke N. YuursiBas taxxke
paserctBa  Y(1, 4, (0)) =0, ke N, u coorHourenue (8) nmeem
lim F(A)=—c, lim F(1)=+ co.

A=A (0)+0 A=A, (0)-0
Torga, pynxuus F(A) xaxnoe 3naueHue u3 (— oo, + 00) IPUHUMAET TOJIBKO
B enuHcTBeHHOU Touke nHTepBana (4, ,(0), 4, (0)), ke N. B cuny ¢ <0 ¢yHk-
mas  G(A)=cA+d crporo y6riBaer B (— 00, + o). [TosTOMY, IIpH KamIom
ke N ypasuenue (14) B xaxmom wuntepBaine (4, ,(0), 4 (0)), ke N. umeer
enmucTBeHHOe pemenne A, . Crnenosatensno, A, ects K -e cobersennoe 3na-
gyeHue Kpaesoit 3amaun (1)—(4) u Y, (X) = y(X, A, )— cooTBercTBYyIOmIas cOOCT-
BeHHas QyHkiws. 3amerum, uto A, > 4,(0) >0.Tornga wu3 jgemmsl 3 crenyer,

aro Y, (X) npu K >3 umeer k —1 npocreix myneit B unrepsane (0, 1). Teo-

pema J1oKasaHa.
3ameuanue 2. 13 mokasarenbcTBa TEOPEMBI BUIHO, 9TO eciid b <Owu
d > 0, 1o Bce cobcTBennble 3navenus 3anaun (1)-(4) monoxurensusl. Creno-

BATEJIbHO, B CUITY JIeMMbI 2 1ipu KaxkaoM Ke N cobctBennas dynkuus Y, (x)

umeer K —1 mpocteix Hyseii B untepsaie (0, 1).
Teopema 2. Cnpaseonugbi credyiowjue acumMnmomuyeckue hopmyvi:

4[4 = (k-2)m+01/k), (15)
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Y, (X) =sin (k — 2)2x + O (1/k), (16)

npuuem coomnowenue (16) evinonnsemes pasnomepro no Xe€ [0, 1.

HNmeet MecTo cnenyromas

Teopema 3. ITycmo ru | (r=1, r, 1 >3) npouseonvuvie puxcuposan-
Hble HAMYpaibHble HUCIA uMelowue pasuvle wemnocmu. Toeda cucmema
cobcmeennoix  Gyurkyuit {Y, (X) i, 3a0auu (1)-(4) obpasyem 6asuc 6
npocmpancmee L (0,1), 1< p<oo (npu p=2 besycrosuviii basuc).

Joxka3aTteabcTBo. Ha ocHoBanuu teopemsr 5.2 u3 [4], 3ameuanus 1 u

TeoepeMbl 2 s JloKa3aTenbcTBa  OasucHocTH cucteMbl {Y, (X)h (. B

L,(0,1), 1< p<eo, nocrarouno noxasark, 4To

r My Y (0) Y|(0)
A = = Dy, @)= -2 0 £ 0. 17
Thl acyr()y.(){yr(l) y.(l)};t an
¥ (0)

= (-1)** npu k >3. Torna, ecrm

B cuny Teopemsl 1 umeem sgn
yi (@)

r,| >3 u umeror pasusie uernoctn umeem u3 (17) mpu 1,1 >3 momyunm u3
(17) mpu 1,1 >3 nonyunm

yr (0) _ yl (0) — (_1) r+l yr (0) yl (0) <0

y. @ y@ Y@ @

CnenosarensHo, B cuty 3amedanus 2 u3 (17) cnenyer, uro A | # 0. Teopema

OKa3aHa.
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SORHOD SORTLORINO SPEKTRAL PARAMETR DAXIL OLAN BiR SORHOD
MOSOLISININ MOXSUSI FUNKSIYALARI SISTEMININ

Lp -DO BAZISLiK XASSOLORI

F.M.NAMAZOV
XULASO

Isdo sorhod sortlorino spektral parametr daxil olan dérdiincii tortib adi diferensial
operator Uglin maxsusi giymoet masalosine baxilir. Bu operatorun moxsusi funksiyalari siste-

minin L ,1< p <eo, fozasinda bazislik xassolori todgiq olunur.

Acar sozlor: dordiinci tortib diferensial operator, moxsusi giymat mosalasi, maxsusi
funksiya, moaxsusi alt fozalarin strukturu.

BASIC PROPERTIES IN Lp OF SYSTEMS OF EIGENFUNCTIONS

OF A BOUNDARY VALUE PROBLEM WITH A SPECTRAL PARAMETER
LINEARLY ENTERING THE BOUNDARY CONDITIONS

F.M.NAMAZOV
SUMMARY

In this paper we consider the eigenvalue problem for an ordinary differential operator of
fourth order with a spectral parameter in the boundary conditions. We study the basic proper-

ties of the system of eigenfunctions of this operator in the space Lp A< p<oo,

Keywords: fourth order differential operator, eigenvalue problem, eigenfunction, struc-
ture of eigenspaces.

Hocmynuna 6 peoaxyuro: 14.11.2017 e.
Hoonucano k newamu: 09.04.2018 e.
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QEYRI-SOLIS SOFT G -MODULLAR
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Bu mogalanin asas magsadi yeni bir geyri-salis soft G -modullar kategoriyasin: qur-
maqdir. Bu kateqoriya modul anlayisinin, soft ¢oxluglara bazi cabri strukturlar daxil etmakla

genislondirilmosidir. Burada biz geyri-salis soft G -modullarin bazi cabri amoliyyatlara gora
qapalilig problemini arasdirirg.

Acar sozlar: Qeyri-salis ¢oxlug, soft ¢oxlug, geyri-salis soft ¢coxlug, geyri-salis soft
modul, geyri-salis soft G -modul.

Ictimai elmlordo, iqtisadiyyatda, muihondislikds, tibbi diagnostikada vo
elmin digar sahalarinds meydana goalon bozi mosalalorin tadqiq edilmasinda
riyaziyyatin klassik tsullar1 kifayst godor effektiv olmur. Bu clr masalalor
0zinds ¢oxlu migdarda geyri-muoayyanliklar birlosdirilir vo dagig hallo malik
olmur. Bu sababdan da belo masalalarin halli iigiin klassik tisullarin tatbigi har
zaman mumkin olmur. Belo standart olmayan masalalorin halli ilo alagodar
olaraq son illords riyaziyyatda mixtalif geyri-ananavi nazariyyslor qurulmus-
dur. Bunlardan geyri-salis (fuzzy) coxluglar, intuitiv geyri-salis ¢oxluglar,
kobud (rough) coxluglar, yumusaq (soft) ¢oxluqlar, parcaqiymatli gcoxluglar
noazariyyalarini va basqa nazariyyalari gostormok mimkindur [6, 7, 8, 9, 13].

Qeyri-salis grupu vermoklo cabrds geyri-salis ¢oxlugu 1971-ci ilds ilk
dofo Rozenfeld totbiq etmisdir [10]. Daha sonra geyri-salis halgalarin, mo-
dullarin torifi verilmis va bu strukturlara aid bir coxlu todgiqatlar aparilmisdir
[1]. [2]. [3]. [4], [12].

1999-cu ilda geyri-muoayyanliklorin modellosdirilmasi Gg¢lin Molodtsov
ilk dofo yumusaq (soft) ¢oxluq anlayisini vermis vo bu coxluglara aid bozi
todgiqgatlar aparmisdir [9]. Soft ¢oxluglarin vo onlarin xassalorinin dyranilma-
sinds Maji, Roy va s. boyik amak sarf etmislar [6], [7], [8].

Cobrdos soft gruplar ilk dofs 2007-ci ildo N.Aktas, N.Cagman tarafindon
daxil edilmisdir [2]. Sonraki illords isa soft halqalar, soft modullar verilmis vo
bu strukturlarin bazi xassolori todqiq edilmisdir. Qeyri-salis soft gruplar iss
2008-ci ilda Jin-Liang, Rui-Xia, Bing-Xuenin iglorinds ilk dofo daxil edilmisdir
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[1,3,4]. P.K.Sharma va T.Kaur torofindon ilk dofs intuitiv geyri-salis G -
modullar kateqoriyast qurulmusdur [15].

Bu moqaloys biz geyri-salis soft G -modullar daxil edirik vo bu
modullarin miixtalif cabri amallora gors qapaliligi isbatlanir.

Biz moagalods lazim olan asas moalumatlari verak:

Tarif 1.1. ([8]) X universal coxlug vo E parametrlor ¢oxlugu olsun. On-

da (F,E) citliyll X Uzerinds soft ¢oxluq adlanir, ogor F, E-don X goxlu-
gunun biitiin alt coxluglar goxluguna P(X ) inikas isa, yani F : E — P(X)

Torif 1.2. ([6]) Tutaq ki, 1*, X lizerindoki biitiin geyri-solis coxluglar
coxlugunu ifado edir vo Ac E. (f,A) citliyll X Gzorindo geyri-solis soft
coxluq adlanir, harda ki f, A-dan I X -5 inikasdir. Belo ki, biitin ae Alcun
f(a)=f,: X =1, X (zorinds geyri-salis goxlugdur.

Tarif 1.3. ([6]) X universal coxlugu iizerinds verilmis iki (f,A) vo
(9,B) qeyri-salis soft ¢oxluglar1 asagidaki sortlori 6dedikda (f,A) (g,B)-nin
geyri-solis soft alt coxlugu adlanir va (f, A)c (g, B)kimi yazilir.

(i) AcB
(if) Horbir ae A tigiin f, <g,, beloki, f,, g,-nin geyri-salis alt coxlugudur.

Torif 1.4. ([6]) X universal coxlugu Uzorindo verilmis iki (f,A) vo
(g,B) geyri-salis soft ¢oxluglarina borabar deyilir, agor (f,A)g(g,B) Vo
(9.B) < (f,A).

Torif 1.5. ([6]) X universal coxlugu Uzorindo verilmis iki (f,A) vo
(9,B) geyri-salis soft coxluglarinin birlosmasi (h,C) geyri-solis soft coxlugu-
dur, haradaki C=AUB vo

f., ceA-B
h(c)={g., ce B-A, VceC.
f.vg.,ce AnB
(f,A)u(g,B)=(h,C) kimi isaro olunur.

Toarif 1.6. ([6]) X universal ¢oxlugu Uzorinds verilmis iki (f,A) Vo
(9,B) geyri-solis soft coxluglarmin kesismosi (h,C) geyri-salis soft coxlugu-
dur, harada ki C=ANB vo h, = f Ag.,Vce C vs (f,A)n(g,B)=(h,C)
kimi yazilir.

Tarif 1.7. ([6]) Ogor (f,A) vo (g,B) iki soft coxluglar iss, (f,A) vo
(9,B), (f,A)A(g,B) kimi isaro olunur. (f,A)A(g,B), (h, AxB) kimi toyin
olunur, harada ki h(a,b)=h,, = f, A g,, V(a,b)e AxB .
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Tarif 1.8. ([12]) Tutaq ki, (F, A) M tizerindo soft coxlugdur. (F,A) -a
M (zarinds soft modul deyilir, yalmiz vo yalniz onda biitin xe AUgUn
F(x)<M.

Torif 1.9. ([14]) Tutaq ki, (F, A) M Uzerindo geyri-solis soft ¢oxlugdur.
Onda (F,A) -a M izerinds geyri-solis soft modul deyilir, agor Vae Aigiin
F(a), M -nin geyri-solis alt moduludur va F(a) kimi isars olunur.

Toarif 1.10. ([15]) Tutag ki, G qrupdur vo M, K halgast (zarinda
moduldur vo G qrupunun M modulunda tasiri verilsin.9gar hor bir ge G vo

me M Uglin gme M asagidaki sortlori 0dayirso.
1) 1,-m=m, Vme M (1; G grupunun vahid elementi)
i) (g-h)m=g-(h-m), Vme M, g,heG
iii) g-(km, +k,m,)=k,(g-m,)+k,(g-m,),Vk,,k, e K;im,m,e M, geG.
Onda M G -modul adlanir
Tarif 1.11. ([15]) Tutag ki, G grupdur M K {zarinds G -moduldur.
Onda M Uzorinds qeyri-salis G-modulu M -in elo geyri-salis A=y,
coxlugudur ki, asagidaki sartlor 6donir.
) u,(ax+by)>u, (x)Au,(y), VabeK vax,yeM
i) u,(gm)=pu,(m), VgeG;me M.

Qeyri-salis soft G-modullar
K bir halga, M iso K zarinds sol (vo ya sag) K- modul vo G bir
grup olsun. G grupunun M modulu Uzarinds tasiri verilsin, yoani asagidaki
sortlori 6doyon 1 : GXxM — M funksiyasi verilir.

1) uldg,m)=m, Vme M (1, G grupunun vahid elementi)

2) u(9,9,,m)= (g, (g, m))
3) wu(g kym, +k,m,)=ku(g,m)+k,u(g,m,)
Ogor u(g,m)=g-m ilo gbstorsok bu sortlori belo yaza bilorik

1)1, - m=m
2) (9,9,)-m=g,(g,m)
39 (klml + kzmz): kl(gm1)+ k (gmz)

Bu halda M moduluna G -modul ad1 verak.
indi E # @ bir parametrlor oxlugu, M iso G -modul olsun. PF,(M )

ilo M (zarinds verilmis biitiin geyri-salis coxluglar ailasini gostorak.
Torif 2.1. (F,A), M iizorinda bir geyri-salis soft coxluq olsun. Dgor

Vae AliginF(a):M — [0.1] geyri-salis ¢oxluq asagidak sortlori 6doyirsa:
a) F(a)ax+by)>F(a)x)a F(a)ly) Vabe K, x,ye M
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b) F(a)(g-m)2 F(a)m)
o zaman (F, E)ciitine M {zorinds geyri-solis soft G -modul deyilir.
F(a)-m1 F,ilo gdstorok.

Teorem 2.1. ©gor (F,A), (H,B) M iizorindo iki geyri-solis soft G -
modul iso onlarin kesismosi (F, A)(H,B)do M (izerindoa geyri-solis soft G -
moduldur.

Isbatr. (F,A)N(H,B)=(G,C) olsun, burada C = ANBvs G
Torif 2.1-in sortlorini yoxlayag.

G, (ax+by)=(F, AH_)ax+by)=
=F (ax+by)AH_(ax+by)> F.(x) AF.(y)AH_(X)AH_(y)=

=F AH,.

C

V(R A H ) A (F () A H (1) =
=G, (x)AG,(y) VceC, abeK, x,yeM.
) G.(g-m)=(F, AH,)(gm)=F.(gm)A H (gm)=

>F.(m)AH . (n)=G,(m),VceC, geG, meM
Teorem isbatlandi.
Teorem 2.2. (F,A), (H,B) M izerinds iki geyri-solis soft G -modul

olsun. Bger ANB=Q iso onlarin birlosmasi (F,A)U(H,B) M (izerindo
geyri-salis soft G -moduldur.
isbatr. (F,A)U(H,B)=(G,C) olsun. C=AUBvo ANB=C oldu-
gundan Vce Cuclin ce Avoya ce B-dir. ©gor ce A, onda G, =F, vo
ya ce B, G, =H_-dir. F, vo H_ Gc¢ln torif 2.1-in sortlori 6dondiyi Ugclin
(G,C) ciiti M izerindo geyri-salis soft G -moduldur.
Teorem 2.3. (F,A), (H,B) M izorinds iki geyri-solis soft G -modul
olsun. O zaman (F, A)A (H,B)do M iizerinds geyri-solis soft G -moduldur.
isbati. (F,A)A(H,B)=(G,C) olsun, burada C=AxB o
G(a,b)=G,, = F, A H, soklindadir. Torifin sortlorini yoxlayaq:
G, (kx+1y)=F,(kx+1y) A H, (kx +1y) =
) 2,008 F(y)a Hy (01 Hy (1) -
= (F, () A Hy () A (Fy (y) A Hy ()= G,y (x) A G, (y)
) G, (am)= . (am) Hy (gm)> F, (m)x H, (m) = G, (m)
Teorem 2.4. {F,,A}  ailesi M izorinde geyri-solis soft G -modullar
ailosi olsun. O zaman
1) ((F, A)-M tzorind geyri-salis soft G -moduldur.

iel

iel
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2) _/\I(Fi,Ai) M iizerinda geyri-solis soft G -moduldur.
3) Ogor ANA, =@ Vi, je ligin | J(F,A)-M tzorinds geyri-solis

iel
soft G -moduldur.

Teorem 2.5. (F,A) M izerinds, (H,B) N Uizorinds iki geyri-solis soft
G —modul olsun, onda (F,A)x(H,B) M xN iizerinda qgeyri-salis soft G —
moduldur.

Isbati. (F,A)x(H,B)=(G,AxB) G(a,b)=F,xH, Vo (F,xH,)mn)=F,(m)AG,(n)
soklindo toyin edok. Indi Vx,,x, € M, Vy,,y, € N,k le K

Gap) (kx+1y) = Gy (K(%, Yy ) +1(xz. ¥, )) = Gy (kxy + 1, Ky, +1y, ) =

= F (kg + 1) A Hy (kyy +1y,) 2 (F, (x) A By (%)) A (H, (v) A Hi (y, )=

:(F (Xl)/\ H (Y1))/\( (Xz)/\ H ( )) Ga (Xliyl)/\Gab (X21y2)
Glan)(9(x, ¥))=Gpa) (g%, 9y)) = F, (9¥) A H, (gy) 2 F, (x) A H, (y) = G, (x,y)
Teorem isbat olundu.

Tarif 2.2. (F,A), (H,B) M (izerinda iki geyri-salis soft G -modul olsun,
onlarm comi (F, ) (H, ) (G,C) belo tayin olunur: C=ANB vo Vce C
igin G,(x)= v (F.(a)aH,(b))

Teorem 2.6. (F,A), (H,B) M iizorinds iki geyri-solis soft G -modul
olsun, onda onlarin comi (F,A)+(H,B) do M iizerindo qeyri-solis soft G -
moduldur.

isbati. Vx,ye M vo Vce Ciigiin min{G,(x),G,(y)=a} olsun. Ve >0
ucln

a-e<G,(x)= x:\§+b(F° (@)AH_ (b)) vo

a-e<G,(y)= y—\e/+d(Fc e)AH (d))

X,y elementlorinin x=a+b, y = e+ d ayrilis1 varsa. Buradan
a-e<F(a)aH,(b) vo a-e<F(e)aH_ (d)= a-e<F.[(a),

a—-e<H,(b)vo a—e<F.(e),

a-e<H_ (d)= a-e<F(a)aF (e)<F (a+e)va

a-e<H(b)aH(d)<H (b+d)
x+y=(a+b)+(e+d)=(a+e)+(b+d)oldugundan

a-e<F (a+e)aH (b+d)=>a-e<

o e A b0} G, e y)

€ ixtiyari oldugundan
G.(x+y)z =G, (x)AG(y)
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indi #=G_(x) vo £>0 ixtiyari olsun, onda

f—&<G,(x ( v (F(@)aH b)= p-e<F.(a)aH. (b)= B-e<F(a)
B-e<H (b)= B-e<F. (a)<F. (ka),
B-e<H (b)<H, (kb)= p-e<F (ka)aH_ (kb) Vke K

kx =k(a+b)=ka+kb oldugundan
B-e< {F (ka)A H, (kb)}= G, (kx)

kx= k
£ 1xt1yar1 oldugundan G (kX)Z b= GC(X) alinir.
Vce C F.(a)<F.(ga) vo H (b)< H, (gb) oldugu iiciin
F.(a)AH (b)<F.(ga)AH,(gb)
gx=g(a+b)=ga+ gb istifado edorok

6.00= v (F.@AH0)<_ v (F.(0a)rH,(gb)=G, (o)

Teorem isbatlandi.
Tarif 2.3. (F,A), (H,B) M (izerinda iki geyri-salis soft G -modul olsun,

onlarm hasili (F,A)-(H,B)=(G,C)-dir, burada C=ANB vo Vce C {gin
= s o Fel@) A 0)]

Teorem 2.7. (F,A), (H,B) M iizorinda iki geyri-solis soft G -modul-
larin hasili do M (zarinda geyri-salis soft G -moduldur.
Isbati. Vx,ye Mva VceC iigin G,(x)AG,(y)=a olsun. Ve>0

uclin
a—-e<G,(x)= ~ Z\(/“b (/i\(Fc(ai)/\ H.( I))) Vo
a-e<G(y)= \(/ (/\(Fc(pi)/\Hc Qi))):>

b
Pi+e;) (
a-e<AF(a)aH. (b)) a-e<alF(p)rF(a))=
a—€<Fc(i) H.(b) a-e<F(p)aF(q)=
()~ F )

) F,
(p) a—e<H.(b)AH,(q)

A
a—-e<F_(a)A A
Vi dcin.
Buradan x+y =Y ((a; +b;)+(p, +q;))
a—-e<F.(a +p)aH_(b +q,) Vi tgin

S a—£< )( A(F,(a, +p,)AH, (b +q, ))) Jx+y)

X+y= 2 a+b +(pi+0;i)
Beloliklo, & ixtiyari oldugundan G_(x+Yy)>G_(x)AG,(y).
indi =G,(x) olsun. Ve >0 igiin
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p-e<6.(0)= v AF@)aH6)=

IB_g</i\{FC(ai)/\ Hc(bi)}zﬂ_g< Fc(ai)/\ Hc(bi)
B-e<F.(a)rH,(b)<F. (ka)aH,(kb)=
p-e<plFka)aH, kbl v AF,(ka)n H, (kD)= G, (kx)

=Y k(a+b;) i
¢ ixtiyari oldugundan G_(kx)> G_(x) almr.
ceC, geG vo xe M olsun
F.(a)<F.(ga)=F.(a)rF.(b)<F(ga)rF.(gh)=
A(F, (3, H, (b)) < A(F. (02, ) A H.(0b,)

= G, (X) = X=Z\(/ai+bi) (Fc (ai )/\ H, (bi )) < gx:z\g/(ai +bi)/i\(FC (gai )/\ H, (gbi )) =
G, (x)

Vi Ggln

A
=G, (9x)= G, (gx) >
Teorem isbatlandi.

M bir G — modul va N, M -nin alt modulu olsun. 9gar N alt modulu G

grupunun tasiri altinda invariantsa, yani Vge G vo ne N U¢lin g-ne N iso
N alt moduluna G -alt modul deyilir.

Tarif 2.4. (F,A) M Uzorinds geyri-salis soft G -modul olsun, (F,A),
geyri-salis soft coxluguVae A Ugln Fa| N — [0,1] F,-nin N -5 daralmasi
kimi tayin edilsin.

Teorem 2.8. (F,A) M iizorindo geyri-solis soft G -modul olsun, o
zaman (F, A),, N Uizarinde geyri-solis soft G -moduldur.

Isbati. Vk,le K, x,ye N vo Vae A iciin

Faly (kx+ly)=F, (kx+1y) 2 F,(x) A F,(y) = F|y () A Fy [y (y) =
Fa| N (kX+ IY)2 Fa| N (X)/\ Fa| N (Y)

Vge G va xe N tcin F,|(gx)=F,(gx) = F,(x)=F,| (x)

M G -modul, N G -alt modul, (F,A) M {izerinds geyri-solis soft G -
modul olsun. F: A— SPF(M/N) geyri-salis soft coxlugu

F(a):M/N = [01] F(a)x+N)= v (F,(x+n)) disturu ilo verok.
Teorem 2.9. (F,A) M lzorindo geyri-solis soft G -modul, N M -nin

G -alt modulu olsun, onda (IE, A) M/N faktor modulu tizerinds geyri-salis soft

G -moduldur.
Isbati. Vk,le K, Xx,ye M vo Vae A igiin
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L9(x+N))=F, (gx+N)=v(F
:vFa(g(x+n1))2XFa(x+nl): F(x+N)

n

11.

12.

13.
14.

15.

F,(k(x+N)+I1(y+N))=F,((kx+1y)+ N)

(F,(kx + 1y +kn. +1-n,))(n=Kk- )
KO A R0y +1,))> v (F, (40 A Ry (y+n,)>

(7
>(n1\6/ F (x+nl)J/\( v Fa(y+n2))= F,(x+N)AF,(y+N)
a

v (F, (kx+1ly+n))=

neN

n,eN

gx+n))=v(F, (gx+gn, ))=

n

Teorem isbatlandi.
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HEYETKHUE CO®T G -MOIYJIA
K.M.BEJIMMEBA, C.A.BAIPAMOB
PE3IOME

Heuetkue codt Moxynu Oblu BBenieHs! 1 u3ydensl ¢ U. Apac u C.A. BaiipamoBbiM. B
3T0i paboTe BBOAATCSA HEdeTKHEe CO(GT MOIYNH ¢ AeiicTBHeM HekoTopoil rpymmsi G u m3y-
JaeTcs BOMPOC 3aMKHyTocTH 3THX G -Moyreit 0THOCHTEBHO anreGpandecknx OTepartii.

KiroueBble cjI0Ba: HEYSTKHE MHOXKECTBA, CO()T MHOXKECTBA, HEUYETKHE CO(T MHO-
JKecTBa, HedeTkne codT Moaymn, Heuetkue copr G -momymm.

FUZZY SOFT G -MODULES
K.M.VALIYEVA, S.ABAYRAMOV
SUMMARY
The main purpose of this paper is to introduce a basic version of fuzzy soft G -module

theory, which extends the notion of module by including some algebraic structures in soft sets.
Finally, we investigate some basic properties of fuzzy soft module.

Key words: fuzzy sets, soft sets, fuzzy soft sets, fuzzy soft modules, fuzzy soft G -
modules.

Redaksiyaya daxil oldu: 10.01.2018-ci il
Capa imzalandy: 09.04.2018-ci il
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O BHYTPEHHEH I'VIAJKOCTH PELIEHUIA BHIPOKIAIOLIMXCS
SJUIMITUYECKUX YPABHEHUI BTOPOT'O MOPSIIKA
B HEJIMBEPTEHTHOI1 ®OPME

~ H.P.AMAHOBA
SABIS SUN Beynalxalq maktab
amanova.n93@gmail.com

B cmamve paccmompen Knacc saaunmuueckKux ypasHeHuti 6mopo2o nopsoka Heousup-
2CHMHOU CIMPYKMYPbl, OONYCKAIOUWUX HEPABHOMEPHOE bIPOACOCHUES 8 KOHEUHOM HUCLEe MOYeK
obnacmu. [[ns pewieHutl YKA3aHHbIX YPAGHEHUll OOKA3AHA GHYMPEHHSS ANPUOPHAS OYECHKA
Hopmol [envoepa.

KaroueBble cioBa: BHYTPCHHAA allpyopHas OLICHKA, HEPAaBHOMEPHOC BBIPOXKICHUC,
OCIMILIIAT A

ITycts E,- N MepHOE EBKIMIOBO MPOCTPAHCTBO TOUEK X=(X.X ), 123 D-
orpanudeHHas obiacte B E, ¢ rpanuueit 0D, 0e D. Paccmorpum B D cie-
Ayiollee ypaBHEHHUE

n n
Lu =" a; (xu; +>.b; (x)u; +c(x)u =0 (1)
i,j=1 i=1
B MPEMOI0KEHHHU, YTO Haij(x)u -ICUCTBUTENbHAST CHMMETPUYECKAsT MaTPHIIA C

u3MepuMbiMi B D 3ementamu, ipudem st Becex Xe D, e E,

Vi/ii (X)‘fiz S iai,j (X)figj <y” ’zn,li (X)‘fiz : 2)

i,j=1 i=1

3nech ye (0, 1]-xoucranta, u; :a—u, U ;= o A (X)=g,(p(x)),
Lox "oxox, ' '

p(x):z;a),(]xip, 0,(t)=(w*(t)/tf, i=1..n (t)-nenpepeBrre n

CTPOro MOHOTOHHO Bospactaomue Ha [0, diamD| dyuxuuu, @, (0)=0, o™ (t)
dyrxumu obpatHeie k@ (t), W, KpoMe TOTO, CyIIECTBYIOT KOHCTAHTHI
a, B, ne (O, oo) TaKHe, 4To
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aw,(t)< o, ()< Bo, (t), te (0, diamD). (3)
[Ipenmnonoxum, 4To
b (x) <by, i=1...n, —c,<c(x)<0, (4)

rae by, >0, ¢, > 0-koncrautsL.

[lenpro HaCTOAIIECH CTAaTbU SIBISAETCSA OKA3aTENbCTBO BHYTPEHHEH all-
pUOpPHOI OlIEHKH HOpMBI ['enpaepa pemenuit ypaBHerus (1). Ilomabrit 0630p
paboT 10 YIIOMSIHYTO# TeMaTHKEe MOXHO HaiiTu B paborax [1-7].

VYcioBuMes B HEKOTOPBIX O00O3HAueHMsIX M ompenesneHusx. Yepes

WZZJ(D) u C ﬂ(D), ue (0,1) Oynem obOo3HauaTh OaHAXOBBI IIPOCTPAHCTBA
dyrkumit U(X) , sagannbix Ha D , ¢ koHeuHBIMH HOpMaMu

B = (0 S AGHE + 3400 ()b

i,j=1

ju(x)-u(y)

MO, o) = supOOf+ U= =

X#Y

0
cootBerctBenno. UYepes W7, (D) oGosmaumm mommpoctpanctso W), (D),

IUVIOTHBIM MHO>KECTBOM, B KOTOPOM SIBJISIETCS COBOKYITHOCTb BCeX (DyHKIUI M3
oo 2
C: (D). ®ynkmsa u(x)e W, (D) HasbIBaeTCS CHIBHEIM pellleHHeM ypaBHEHHS

(1) 8D, ecnu ona ymosnerBopsier ypaBHenuto (1) mouru Bcrogy 8 D . ®ynk-
st U(X) maseiBaercss L -cyGommmmiaeckoit B D, ecrm LU >0 s

Xe D . ®ynxuus U(X) massBaeres L -cymepommnruueckoit 8 D, ecn

dyukmus  —U(X)  seusercs L -cyGammnraueckoit B D. Benmumna
0scu(X) =supu— inf u Ha3bIBaETCS OCHMUIALKCH (MK KoJieOaHHeM) GyHKIIMN

U(X) B D . 3anucs C() 03HAYAeT, YTO TMONOKHUTenbHas kouctanta C 3a-
BHUCHUT JINIIb oT COJIEPKUMOTO CKOOOK. [TycTp nanee

x°e D, k>0, Re (0.1 Mg, (x°)=1x:[x —x*|< K- & *(R), i =L...n}

Pk (X°)={X12&FT§);< KZ},

B! =3.,, (0), B? =3,, (0), B> =B"'\B?, B* =3, (0), X'€ 0B*, B® =3, (X),

, , 1
B =IRr1 (X )v B’ =IR1-p, (X )1 Po € (O'Z} B =JRros (0)\ Irses (0)
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HawMm OGyner HeoOxoauma cienyromas TeopeMa, T0KkazaHHas aBTOPOM.

Teopema 1. IIycTs B B! pacnonoxkeHa oonacte D umMmeroras mpeens-
Hble Touku Ha OB' u mepecekaromas B*. Ilycts, mamee B D ompenenena mo-
noxutenbHas L -cyOsmmunruuackas Gynkunus U(X) HenpepbiBHas B D u 00-

pamtaromascs B Hymb Ha dDNB'. Torma, ecnu oTHOCHTENBHO K0d(hD(UIMEHTOB
oreparopa L BBITIOJIHEHBI yCIIOBUS (2)-4), TO npu

H=B®\D, mesH >0 -mesB®, >0 u R<1

supu>(1+7)sup u,
D DNB*

rae 1= 77(;/, n,by,C,, O') > 0 -KOHCTaHTAa.

OTMeTuM, 49TO €€ yTBEePIKACHHE CHPABEJTHBO TAKKE U ISl HEIIPEPhIB-
HeIX B D Qynkiuu. B uactHocTHM Teopema 1 BepHa i (DyHKImii
u(x) = v(x) +const, rae V(X) sBnsercs pemenuem ypasuenus (1) s D,

Teopema 2. Ilycte B Dc E,, >3, 0e D onpenenens! ko3¢ puinen-
Thl omeparopa L, ynoenersopsromme ycnousm (2)-(4). Torma, ecnmu U(X)
pemrenne ypasaenns (1) 8 D u B'c D, tonpu R<1.

olecu(x) > (1+%)08340 u(x), (5)

1
rue, 7] -KOHCTaHTa TCOPEMBI 1, B3siTas ipu © = E .
Moxkazateancrio. [Tycte M, =supu, m =infu, M,=supu, m,=infu,
g! B g2 B

W HepaBeHCTBO BHja (5) crpasemtueo s gynxmun V(x)=u(x)-(M,+m,)/2,
TO OHO BBITIOJIHEHO U T (DYHKITMH U(X). Ho

M,-m, . M, —-m
supv:#, inffy=——2_2
B4 2 B*

Kpome, Toro Bcerna MoxHO cyurarh, yto M, —m, >0, uHade HepaBEHCTBO
(5) oueBunHO. MbI Oyzniem npeanonarars, uro M, =1, m, =-1 , r.e. oscu=2.
B

Myers D' ={x:xe B, u(x)>0} u D~ ={x:xe B, u(x)<0}. scno,
4yTO 00a ATUX MHOYKECTBA HE MYCTHI. BBIMOIHEHO, MO KpallHEeW Mepe, OJHa W3

CIEIYIOYIINX HEPABEHCTB: 1) mes(BS\D*)Z%mesBB, 2) mes(BB\D‘)Z%meSBB.

[TycTh m1st ompeneneHHOCTH UMEET MeCTO ciiydait 1). 3amMeTum, 4To aabTepHa-
TUBA 2) CBOAMUTCS K 1) YMHOKEHHEM PELICHHUS u(x) Ha -1. O6o3HaYnM uepe3

D’ Ty cBA3HYH KOMIIOHEHTY MHOXecTBa D*, KOTOpas COHEPKHT TOYKY
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x° e 0B*, rxe u( ) 1. lIpumenss k GyHKUUN u( ) B D’ Teopemy 1 ¢ KoH-

CTaHTOM 0':%, nonydaem M, >(1+7)M, =1+7, 1. .

M, -m, 21+7-m, >1+7-m, :2+77=(1+g)-2=(1+g}M2 -m,),

u Tpebyemas orieHka (5) moka3aHa.
IIycte

By (x°) =34, (x°) v2%>1, B.(x°)eD, p>0, D, ={x:xe D, B, (x)c D}

Teopema 3. Ilycte B obmactu D ompeneneHo pemieHue u(x) ypas-
HeHus (1), ko3 dUIMeHTh KOTOPOTO YIAOBIETBOPSIOT yeioBusaM (2)-(4). Toraa
g moboro p >0 CymecTBYIOT — KOHCTAaHTBI ,B(;/,n,bo,co)e (0,1) u

Cl(]/, n, bo,CO,p)e (0,1) TaKue, YTo
|ull,5,) < Cu Ul o) (6)

Joxasatennerso. Ilycts X' u X [Be MPOM3BONBHBIC TOUKH U3 D .

BosmoxxHO nBa ciayqas:
1) x*e Bp(xl) 2) x* € Bp(xl).

Paccmotpum BHauane ciydait 1). Ilycts s m=0,1,..., B(m) o6a3na-
vaer symncons B pvom (Xl). SIcHO, YTO CyIIECTBYeT HEOTPHLATEIBEHOE LEN0e
9UCI0 M, , IJIsl KOTOPOTO

x?e B(m,), x?€B(m, +1). (7

U3 (7) cnenyer, uto

y W) box) g
Tty

Takxum obpasom, Haiigeres iy, 1< i, <n, takoe, 4To

L= X ‘> w‘l(pv ™),

Wrak, B mroboM cirydae
x|z ey, o) (ov ). ®)

[Ipumensist ceifuac mocnenoBaTeIbHO TeopeMy 2 K PYHKIIUU u(x) B JJI-
mancounax B(i) u B(i +1), i=01,...,m, —1, momyuum

—nMo . — E
(g(socj‘u(x)z(1+77/2)E(;)(§ﬂoc)u(x)—p é)(ﬁf)u(x)’me p 1+2,T. e.
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p 2p
é)é?)u(x)g o™ %(SOC)U(X)S pm0+l -OgCU(X) Sm'”u”cw)'
Takum o6pazom, ¢ yaetom (7), 3aKarouaem
C,(y,n,by,C
b)) < SR ®

Ho ¢ npyroii cropoHsl

p—mo—l =~ (Motlog? _ y, ~(me+1)f _ [Czwi_l<pv_mo_1 )]ﬂ ' |: : ):|ﬁ |

my+1 -1 -my-1
AR )} (pv 0

rae f=1log, p. YuursBas (8), momydaem

B
—me-1 1 2|8 1
pm s‘x —x‘ : — | .
ymt.c, -a)il(pv Mo 1)

Hcnonp3ys nociaenHon oUeHKy B (9), IpUXoauM K HEpaBEHCTBY

‘u(xl)—u(le < Cs '|u||c(D) "Xl B Xz‘ﬁ (10)
[Vm°+l C, _wi—1(pv—m0—1)]ﬁ
IycTh Teneps umeet Mecto 2). Torma x° €3 9 (Xl), T. €.
n
o]
Mi—%) >e1.
21 (@)
Takum obpasom, Haiinetes iy, 1<i, <n, Takoe, 4To
9
Xil0 _Xizo‘ > ﬁwi Y(p).
Wrak, B mrob0oM citydae
‘Xl_XZ‘2C4(7’n'bo'co)’wi_l(p)- (11)
[Moatomy, € yuetom (11), umeem
- B 2.xt —x? -
‘u(xl)_u(le <2, = (C460i l(p))ﬂ _2”u||c(D) < ‘X X ‘ "u”c(D) . (12)

e (o)
N3 (10) u (12), 3aximoyaem

u(x)-u(x?)

2‘”

(C4 o (p ))ﬁ

<Cg (7: n,by, ¢, )HUHC(D) '

‘xl—x

e ¢, = max{

C, 2 }
Mg+l 1 —-mp1 P’ -1 '
b @t lov ™ (o)
Teneps 10CTATOYHO yd4ecTh IPOU3BOILHOCTH TOYeK X' X’ u3 D, u

u3 (13) cnenyer TpeOyemas onenka (6) ¢ ¢, = C, +1. Teopema nokazana.
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QEYRIi-DiVERGENT FORMALI iKiNCi TORTIB CIRLASAN ELLIiPTIiK
TONLIKLORIN HOLLORININ DAXILi HAMARLIGI HAQQINDA

N.R.AMANOVA
XULASO
Moqalads oblastin sonlu sayda noqtoalorindo geyri-miintozom cirlasan, geyri-divergent
strukturlu ikinci tortib elliptik tonliklor sinfino baxilir. Gosterilon tenliklorin halleri {igiin
Holder normasinin daxili apriori qiymatlondirilmasi alinmisdir.

Acar sozlor: daxili apriori qiymatlondirilmasi, geyri-miintozom cirlagma

THE LOCAL EQUALITY OF SOLUTIiONS OF DEGENERATED SECOND ORDER
ELLIPTIC EQUATIONS OF NON-DIVERGENT STRUCTURE

N.R.AMANOVA
SUMMARY

The paper considers a class of the second order elliptic equations of non-divergent
structure with nonuniform power degeneration. The apriori estimation of a Holder norm is
proved for solutions of the mentioned equations.

Key words: degenerated, nonuniformly, local equality

Iocmynuna 6 pedakyuio: 17.01.2018 2.
IHoonucano k nevamu: 09.04.2018 2.
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BIiR PILLOVARI XOTTIi OPTIMAL iDAROETMO MOSOLOSINDO
OPTIMALLIQ SORTLORI

M.U.CIRAXOVA
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Isdo xatti Volterra forq tonliklor sistemi ilo tosvir olunan bir optimal idaraetmo mo-
salasing baxilir. Optimalliq tigtin birinci tortib zoruri sartlor alinir.

Acar sozlar: Volterra tipli forq tonliklor sistemi, optimal idarsetms masalasi, hallin
gOstarilisi, optimalliq Uglin zoruri sort, pillavari optimal idaroetms masalasi.

Bir ¢ox islorda (bax, masalon [1-10]) adi diferensial tonliklor sistemilo
tosvir olunan pillovari optimal idaroetmoa masalalori todqiq edilmis vo opti-
malliq ti¢tin muxtalif zoruri sortlor alinmisdir. Bu isdo isa Volterra tipli forq
tonliklor sistemilo tosvir olunan bir diskret pillovari optimal idarsetmo mo-
salasing baxilir. Optimalliq tig¢iin birinci tortib zoruri sortlor alinmisdr.

1. Masalanin qoyulusu. Tutaq ki, idars olunan obyekt

x(t)= S [AG (@) + Flt 7,0} te T, =ity +1t + 2.t L}

7=ty

y(©)= Y B 0)y(e)+ gt 2 V+ G(x(t ) te T, =fut +1..t,} ()

7=t

Volterra tipli xatti forq tonliklor sistemila tasvir olunur.

Burada Al(t,7), B(t,7)— verilmis (nxn)-6lgiilii diskret matris funksi-
yalar, f(t,z,u), g(t,z,v)— verilmis, t,z -ya goro diskret, uygun olaraq u vo v-
ya gora kasilmoz vektor-funksiyalar, t,,t,,t, — verilmis odadlor olub, t, —t,
forgi natural ododdir, G(x)— verilmis n -Ol¢uli kosilmoaz diferensiallanan
vektor-funksiyadir, u(t) (v(t)) — r (q)-6l¢ilu idaroedici vektor-funksiya olub, 6z
giymotlerini verilmis, bos olmayan, mohdud U (V) ¢oxlugundan alir, yoni
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ult)eU cR', teT,
vit)eV cRY, teT,
mahdudiyyatlari 6danilir.

Bu sortlori ddoyan (u(t),v(t)) ciitine mimkiin idaro deyacayik. Bu (1)
tonliklor sisteminin btliin mimkin idaralors uygun hoallori zarinda

S$(uv)=a(xt)+e,(y(t,)) (3)
funksionalini tayin edok.

Burada ¢,(Xx), ¢,(y) — verilmis, kosilmoz diferensiallanan funksiya-
lardir.

Moasalonin goyulusu. Mumkin idaralar igarisindan elasini tapmag talob
olunur ki, (1) sisteminin ona uygun halli ilo birlikds (3) funksionalina mini-
mum giymat versin. (3) funksionalina (1)-(2) sortlori daxilinds minimum qiy-
mot  veron  (u(t)v(t)) mumkin idarosino optimal idars, uygun
(ut),v(t),x(t),y(t)) prosesina iso optimal proses deyacayik.

2. Funksionalin artim diisturunun qurulmasi. Tutagq ki, (u(t),v(t))
qeyd olunmus miimkiin idare, (Ur(t)=u(t)+Au(t), v(t)=v(t)+Av(t)) iso ixtiya-
ri miimkiin idaradir. Onda aydindir ki, trayektoriyanin artimi olan (Ax(t),Ay(t))

axt)= 3 [AC.2)AXE) + [ (6, 2.0(0) - Fou@)] teT, @)

7=ty

)= ¥[8 )ay(e)+ g, 7,7(0)- gt 7w+ [B(R( ) -Glxe)] te T, (6)

=t

@)

tonliklar sisteminin hallidir.
Forz edok ki, p(t) vo q(t) halolik namalum n va m -6lgiilii vektor-

funksiyalardir. Bu (4) eyniliyinin hor iki torofini soldan p(t)vektor-funksiya-
sina vurub t-ya gors t,-dan t, -0 gadar comlosak alariq ki,

Zp (t)Ax(t) Z[Zp Alt,7)Ax(z ]+2|:2p f(t,z,u(z f(t,r,u(r))]}. (6)

Daha sonra (5) eyniliyinin hor iki torafini q(t)-yo soldan skalyar vurub,

alinan miinasibatin hor iki torofini t-yo goro t, -don t, -yo godor comloyok.
Naticads alariq ki,

Zq )Ay(t) Z{Zq B(t,7)Ay(z }E[Eq g(t,7,v(r g(t,r,v(r))]}+

t=t, t=t; | 7=t, t=t, | 7=,

3 ¢l

t=t,

[11-14] islorino analoji olaraq alariq Ki,

7)
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:Zoip Alt,7)Ax(z ] E[Zp AT HAX(t )]
22" Hra () traie)]| =3[ S ool re o) snat)]
Zq Bt y(e ] tzt[gtq B(e )yt }
g_gq'a)[g(t,av( )9t ] $[Satelatast)-ateatl]

Bu eynlllklerl nozars alib

(tu,p)= 2 p'(z)f(z,tu), Miltyv,q)= iq’(r)g(r,t,v)

T=t,
Hamilton-Pontryagin funk51yalar1n1 daxil edok.
Onda S(u,v) funksionalinin artimini

35(09)=5(0.9)-5(0)~ [ ()~ 640l 5 )05 D]+ 3 1) - O
_2{2 p'(r)A(r,t)]Ax(t)—i[Hl(t,u(t), p(t)—H, ( O+ S o

t=t, t=t,

-g[gqf<f>s<f,t>}y<t>-gw1<t,v<t>,q<t»-Mla,v@ al0))- S tic(i(,)- 6l

soklinda yaza bilarik.
Daha sonra

N(x)= [a% t;,q }

t=t;

isaralomasini daxil edok.
Teylor disturundan istifads edarok yaza bilarik ki,

(x())- (x0)= 2EXED s ) . ),

051 0. (5)= 0D ayt ) o, (i, ),

V)N ) = D ) 0, e, )
Nahayat, (4) (5) tonliklorindon aydindir ki.
ZAt 7)AX(7 fotu f(z,t,u(t))]. 9)
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My()= 3 Bl 2ay(r 2[9 ~glet v+ [G(x()- (). (10)

=t

Ona gors do yaza bl|9rlk ki,

85 =3 226D p ane)+ ia¢f(x(tl))[f(tl,t,n(t))_ )]+

t=ty X

o OX
+ 3 220D g, ny)+ 325V g wt0)- 16 v

t=t,

Sl - ) o+ E 00905 S ateeten py)-
-3 M 7.9 M, D90 3 o OB ) -G

t=t, =4

Buradan alariq ki,

AS(Uv)=3 a‘”l(i(tl))A(tl t)Ax(t)+ia<"fg§(‘ ittt o)~ ft.tul)]
+ 3280 g, ay)+ 3 250D gt 00 10, 000)

+iQ'(t)AY(t)—t2 2 q’(r)B(r,t)ﬁAy(t)—Z[M (t,v(t), q(t) - M, (t, v(t), q(t))] +

t=t

o, Axt )+ 0,4y, )+ o axtt)).

Bozi qruplasdirmalar aparaq. Naticads gorarik ki,
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—g[Ml(t,V(t),q(t))—Ml(t,v(t)q( 1+ o, (|Ax(t, )|)+ o, (JAy(t, )+ o5 (jax(t, ). (1)

Ogor forz etsok ki, p(t) vo q(t) uygun olaraq asagidaki mosolonin
(qosma masalo) hallidir

p(t)= —A’(tl,t)[a(pl,gi(t 1)) aN ]+ tZA (z,t)p

q(t)=B(t,,t) a% +ZB 7,t)q

onda (11) artim diisturu asagidak: soklo dusgr

5(03)= -3 [H,.00).p() - H e, o)+

32 ) 16, 000)1- S 50wl 02
DA ”[f( o) . tul ol ot ol

Indi asagidaki sokildo Hamilton-Pontryagin funksiyasimi daxil edok:

H(tu.p)=H(t.u, p)—[a¢£(x(tl))+ a'\"(x(tl))] fttul).

ox ox
Bu halda (12) artim diisturu asagldakl soklo diisor:
|9
AS(u,v)= Z )—Ht.u(t), p)]+ X [M, ¢,V (t).alt)-
=t t=t, (13)

— M, (t,v(t),q(t))]+ ol(“Ax )+ 0s |8y () + o, (|Ax (1))

3. Hallin artiminin normasimin qiymotlondirilmasi. Indi ||Ax(t1)|| Vo

|Ay(t, )| -ni giymatlondirak. Bu magsadlo [12] isinin naticasinden istifado
edorak, (4), (5) tonliklarinin hallarini asagidaki kimi yazagq:
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ZAu(t)f 7,t,ult i{i R,(t,s)A,, f(s,z,u(z ))} (14)

7=ty =ty | S

t

ay(t)= Y [y 9(.tv(t)+ [6(

7=t

—Z[ZR (1.5)8 005,71 (z ] 3R, (,2)G(x() - ()]

7=t =4

x|
—t
~—
~
—~
>
—t
fis
~—
~—
[
|

Bu (4) va (5) gostarilislorindan aliriq ki,

IO S a0 t[zua L (sl )x\], )
Ay ()| < 2. g(z.tv(t )ﬂ E[Z”R t,5)A;9(s,7.v(z )ﬂ]+L1||Ax(tl)||. (17)

Burada va sonralar hesab edirik ki,
Ay F(t7,u(z))= f(t,7,0(2))- f(t,7,u(z))

4. Optimalhgq ii¢iin zoruri sort. Tutaq ki, (uo(t),vo(t)) idarasi optimal
idarodir vo
f(t,r,U)={a:a=f(t,7,u),ueU},

18
gt,z,V)={B: B=g(t,z,v), veV} (18)
coxluglart qabariqdir.
Onda ( °t),v (t)) muUmkun idarasinin xiisusi artimini
A t), teT,
0, (0)=u(te)-wl). teT, -

Av,(t)=v(t;e)-vo(t), teT,
dusturu ils tayin etmok olar.
Burada e« [0,1] ixtiyari odod, u(t;e) (v(t;¢)) isa elo mimkiin idaradir ki,
f(t,z,u(z;¢€)) —f(t () =elftru@)- ft.z,u(@)).
(9. z.v(z;€)-glt,7.v* ()= £g(t, 7, v(2) - g lt, 7,v* (2)))
munasibati ddanir.
Harada ki u(t) (v(t)) u(t;e) (v(t;£)) mimkin idarssine uygun miim-
kin idarodir.
(Xo(t), yo(t)) trayektoriyasimin idaronin (19) diisturu ilo toyin olunmus
xiisusi artimina uygun artimimi (AX, (t), Ay, (t)) ilo isaro edok. Bu (16), (17)
giymatlondirilmasindon aydindir ki,
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|Ax, () <Ze, teT,

lay, @) < Z,¢, teT,.
Ona gors do (13) artim diisturundan aliriq ki,

t,-1

> [Htu(),po() - Ht.u" @), o))+

t=t,

S(u°+Au, v +Av, )—S(u°,v°) = —g|:

3 [m (t,v<t>,q°<t>>—M<t,v°<t>,q°<t>)]]+o<e>.

t=t,
Bu ayrilisdan u(t) vo v(t)-nin ixtiyariliyino asasan asagidaki hokmin
isbatini aliriq.
Teorem 1. Ogor (18) coxluglart gabariqdirsa, onda baxilan masalado
(uo(t),vo(t)) mumkun idarasinin optimal idars olmast {iglin zoruri sort asagidaki
munasibatlorin 6donmasidir:

3 [H 60, p°0)- Hew) ()< 0. 20
her bir u(t)e EJ te T, Ucin,
3 [M (tv(t) () M (tvelt) )] <O. -

t=t,
her bir v(t)e V, te T, igin.
Bu zoruri sort optimalliq tigiin diskret maksimum formasinda birinci
tortib zoruri sortdir.
Qeyd edak ki, digar sortlor daxilinds baxilan moasalo Ugin Xottilosdiril-
mis maksimum sarti formasinda zaruri sart do almaq olar.
Teorem 2. Tutaq ki, U vo V ¢oxluglar1 qabaniqdir, f(t,z,u) (g(t,rv))

vektor-funksiyasi iso u(v) -yo @0ro kosilmaz téromoays malikdir. Onda
u°(t)v°(t)) miimkiin idaresinin optimal idars olmast iigiin zoruri sort ixtiyari
ult)eU, teT, va v(t)eV, te T, iiciin uygun olaraq

3 e, ket vll<o, @)

> M v @)@t - vee)l< o (23)

t=t;
borabarsizliklorinin ddonmasidir.
Bu zoruri gort baxilan masalo Ugun Xottilosdirilmis maksimum sartinin
analoqudur.
Teoremin isbatina kegok.
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Tutaq ki, (u°(t)v°(t)) geyd olunmus, (@(t)=u°(t)+ Au(t), v(t)=v°(t)+ Av(t))
iso ixtiyari mumkiin idarodir. Onda S(u,v) funksionalmm bu miimkiin
idaralors uygun artimini asagldakl kimi yaza bilarik:

AS(u°,v°)=S(T,v) =3 [He )-H v ). pe)]-

t=t,

=¥ M 7). 0°(0) - M v (1.0 )+ o (Iax(e ) + o, (A, ) + o (ax(t )) =

= Y H; [t ). pe(t))au(t)- iMJ(t.V°(t),q°(t))AV(t)+ o,(ax(t )+

t=t, =t
+o,(|ay(e, )+ s (ax(t, ) - 204(“Au )~ ;05(“” - (24)
Sorto goro U vo V goxluqlarl qabariqdir. Ona gora (uo(t),vo(t))
mumkdin idarasinin xiisusi artimini
Au, ()= plu®)-w), te T,
A, (t)= p(v(t)-ve(t)), teT,
dusturu ilo toyin edo bilorik. Burada u € [01] ixtiyari odod, u(t)eU, te T, vo
v(t)eV, teT, ixtiyari mimkin idarelordir.
indi (Ax X, (t).Ay,(t t)) ilo (Xo(t),yo(t)) trayektoriyasinin idarenin (1.35)

dusturu ils toyin olunmus xiisusi artimina uygun artimini isara edok.
Gostarmok olar ki,

|Ax, (@) ~ &, teT,

lay, )~ u. teT,.
Onda bu (26) va (25) disturlarimi funksionalin (24) artim disturunda
nozars alsaq, asagidaki ayrilisi alariq:

S(ue(t)+ Au, (t).vo(t)+Av, (t))-S(uo(t)ve(t)) =

(25)

(26)

z H? (t,u°(t), po(t)u(t) - M (t.v° (t),q°()v(t) - +o(u).

t=t, t=t1
Buradan ayd1nd1r ki,
ZH (t.u°(t), po(t)Ju(t)- ;(t,vo(t),q‘”(t))(v(t)—v t))<0
t=t, t ty
Axirinet  borabarsizlikdon u(t) ve v(t) -nin ixtiyariliyine osason
teoremin isbatini alariq.
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YCJIOBHS ONITUMAJBHOCTHU B OJJHOM CTYIIEHYATOM JIMHEMHOM
3AJIAYE OIITUMAJIBHOI'O YIIPABJIEHU S

M.Y.UBIPAXOBA
PE3IOME
B paboTte m3yuaercst oqHa 3a/1a4a ONTUMAIBHOTO YIIPABICHUS ONMCHIBAGMasi CHCTEMOM
JUHEHHBIX Ppa3HOCTHBIX YypaBHEHHH Bompreppa. YcrTaHOBIEHB HEOOXOAMMBIE YCIOBHS
ONTHMAJILHOCTH TIEPBOTO MOPSIKA.
KiroueBble cjioBa: cucreMa pa3HOCTHBIX ypaBHEHMI Tuma Bosbreppa, 3amaua omn-

TAUMAJIbBHOTO YIIpAaBJICHUA, MTPEACTABICHUE PCIICHU, HeO6XOﬂl/IMO€ yCJI0BUE€ ONTHUMAJIBHOCTH,
CTyInieH4YaTad 3agavda OITUMAaJIbHOTO YIIPaBJICHUA.

OPTIMALITY CONDITIONS IN ONE STEP LINEAR OPTIMAL
CONTROL PROBLEM
M.U.CHIRAKHOVA
SUMMARY
The paper investigates one optimal control problem described with the system of
Volterra type linear differential equations. First order necessary optimality conditions are

obtained.

Key words: the system of Volterra type differential equations, optimal control problem,
representation of the solution, optimality condition

Redaksiyaya daxil oldu: 28.02.2018-ci il
Capa imzalandi: 09.04.2018-ci il
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Ne] Fizika-riyaziyyat elmlari seriyast 2018

VIK 517.9

Ob OTCYTCTBUM HEOTPULHATEJIBHBIX I''ITOBAJIBHBIX
PEINEHUM IMTOJYJIUHEWHOT'O TAPABOJIMYECKOT'O
YPABHEHUSA BTOPOI'O IOPAAKA C CHHI'YJIAPHBIM

INOTEHIUAJIOM

HI.I' BATBIPOB
baxkunckuii I'ocyoapcmeennwtii Ynueepcumem,
Hucmumym Mamemamuku u Mexanuxu HAH Azepoaitoxncana
sh_bagirov@yahoo.com

B obracmu QR ={xe R"; |X| > R}X(0,400) uccreoyiomes eonpocer omcymem-

68U HeompuyamelbHbvlx 27100aNbHbIX pemeHuzZ nOJZleuHelZHOZO napa60ﬂuqecr<020 YypasHeHUs

aa—:f = div(‘x‘aVu) + Co‘x‘wzu + ‘xmu‘q C HAYAbHLIM YCAOBUEM u‘tzo =Uy(x) 2 0. [Toryueno

0ocmamoyHoe yciogue OMCymcmeus 2n00aibHblX HeoOMmpuyamenbhvix peuwienul. Jlokasza-
MenbCmeo 0OCHOBAHO HA Memooe NPOOHBIX (PYHKYULL.

KaoueBsie ciaoBa: [lomynuHeliHoe mnapabosmyeckoe ypaBHEHHE, IIIOOAJbHOE pe-
IIEHHUE, CUHTYJISIPHBIH TOTEHIMA, KPUTHYECKUI [T0Ka3aTellb, METOJI IIPOOHBIX (DYHKIIHH.

Beeniem crenytoutne 0603HaYEHUS: xe R, n 23, I =|X = D&+ o+ %2,
’ ’ ’ 21
B ={X; ‘X‘ <R} Bz ={x; ‘X‘ >R}, QR = BRX(O’+°°)’ Qr =Bg x(0,+), Cx,t (Q,R )
- MHOXECTBO ()YHKIIMH JBaXIbl HENpepbiBHO auddepeHuupyemsie mo X u
HenpepsiBHO auddepenunpyembie o t B QF .

B obiact Qf, paccMOTPHM CIEAYIOLIYIO 3a/1a4y:

g—l: = dinx|“Vu)+ ColX|"“u+ X" |u[", (1.1)
u|t=0 =U,(x) >0, (1.2)

a+n-2

rie q>1, a<2, o+2-a>0, OSCOS[

) . Up(x)e C(Bg),

), div(f,,..., fn)=i+ of, +..+ o, .

X X, | ox

Vu= a_ua_u
ox,  oX

n

n
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bynem wu3yuaTh BOINpPOC O CYIIECTBOBAaHMM HEOTPUIATENIbHBIX
rnobanbubix pemennit 3amaun (1.1),(1.2). Pemenue 3amaun moHUMaeTcs B

Kiaccndeckom cmbicie. Oynknmio U(X,t)e CZ(Qf ) M C(B, X[0,+0)) Gymem
HaspiBaTh pemenueM 3amaun (1.1),(1.2), ecmm u(X,t) ymoBieTrBOpseT

ypaBrenue (1.1) B kaxnoii Touke n ycnosue (1.2) mpu t = 0.

[Tpobnembl CyIecTBOBaHHUSA W HE CYIIECTBOBAHUS TJIOOAIBHBIX pellle-
HUI Ui pa3IM4HOro Kiacca AuQQepeHInaIbHbIX YpaBHEHUH U HEPABEHCTB
UTPAIOT BaXHYIO pPOJIb B TEOPUU M MPUIIOKECHUAX, MOITOMY MPHUBICKAIOT
IOCTOSIHHOE€ BHUMaHKME MaTEMaTHKOB U UM MOCBSIIEHB! 00JIbIIOE YUCIO PAOOT.
B knaccuueckoit pabore @ymxutel [1] paccMaTpuBaeTcst HayaabHas 3a1a4a

ou
—=A P (x,t)e R"x(0, T
o u+u®, (x,t)e R"x(0,T) (13)

ul_,=Uy(x), xeR"

x 2
U Jl0Ka3bpIBaeTcs, yTo npu 1< p< p =1+  HE CYLLECTBYIOT HONOKHATENbHbIE

rioGanbHble pentenns 3anadn (1.3), a mpu P> P AId MaleHbKUX Uy(X) cy-

HIECTBYIOT MOJIOKUTENbHBIE TioOanbHble pemieHus. Cinydaidh p = p uccie-

noBaHbl B paborax [2],[3] u mokazaHO, 4TO B 3TOM ClIy4ae TOXKE HE CYIIECT-
BYIOT TIOJIOKUTENBHBIE TTI00AIbHBIE PEIICHHUS.

Pesynprarel paborel ®@ymkutsl [1] BbhBBamM OOJBIION HHTEpEC K
npobaemMe OTCYTCTBHS TI00abHBIX PEUICHUH, 1 OHM ObUTH pacUIMpeHbl B HEC-

KOJIbKUX HampasieHusix. Hampumep, BMecto R", GbUTH paccMOTpEHbI pas3ind-
Hbl€ OTpaHUYEHHbIE U HEOTrpaHMYEHHBbIE OOJACTH, WM OBbUIM PACCMOTPEHBI
Oonee obmue omeparopbl, ueM omnepatop Jlamnaca ¥ HEJIWHEHHOCTH MHOTO
tuna. O630p Takux paboT uMeeTcs B cTaThe [4], B MoHOrpaduu [6] U B KHUTE
[7].

3aMeTHM, 4TO BOMPOCHI CYIIECTBOBAHUS MOJIOKUTEIbHBIX PELUICHUH Ha-
YaJIbHO-KPAEBBIX 3aJay U1 JIMHEWHBIX YPaBHEHUW C CHUHIYJSIPHBIM IIOTEH-
[IMaJIOM TOKE KMCCIIEIOBAaHbBI MHOTHMH aBTopamu. Hampumep, B pabore [7]
paccMmarpuBaeTcsl HauaabHO-KpaeBas 3ajada

u, = Au +%u, (x,t)e By x(0,4e0), n 23,
X

u(x,0)=u,(x)=0 (1.4)
u(x,t)=0, xedB;, t>0

n-2 ’

2

U JIoKa3biBaeTcs, urto ecnu C < , To 3amada (1.4) uMmeeT MONOKU-
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2

B »T0i1 cTathe MBI paccMaTpuBaeM cllydail MOJYJIMHEWHOTO YpaBHEHUS C
CHUHTYJSIPHBIM TIOTEHLMAJIOM M UCHONb3ysd TEXHUKY HPOOHBIX (DyHKIHIA,
paspabotannyro Mutuauepu u [loxoxkaeBsiM B paboTe [5] , HAXOAUM TOUYHBINA
KPUTUYECKHH TMOKa3aTelb OTCYTCTBYS TJI00aNbHBIX HEOTPHUIIATEIbHBIX pellle-
HUM.

Bompocsl, paccmaTprBaeMble B 3TOU CTaThe, paHee U3Y4allucCh B paboTax
[1]-[13].

@DopMyJIMPOBKA OCHOBHOI'0O Pe3yJIbTATa U J0KA3aTeIbCTBO.
PaccmoTpum creayronlyto 3JUTMITHYECKYIO 3a7a4y:

div(|x|“V§)+ CoX“ £ =0, (2.1)
ghx‘:l =0. (2.2)

[ycte £(X) pamnansHOe pemenue 3amxaun (2.1), (2.2). Ecou uckatsb

2
o n-2
TCIIBbHBIX peLHeHI/II/I, a €CJIn C > (—) , TO HCT.

penrenue B Buje &(X) = |Xﬂ

, TO moACTaBIsAs B (2.1) momyunm

X (u(er+n+p-2)+Cy) =0.
Orcrona
W+(@+n-2)u+C, =0,

oa+n-2 oa+n-2 ’
M, == i\/( -G .

2 2

O603HauuM C, = (OH_H 2) D=,C,-C,, A, =~ an+D.Torzxa,

mpu 0<C, <C;, 5(x)=\x\+—\x\ ,ampu C,=C,, &(X)= |x| 2 Iog|x|

Oyznet pemenueM 3anaun (2.1),(2.2).
OCHOBHBIM PE3yJIbTATOM 3TOM PaOOTHI SIBISCTCS CICAYIOIIAs TEOpeMa.

Teopema. Ilycte N>3, q>1, a<2, o+2-a>0mu
« o+2-« « o+2-«
npu 0<C,<C,,qsl+——,ampu C,=C,, <1+ —.
P 0 <%0 4 A, +n P S0 =50 A, +n

.\
Torma 3amaga (1.1),(1.2) He umeeT riao0aIbHOE HEOTPHUIIATETFHOE PEIICHUE.
Joka3zareancTBo. [Ipenmonoxkum, uto U(t,X) >0 pemenue 3amauu
(1.1),(1.2). doxkaxem, uro u(t,x)=0. Jlna mpocToTsl 3amucu Bo3bMeM R =1.
PaccmoTpum dyHKIIHIO
2
X

t
o(x,t) = o(|xt)= 9, |
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e p>>1, @,(s)e C”(0,+<),

(s) = 1,0<s<1
P10 s> 2.

2
OueBugHo, uTo SUpP pDo {1 < Lg+% < }
PP

VYmuoxum ypasaenue (1.1) wa dpynakmuo E(X)@(x,t) u mHTErpHpyeM
1o o6nactu Q; . [Tocyie MHTErPUPOBAHMS IO YACTAM MOJIYYHM

[[IX° u Spdxdt = [[ [N (Vu, V(Ep))dxdt - C, [[|X*uépdxdt -
QA Q Q

- [Ju gaa—‘t”dxdt — [us () Ep(x,0)dx == [ [ugp(div(x“ V&) +Colx" &) dxdt -
of B Q
-] [u|x|“ (V§,V¢)+(V(|x|“§),V¢)+|x|“§A¢] dxdt -
Q

—[Ju fa—(pdxdt — Ju, () Ep(x,0)dx. (2.3)
g o B
VuaureiBas, uto £(X) pemenue 3amaun (2.1), (2.2) u Iuo(x)f(x)¢(x,0)dx >0,
B

u3 (2.3) nonyuum
”|x|"|u|q§qo dxdt < —Hu [2|x|“ (VEV) +ad| " E(x, Vo) + |x|“§Ago] dxdt —
o o

_[fuel®
gui o dxdt.
Hcnonb3ys HepaBeHCTBO ['enbaepa, OyaemM UMeTh
a
'”|x|”|u|q§(pdxdt < ”|x|"|u|q§(pdxdt X
Q Qinsup pDg

1

2X" (VE V) +afx| " E(x, V@) +[X" EAg

5 | X|6(q’—1) é;qtl ¢q'—l

[
dxdt | +
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=
q' "
HE T
+ J;‘l".¢q,_l|X|a(q,_l) dxdt [Q n;[!l;(!p Juf* f(pdxdt) [ 15 +1Y } (2.4)
rae |y - nepesiit, |,- BTOpOI\/'IdI/IHTeraJ'I B KBaJIPaTHOM CKOOKE.

Orcroga

J.j|x|6|u|q§¢dxdtscl(ll+ 1,). (2.5)
Q

Cnenas 3ameny t=p°r, x=py, o, x) =g, (T+|y|2), OLICHUM HMHTETPAITBI
I 15,

Cuauana paccmoTpum ciydait 0<C, <C, .

¢
2|X* (Vf,V(p)+a|x|”_2§(x,Vgo)+|x|“§Ago‘

" Q | |"(q"1) £ gt dxdt <
(0{+ﬂ 2)q 2
(X Vo) +alx Vo) +xag’
t<
R
<C p(a 2)q’ U(q 1)+/1 o o
2 a¢0 4 az¢0 « (a+p-2)q
vl %2 ly
o(q-D) dydz <
LHM <2 |y| ¢0
< Csp(a—2)¢—a(q’—1)+l++n+6 ) i"l’ (26)
a¢q§
I = jj at dth <C -&9'+ A, +n+6-0(q'-1) %
2= q’—l‘XG(Q’—l) <C,p
“
J._[ g1 o) dydT C4p—5q +A,+n+0-0(q-1) Iz , (27)
Lr+\y\ <2 (00 | |

e uepes |1, 1. » 0003HaYNIN TIOCTeaHHE HHTErPaisl B (2.6), (2.7).

OueBnaHo, 4T0 (Jy(S) MOXHO TOTOOPaTh, Tak YTOOBI MHTErPAIIbI
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I, < oo, I, < oo (cm.[6]).
6 BO3bMeM Tak, uToObl — & = (¢ —2)q". Orcroma -0 =a—2.
Torna, ucnone3ys (2.6), (2.7) u3 (2.5) nonyuum
[} uf Spdxdt < Cyple @ e@eanm. (1 T,). (2.8)
Q

[Ipenmnonoxum, 4To
(@-2)(q'-)-o(q-)+1, +n<0.
Torna

(a—2—0)%+/1++n<0.

o+2-o o+2-«

Orcrona <1+ = )
A, +n n+2—a+D

B sTom cityuae, nepexos k npeneny npu P — +eoo, u3 (2.8) nonydyum, 4ro
”|x|a|u|q§¢ dxdt <0.
Qo
Otcroma  u(x,t)=0.
IIycTe Teneps
(¢-2-0)(q'-1)+A, +n=0 wm
o+2-uo
A, +n
B stom ciyuae u3 (2.8) cienyer, 4to
mx\a\u\qf dxdt < Cg . (2.9)
Q
Orcrona, U3 cBOMCTBA UHTErpaja
”|xd|u|q§dxdt —0 mpu p —> +oo. (2.10)

2
QN E#JZ—LQ

g=1+

Torna, ucnone3ys (2.6), (2.7) u3 (2.4) noxydum, 4to
1

”|X|U|U|q§dxdt <[ mx|a|“|q§¢dxdt ]qlllql' n |5:| <
o

Q{nsup pDg
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1

d

<C, H|x|”|u|qfdxdt —0

2
QN JSLerSZ
p’ p?

npu P — +eo B cuiy (2.10).
3HAYUT, U B 3TOM Cllydae

” IX|"|u["pdxdt <0.
o1

Orcrozna, caosa U =0.
Paccmorpum ciydaii, korna C, =C,. B sToM ciyyae B KadecTBe

pemrenus 3anaqn (2.1),(2.2) Bo3bMeM
n-2

E(X)=[x"2 log|x.
Vmuoxas ypaBuenue (1.1) Ha pynkuuio £(X)@(X,t) W aHATOTHYHO TPOBEISN

BCC paCCyXXACHUA, ITOJTYYHUM, YTO
a+n-2

(a-2)q' -0 (q'-1)—————+n+2-a ~
I, <Cgp AT 1 logp =
n+2-o
(a-2-0)(q'-)+——F ~
=Cyp " g, (2.11)
n+2-o
(@=2-o)(0'-D+—— =~
L,=Cpp 2 T,logp. (2.12)
IIyctb
(@-2-o) -+ 2% <o,
OTtcronga
q<1+ 200+2-a) .
n+2—o
Torna u3 (2.5) cnenyer, uTo
o 19 (a—2—0')(q’—1)+n+2_a ~ ~
[[Xufpdxdt < Cyp © (I, +1,)logp.
QA
Otcrona, mepexons K npeaey npu p — +oo , OIy4YUM
”|x|”|u|qaf¢dxdt <0.
o1

3naunt U(X,t)=0.

DTUM TeopeMa MOJHOCTBIO 10Ka3aHa. 3aMeTum, uto nipu C, = C,, cirydai
ot+2-a 200+2-«

=1+ ( )

q=1+
A +n n+2-«a

OCTaJICA OTKPBITBIM.
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=

SINQULYAR POTENSIALLI YARIMXOTTI iKiNCi TORTIB PARABOLIK
TONLiYIiN MUSBOT QLOBAL HOLLINIiN YOXLUGU

S.H.BAGIROV
XULASO

Qp ={xe R"; [x|> R}x (0,4 oblastinda yarimxatti parabolik aa—l::div(\x\”Vu)+co\x\“’2u+\x\”\u\”

tonliyinin u‘lzo = U, (X) = Obaslangic sortini 6doyon moanfi olmayan global hallinin yoxlugu

mosoalolori  dyronilir.Miisbot global hollin yoxlugu {igiin kafi sort tapilir. isbatda sinaq
funksiyalar1 iisulundan istifads edilir.

Acar sozlor: yarimxatti parabolik tonlik, qlobal holl, sinqulyar potensial, kritik gdsts-
rici, sinaq funksiyalar iisulu
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ON THE ABSENCE OF NONNEGATIVE GLOBAL SOLUTIONS OF A SECOND-
ORDER SEMILINEAR PARABOLIC EQUATION WITH A SINGULAR POTENTIAL

Sh.H.BAGYROV
SUMMARY

In the domain of Q, ={xe R";

X| > R}x (0,+e0), issues of the absence of non-negative

global solutions of semi-linear parabolic equation %L:: div(q" V) + o 2u+ with the initial

condition u| = u,(x) are explored. The sufficient condition for the absence of global non-
negative solutions is obtained. The proof is based on the method of test functions.

Key words: Semi-linear parabolic equations, global solution, singular potential, critical
exponent, method of test functions.

Hocmynuna 6 pedaxyuro: 14.03.2018 .
Hoonucano xk newamu: 09.04.2018 e.
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YAK 517.946

OYHIAMEHTAJIBHOE PEHIEHUE
OJHOI'O JMPPEPEHIIUAJIBHOI'O YPABHEHMUSA
C YACTHBIMHA ITPOU3BOJHBIMHA YETBEPTOI'O ITIOPAIKA

H.A.AJIMEB, C.P.BEJIMEBA
bakunckun I'ocyoapcmeennwiii Ynueepcumem
sevinj_veliyeva@mail.ru

H3znazaemas paboma nocsiujena nocmpoenuio QyHOAMEHMAIbHO20 peuleHus Ol
YpasHeHus ¢ YACMHLIMU NPOU3BOOHBIMU Yemeepmozo nopaoka. Ommemum, 4mo Ons ypasHe-
HUll ¢ 08YMs HEe3A8UCUMBIMU NEPEMEHHLIMU NO OOHOMY U3 IMUX NEPEMEHHbIX NPUMEHAEMC s
npeobpasosanue Pypve, a Ona Opye020 NEPEMEHHO20 peuiaemcs O0ObIKHOGEHHOe NUHeliHoe
ougppepenyuanvroe ypasHerue 8mopoco nopsoxda.

Karouesnle ciioBa. [[BymMepHOE ypaBHEHHE, ypaBHEHHE YETBEPTOrO MOPSAKA, MPEo0-
paszoBanne Pypbe, ypaBHEHHE BTOPOTO NOPSAAKa, GyHIaMEHTAIBHOE PEIICHHE.

K moctpoenuto gpyHmaMeHTaIbHBIX pENICHUN PAa3IUYHBIX yYpaBHEHHM
nocasieHa 1enas riasa kauru B.C.Bnagumuposa [1]. B aToit kaure [1] npu-
BOAATCA (yHIaMEHTAIbHbIE PEIICHUs, KaK Al OOBIKHOBEHHOT'O JMHEHHOIO
muddepeHIaTFHOTO YPaBHEHUS, TaK W I YPaBHEHUS C YACTHBIMH IMPOU3-
BOJHBIMU. B OTMEUEHHOU TJaBe 3TOW KHUTH MPHUBOIATCS (PyHIAMEHTAIBHBIC
peuIeHusT ypaBHEHUS JIJUIMITUYECKOrO THUIIA IMEPBOTO NOpsAJKA, YPABHEHUS
Komu-Pumana, nist IByMEpHOTO M TPEXMEPHOTO YPABHEHHS AILTUNITUYECKOTO
TUIa BTOpPOro mopsijaka, ypaBHeHus Jlammaca. [lanee mosydyeHo ¢yHaameH-
TalbHOE pEIICHHE, KaK Ui ypaBHEHUs NMapadOoIuYecKoro TUMa, TaKk U IS TH-
nepOonnyeckoro tuma. OTMETHUM, YTO BCE 3TU (PYHIAAMEHTAJIbHBIE PEIICHUS
MOJTy4eHBI ¢ MOMOIIL TIpeodpazoBanuss Oypre. Hakonel, oTMeTnM, 910 B pa-
6otax [2] - [5] mocTpoeHs! pyHIaMEHTAIbHBIC PEIICHUS TI0 HAITPABICHHUIO JIJIS
ypaBHeHus Komu-Pumana. [Ipu nonyueHnn GyHIaMEHTAIBHOTO PEIISHUS IO
HAIpPaBJICHUIO MOABIAETCS NenbTa (yHKIUS Jupaka ¢ KOMIUIEKCHBIM apry-
MEHTOM, KOTOpBIN BeeT cedst Kak pyHkimonana. Otmerum, uro GpyHkuus u-
paka ¢ KOMIUIEKCHBIM apryMEHTOM H3ydYaeTcs M B pabortax [6], rae 3ta QpyHK-
uus pasznaraercs B psa Teitnopa. Cinenyer OTMETHTh, YTO TaKOW MOAXOM st
HAIIKX IIeJIel Helerecoo0paseH.

Jlerko BHIETH, UTO PA3HOCTH ITUX (YHIAMEHTAIBHBIX PEIICHUN SIBIISI-
€TCs PELIEHUEM OJHOPOIHOTO YPAaBHEHHUSI, HO OHA HE SIBJISIETCS PETYJISIPHBIM.
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Crnenyer OTMETHTh, YTO MOXKHO IOJIYYUT TaKkKe (yHIaMEHTalIbHbIE
peleHus 17151 ypaBHEHUs ¢ IPOOHOM MPOU3BOIHON C IOMOIIBIO (haKTOPU3ALIH
ypaBHeHus Kommu-Pumana [7], [8].

ITocranoBka 3agaum. PaccmMoTpuM cienyroniee ypaBHEHUE C YaCTHBI-
MU IIPOU3BOIHBIMU YETBEPTOTO MOPSIKA

ia"u(x,t) _ 0*u(xt) 20%u(xt) o 20%u(xt) _
= o Sz TPz bec*—7>==f(xt),x ER,t ER (1)

rae b W ¢ - MOCTOSHHBIC, OTINYHBIC OT Hyns uucna, f(x,t) - u3BecTHas, a
u(x,t) - uckomasi (QyHKITHSL.

[Tpumenss npeoOpazoBanue Dypre Mo NepeMeHHOMY t, T.e. Mes mpe-
CTaBJICHHUE:!

u(x,6) = 7=, e*'ux,p)dp, 2
foot) = =, e f(xBdp, ©)
fouB) = =1, e P fx D, (4)

u3 ypaBHeHus (1) momyunm:

1 1 . 1 ,
- iBt p4s it pax'
sz R e ﬁ u(x'ﬂ)dﬂ-l_mL e ﬁ u(x;ﬁ)dﬁ

1 .
— b? Ef e'Pt % (x, B)dp —
R

1 . . 1 o
et | et pap = fR el f(x, B)dB,

KOTOpOE MPUBOJIUT HAC K CIEAYIOUEMY OOBIKHOBEHHOMY MU hepeHInaTbHO-
MY YPaBHEHHIO BTOPOTO MOPSIKA:

~ 1 ﬁz o~ — f(x’ﬁ)

i (x,p) + C—Zu(x,ﬁ) = 2 ez x € R. (5)

[Tocie mpuMEeHEHUsT METO/I BapHAIIMU MTOCTOSIHHBIX, OJJHO U3 PEIICHHUN
ypaBHeHUs (5) MOTYyIUM B BUJIC:

f&x.pB)

@(xB) = f, 9 —O)sinf(x - ) T2 d, (6)
rae 3(x — &) - enuHuyHast QyHKIUS XGBI/ICEII/I,Z[a.

[Moncranss (6) B (2) 1 yuuThiBas (4), MOTyduM:

uCnt) = f, dé [, fE DT [, e sint (x - ) s
Takum o6pazom, st GyHIaMEHTaILHOTO ypaBHEeHUS (1) moryanm
clleAyIolIee npeacTaBiIeHHe:
I(x— iple—r+2=2 iple—r—2=% d
Ux—gt—1) =20 (elﬁ[t L PR [ DW% @
Brrauciisist uHTerpan B (8) ¢ MOMOIIBI0 METOAA JBYXCTOPOHHSIS JIECT-
Huia Xepmanzaepa [6], [9] noxyunm:

Ulx—§t—1) =%[e(t—r—%5)sinz%(t—r—’%g)—
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—e(t—r+ﬁ)sin2%(t—r+x7_f)]. 9)

Cc
Boruncnsisi COOTBETCTBYIOIIME MTPOU3BOHBIE (DYHAAMEHTAIBHOIO pe-

mennst U(x — &,t — ) u3 (9) u moacrasJisiss B OCHOBHOE ypaBHenue (1) mo-
TY9IHM:
i@"U(x— §t-1) *U(x— &t-1) 4 p2 2%U(x— &t-1) _ p2e2 2%U(x— &t-1) _
c? ot* 0x20t2 at2 dx2
=5(x—-86(t —1). (10)
Takum 00pa3oM, TIOJTYICHO CIECIYIONIEe YTBEPKICHHUE.
Teopema. Ecnu b W c OTIMYHO OT HYJIS MOCTOSIHHBIE YHCIA, TO CY-
niecTByeT (pyHIaMEeHTaIbHOE pelieHne ypaBHeHus (1), mpencraBieHHOE B BU-

ne (9).

3ameuanme. PaBencrBo (10) mokaspiBaer, 4To ACHCTBUTENBLHO (DYHK-
s (9) sBisiercst GyHAAMEHTAIBHBIM pellieHneM ypaBHeHus (1).

JUTEPATYPA

1. Buamgumupos B.C. YpaBrenune matematnueckoi ¢pusuku. M.: Hayxka, 1981, 512 c.

2. N. Aliyev; M.H. Fatehi; M. Jahanshahi Analytic Solution for the Cauchy-Riemann Equa-
tion with Non-local Boundary Conditions in the First Semi-Quarter Quarterly Journal of
Science Tarbiat Moallem University, v.9, No.1, 2010, Iran, pp.29-40.

3. Aummes H.A., 3eiinanos P.M., 3agaua CrexioBa [yisi 3JUIMOTHYECKOTO YPaBHEHUS TIEPBOTO
nopsiaka, Bectauk BI'Y, cepust pusznko-maremarnueckux Hayk, Ne2, 2012, ¢.13-20.

4. Amues H.A., A6b6acoBa A.X., HoBbIif TOAX0 kK TPaHUYHBIM 3aauaM Juisi ypaBHeHus Ko-
mm-Pumana, Bectauk BI'Y, cepust ¢puznko-matemarndeckux Hayk, Ne2, 2010, ¢.49-53.

5. http://nihan.jsoft.ws- list of publications of Dr. Nihan A. Aliyev

6. Illmnos TI'.E. MareMaTHYeCKuil aHan3, BTOPO# crenuanbHbli Kypc. M.. Hayka, 1965,
328 c.

7. Ammes H.A., T'ymueB A., Meton daxTopu3anuu A MOIXy4IeHUS YHIAMEHTAIBFHOTO pe-
IICHUS AIUTUNTHYECKOTO YpaBHEHUS ¢ ApOOHOH mpomsBogHoH, Bectauk JII'Y, ectecTBeH-
Hble Hayky, || cepust, Jlsakapan, 2018, ¢.19-20.

8. T'ymmeB A., O ¢pyHIaMEHTATBHBIX PELICHHUSIX HEKOTOPHIX YpaBHEHHH C JPOOHBIMH MPOH3-
BonHbMH, BectHux JII'Y, Marepuansl pecnyOiaMKaHCKOH HaydHOW KOH(EpeHIHWH, I0-
CBSIILIEHHAs] MHTETPAllMOHHBIM U HAay4YHBIM NpoOiieMaM B COBpEMEHHOM Mupe, JIsHkapaH,
2017, c.67-72.

9. Joxk. uccepranus Amues. H.A. HccnenoBanue pemieHui rpaHiyHbIX 3a1a4 st audde-
PEHIHANBHBIX YPaBHEHHUH B YaCTHBIX MPOW3BOIHBIX C OOMIMMHU JTMHEHHBIMU TPaHUIHBIMU
ycmosmsimu, baky, 2011, 275 c.

DORD TORTIBLI XUSUSi TOROMOLI BiR DiFERENSIAL
TONLIYIN FUNDAMENTAL HOLLI

N.9.9LIYEV, S.R.VOLIYEVA
XULASO
Toqdim olunan is, dorduncu tortib xususi téromoli diferensial tonliyin fundamental
hollinin qurulmasma hosr olunub. Qeyd edok ki, iki sarbost doyisonli tonliklor Ggiin bu

dayisanlardan birina nozaran Furye ¢evrimasi totbiq olunur, digor dayison tgun ikinci tartib
xatti diferensial tonlik hall edilir.
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Acar sozlar. iki doyisonli tonlik, dordiincii tortib tonlik, Furye cevirmasi, ikinci
tortib tonlik, fundamental hall.

A FUNDAMENTAL SOLUTION OF A SINGLE DIFFERENTIAL EQUATION
WITH PARTIAL DERIVATIVES OF THE FOURTH ORDER
N.A.ALIYEV, S.RVALIYEVA
SUMMARY

The paper is devoted to the construction of the fundamental solution of the fourth-
order partial differential equation. We should mentioned that for equations with two independ-
ent variables, for one of which is used the Fourier transform, and for other is solved an ordi-
nary linear second-order differential equation.

Key words. Two-dimensional equation, fourth-order equation, Fourier transforms,

second-order equation, the fundamental solution.

Hocmynuna 6 pedaxyuro: 20.02.2018 .
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MEXANIKA
VJIK 539.3

IYJbCHUPYIOIIEE TEYEHUE )KHIKOCTH
B AE@OPMHUPYEMOMU TPYBKE KOHEYHOMU! JJIMHbI
C YYETOM EE CYXEHUSA

A.B.AJIUEB
bakunckuii I'ocyoapcmeennuiit Ynueepcumem
alialiev.bo@gmail.com

B oannoti pabome 0aemcs pewenue 3a0auu 2udpoynpyeoCmu, C8A3AHHOU C BOTHOBLIM
meyenuem 53K0U HCUOKOCMU, 3AKTIOUEHHOU 6 6513KO — YIPYeyIo mMpyOKy KOHeUHOU ONUHbL C
yuemom d¢hgpexma ee cydcenus.

KaroueBsble ciioBa: BA3KO-yHpyrasa pr6a, TUAPOYHNPYTOCTh, CYKCHHUEC, ) KUIKOCTh

Jana tpyOka mmmHOU |, TUIonags momepeyHoro cedyeHust S 3aBHCUT OT
IIPOJIOJIBHOM KOOPAMHATHI X U OHA KECTKO MPHUKPEIUIEHA K OKPYKAIOLIEH cpe-
Je. 30eCh KUAKOCTh CUATAETCS] ONHOPOAHOMU C IUIOTHOCTBIO O M AVMHAMHYE-

ckuM K03 duumentom Bszkoctu 4 [1]. JIBHKEeHHE KUIKOCTU MPEICTABICHO
MOCPEICTBOM OCEBOM COCTaBJISIONICH ckopocTH U(X,t) e t — Bpemsa. B ogHo-
MEpHOW TIOCTAHOBKE CUYHUTAeTCs, 4To namieHue P = p(X,t), a paauanbHOE
cMmemenne Tpyoku @=@(X,t). g npuHATOW MaTeMaTHYECKOW MOJeNn
TpyOKa — )KUAKOCTh 3aIlUIIeM YpaBHEHUE:

0 Jdw
—(S L—=0, 1
aX( u)+ o (1)

S(X) dp Q. 8140 @)
p  ox dt  pR(X)

3nece Q(X,t) — pacxox xuakoctu, h- tommuHa TpyOkH, R(X) - ee pa-
JUYC, - IEPUMETP MONEPEYHOr0 CEUEHUs, O - IIIOTHOCTh MaTepuaia CTEHKH,
E - MrHOBEHHBIN MOJYJIBYIPYTOCTH, & - PA3HOCTHOE SIAPO peakcanuu [2].
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@ynkmuro R(x) 3ammmem kak R(X) = R,g(X), rae g(X) — mojoxuTens-
Has, JABaxAbl AuddepeHnrpyemMas MOHOTOHHO YyObIBaromas (QyHKIHS
Vxe [0,1], mpuuem g(0)=1 . Torna:

2
Ry g2 Py 8L g

————Q=0, 3
p ot PR (x) ©
0Q ow
—+27R —=0, 4
< 09(X) o (4)
hE I ’w
p:M{w—if(t—r)a)(x,r)dr}+ph vl

Cucremy (4) cBeneM K pelieHHI0 OOBIKHOBEHHBIX AU (pepeHInaNbHbBIX YpaB-
HEHUH, ojaras , YTo Bce IepeMEHHbIE IPONTOPIIHOHATBHBI BpDEMEHHOMY MHO-
xutenmo exp(iot), rae @ - 3aaaBaeMoe JICHCTBUTEIBHOE YacTOTHI ,T.€.

p=p,(X)exp(iot),Q =Q, (x)exp(imt), = @, (x) exp(iwt) (5)
YuureiBas nmpeacTaBiacHus (5) v BB TSI KPATKOCTH 3aIMCH CIICAYIOIINE
0003HaueHUd :

hE

é(x)zm(l—a)—p*ha) : (6)
—i 8y
1) =1t R )
NUMEECM .
=), T9 0 ) x00, 20, Q +27ieR,g()m, =0
KomOuHupYyst 3TH ypaBHEHUs , OTHOCUTENILHO (DYHKIUU pO; TOIYUUM:
pi +ﬂ1(X) p1 +1u1(X)p1 =0 (7)
I'ne
g(x) 7(x) . po  17(x)
1 = 2———, 2 = —2 . 8
M= 000 "nt )= R 00000 €0 ®

3amena JlnyBmis y(x) = %Xplj L, (X)dx = p,A(X) mpuBOAMT ypaBHEHHUE

(7) x BUOY
y+1(x)y=0 (9)

Moaudunupyem ypaBHeHue (9) , 3amucaB €ro CieaylomuM 00pa3oMm:

y'+8°y =q(x)y (10)
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3neck (X)=06%—1(X),rme & — BoHOBOE 4KCIO , IpU R = R, 3anuceiBaeMoe
bopmynoit
-1
52 =2iP%0iprg 1 UNEL=) ) o (11)
R PR, R

a Ha pyHKIHIO ((X) HAJIOXKHUM YCIIOBHE HHTETPUPYEMOCTH

]|q(x)|dx < +oo (12)

Cdopmynupyem rpanuyHblie ycinoBus 3agauu. [lycts npu X =0 naBieHue us3-
mensiercst o 3akoHy p(0,t)=n,exp(iot) a mpu x=1pasuo p(l,t)=mn exp(iot),
rae 7, W 1), — 3aJaBacMble OIBITHbIC BEIUYMHBL Tenepp cpasy 3amuileM
y(0) =71,4(0), y(I)=n,A(l) . Perienrie mocTaBaeHHON 3a7a4M CBEIEHO K DPEIICHHIO
peryispHoit kpaeBoii 3agauu tumna llItypma — JInyBumist npu yeiaoBuu (12)
y+6°y =q(x)y (13)
y(0) =7,4(0), y(l) =m A(l) (14)

Pemenue ypaBuenus (14) cBoauTCS K SKBUBAJIECHTHOMY MHTEIPaJIbHOMY ypaB-
HEHMIO

y(x,08) = o,e'* + a,e'* +%jsin S(m—=x)q(m)y(m,s)dm, (15)

B KOTOPOM &) U (X, - TOCTOSIHHBIC MHTCTPUPOBAHMA, ITOUICKAIINE OIIpEaCIie-

HUIO, UCXOMs M3 TpaHuuHbIX yciaoBuil (14). Ypasaenue (15) MOXHO peIinTh
METO/IOM IOCIIeA0BATENbHBIX NMPUOIKeHu. [Tomoxum

Yo (X, 8)=0e* +a,e”*
U IyCcTh st N>1

Y, (%) = Yo (%,0) +§'Jsin 5(m-x)q(m)y, ,(m, 5)dm

B cuny HepaBenctBa (12) nmo npusHaky Beliepmrpacca u3 paBHOMEpHOH CXO-
JUMOCTH TOCJIEJOBATENbHBIX NMPUOIMKEHUH CIIeAyeT, YTO €IMHCTBEHHOE pe-
IICHHE WHTErpaabHOro ypaBHenus (15), koropoe o6o3Hauum uepe3 Y(X,0),

OTIpEICIIIETCS TIOCPEICTBOM Psijia

V(%.8)= Yo (. 8)+ 3. {¥n (6.8)= s (x. )} (16)

n=1
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O6o3HauuB Y, (X,0)—Y,,(X,0) = ;, JaJIIM CIIeIyFOIIee TPEICTaB-

5", (x,6)
nenue psaaa (17):
_ _ = 1
’5 — ik —i&k 17
y(x,0) = e'™ +a,e +nz—5”(0n(x15) (17)

371eCh UMEEM COBOKYITHOCTD CJIEAYIOIINX PEKYPPEHTHBIX COOTHOLIEHH:

¢, (x,b) = [sin &(m-x)q(m)y, (m5)dm
5 (18)

¢, (x,b) = Ijsin o(m-x)q(m)g, ,(m,5)dm

[Tonarasice Ha BBIIIEN3JI0)KEHHOE, MOYKHO YTBEP)KJ1aTh, YTO BCE PEIICHHUS
ypaBHeHus (13) mpu mo0bIX ¢ U ¢, YAOBIETBOPAOT ypaBHeHHIO (16). Hemo-
CPEACTBEHHOW MPOBEPKOI MOXKHO JT0Ka3aTh 00paTHoE.

Wcxonst 3 rpaHnyHbIX ycioBuii (14), umeeM:

g0 b

e—lé] e—ld ! e—id _e—iél

> b=mA() - 2 ¢(| 5

3nece a=1,4(0) n2=1'5n 0.0’
Hanee , ucrions3ys popmyny Dinepa , u3 (18) momyqum:
y(xﬁ):asin5(l—.x)+bsin§<+i : 1 '
sindl = 5", (x,0)
W3 storo BelpakeHus, cienys popmynam (4), MOKHO OIPENEIUTh UCKO-
mble pyHkuu pP(X,t), @(x,t) u Q(X,t). OrmMeTnM, 4TO QUZNIECKYIO BEIUYH-

HY MPEJCTABISAIOT IEUCTBUTENIbHBIC YACTH MOJYUYECHHBIX PELICHUU.
[IpeneOperast BnusHHEM TakuX (PAKTOPOB, Kak BSI3KOCTh MaTepHala
TPYOKU W KHUJIKOCTH, a TaK)Ke MHEpLUEH CTCHKH, JJIs OLICHKH BKJaJa, BO3HU-
KaroIero npu yuere 3gdexra cyKeHUs, MPUBEIEM PE3YIbTaThl BBIUUCICHHMA
JUIsL CKOPOCTH BOJIHBL. B 3TOM mpubimkeHuH, ocTapisisi MpexHUe 0003Haye-

Hus, U3 (6) uMeeM é_,:Zh—IZE, n=iw otkyna, cienys (8), (10) u (11), 3a-
Ry9°(x)
MHIIEM:
I e oo JomT o)
ﬂl—ZQ(X),ﬂ2—5 g(x),rae a 1(x)=5"9(x) {g(x)} {g(x)}-
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Teneps KoHKpeTH3upyeM B GyHKmmu g (X) , momaras g(x)=e™(0< A<1),
rae [ - pasMepHbIii mapamMerp, XapaKTepH3YIOLHii KOHYCO00pa3HOe CYKEHHE
Tpy0ku. Torma GpopMyity 1yt cKopocTd C HarmmeM B gopme © g ,

¢ (5% -p)
U3 KOTOPOW MOYKHO 3aKJIFOUUTh , YTO MPU GUKCHPOBAaHHOM O <<1 ¢ Bo3pacra-
HHEeM [ CKOpPOCTH BOJIHBI Bo3pactaet. [IJisi peann3aiuu BOIHOBOTO mpoiiecca

HEOOXOIMMO BBIMTOJIHCHHE HEIMHEHHOTO HEpaBeHCTBA [ 2 < 5% Tlon otum
HOJIpa3yMeBaeTCsl I0OCTATOYHO ITABHOE CyXeHue Tpyoku, [ <<1. Ha pucynke

C

Hpe/ICTaBICHBI TpadUKU 3aBUCUMOCTH — OT [ Ui BRIOpAaHHBIX APaAMETPOB :
CO

E = 4- 10°1m/cm?, R,=2cm, h=0,2em, p= Ir/em®, @= 10cex™ . Orcroma cie-

C
AYCT, UTO — YBCIMYUBACTCA C YBCIMUYCHUCM ,B, MprUiCeM BCCbMa 3HAYUTCIIb-
0

HO.
351 ¢fe, x=15
3 .
254 :
x=5
2 4
1.5 ..’_///
1 .
0.5 4
p
0 T T T S |

0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02

B 3akmouenne ormetuM, uto s = 0,0018 oTHOIICHHE pagnycoB

norepeyHoro ceucHus Tpyoku R/Ry uamensercst ot 0,917 mpu x = 5cm 10
0,763 mpu X=15cm.
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DARALMANI NBZBR9 ALMAQLA DEFORMASIYA OLUNAN BORUDA
MAYENIN PULSVARI HOROKOTI

A.B.OLIYEV
XULASO

Bu isdo elastik boruda, onun daralmasi effektini nozars alaraq, 6zIii mayenin dalgavari
axinina aid hidroelastiklik mosalasi hall edilir.

Acar sozlor: Ozli-elastiki boru, hidroelastiklik, daralma, maye
PULSING MOVEMENT OF LIQUID IN INFINITE DEFORMING TUBE
CONSIDERING ITS THINNESS
A.B.ALIYEV
SUMMARY

The paper provides a solution of hidroelasticity which is correspondent to wavy move-
ment of a liquid in visco-elastic infinite tube with the thinness effect.

Key words: Visco-elastic tube, hidroelasticity, thinness, liquid

Ilocmynuna 6 pedaxyuro: 05.01.2018 e.
Tloonucano x neyamu: 09.04.2018 e.
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QAZ QABARCIQLARININ YARANMA DINAMIKASININ
HiDROZORBO DALGALARININ YAYILMASINA TOSIRi

Q.M.PONAHOV, P.T.MUSEYIiBLI
AMEA, Riyaziyyat va Mexanika Institutu
pervizmuseyibli@gmail.com

Taqdim olunan isdo gaz-maye qarisiglarinin naqli zamani yaranan dalgalarin yayima-
st va qaz qabarciglarimin hidrozarba proseslorine baxilmisdr. Mayenin harakat va Kasilmazlik
tonliklarinin riyazi ifadalorini nazara almaqla dalganmin amplitudasini xaraketrizo edan tanlik
tapilmigdir. Termobarik saraitda tonliyi radiusun miixtalif giymatlarinda hall etmakls, dalganin
yayima sahasi tayin edilmis va dalga amplitudasinin qabarcigin radiusundan asili olaraq do-
yisilmasi ii¢tin uygun qiymatlor alinmisdir.

Acar sozlar: heterogen sistemlor, qaz-maye qarigiqlari, hidrozorbs, dalgalarin yayil-
masl, dalga amplitudasi

Tobiotds rast galinon bir cox maye sistemlori heterogen xususiyyatlorilo
secilirlor. Kimya va neftgixarma sanaye sahslorinds istifads olunan neft, gaz vo
digor qarisiglar bu gobildandir.

Neft-qaz borularinda qaz, asfalten-getran-parfin vo s. ayrilmalari kar-
bohidrogenlorin naglinds bazi ¢atinliklors, 0 ciimlodon agir komponentlarin
yigilmalarina, qaz ayrilmalarina, yuksaktozyigli gaz kamorlari ilo gaz noglinds
yuksokmolekullu hissaciklorin ayrilmasina, déyuntull hidrozorbs dalglarinin
yaranmasina Vo S. gatirir. Omoalo golon bu fosadlar iso 6z ndvbasinds komor-
lords gozalarin yaranmasina va karbohidrogen itkilarins gatirib ¢ixardir.

Odur ki, bu istigamotds, karbohidrogenlorin boru kamarlori ila nagli
zaman1 miixtalif axin rejimlorindo amalo golon dalgalarin yayilmasii va on-
larin yaratdig fasadlarin todqiq edilmasi vacib masalslordandir.

Neft¢ixarmada, sualt1 akustikada vo s. mihim totbigloro malik gabarcigli
mayelords dalgalarin yayilmasi qabarciglar arasindaki qarsiliqlt tosire osas-
lanan kompleks hadisadir. Mayenin boru komorlari ilo nagli zamani axin re-
jimlarinin, boru kamarlarinin handasi formasinin va s. dalgalarin yaranmasi va
yayilmasina tasiri masalalori bir ¢cox musalliflor tarafindon dyronilmis, miiayyan
naticalar alds edilmisdir [1,2,3,4]. [5] isindo muolliflor garisiglarda hidrozarba
dalgalarimi kigik tozyiglor naticoesindoe meydana goalon zorbslordon yaranan
relaksasiyali rogslorlo xarakterizo etmisdir.
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Bir cox muialliflor gabarciqh qarisiglarda relaksasiyali zarbslarin olma-
sin1 tacrubi [6,8] va nazari tadgigatlarinda [7,9] 6yronmislar.

[1,2] islorindo musalliflor analitik todgigatlarinda gabarciglarin sathi
boyu istiliyin otlrilmasinin relaksasiyali rogslorin amplitudasina vo eyni
zamanda qabarciqlar arasindaki qarsiligl tasirlords zarba noticasinds yaranan
ragslarin perioduna tasir edildiyini gostormislor.

[3] isindo hidrozarbs dalgalarinin yayilmasinda borularin hondasi for-
masinin tasiri 6yronilmisdir. Burada dairovi vo dairovi olmayan en kasikli
borularda yaranan dalgalarin amplitudasi tadqiq edilmis vo borunun en kasik
sahasinin hondssi formasindan asili olaraq dalga amplitudasinin doyigilmasi
muoayyon edilmisdir.

[4] isindo mualliflor qabarciq klasterlorinin hidrozarbs dalgalarinin ya-
yilmasina tosiri Oyronilmisdir. Onlar todqigatlarinda zorbo profilinin uzunlu-
gunun ham Klasterlorin reaksiyasi ilo alagsli vo ham do gabarciglarin klas-
terlarinin 6l¢istindan asili oldugunu miiayyanlosdirmislor.

Bundan olave, maye-qaz garisiglarindan ibarot sistemds gaz gabarcig-
larinin yaranmasi va genislonmasi, gaz ayrilmalari mixtalif axin rejimlarinda
omoala galon dalgalarin yayilma sahasino (amplitudaya) bilavasits tasirlari mov-
cuddur. Bu sababdan do isds forgli olaraq, qaz qabarciglarinin genislonmasinin
dalgalarin amplitudasina tasiri nazori cohatdon arasdirilmisdir.

Qabarcigh mayeda dalga tonliyi. Kigik konsentrasiyali qaz qabarcigqh
mayedo dalga tonliyi kasilmoazlik vo moment tonliklarindan tapilir vo agagidaki
kimi yazilir [11]:

L P, gm d%a

pes ar? +Vu dt (U
9@
PE-F VP=10 (2)

Burada: p — qabarciqh qarisigin sixligi, Rq — qabarciglarin radiusu, Ng —
gabarciglarin sayi, c- sos siiratidir.
Yuxaridaki tonliklors asasson dalga tonliyini asagidak: kimi yaza bilorik:

228 Llyrp = am (3)
pes dt® s dt

Miihitdoki gabarciglarin bircins oldugunu forz etsok, onda qabarciqlt
maye garigigimin sixligr belo ifads edilir [12]:
P=0mPmT Ogaz anzzpm(l'aqaz) 4)
Burada pm, pgaz uygun olaraq mayenin vo qazin sixlig1, om, Oga; garisiq-
daki maye vo qazin hacmidir.
Mihitds gabarciglarin radiusunun genislonmasini nazars almagla gazin
hocminin doyismasi asagidaki kimi yazilir:

4
aqazzg H.Eg NI!]‘ (5)
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Mihitds vahid hacmo diison kitlonin zamandan asili olaraq doyismo-
diyini forz etsok, alariq [12]:
7 B
T (6)
Nrr Ner
“0” indeksi tarazliq voziyyatini ifado edir.(4) vo (6) ifadolorindon istifado
edorak, N, Vo N g, Ogaz VO 0q0 arasinda asagidaki olagoni tapa bilorik:

R\
%o (7°)

)

N o
N_ = L (8)

q R, 3
- a1 (%)
(7) va (8) tonliklorindon istifado edorak, bozi doyisikliklor aparmagla
dalga tonliyi {i¢iin alanq:
1 @°F
c? ot?

ql

(7)

— V2= p4nR N, (1- a,) [R,R, +2(1-3a,)R,’| (9)

Sads sokilds bu bels yazila bilor:
19°P sV
—Z _ _yp=LC

c* dt* Vq

(10)

Qaz gabarcigh qarisiglarda dalga tonliyi gabarciqli qarisiglarda yaranan
tozyiq sahasinin yalniz bir monbadon meydana galdiyini gostarir.
Qabarciglarin yaranma dinamikasi. Qarisiqlarda qaz-maye sorhadinda
kasilmazlik vo moment tonliklarinden gabarciglarin yaranma dinamikasi Keller
— Miksis tonliyi ils ifads edilir[13]:
R\ _ dR; 3., B\ 1 R, R,d _
Burada P, , =P, _:R_Z - % , % = u,. P, 4 — qabarcigin sothindos
yaranan tozyiq, R, — qabarcigin radiusunun doyisilmasi, 1,, —qabarcigin sothi-
nin doyisilmo siirati,e — sothi gorilmo omsalidir.
Mbosalanin qoyulusu. Isdo gaz-maye qarisiglar1 noql edilon borularda
axinlarda yaranan dalgalarin yayilmasi vo zarba proseslorine baxilmigdir. Ma-
yenin harokat vo kasilmazlik tonliklorinin riyazi ifadslori asagidaki kimi

yazilir:
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C‘gﬂ'fE:ﬂ, (12)
o oM _ph .
fax tac =~ 2pfWivl (13)

Burada: CZ,J'K—;*,G, M=pfw; w — mayenin orta siiroti, p — mayenin six-
lig1; K — elastiklik modulu; D — diametr; 4 — hidravliki miigavimot omsalidir.

Qaz ayrilmalarindan yaranan dalgalarin amplitudast  miolliflorin
[10,14]-do qeyd etdiyi kimi bels ifads edilir:

R 1

= fE RDJ) Re (14)

fRe )1+ [ 2 ¢(R,)dR,
Burada f[Rq) ="1|1'?—“:'I’ , ¢ - qaz ayrilmalarinda dalga siirati olub,
8 |f(Ry)c'
5 q
asagidaki sokilds toyin edilir:
(' = (15)

Jo e RTM +p~
Butln bu ifadslori (14) tonliyinds nazars alsag, onda dalganin amplituda-
sin1 xarakterizo edon tonlik agagidak: sokili alacaqdir:

f(Ry) 1
A= 16
f(Re)14cffe L e

Ree JF(R,) !

— I o
Burada — C=""o 1+ B _dir.
Bec A\ el

Termobarik soraitds (16) tonliyi radiusun miixtolif qiymatlorinds hall
etmoakla, dalganin yayilma sahasini toyin etmok olar.
Dalga amplitudasinin gabarcigin radiusundan asili olaraq doyisilmasi

sokil do geyd edilmisdir.
(

~

A 12
0,1

0,08

0,06

0,04

Amplitud, m

0,02 o

0 0,02 0,04 0,06 0,08 0,1 '@

Qabarcigin radiusu, m

Sakil
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Sokildon do goriindiiyli kimi radiusun artmasi ilo dal§a amplitudasi
azalir, yoni mayeds “sortliyin” azalmasi hidrozarbanin azalmasina sabaob olur.

Natica. Alinan todqiqatlardan belo notico ¢ixarmaq olar ki, dalga
amplitudas1 vo bununla slagodar borularda yaranan zorba tosirlorini azaltmaq
ucln mayedo gaz gabarciglarinin miintozom genislonmosi {igiin todbirlorin
hoyata kegirilmasi vacib sartlordendir.
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BJIMAHUE JMHAMUWKHN OBPA3OBAHUSI ITY3BIPBKOB I'A3A
HA ITPOLECC PACIIPOCTPAHEHMUS BOJIH THAPOY JAPA
I''M.ITAHAXOB, I1.T.MYCEHUBJIN
PE3IOME

PaccmoTrpeHo pacnpocTpaHeHME BOJH U IIPOLECC T'MAPOYAApa, BO3HUKAIOLIErO IIPU
TEYEHUH Ta30XKUAKOCTHOW >KHMIKOCTH B TpyOompoBonax. HaiiieHo XapaKTepHCTUYECKOe
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YpaBHCHUC JId aMIUJIUTYAbl BOJIHBI C YUCTOM ypaBHeHI/Iﬁ TCUCHHS W HCPA3pPbIBHOCTU. Pemas
YpaBHCHUC IPU PaA3JIMYHBIX 3HAYCHUAX paanuycCa ITy3bIpbKa U OMNPECACIICHHBIX TepM06apI/Iqec-
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COOTBETCTBYIOIIUEC USMCHCHUC aMIUIMTY/Ibl BOJIHBI B 3aBUCUMOCTHU OT paJguycCa Iy3bIpbKa.

KioueBble €/10Ba: IeTEpOTCHHBIE CHCTEMBI, Ta30KMIKOCTHBIE CMECH, THAPOYAAp,
pacnpocTpaHEHHE BOJH, aMIUTUTY 1a BOJHBI

THE INFLUENCE OF THE GAS BUBBLES FORMATION DYNAMICS
ON THE PROPAGATION OF HYDRAULIC SHOCK WAVES

G.M.PANAHOV, P.T.MUSEIBLI
SUMMARY

Wave propagation and hydraulic shocks arising under gas-liquid fluid flow in pipelines
are investigated. The characteristic equation for the wave amplitude has been found taking into
account the mathematical expressions of the motion and continuity equations. Solving the
equation under thermobaric conditions for different values of the bubble radius, the wave’s
propagation field was determined and suitable values were obtained for changing of the wave
amplitude depending on the bubble radius.

Key words: heterogeneous systems, gas-fluid mixtures, hydraulic shock, wave
propagation, wave amplitude
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POLIETILENQLIKOLUN SULU MOHLULUNDA OZLU AXININ
AKTiVLOSMO PARAMETRLORI VO MOHLULDA
POLIETILENQLIKOLUN PARSIAL MOLYAR HOCMIi

E.9.MOSIMOV, B.G.PASAYEV, H.S.HOSONOV
Baki Doviat Universiteti
p.g.bakhtiyar@gmail.com

Isdo molekulyar kiitlalari 1000, 1500, 3000, 4000 va 6000 olan PEQ-in sulu mahlulla-
rimin 293.15-323.15 K temperatur va 0-0,001 molyar hisso konsentrasiyasi intervalinda di-
namik 6zllliyii vo sixligi élgiilmiisdiir. Tocriibi naticalordon istifads edorak tadqiq olunan sis-
temlarin baxilan temperatur va konsentrasiya intervalinda ozIii axinin aktiviasmoa parametrlari
va moahlulda PEQ-in parsial molyar hacmlori hesablanmigdwr. Miioyyon olunmugdur Ki,
verilmis temperaturda ham gétiiriilmiis fraksiyali PEQ iictin konsentrasiyamin artmasi ila, hom
da gotiiriilmiis konsentrasiyali va miixtalif fraksiyali PEQ-Ior ti¢iin molekulyar kiitlonin artmasi
ilo mahlul daha strukturlasmis hala kegir.

Acar sozlor: sulu mahlul, polietilenglikol, 6zlii axinin aktivlogsma parametrlori, parsial
molyar hocm.

Polietilenglikolun (PEQ) butin molekulyar kiitloli fraksiyalar1 suda
yaxst hall olur. PEQ molekulunda (HO-[-CH, ~CH,-0~] —H ) hom hidrofob

(CH,), ham do hidrofil (OH ) gruplar var [1,2]. Polietilenqlikolun vo onun

suda mohlullarinin struktur vo termodinamik xarakteristikalar1 genis vo intensiv
tadqiq olunur [3-6]. Bu, PEQ-in vo onun sulu mohlullarinin praktik totbiqi vo
bifil polimerlorin  sulu mohlullarinin ~ struktur xdisusiyyatlorinin  nazari
osaslandirilmasinin vacibliyi ilo slagadardir.

PEQ-in suyun strukturuna tosirini arasdirmaq ftg¢iin PEQ-in sulu
mohlulu viskozimetriya vo piknometriya metodlari ilo todqiq olunmusdur. Isdo
molekulyar kitlalori 1000, 1500, 3000, 4000 vo 6000 olan PEQ-in sulu moh-
lullarinin 293.15-323.15 K temperatur vo 0-0,001 molyar hisso konsentrasiyast
intrvalinda dinamik 6zliliiyii va sixligi, hamg¢inin 0-5 g/dl konsentrasiya inter-
valinda kinematik 6zliilliyli 6l¢lilmiisdiir. Tocriibi naticolordon istifado edorok

tadqiq olunan sistemlorin 6zIii axminin aktivlosmo Gibbs enerjisinin (AG;),
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ozlii aximinin aktivlosmo entalpiyasimn (AH ), dzlii aximinin aktivlesmo en-

tropiyasinin (AS; ), mohlulda PEQ-in parsial molyar hacminin (\7) PEQ-in
konsentrasiyasindan asililiglari tohlil olunmusdur.

TOCRUBI VO NOZORI HISSO
Tadgiqat obyekti vo metodlar:. Tadqiqat obyekti olaraq molekulyar
kiitlolori 1000, 1500, 3000, 4000 vo 6000 olan PEQ-in miixtalif konsentrasiyali
sulu mohlullar1 gotiiriilmiisdiir. Istifado olunmus PEQ-lor kimyovi safdur.
Mohlullarin hazirlanmasinda bidistillo edilmis sudan istifade olunmusdur. isdo
ozliiliik kapilyar viskozimetrlo, sixliq iso piknometrlo dl¢lilmiisdiir.
Mayelorin 6zlii axininin Eyrinq nozoriyyaSine [2,7] gora 6zl axininin

aktivlosmo Gibbs enerjisi (AG;)

AG? =RTInL (1)
o
ifadasils toyin olunur. Eyring nozariyyosine [2,7] gbra
N, hp
= AP 2
o M (2)

olur. Burada R -universal gaz sabiti, N,-Avoqadro adadi, h-Plank sabitidir.
M -mohlulun molyar kiitlosi olub

MzixiMi (3)

ifadasilo toyin olunur. X, vo M, uygun olaraq i-ci komponentin molyar hissosi
vo molyar kiitlosidir. T miitloq temperaturunda mayenin dinamik 6zliiliiyii (77)
va sixlig1 ( p ) tacriibada toyin olunur.
(1) ifadasini termodinamikadan molum olan [2,8]
AG] =AH; -TAS] 4)

ifadasinda nozars alsaq Vo biitiin hadlori T -ya bolsak alariq:

Rin = 2H1 _ jqo (5)
o T !
(5) ifadasindon goriinr ki, 6z1i axinn aktivlesma entalpiyas: (AH)
oIn 'l
AH; = R—T0 (6)
a(?)

olur [2]. (1) ifadesinden AG, vo (5) ifadesindon AH; toyin edildikden sonra

(4) ifadosilo 6zlii axinin aktivlogma entropiyast (AS;") hesablanir.
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Mohlulda PEQ-in parsial molyar hocmi (\7 )

~ \
V =V_+(1-x GAL: (7)
X Jor
diisturu ilo toyin olunur [2,8,9]. Burada V, -mohlulun molyar hocmi olub,
X-M.
v M _2xM -

p P

disturu ilo hesablanir.

ALINMIS NOTICOLORIN MUZAKIROSI
Miixtolif molyar kiitloli PEQ-in sulu mohlullarinin 6zli axininin

aktivlosmo parametrlorinin (AG;, AH, AS) 293.15 K temperaturda PEQ-in
konsentrasiyasindan ( x ) asililig1 1-3 sayli sokillords gostorilmisdir.

18000 - c 27000 - c
AG;, 5 AH7, —— 5
mol mol
16000 -
24000 -
14000 A 4
4 21000 - 3
12000 3 2
2 1
18000 -
10000 - 1 !
8000 X 15000 X

00,0002 0,0004 0,0006 0,0008 0,001 00,0002 0,0004 0,0006 0,0008 0,001

Sok. 1. SU-PEQ sistemindo 6zIii axinin aktivlosmo  Sek. 2. Su-PEQ sistemindo 6zIU axinin

Gibbs enerjisinin konsentrasiyadan asililig1 aktivlosma entalpiyasinin konsentrasiyadan
(T=293.15 K). asililigr (T=293.15 K).
1-PEQ (1000), 2-PEQ (1500), 3-PEQ (3000), 4-PEQ (4000), 5-PEQ (6000)
33 1 c
AS?,
77K -mol 5
31 4
3
2
29 A 1

27 A

X

25

0 0,0002 0,0004 0,0006 0,0008 0,001

Sok. 3. SU-PEQ sisteminda 6zIii axinin aktivlesmo
entropiyasinin konsentrasiyadan asililigi (T=293.15 K).
1-PEQ (1000), 2-PEQ (1500), 3-PEQ (3000), 4-PEQ (4000), 5-PEQ (6000)
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Sakil 1, 2 vo 3-den goriiniir ki, AG;, AH vo AS parametrlori verilmis

temperaturda konsentrasiyanin artmasi ilo artir, verilmis temperatur vo
konsentrasiyada iso molyar kiitlonin artmasi ilo artir.

Maye siikunat halinda olduqda (axmadiqda) zorraciklorin biitiin isti-
gamotlords sigrayiglart eyni ehtimalli olur. Lakin axin zamani axin istigamo-
tinda zorraciklorin sigrayislarinin sayr digor istiqgamatlore nozoron istiinliik

toskil edir. Ozlii axinin aktivlosmo parametrlori (AG?, AH;, AS;) 1 mol say-
da zarraciyin bagl haldan (G, , H,, S,) aktiv hala (G,, H,, S,) ke¢masi za-
mani uygun parametrlorin qiymatlori farqins barabardir [2]:

AG; =G, -G,
AH? =H,-H,
AS? =S, -S,

Qeyd edok ki, AG; 1 mol sayda molekulun bagl haldan aktiv hala keg-
mosing sorf olunan enerjidir, AH mohlulda yaranan doyismolori enerji baxi-
mindan, AS; iso struktur baximindan xarakterizo edir. Belo ki, konsentra-
siyamin artmast ilo AG; -nin artmasi molekulun potensial ¢opari kegmosina
daha gox enerji sorf olunmasini, AH -in artmasi sistemin daha mohkom struk-

tura malik olmasini, AS; -in artmasi iso sistemin daha strukturlasmis hala

kegmosini gostarir [2, 11-14]. Ozlii axinin aktivlosma parametrlorinin konsen-
trasiyadan asililiqlarina osason deyo bilorik ki, mohlulda PEQ-in konsen-
trasiyasi artdigca mohlul daha moéhkom struktura malik olur vo daha da
strukturlagsmis hala kegir.

Su-PEQ sistemi molekullararasi qarsiliqli tasiri dyronmak tii¢lin on sada
modellordon hesab edilir. Umumiyyatlo, binar mohlullarin yaranmasi bir sira
proseslorlo miisayiat olunur. Bu proseslor su molekullarinin 6z aralarinda, PEQ
molekullarinin 6z aralarinda vo PEQ-in vo suyun molekullar1 arasinda bas
veron qarsiliqlt tosirlorlo olagoadardir. Belo molekulyar qarsiliql tosirlor
hidrogen vo digor nov rabitolorin yaranmasi hesabina ilk névbado mohlulun
hacmi xassasino tosir edir. Mohlulun hacmi xassosi komponentlorin parsial
molyar hocmlori ilo xarakterizo olunur. Miixtalif molyar kiitlali PEQ-in sulu

mohlullarinda 293.15 K temperaturda PEQ-in parsial molyar hacminin (\7)
konsentrasiyadan (x) asililig1 sokil 4-do gostorilmisdir.
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45 19/\7 3
6000 1,7 sm® V] sm
mol nj mol
5000 FHFH——— 5 &
4000 407
Nﬂ\.\‘m—‘ll
3000
i
2000 - 35 1
—a—a g = a2
1000 3o . . . .
0 . . . . X 30 . . . . X,
00,0002 0,0004 0,0006 0,0008 0,001 0  0,0002 0,0004 0,0006 0,0008 0,001

Sak. 4. Su-PEQ sistemindo PEQ-in parsial molyar ~ Sak. 5. Su-PEQ sistemindo PEQ-in bir monomera
hocminin konsentrasiyadan asililigi (T=293.15 K). diison parsial molyar hacminin orta qiymatinin
konsentrasiyadan asililigi (T=293.15 K).
1-PEQ (1000), 2-PEQ (1500), 3-PEQ (3000), 4-PEQ (4000), 5-PEQ (6000)

Sokil 4-don goriiniir ki, mohlulda PEQ-in parsial molyar hocmi verilmis
temperaturda konsentrasiyanin artmasi ilo azalir, verilmis temperatur vo
konsentrasiyada iso molyar kiitlonin artmasi ilo artir. Hesablamalar gostorir ki,
verilmis temperatur vo konsentrasiyada PEQ-in bir monomera diison parsial

molyar hacmi (\L} PEQ-in molyar kiitlosindon, demok olar ki, asili deyil.
n

Sokil 5-do todqiq olunan miixtolif molyar kiitloli PEQ-lorin 293.15 K tem-
peraturda bir monomers diison parsial molyar hocminin orta giymotinin
konsentrasiyadan asililig1 gostarilmigdir. Bu asililig

(Vﬁ) —1906007,0% —5854.9% + 39,6

ifadasils tosvir eda bilarik.

Malumdur ki, i-ci komponentin parsial molyar hocmi verilmis torkibli
sistemo homin komponentdon 1mol olava etdikdo hacmin doyismasino bara-
bardir [2,8,9]. Deya bilarik ki, boyiik olgiilii assosiatlarin fazadaki hacm pay,
boliindiikdo onun ayri-ayri hissolorinin fozadaki hocm paylari comindon kigik
olur vo oksina. Iki strukturlu su modelino [2,8,15] géra su hidrogen rabitasilo
birlosmis miixtolif Ol¢iili klasterlordon vo klasterlor arasi sorbast su mole-
kullarindan ibarotdir. Parsial molyar hacmin konsentrasiyadan asililigina asa-
son ehtimal etmok olar ki, PEQ molekullar1 ilk névbado sarbast su molekullari
ilo hidrogen rabitasi vasitosilo birlosirlor. Bu iso konsentrasiyanin artmasi ilo
mohlulda PEQ-in parsial molyar hocminin azalmasina sobab olur. Bu iso PEQ-
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in konsentrasiyasinin artmasi ilo mohlulun daha da strukturlasmasini gostorir.

Goriindiiyli kimi, ham 06zlii axinin aktivlosma entropiyasinin, hom do
mohlulda PEQ-in parsial molyar hocminin konsentrasiyada asililig1 gostorir ki,
verilmig temperaturda hom gotiiriilmiis fraksiyali PEQ iiclin konsentrasiyanin
artmasi ilo, hom do gdtiiriilmiis konsentrasiyali vo miixtoalif fraksiyali PEQ-lor
licin molekulyar kiitlonin artmasi ilo mohlul daha strukturlasmis hala kegcir.
Ehtimal etmok olar ki, todqiq olunan sistemdo PEQ molekullarinin strafinda
hidrogen rabitasi vasitosilo su molekullarinin (ilk névbads sorbast su mole-
kullar1) toplanmasi naticasindo miioyyan 6lgiilii aqreqatlar omalo goalir. PEQ-in
hom konsentrasiyasinin, ham do molekulyar kiitlesinin artmasi ilo mohlulda
belo agreqatlarin say1 artir vo Olgiilori bdyiiylir, noticodo mohlul daha da
strukturlagsmig hala kegir.
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IMAPAMETPBI AKTUBAIIUU BSI3KOI'O TEUEHHUS BOJHBIX PACTBOPOB
MNOJHUATUJEHTJIMKOJEN U TAPIIUAJIBHBIA MOJISIPHBIN
OBBEM B PACTBOPE NOJUAITUWIEHIJIUKOJEN

3.A.MACUMOB, B.I'.'ITAIIAEB, I''ll.TACAHOB
PE3IOME

B pabore ObUIM M3MepeHBI TUHAMUYECKAs BA3KOCTh U INIOTHOCTHh BOJIHBIX PACTBOPOB
IIET", monekynsipaoit maccsl 1000, 1500, 3000, 4000 u 6000, B tuanazone temmneparyp 293,15-
323,15 K u xonuentpamuu MoispHbBIX moisix 0-0,001. C moMompro SKCHepUMEHTAThHBIX
pe3ynbTaToB ObUIM PacCYMTAHBI MapaMETPhl aKTUBAIMHU BSA3KOTO TEYEHHS W TMapIUAILHOTO
MoJssipaoro oobsema ITEI" B pacTBope B HCCICIyeMOM JHMana3oHe TeMIICPATyphl M KOHIICHTPA-
UH. YCTaHOBIICHO, YTO NPH YBEJIMUEHUN KOHLEHTpauuu Kak s ¢ppakuuu [1EL npu nannoii
TeMIlepaType, Tak U MPHU YBEIMUECHUU KOHIEHTPAIIUU MOJEKYJISAPHOM MaccChl JJIsl KOHIIEHTPH-
poBaHHBIX W pa3inuHblx (pakuuonHeix [IEIT, pactBop craHoButcst Ooiee CTpPYKTypH-
POBaHHBIM.

KaroueBbie ciioBa: BO,I[HLIﬁ PacTBOP, HOJIUITHUIICHIJIMKOJIb, ITIAPAMETPLI AKTUBAITUHN
BA3KOI'o TCUCHMUA, HapI_II/IaJ'IBHHﬁ MOJ'I?[pHHﬁ 00BeEM.

ACTIVATION PARAMETERS OF VISCOUS FLOW OF AQUEOUS SOLUTIONS
OF POLYETHYLENE GLYCOLES AND PARTIAL MOLAR VOLUME
IN THE SOLUTION OF POLYETHYLENE GLYCOLES

E.A.MASIMOV, B.G.PASHAYEV, H.Sh.HASANOV
SUMMARY

In this study, the dynamic viscosity and density of aqueous solutions of PEGs with
various molecular weights of 1000, 1500, 3000, 4000 and 6000 were measured in the
temperature range of 293.15-323.15 K and the concentration range of molar fractions of 0-
0.001. Using the experimental results, the activation parameters of the viscous flow and the
partial molar volume of PEGs were calculated in the studied temperature and concentration
ranges. It’s been observed that increasing concentration for fractional PEGs at a given
temperature and increasing the concentration of molecular weight for concentrated and various
fractional PEGs, the solution becomes more structured.

Key words: aqueous solution, polyethylene glycol, activation parameters of viscous
flow, partial molar volume.
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TEOPUA ®OPMbI IMHUU AJEPHOI'O MATHUTHOI'O
PE3OHAHCA B IOJIYMATI'HUTHBIX ITIOJYITPOBOJHHUKAX
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Paseuma memooom ananumuuecxkux @yukyui I puna, meopus gopmul 1uHUY A0EPHO-
20 MASHUMHO20 PE30HAHCA 8 NOJNYMASHUMHBIX NONYNPOBOOHUKAX NPU HUSKUX MeMnepamypax
HAa MUKPOCKONUYecKoM yposHe. [100poOHO 8bluucieHbl WUPUHA U CO8US PE3OHAHCHOU KPUBOU
OJ151 YACMHBIX CLyHae8 ObICMPbIX U MeOJEHHBIX DIYKMYAYULl TOKATbHBIX MACHUMHBIX NOJE.

KaioueBble cioBa: sinepHbIi MarHUTHBIH PE30HAHC, IOJyMarHUTHBIE MOJTYHIPOBOJI-
HUKH, yHkuuu ['puna, hopma muHHM.

B ¢usuke TBEpmOro Tenma momymarauTHbIe moiynpoBoaHuku (ITMIT)
U3-32 CBOMX HEOOBIYHBIX MOJYMPOBOJHUKOBBIX M MAarHUTHBIX CBOMCTB SIBIIS-
I0TCS1 0OBEKTOM MHOTOYHCIIEHHBIX SKCIIEPUMEHTAIBHBIX U TEOPETHUECKUX HC-
CJIEIOBaHUU [1] Hannuue B [IMII Heynopssno4eHHONM MAarHUTHOM MO CUCTEMBI

U CWJIBHOE B3aMMOJECUCTBUE JAHHOM IOJCUCTEMBI C TIOJCUCTEMOM 3JIEKTPOHOB
POBOIUMOCTH 00YyCIaBIMBACT BaXKHbIE YPPEKTH HE MMEIOIIHE MECTO B He-
MarHUTHBIX COCIMHEHUAX U 3aTPYAHSICT OCTPOCHUE KOPPEKTHOW TeOpeThuye-
ckou mozaenu IIMII.

JlanHble (aKThl yKa3bIBalOT HAa TO, YTO Ul HMOCTPOCHHS KOPPEKTHOMH
mogenu [IMII u uist yrimyOneHust Hallero Mo3HaHUs 3THX MaTepHalioB HEO0O-
XOJMMO MOAPOOHOE MCCIIEOBAaHUE HEYNOPsAJOYEHHON MarHUTHOM IOJCUCTE-
Mbl B [IMII meronom marautHoro pesonanca (MP) [2] MP naér BO3MOX-

HOCTb WCIIOJIb30BAHUSl MArHUTHOM IIOJCHUCTEMBI B JIAHHBIX COCOUHEHUs KaK
UCTOYHUK MH(POPMALIUU HA AaTOMHOM YPOBHE.

XOpomwo U3BECTHO, YTO I JETaIbHOTO TEOPETUYECKOIO PaccMoOTpe-
HUS TMHAMHYECKUX I(PPEKTOB B CIOKHBIX CHCTEMAaX COCTOSALIMX M3 HECKOJb-
KX B3aMMOJICHCTBYIOIIMX mojacucteM merona ¢yHkuuit ['puna (PI') nesame-
HUM [3]
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B nmannoit pabote pazsuta Teopus ¢opmbl muauu (DJI) saepHoro mar-
HUTHOTO pe3oHaHca (SIMP) mpu Huskux temmeparypax B IIMII meromom
byakuwmii ['puna (OI).

Cnenys popmanuzmy meroma ®@I' 6ynem oteickuBate ®JI SIMP kak
MHUMYIO 4acTh s/IepHOI CIMHOBOM 3amaspBatomeit L ((17[17)HF -

f (@) =M1 |17)5 *)

rae | * - aaepHble MOBBIAIOIIKE U TOHMKAIOIIME OIIEPATOPEL

BanazapiBatonryro O ((17|1")WR naiiném cnepsa BhIUMCIMB aHTHKOM-

mytatopuyto O ({1 (17)) . Jins Beraucinenns O (1

CTaBUTh LIETIOYKY YPaBHEHUN JBUKECHHUSL:
-1 +\\ _ - 1+ - +
ey == bz H]iy. (1)
CootHomenue (1) mokassIBaeT, 4TO JJIsl COCTABICHUS IIETIOYKH YPAaBHCHUH He-
00X0IMMO UMETH SIBHBINA BUJ | aMUILTOHHAHA CUCTEMBI:

H=H,+H, ,H=H,,+H,+H, +H ,H;,=H+H

int?

H=H, +H,;+H,,+H +H +Hj (2)
H, :_hwezo-z(rj)!HZS :_hwszSiZ7HzN :_thzlz

i i i

. 1
Zha) D40, His ZEZCijSiZIJZ
ij
.. . .
H :_ZI(RJ —rj){[sjzo-z(rj)+§[8j0' (r)+Sjo (rj)]]},
J

rne H,,,H,s,H, H ,H,H- SBIAIOTCA raMuibTOHHaHAMH 3JIEKTPOH-

N
|.")) Heobxomumo co-

HBIX, HOHHBIX, SICPHBIX CHHHOB BO BHEIIHEM MarHUTHOM Iojie, nois (oHo-
HOB, CBEPXTOHKOT'O M JJIEKTPOH - MOHHOTO, CIIUH - CIIMHOBOTO B3aMMOJICHCT-
BHsI, COOTBETCTBEHHO.

Ucnonways (1), (2), monyuaem gaHHOE ypaBHEHUE:

(E-o )1 =-5, +%<<s:1; ) @3)

VYpasaenne (3) mokasbiBaeT, uro HavanbHas DI’ 3amenunach 3a HO-
Byto ®I" Gosiee BbIcOKOTO TIOpsiaKa. J{st coxpaHeHus: BaKHBIX d()PEKTOB TPo-
UCXOJSIIUX B CHCTEME, HEOOX0oAUMO ToHKoe pacmierieHue (5). KoppektHoe
pemenue (3) BO3MOXHO TMTPUMEHEHHUEM METO/Ia TEOPUU Bo3MymieHus st OI
BBEZIeHHEM MaccoBoro omeparopa M(E) [4],[5]. Vpasuenue (3) Gyner umers

CIEAYIOUIUNA BUL:

[E-wy-MEKI 1IN ==05_, (4)

371ech MaccoBblii oneparop M(E) ynoBieTBopsieT ypaBHEHHE:
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|ren = (IR ()

Bunno, uro pemenue (3) cBenock k otbickanuio M(E). Cocrasisiem
HOBYIO 11enouKy nuddepermupys sropyro Ol mo t':

—(E- @ ){SII15) =(SH8, —%«ssl

VYpasaenus (5) u (6) narot:
C

M(E)=[—(E—wN)]‘l[ (85)3, —;—Z«S:IeS;':»]- Nt @

Koppektnoe Beuucienne M(E) cBenock k  oTeickanmio @I

e [Sele (6)

(CHN

—(E-@y)(S;

B (8) BBeneHsl nonspuzanoHHble oneparopsl P, P o0ycioBieH-

S;17)) . Cocrasnsiem HOBOE ypaBHEHHUE JIsl lanHHOH T

e [SeloN + PSS ISS1. (8)

1-[s 717 =—%5ee, +P(S21

HBIE CBEPXTOHKUM M DJIEKTPOH - MOHHBLIM, CIIMH - CIIMHOBBIMHU B3aMMOJIEHCT-
BUSIMH, COOTBETCTBEHHO. P g1 P NpeaCcTaBIAIOT caMOCTOATEIbHBIM HHTEPEC

U MOT'YT GBITB BBIYHCIJICHBI B ABHOM BUAC OTACIIBHO.
VYpasuenue (8) yno0HO 3anMChIBaTh B BHJIE:

(SIS0 =58, (E- 0y ~Ps =Po) ™ ©
Ucnonwiys (4), (7) u (9) nonyyaem:
C2
M(E)—&-Fm ) (10)

rae 5:%(sz>, Q =E-w, -8, P=P, +P, 4.

O - SIBJISIETCSI CMCIIICHUEM PE30HAHCHON YaCTOTHI.
Havanenyro @I nerko Haiitu ucnonsiys cootHouierus (4) u (10):
Q -P
+ _ 1
1" = o : (11)
-, (Q; -P)

an?
®opmy nuauu AMP B [IMII npu HU3KUX TemmepaTypax HETPYIHO
MIOJIYYUTh KaK MHUMYIO 4acThb 3amnasasisaromieii OI:
C*(ys +
F(a)) — . : (yIS . 70'5) — (12)
(Ql -C )+Ql (7|s +7os)

Cc
rae C:E, Vis = ImP|s: Vos ZImPoS;
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Vis1 Vs - ABIIOTCSA BEPOATHOCAMMU IIEpEXoda DJIEKTPOHHOI'O CIIMHA Iapamar-

HUTHOTO MOHOB OOYCJIOBJIEHHBIMH CBEPXTOHKHM M 3JIEKTPOH - MOHHBIM CIIMH -
cnrHOBBIMU B3aumoaencTBusiMu. DJI SIMP (12) nonyueHHast s cirydast mpo-
U3BOJIBHBIX (IYKTyaluil JIOKQJIbHOTO MAarHUTHOTO IOJISI TOCTaTOYHO CII0XKHA.
PaccmoTpuM cinydan OBICTPBIX W MEUICHHBIX (IYKTyaluil JOKaJbHOTO IOJIS

Ha Pe30HMPYIOIMX sapax. s cimydas ObIcTpIX QurykTyamuid (7,5 + 7)) C
(12) mpuobperaet BUx:

F@)=C2 (s +7.0) 22 +[C2 (e + 7). (13)

®opmyna (13) nokaszbiBaeT, uto B JaHHOM citydae DJI AMP sasnsiercs
JIOPEHIIOBOM C MOTYIIUPUHOM:

2 -1
W, =C (75 +7s) - (14)
®opmyna (14) mokaspiBaeT, 4TO B cliydae OBICTPBHIX (DIyKTyaruit Jio-
KaJIbHOTO MarHUTHOTO IIOJI B INMPUHY JIMHUM BHOCAT BKiax H g u H . s

BO3MOXHOCTH HabmoeHuss IMP He0OX0JMMO BBITTOTHEHHUE YCIOBUS
C 2
— (. (15)
Vis T 76s
Kpurepus nadmonaemoctu IMP B [IMII npu HU3KHX TemIeparypax
HE TPYAHO IOCTHTaTh YBEJIMYUBAs ITOCTOSHHOE BHEIIHEE MATHUTHOE II0JIE
H~aw,.
B ciyuae mMemneHHBIX QIYKTyaluid JIOKQIBHOTO MoJs (s + ¥ ){(C
dopma muann AMP umeet crneqyromuii BUA:

F (o) =% fs /e . (16)
(Q=CH+ (s +7,)°

®opmyna (16) moka3pIiBaeT, 4TO B Clydae MEUICHHBIX (IyKTyalui
pe3onancHast nuHuA IMP umeer opeHIoBYy0 popMy ¢ TOTYIIMPUHON:

W, :%(%s + Vo) - (17)

W3 (17) BunHO, 4TO B YyIMIMPEHUH PE30HAHCHOW JMHUM y4acTBYIOT Hg u H 5.

HeobOxoauMo oTMeTHTh, 4TO H,s BHOCHT BKJIaJ U B CABUI PE30HAHCHOM JIH-

HUU O |
5:%@%. (18)

@opmyna (18) maér BO3MOXKHOCTB ONpEACICHHS KOHCTAHTHI CBEPXTOHKOTO
B3aMMOJICUCTBUSI C U3MEpPEHUEM cBura JuHuu AMP.
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YARIMMAQNIT YARIMKECIRICILORDO ASAGI TEMPERATURLARDA NUVO
MAQNIT REZONANS XOTTIi FORMASI NOZORIYYOSI
M.N.BLIYEV
XULASO

Yarimmagqnit yarimkegiricilordo asagi temperaturlarda niivo magnit rezonans xotti
formasi nozariyyasi mikroskopik saviyyads inkisaf etdirilmisdir. Xiisusi hallar, lokal magnit
sahosinin siiratli vo yavas fluktuasiyalar {i¢iin rezonans ayrisinin eni, siiriismosi otrafli hesab-
lanmigdir.

Acar sozlor: Niivo maqnit rezonansi, yarimmaqnit yarimkegiricilor, Qrin funksiyalari,
xottin formasi.

THEORY OF THE NUCLEAR MAGNETIC RESONANCE LINESHAPE IN
SEMIMAGNETIC SEMICONDUCTORS AT LOW TEMPERATURES
M.N.ALIYEV
SUMMARY

The line shape theory of the nuclear magnetic resonance in semimagnetic semiconduc-
tors at low temperatures was developed on microscopic level using the Green function method.
The line width and line shift at slow and rapid fluctuations of the local magnetic field were

calculated.

Key words: Nuclear magnetic resonance, semimagnetic semiconductors, Green func-
tions, lineshape.

Tlocmynuna 6 peoaxyuio: 08.01.2018 e.
Ioonucano x newamu: 09.04.2018 2.
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INVERS ZONALI YARIMKECIRICi 9SASLI KVANT QUYUSUNDA
ELEKTORUNUN ENERJi SPEKTRIi VO HAL SIXLIGI

T.H.ISMAYILOV', S.i.ZEYNALOVA**
Baki Doviat Universiteti, AMEA Fizika Institutu, Baki Déviat Universiteti
tariyel.i@gmail.com, sebine-zeynalova@mail.ru

Tkizonali Keyn modelinda invers zonali yarimkegirici asasli kvant quyusunda sonsuz da-
rin quyu yaximlagmasinda elektronun enerji spektri vo hal sixiigr hesablanmugdr. Gostarilmis-
dir ki, hal sixligr tigiin alimmis qadagan zolagindan (eg) asili iimumi ifadadon eg—co (parabolik
hal) va e;—0 (Dirak materiali hali) hallar: alwir. Hor bir hal U¢in  hal sixhigimin enerjidon
asulilig ayrisi qurulmusdur.

Acar sozlar: invers zonali yarimkegirici, ikizonali Keyn modeli, kvant quyusu, hal
sixligi.

Bir sira yarimkegirici, masolon, HgTe, a-Sn, Hg;«CdxTe (x<0,15),
invers zonali yarimkegiricilordir vo ZnS tipli kristal simmetriyasina malikdir-
lor. ©slinda bu kristallara yarimmetal da demok olar, belo ki, bunlarin elektrik
kegiriciliyi normal zona quruluslu yarimkegiricilorlo migayisads ¢ox boyukdur
[1-3]. Hocmi HgTe yarimmetal oldugu halda onun osasinda alinan kvant
guyusunda (va ya kvant tobagoasinds) simmetriyanin asagi diismasi noticasinda
kecirici zona (c) ilo agir desiklor (h) zonasinin Brilliien zonasinin markazindoki
cirlagsmasi aradan galxir vo onlar arasinda gadagan zolagi yaranir. Noticads 0,
topoloji izolyatora cevrilir. Bunu CdTe- HgTe -CdTe kvant quyusunda vo ya
HgTe kvant tobagasinds birbasa “gdérmak’ olar [4-7].

Bu isdo ikizonali Keyn modelindo[8,1-3] invers zonali yarimkegirici
asasli kvant quyusunda sonsuz dorin quyu yaxinlagsmasinda elektronun enerji
spektrinin gadagan zolaginin enindon asili Umumi ifadesi alinimig vo ona
uygun hal sixlig1 hesablanmigdir. Gostorilmisdir ki, hal sixlig tigiin alinmis ga-
dagan zolagindan (gg) asili iimumi ifadedon gg—oo (parabolik hal) vo g;—0
(Dirak materiali hali). Hor bir halda hal sixliginin enerjidon asilili§i qurulmus-
dur.

Enerji spektri
Kvant quyusunda elektronun enerji spektrini hesablamaq iiclin Sredinger
tonliyini yazaq:
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Hy (F) = ey (7) 1)
harada
H= 2'62 +V(F)+4L2CZ(6'><VV)§+U(Z) (2)

mO 0

P -elektronun impulsu, & -Pauli operatoru, V (F)- kristalm periodik poten-
sialidir. U(z)-quyunun potensialidir (z oxu iki6lgiilii lay miistavisino perpen-
dikulyardir). (2) tonliyinin hallini

CEMGING ©)

soklinds axtaraq. Burada f,(F)- zoif doyison (biirilyiicii) funksiyadir, u (F)
Lattincer-Kon amplitudlaridir [9]. Kifayat godor enli quyu halinda (yani Na
>>1, harada a- gofos sabiti, N-z oxu istigamotindoki kristal mustavilarinin
sayidir) k - pyaxmlasmasindan istifade etmok olar. (3)-ii (1)-do yerino yazib,
miivafiq hesablamalar1 aparsaq, alariq ki,
D2
S e, U s +P K+ (GxVV)P| H,(F)=0 (4
— [l 2m, ’ 4mgc i

Harada: g,

B2 A ~ N _
[Zm +v(r)+m(axvv)]uw(r)—SIYOU,'D(F) (%)

0 0

tonliyinin hallidir vs burada u, (f+4&) =u, (), éwr [u) =9,

— h — h
P, =— U, |P+—=(6xVV)|u > (6)
"m, ! 4mzc?
Q —elementar 6zayin hacmidir.
(5) tonliyinin hallori olan u (F)-lor Brillien zonasimin morkazina uygun
molum funksiyalaridir [8].
(4) tonliyinin hallini

fi=e“""4,2) (7)
soklindo axtarag. (7)-nu (4)-do yerino yazib miivafiq ¢evrilmolor aparsaq,
@, (z) iciin agagidaki (8) tonliyi alariq:
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Pk \F - Pk4 I:)IZZ Pk
—e-gq+U 0 - Rtk (0 3 N
g 2 S V3 V2
Pk Pk Pk Pk
0 -£-€gq+U 0 —= — TR "
g 7 2 3 B
Pk
Pkt 0 —e+U 0 0 0 0 0
5 92
%Plzz PkT+ 0 -e+U 0 0 0 0 ”
Pk 26A e ®
e Zpk;y 0 0 -e+U 0 0 0 7
k3 "
Pk
0 - 0 0 0 -e+U 0 0 .
~ JE ¢8
Pkyz Pk+
T’z s 0 O 0 O —A—€+U 0
V3 |3
Pk sz
K Pkz 0 0 0 0 0 -A-e+U
V3 V3
Bu tonlikda
i . . 0 .
P =m_<S|PZ|Z> Keyn sabiti, k, =0 ke =kotik, 9)
0

Axirmncr alt1 tonlikdon @5, ¢,, ¢, ¢,-m1 @, Vo @, vasitasilo ifads edib, birinci

iki tonlikdo yerino yazsaq, kifayst godor mirokkob tonliklor sistemi alinir.
Sadolik tiglin ikizonali modelo baxaq, yani o0 hala ki, A — <« ( HgTe Uc¢ln).
Onda tanliklor sistemi bu sokildo olur:

2p? kj+l23+2pz_ k,UK, , V2 PPk UK,
3 (e-U) 3 (e-U)* |

—&£-€,+U + —Q =
{ g 3 (€—U)2 ¢z

2P? kj+123+2P2 k,Uk, V2 P2K_UK,
3 e-U 3 (e-U)[™

(10)

—-e-¢,+tU+ —_—
{ g 3 (8'—LJ)2 991

Bu sistemin timumi halda ixtiyari U(z) potensiali tigiin halli praktik olaraq
mimkun deyil. Ona goro do konkret hollor almaq glin U(z) potensiali igiin
askar bir ifado se¢cmoliyik. ©On sado halda sonsuz dorin quyu potensialini

gotiirmak olar. Yani

oo, z<0
U(z)=40, 0<z<d (11)
o, z>d

olsun. Bu potensial modeli kvant toboagalorinds vo kvant heterostrukturlarinda
reallasir. Belo sonsuz darin quyu modelinda (10) tonliklor sistemi asagidaki
soklo distir:
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d?e
21‘2 +a2¢1,2 = (12)
dz

2

Harada: a’ = )—ki= (13)

RACRES
P

Forz etsok ki, ikidlgiilii layin eni d gofas sabitindon (ag) ¢ox-¢ox boyukddr, yani
d>>ay, basqa sozlo, d =Na, (harada N-elementar 6zoklorin sayidir). Onda

alariq ki,

2
£ g2 .
gj:—%i\/jg+§P2(kf+af) a’:Tj n,=12.. (14)
(14)-do kvadrat kokiin qabagindaki (+) isarasi kegiricilik zonasina, (-) igarasi
iso yiingiil desiklor zonasina aiddir.

Aldigimiz enerji spektrindan istifads edorak hal sixligini hesablayaq:

Hal sixhig1
Hal sixlig1 asagidaki kimi toyin olunur:
g(e)=).5(e~¢,) (15)

&, -yiikdastyicinin (elektronun) enerjisidir. v —kvant adadlarinin toplusudur.
(14)-dan elektronun enerji spektri t¢un

2
£ e
E, :—7g+\/ 1 +§P k?+eZn? (16)

v=1k.,n,o}; o-elektronun spinidir, k? =k? +k’, &, = \E? d -quyunun

he «
enidir, n=1,2,3,..., vo P? :%—E—Keyn sabitidir. m" -yiikdasiyicinin (elektro-
m

nun) effektiv ktlasi, £, -hacmi yarimkegirici tigiin qadagan zolagmin enidir .
(16)-n1 (15)-do nazaro alib k, —a goro comdan integrala kegok. Yani
2dk

(17)

Burada 2-vurugu spino gora 1k1qat c1rla§mam nazars alir. Onda

_' 2
(22dfi'(;_2 {g\/%+§P2kf +ein’ +%g] (18)

(18)-do k, -a g(‘jre inteqrallamadan enerjiyo gors integrallamaya kegib,5-funksiyanin

S(p(x)) 2 ‘ ‘ XaSSQSIndan istifado edok. Burada x, ¢(x,) =0 tonliyi-

nin kokloridir. Bir sira sado ¢evirmalordon sonra hal sixligr tigiin asagidaki
ifadoni alariq:
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2

2
3 £ £
g(8)=4ﬂP2 (2€+gg)zn‘0 (€+7g] — Tg+8§n2 (19)

Burada @-Hevisayd funksiyasidir.
(19) ifadasindon eg—co limitinds parabolik hal Ggln olan ifade alinir, £5—0
oldugda (Dirak material1) iso

3

olacag.

_ _ 2
g(e) = o7 szn“@(g e n’) (20)
8(x)/go

10
2

3
1
> X

0 0.5 1 1.5

Sok.1.

Sokil 1-do (19) ifadasi asasinda hal sixliginin enerjidon asililiq ayrilori veril-
misdir. Sokildon gorinlr ki, geyri-parabolik halda hal sixligi parabolik hal-
dakindan kaskin farglanir. Birincisi odur ki, astana enerjisi kicik enerjilor torafo
siiriisiir. Ikincisi iso odur ki, parabolik halda eyni 6l¢ii zonasinin (altzonanin)
daxilindo g(€)hal sixlig1 sabit olaraq qaldigi halda, geyri-parabolik spektrdo

g(€) xatti olaraq artir (enerjinin artmasi ilo). Uglincii forq ise odur ki, geyri-
parabolik halda hal sixlig1 enerjinin artmasi ilo daha ¢ox artir (qiymatca).
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3HEPFETI/IIMIECKI/II7I CHEKTP ¥ IIJIOTHOCTh COCTOSTHUI JJIEKTPOHOB B
KBAHTOBOMU SIME HA OCHOBE ITIOJYITPOBOJHUKA C HTHBEPCHOHU 30HOU

T.L.ACMAWIOB, C.A.3EMHAJIOBA
PE3IOME

OHepreTYeckuii CHeKTp »3JEKTPOHA U IJIOTHOCTh COCTOSHUII BBIYHCISIOTCS B
0OecKkOHEUHO TIIyOOKOH KBAaHTOBOH sME Ha OCHOBE IOJYNPOBOIHHUKOB C MHBEPCHOI 30HHOM
CTPYKTYypoii B nByx30HHON Monemu KeitHa. [Tomydeno oOmiee BBIpaKeHHE IS IUTIOTHOCTH
COCTOSIHHH, 3aBHCAIIMX OT IIMPHHBI 3alPEIICHHON 30HBI (£g), U3 KOTOPOU CIEAYIOT IIpe/elbl
gg—00 (mapabonuyeckui ciydai) n eg—0 (marepuansl Jupaka). IlocTpoeHsl 3HEpreTHYECKHE
3aBUCHMOCTH TUIOTHOCTH COCTOSIHUIO.

KurodeBble c10Ba: NMOJNYNPOBOAHUK C MHBEPCHOM 30HHOW CTPYKTYpOH, ABYX30HHAs
Mmojenb KeilHa, kBaHTOBas sIMa, INIOTHOCTb COCTOSTHUM.

ELECTRON ENERGY SPECTRUM AND DENSITY OF STATES IN QUANTUM
WELL BASED ON SEMICONDUCTOR WITH THE INVERSE BAND STRUCTURE

T.H.ISMAYILOV, S.I.ZEYNALOVA
SUMMARY
The electron's energy spectrum and the density of states are calculated in the infinitely
deep quantum well based on semiconductors with the inverted band structure in the two-band
Kane model. The general expression for the density of states depending on the band gap () is
obtained, from which the g;—oo (parabolic case) and g;—0 (Dirac's materials) limits follow.

The energy dependence of the density of states is plotted for each case.

Key words: semiconductor with inverse band structure, two-band Kane model,
quantum well, density of states.
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TIGaSe, MONOKRISTALININ UDMA SORHODININ
FORMALASMASI VO ANiZOTROPIYASI
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Baki Dovlat Universiteti
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TIGaSe2 monokristalinda udma sarhadinin anizotropiyas: 6yronilmisdir. Polyarizasi-

ya olunmusg isiqgla udma spektri ¢ixarilmig, gadagan olunmus zolagin eni hesablanmig, udma
sarhadinin ¢ap kecidlo mhdudlasdigi gOstarilmis, todgiq olunan oblastda udma amsalimin ani-
zotropiyasi hesablanmig Va dalga uzunlugundan asililigi QOstorilmisdir.

Acar sozlar: anizotropiya, ¢op kecid, psevdopotensial.

Son zamanlar intensiv Oyranilon layvari kristallarin asas xususiyyatlo-
rindan biri fiziki xassalorinin guicli anizotropiyaya malik olmasidir. Bu onunla
izah olunur ki, laylarda giicli ion-kovalent rabits, laylar arasinda iss zsif Van-
der-Vaals rabitasi var. Kimyavi rabitonin anizotropiyasi layvari kristallarda optik
todgigatlar aparmag, homginin optik kontakt tsulu ilo p-n kecid yaratmaq t¢tn
zoruri olan muxtalif galinhiglt vo bOylk sotho malik nimunalorin hazirlanma
texnologiyasini sadalogdirir. Belo ki, lglclo asanligla monolit kristaldan tobii
glzgu sothino malik monokristal nimunalor goparmaq mimkindir. Layvari
kristallar kompaktligina, elektrik keciriciliyna vo méhkomliyino goro nanoelek-
tronikada genis istifads oluna bilor.

Baxilan igdo muxtalif temperaturlarda TIGaSe, monokristalinin udma

omsalinin anizotropiyasi todqiq olunmusdur. Bricmen Usulu ilo gOyardilmis
monokristal monoklin struktura malikdir vo qofos parametrlori a=10 A°,
b=10,771 A°, ¢=15,636 A°, f=100,6°, z=16. TIGaSe, kristal p-tip kegiriciliys
malik olub, 100 K-da garanliq miigavimati 10%-10'® Om-sm-dir. Niimunolarin
bircinsliyina onun mixtalif hissalorinds kegiriciliyi 6lgmokla nozarst edilmisdir.
Birfazali kristallarda «c» oxu laylara perpendikulyar istiqamotdadir.

TlGaSe, monokristalinda optik udmanin tadqiqi gostermisdir ki, bu kris-
talda udma sorhodi ¢op kecidlo formalasir [1], onun zolag qurulusu psev-
dopotensial metodu ilo hesablanmisdir [2]. Gostarilmisdir ki, valent zonasinin
maksimumu Tz nogtesine uygundur, Kegirici zonanin minimumu iss D;
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soviyyasinds yerlosir.

Udma sorhadinin anizotropiyasina baxagmaq Uctn oOlgmoalor muxtalif
temperaturlarda polyarizo olunmus isiqla aparilmisdir. Baxilan halda E // C vo
E L C olmusdur, E - isigin elektrik vektoru, ¢ — optik oxudur.

TIGaSe, kristalinin udma sorhadini formalasdiran optik kegidlorin
xarakteri haqqinda informasiya aldo etmok t¢lin udma amsalinin spektri tahlil
edilmisdir. Alinmis naticelor o? ~ (hv) koordinatlarinda qurulmusdur (sokil
1). Sokildan gorindiyld kimi, 293 K temperaturunda (1 ayrisi) udma spekitri
miixtolif meyilli iki diizxatli hissa ilo xarakterizo olunur. o*? = f (hv) asihihigin
diiz xatlor vermasi udma sorhadinin ¢op kecidlorlo mohdudlandigint gostorir.
Temperatur asagi diisdiikco uzundalgali hissonin yox olmasi fononlarin
donmast il izah olunur. Fononlarin udulmasi ilo gedan proses udma amsalinin

ho

ifadasino daxil olan 1 vurugunun temperaturu asagi diisdiikca sifra
exp( )—1

KT

yaxinlagmasi ilo izah olunur. Ona gors ¢op kecidlora uygun spektrin bu hissasi
temperaturdan ¢ox asili olmalidir. Fonon siialandirmagla alagali olan qisadal-
gal1 hisso isa 77 K-dan asagi temperaturda yox olur. Uzundalgali vo qisadalgali
hissalorin ekstrapolyasiyasindan hesablanan qadagan olunmus zolagin eni otaq
temperaturunda ~ 2,03 eV olmusdur. hv=2,1 eV-a uygun intensiv udma Xatti
fonon udulmasina uygundur. Uzundalgali sarhad ise Urbax qaydasina tabedir.

1 3
0r

75F

Jo. , nisbi vahid

2,5

1 1 1 1 1
324 25 26 27
hv, eV

Sok.1. TICaSe, kristalinin udma smsalinin spektral paylanmasi. T, K: 1-273; 2-77; 3-4,2.

0 1
19 20 21 22 2

Polyarizo olunmus isigla ¢ixarilmis udma spektri do adi isigin tosiri ilo
cixartlmis udma spektri kimi iki dizxstli hissodon ibaratdir. Cop kegidlora
uygun astana enerjisi isigin E// C vo E L C hallarinda uygun olaraq 2,11 eV
Vo 2,2 eV olmusdur. Sakildon goriindlyu kimi, udma omsalinin anizotropiyast
boylk deyildir.
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TlGaSe, kristalinda udma amsalinin spektral asililiginin tohlili gostor-

misdir Ki, 2,35+2,50 eV enerji oblastinda E//C va E L C polyarizasiyasinda
icazo verilmoyan diiz kegidlor do miisahido olunur. Belo kecidlor ticiin xarak-

terik olan a®® ~ f (hv) asililiglart sokil 2-do verilmisdir (3, 4 ayrilori).
65

55

%

o, sm

45

35

25

1 A
200 210 220 230 240 250
hv, eV

15

Sak.2. TICaSe, monokristalinda udma amsalinin (1, 2, 3, 4) va onun anizotropiyasinin (5)
spektral astliig. 1,3- E L C;2,4-E//C.T,K:1,2-77; 3,4 - 295,

Belo kecidlor Uglin astana enerjisi polyarizasiyadan asili deyil vo 2,36
eV-dur. Bu enerji T3-T,4 kegidino uygundur vo dipol yaxinlasmasina gors bu
kecid gadagan olunandir. 2-ci sokilda, hamginin udma amsalinin anizotropi-
yasinin spektral asililig1 verilmisdir (5 ayrisi). GOrtindiyu kimi, spektrds 2, 25;
2,38 vo 2,46 eV enerjilordo strukturlar miisahido olunur. Bu strukturlar
Brilliyen zonasinin T3—D;, Ts—Ty, Ts—A; kegidlari ilo izah etmok olar [2].
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O®OPMUPOBAHUE U AHU30TPOIINA KPASA ITOI'JIOIEHUA
MOHOKPHUCTAJLJIA TIGaSe,

JL.I'TACAHOBA, A.3.MAT'OMEJIOB, C.A.JI/KAXAHI'NPOBA

PE3IOME

N3yuyena anmzotponusi Kpas MOTJIOUICHHUS B MOHOKpPUCTALIE TIGaSe2 . CHAT cniekTp
TIOTJIONIEHHS TIOJIIPU30BAHHBIM CBETOM, pacCUMTaHa IIMPHHA 3alpelleHHON 30HBI, TOKAa3aHO
YTO Kpai MOTJIOMIEHHUS OTpaHIYeH HETPSIMBIMHE ITePEeX0JaMHt, B UCCIEAYeMOl 00JIacTH paccyu-
TaHa aHU30TPOIUS KOA(PPHUIIMEHTA MOTJIOIICHHUSI U TIOKa3aHa ¢ 3aBUCUMOCTh OT JUIMHBI BOJHBI.

KaroueBble ciioBa: AHU30TpOIINA, Hel'[pf[MOfI nepexo, rnceBAONOTCHIIUA.

FORMATION AND ANISOTROPY OF THE ABSORPTION EDGE OF
SINGLE CRYSTAL TIGaSe,

L.HHASANOVA, AZMAHAMMADOV, S. AJAHANGIROVA
SUMMARY

Anisotropy of the absorption edge in a TIGaSe, single crystal is studied. The absorption

spectrum is eliminated by polarized light, the width of the forbidden band is calculated, it is
shown that the absorption edge is limited by indirect transitions, the anisotropy of the absorp-
tion coefficient is calculated in the investigated region and its dependence on the wavelength is
shown.

Key words: anisotropy, indirect transition, pseudopotential
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KOH®OPMAIIMOHHASI TUHAMMKA BOKOBBIX IIENIEA
MOJIEKYJIbI DIPPU AST-5
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B pabome memooom meopemuuecko2o KOHGOPMAYUOHHOLO AHANUZA YCMAHOGIEHA KOH-
@opmayuonnas ounamuxa 60koevix yeneti moaexyivl Dippu AstS, npunadnedcaweco cemeticmay
anamocmamuros. Ha ocnoge uccnedosanus npedenog usMeHenus 08ySPAHHbIX Y206 8 HUKOIHeD-
2eMUUecKUX KOHPOPMAYUsX usyueHa KOHHOPMAYUOHHAS NOOBUNCHOCIIL BCEll MOLEKYILbL.

KiroueBbIe ¢/10Ba: HEHPOIITHIBL, CTPYKTYPa, KOHPOPMAIMOHHO-TMHAMITIECKHE CBOICTBA

B nanHoli paboTe METOAOM MOJIEKYJISPHOM MEXaHWKHM HAa OCHOBE IIO-
ATAITHOTO TMOJX0/1a, OMMCAHHOTO B paborax [5-9] cHadamo mpoBeneHO HCCle-
JIOBAaHUE CTPYKTYPhl M KOH(GOPMAITMOHHOW TUHAMUKH MOJICKYJIbI ajljaTOCTa-
tura Dippu ASTS [1-4]. [lepBuuHas CTpyKTypa MOJIEKYJIbI SBISECTCS JIMHEH-
HOM TIOCIIEIOBATEIPHOCThI0O BOCBMHU aMHMHOKHCIIOTHBIX oOcTaTkoB H-Aspl-
Arg2-Leu3-Tyr4-Ser5-Phe6-Gly7-Leu8-NH, (DRLYSFGL) u BkirodaeT B ce-
051 OCTaTKH C apOMaTUYECKUMH KOJIbIIAMHU B TIOJIOKEHUSAX 4 W 6 MEenTHIHOU
nenu. Momekyna COAEPKHUT TaKkKe JBa OCTaTKa C 3apsDKCHHBIMH (DYHKITHO-
HaJbHBIMHU TPYIIIAMH HAa KOHIIAX CBOMX OOKOBBIX IIEMEH. DTO OTPUIIATEIHLHO
3apsDKeHHas KapOOKCWIIbHAs TpyMa Yy OCTaTKa achapardiHOBOW KHCIOTHI
(Aspl) ¥ TOTOXHUTEIBHO 3apsHKCHHAs T'yaHHIWHOBas TPyIa y apruHuHa
(Arg2). Hanmuume 00beMHOM G0KOBOI 1ienu ¢ pasBeTsieHueM npu C'-atome B
ocraTkax jednuHa (Leu3, Leu8) moxer okas3aTh CyIIeCTBEHHOE BIIMSHHE Ha
B3aUMOCBSI3b KOH(OPMAIIMOHHBIX COCTOSTHM OCHOBHOM M OOKOBBIX IIEMel MO-
JeKyJbl ayutaroctaTiaa Dippu ASTS.

C nenpio n3ydeHus KOHGOPMAIIMOHHONW TUHAMHUKN OOKOBBIX IIETIEH MO-
Jekysbl ataroctatuia Dippu ASTS Obutr Mcce[0BaHbI MPEIEIbl K3MEHEHUS
JIIBYTPAHHBIX YTJIOB B HU3KOOHEPTETHUYECKUX KOH()DOPMAIMOHHBIX COCTOSHHUSIX
MOJIEKYJNBI. [[Jst 3TOro OBLIM MOCTPOCHBI KOH(POPMAITMOHHBIE KApThI, OMUCHI-
BAIOIIKME MMOBEPXHOCTH MOTEHIIMATBLHON SHEPTHH UCCIEAYEMON MOJICKYJIbI PH
BapbUPOBAHUU YIJIOB OCHOBHOH M OOKOBBIX IIeTIei. DKBUMOTECHIIUAIBHBIE T10-
BEPXHOCTH OYEepUYEHBI KOHTYpaMH B KKaJl/MOJIb, COCTOSIHUS ¢ MUHHUMAaJbHBIM
3HAYCHUSIMU SHEPTUU OTMEUEHBI &.
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PE3YJIbTATBI PACYUETA

Jlnis onucaHus MOTEHUUATBLHOW MOBEpXHOCTU ocTaTka ASpl ObutH mMO-
CTPOEHBI CEYEHMsI TOTEHIUATbHON MOBEPXHOCTU P-X1, O-)2, U X1-)Y2 B TJO-
OanpHOI KOH(OopManuy MomeKyibl aimaroctatua Dippu ASTS. Kak BumHO u3
puc.l HU3KOHEPreTHUEeCKHE COCTOSIHUS 00KOBOM 1ienu ASPl COOTBETCTBYIOT
yriaM, OJMM3KMM K MUHMMyMaM HMX TOPCHOHHOTO MOTEHIMaja, T.€. YToJl X1
MOKET TPHHUMATH 3HaueHus, ommskne +60, 180°, a ist yrna @ gomycTHMBD
orkioHenns B npexenax +20°. CormacHo pesyLTaTaM UCCIIETOBAaHUM yrou )2
B Aspl mokeT mpuHUMATh JBa 3HaueHUs -60 u 100° , HU3KODHEPTeTUYECKHIE

U3MEHEHUS TOIIyCTUMBI B IIpeeax +15°. navenus yrioB 1 and x, npuBene-

HBI Ha pUC.2.
Arpl Aspl

121
1350
120

| (] 0
&l
.

-1m

333.:3&
-]
/EE

-180 -130 -120 30 -E0 -30 D 30 60 91 120 130 12 130 50 100 B0 & 30 0 I &0 R0 120 150 140
Xa

Aspl

-6 129 ——e— By
0 > ]

=12

-150

-180

-18Q 130 —120 -9 -0 -390 @ 30 &0 a0 130 150 1EQ

Xa
Puc. 1. DHepreTryeckue KOHTYPHI (B KKaJI/MOJIb) KaK QYHKIIUH P-X1, O-X2 H Y1 -)2 VI OCTAT-
ka ASpl B HU3KORHEPreTHYECKO# KOH(pOpMAIK MOJIeKy bl amutaToctatuaa Dippu ASTS

E
WA M0TE

[y

AFp{g=—8, y=—347)

Xn
1
[]
1

—————F—— 1+ 3T,
-180-150-120 -90 -50-20 0 20 &0 3] 120 1% 18D Tpaj

Puc.2. I'paduk n3meneHus yrios ;¥ ¥, B Aspl. Ha X-ocu 3HaueHust ABYrpaHHOTO
yria -180++180°, Bapsupyemoro c nrarom 30°. Ha Y-ocu-otHOCHTEIbHAS
KOH(opManMOHHast SHEPTHS MOJIEKYJIIbI
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[Tocnenyromas cxema pacyeTa BKIIOYala HCCIEIOBAaHUE HU3KOAHEpre-
TUYECKUX O0JacTel AJisl MOJOXKUTEIBLHO 3apsHKEHHOW OOKOBOW IeNmu OcTaTKa
Arg2. boutn moctpoeHsl Tpu KOH(GOPMAIIMOHHBIE KAPThI 7S YTIIOB ©-X1, O-)2,

¢-%3 (puc.3).

150 120
120 120
® #

of (o) %
3n kL]

40 -0 u
A0 -0
-1; 13
-150 =S 130 @

-1an -180

-1E0 -130 -120 -¥0 -80 -30 O 30 &1 80 120 131 1680 -180 —190 —120 B0 80 30 0 H0 & M o130 150 190
AL Mz
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16D
150
1
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a0
o =]
e 0
-3

-6
-0
-120
-1a0| .

-160)
-1B9 -170 —1an -# @0 -30 @ 30 &0 #7130 130 1B
L]

Puc.3. DHepreTnueckre KOHTYpbI (KKaJl/MOJIb) Kak (QyHKLIUH YTIIOB Q-)1, @-Y2 U Q-X3 AL
Arg2 B HU3KOPHEPTETHIECKOM COCTOSIHHM MOJIEKYJIbI aiutaTtoctaruaa Dippu ASTS

[

Kak cnemyer puc.3 sHeprun koH(opMaruii, KOTOpbIE COOTBETCTBYIOT
MOJIOKHUTETBHBIM 3HAYCHHUSIM JBYTPAHHOTO yryia (¢ mpuOIM3uTenbHO Ha 24,1
KKaJI/MOJIb BBIIIE, YEM PHEPrus KOHPOPMALUH C OTPULATEIbHBIMA 3HAYCHUS-
MU yria . JlonycTUMbl HU3KOHEPreTUYECKUE U3MEHEHUS yIia (@ OT 60° s -
120° u yrna X1 OT -120° 0 -60°. Kak crexyer U3 pesy/bTaToB pacdera, yroj
X2 B Arg2 MoxeT npuHUMAaTh 3HaueHus -60 u 180°, a m3menenus 5TOro yria
JIOIYCTHMBI B OYCHB y3KOM HHTepBane 3HaucHmil +15°. OueHp orpaHHYcHHAs
00J1aCTh B OKPECTHOCTSX yIJia 180° MIOCTpOEHAa JUIs yriaa X3. Jonmycrumsle npe-
JICITBI H3MEHEHHS TOTO YIJIa HAXOAATCS B MHTEpBalIe 3HaueHni +5°. [ToyueH-
HBIE PE3Y/bTAThl IOKA3BIBAIOT, YTO HE TOJBKO MOJIOKUTEIBHBIN 3apsi OCcTaTKa
B NOJIOKEHMM 2 MENTHAHOM IIENH, HO W JJHWHA ero OOKOBOM IIeNH Ba)KHEI B
IIPOCTPAHCTBEHHON CTPYKType MOJEKyJbl HeWponentuiaa. Puc.4 omnuceiBaer
U3MEHEHHUS YIJIOB )1 U )2 B HHU3KOPHEPIreTUYECKOM KOH(POPMAIMOHHOM CO-
cTosinuu ayutatoctatuna Dippu ASTS.

Jl5is BBISIBIICHUS TIPEJEIOB M3MEHEHHUS yrjia () B OCHOBHOW LIETIU U YT-
JIOB (1 U (2 B O0KOBOI 1ienu octatka Leu3 Obuir mocTpoeHs! KOH(popMalnoH-

HBIE KapThl O-)(1 U Q-)2 (pHC.5).
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E oTH,
EEATL MONE

) ArgHip=-134, y=57}

N, * S, | . &
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B -150-1%0 80 &0 30 0 A0 s TPAd

Puc.4. I'paduk u3MeHeHust ABYTPaHHbBIX YTIIOB )1 U )2 B ocTaTtke Arg2

Lead Lead
e 0 g 0
e} =30
-E0 =0 ’ _b
ol e . ol T
o Ry & &>
s & @ an a=
-1ED -120
-1271 -15) =120 -0 -0 30 0 30 60 $0 120 130 180 -1a0 -153 -120 -5 -1 -30 0O 20 @0 90 13 130 180
E a

Puc.5. DHepreTnueckue KOHTYpbI (KKaJI/MOJIb) Kak QYHKLIUH YIIIOB Q-)1, P-Y2 U G-Y3 AL
Leu3 B HU3KOPHEPTETHYECKOM COCTOSTHHH MOJIEKYJIBI ajutaroctariha Dippu AST5S

CrnenyeT OTMETUTH, YTO BapbUPOBAHKE ABYIPAHHBIX YIJIOB )3 U )4, KO-
TOpbIE ONpPEAENsAIOT MPOCTPAHCTBEHHOE CTPOCHHME KOHIIEBOW TPYIIIbI B OOKO-
BOM LIeNM OcTaTKa JICHIIMHA, HE OKa3bIBACT CYIECTBEHHOTO BIIMSHUS HAa KOH-
dbopMamoHHyI0 YHEprut0 Bceil Mosekyinbl. KondopmannonHsie KapThl, KOTO-
pble YKa3bIBalOT Ha OTPAHUYCHHYIO KOH(OPMALMOHHYIO MOABMKHOCTH OOKO-
BoM 1ienu Leu3 mpuBenensl Ha puc.5. Kak ciemyer u3 pucyHKa, MOJOKUTEIb-
HbIE 3HAYEHUS yIJia () ABISAIOTCS 3ampelieHHbIMUA. OueHb y3Kast 00JacTb HU3-
KOM PHEpruM MPUXOJUTCS Ha Yroi )2 ans Leu3, T.e. B OKpECTHOCTSX +60°, a
JUISL yTia 1 AOIMYCTUMBI 3HAU€HUSI B OKPECTHOCTAX yria 180° (puc. 6). Uzme-
HEHMS KaK B CTPYKTYpE, TaK U B SHEPTUH MOJIEKYJIbI IPU BapbHUPOBAHUU YTIIOB
X3 U (4 O4E€Hb Majbl MO CPABHEHUIO C W3MEHEHUSAMHU, MPOUCXOISAIIUMU TPU
M3MEHEHUU yTIIa (2.

Ha puc.7 npuBeaeHbl KOHTYPBI 3HEPTUH ISl YIJIOB @, Y1 U X2 B Tyré.

VYron ¢ B Tyr4 umeer HeOOIbIIYI0O KOH(POPMAIIMOHHYIO TOABHKHOCTB,
T.€. HU3KOOHEPreTUUECKUEe U3MEHEHHS JOMYyCTUMBI JIUIIb B OYEHb Y3KOM HH-
Tepane +5°. JIBa MunnMyma st )2 (£90°) u Tonmsko omuH s yrima ;1 (-60°)
SIBJIIFOTCSI PHEPTeTUUECKU BBITOIHBIMU (puc. 8). Yroia X3 B TYr4, KoTopsli om-
penensieT OpueHTalui0 THAPOKCUIbHON Tpynmbl (OH) mMeeT BBICOKYIO KOH-
dbopMaImoHHYIO CBOOOY.
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Puc.6. I'paduk u3meHeHust AByrpaHHbIX yriioB y; and y, B Leu3
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Puc.7. DHepreTnueckue KOHTYpbI (KKaJI/MOJIb) Kak QYHKLUH YIIIOB Q-)1, P-Y2 U G-Y3 AL
Tyr4 B HU3KO’HEPreTHYECKOM COCTOSIHMH MOJIEKYJIBI ajuiaroctaruda Dippu ASTS
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Puc.8. I'paduk u3MeHeHHs1 IBYTPaHHBIX YIIIOB X1 and x, B Tyrd

121



Sears Sad

e 0 w 0
-3 -0
4 @ __ o) @ - m o
#0 -y
=120 1 -1m
-150 -130
e N R S S N e )
B 150 120 S0 60 30 0 30 &0 &0 120 150 10 100 150 120 80 60 -3 O 30 60 90 120 150 10
X1 X

Puc.9. DHepreTuueckue KOHTYPbI (KKaJI/MOJIb) KaK QYHKLIUH YIIIOB QO-)Y1, P-Y2 U O-Y3 AJSI
Ser5 B HU3KOPHEPTETHYECKOM COCTOSIHHU MOJIEKYJIbl auaToctatiaa Dippu ASTS

BbokoBas nienb ocratka SerS o0nagaer cyniecTBEeHHOW KOH(OpMaIMoH-
HOH TOIBMXXHOCTHIO (puc.9). B ornuyme ot cTporo GUKCHPOBAHHOTO COCTOSI-
HUSI OCHOBHOH IIENH, UMEIOTCS JIB€ HU3KOPHEPreTHUECKUe OO0JAcCTH Ha KOH-
dopMannoHHO# KapTe @-)2. HU3Kk03HEpreTHuecKkue N3MEHEHUs IOMYCTHMBI B
WHTEpBaJie 3HAYCHUN OT -180° 10180° ms Y1 ¥ OT 90° 50 180° u or -60° 50
180° s A2-
E oTH,

KX MI0E
F 3

BETs (g—T17, y=-52%)

el Y
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Puc.10. I'paduk n3meHeHus AByrpaHHbIX yriioB )y and x, B SerS

[Tocnenyromas cxema pacuera BKIIIoYaia MCCIEI0BaHUE HU3KOIHEpre-
TUYECKUX o0acTei Ayt 60KoBoi 1enu octatka Phe6. PacueTsl mpoBoaAMIHCH
MyTeM MMOCTPOCHHUSI IBYX KOH(POPMALIMOHHBIX KapT P-)1 U P-)2 B HU3KOIHEPre-
TUYECKOM KOH(OPMALIMOHHOM COCTOSIHUM MOJIEKYJIbI HEWpOIenTuaa aaiaro-
cratura Dippu ASTS. Duaeprumn koH(opmanuii, COOTBETCTBYIONIMX MOJI0XKHU-
TEJIbHBIM 3HAYEHUSIM JIBYTPAHHOTO YIiia (¢ mpuOIu3uTensHo Ha 60 Kkan/mMoib
BBIIIIE KOH(POPMAIIUil C OTPULATEIBHBIMU 3HAYCHUSIMHU 3Toro yria. CoriacHo
pe3ynbTaTaM pacdyeroB yroi X2 B Phe6 Moker mpuHHMATh 3HAYCHUS +90°, a

HH3KOIHEPIeTHUCCKIE H3MEHEHHS HTOTO YIiia OMYCTHMBI B mpegenax +20°
(puc.11 u 12)
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Puc.11. DnepreTndeckne KOHTYPHI (KKaJI/MOJIb) KaK QYHKIIUH YTIOB ©O-)1, O-)Y2 U Q-)3 I
Phe6 B HU3KOPHEPTETHYECKOM COCTOSIHMU MOJIEKYJIbl auatoctatiHa Dippu ASTS

Eorn,
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Puc.12. I'paduk n3ameHeHus AByrpanHbix yrios )y and y, B Phe6

B HU3KO’HEpreTHuecKoM KOH(POPMALMOHHOM COCTOSIHUU MOJIEKYIIBI
OBUIM TTOCTPOEHBI TaK)Xe KOH(MOPMAIMOHHBIE KapThl O-Y1, O-)Y2, U O-X3 A
Leu8. KoHdopManmoHHbIE KapThl, KOTOPBIE JEMOHCTPUPYIOT 3alpeIicHHBIC
00J1acTH AJISl MOJIOKUTENbHBIX 3HAUYEHUH yIiia () OCHOBHOW LIETIM MPUBEICHBI
Ha puc.13, a u 6. Yroma 1 MOKeT MpUHUMATh 1B 3HAYEHHSI, COOTBETCTBYIOIIHE
+60° u ToNIBKO OJTHO COCTOSIHUE JIOMYCTUMO sl yTiaa )2 (puc.14).
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Puc.13. DHepreTndeckue KOHTYpBI (KKajl/MOJIb) KaK QYHKIIMH YIJIOB ©-X1, Q-X2 U Q-)3 Ui
Leu8 B HM3KO9HEPTETHUECKOM COCTOSTHUH MOJICKYJTBI ajutatoctatuia Dippu ASTS
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Puc.14. I'paduk n3meHeHus AByrpaHHbIx yriios )y and g, B Leu8

O060011ast pe3ynpTaThl UCCIEIOBAaHUNA MOXKHO 3aKJIIOUUTh, YTO, HECMOTPS
Ha KOH()OPMAITMOHHYIO MOJABHKHOCTH BCEH MOJICKYJIBI, TOJIBKO OOKOBas LENb
CepuHa B MATOM IOJOXEHUH MENTUAHOM IeNH MOXKET 00JalaTh CYIIECTBEH-
HOU KOH(OPMAIIMOHHOW TOJBHKHOCTBIO.
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DIiPPU AST5 MOLEKULUNUN YAN ZONCIiRLORININ
KONFORMASIYA DINAMIKASI

L.I.VOLIYEVA, E.Z.OLIYEV
XULASO
Isdo nozori konformasiya analizi iisulu ilo allatostatinlor sinfino monsub Dippu Ast5
molekulunun yan zancirlarinin konformasiya dinamikasi nozardon kegirilmis vo kigikenerjili
konformasiyalarda ikiiizlii bucaqglarin doyismo sorhadlorinin todqiqi naticesinds biitév mole-
kulun konformasiya miitoharrikliyi 6yronilmisdir.
Acar sozlar: qurulus, neyropeptidlor, konformasiyon-dinamik xiisusiyyatlor.
CONFORMATIONAL DYNAMICS OF SIDE CHAINS OF DIPPU
AST-5 MOLECULES
L.I. VALIYEVA, E.ZALIYEV
SUMMARY
In this paper the conformational dynamics of the side chains of the Dippu Ast5 molecule,
belonging to the family of allatostatin was established by the method of theoretical
conformational analysis. Based on the study of the limits of the variation of dihedral angles in
low-energy conformations, the conformational mobility of the entire molecule was studied.

Key words: neuropeptides; structure; conformational-dynamic properties

Hocmynuna 6 peoakyuro: 28.03.2018 e.
Ioonucano k nevamu: 09.04.2018 2.
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BAM-20P MOLEKULUNUN YUKLONMIS YAN ZONCIRLORININ
KONFORMASIYA IMKANLARI
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Opioidlar sinfina mansub olan BAM-20P (Tyrl-Gly2-Gly3-Phe4-Met5-Arg6-Arg7-Val8-
Gly9-Arg10-Prol1-Glul2-Trp13-Trpl4-Met15-Asp16-Tyrl7-GIn18-Lys19-Arg20) molekulu-
nun faza qurulusu onu fragmentlora ayirmaqla nazari konformasiya analizi tisulu ilo tadqiq
olunmug va gostorilmisdir ki, onun foza qurulusu 0-10.0 kkal/mol enerji intervalina diison 11
stabil konformasiya ila tamsil oluna bilar. Molekulun iki asagienerjili konformasiyasinda mo-
lekulun torkibino daxil olan, yiiklonmis yan zoncirli amintursu qaliglart olan Arg6, Arg7,
Argl0, Glul2, Aspl6, Lys19 va Arg20-nin yan zoncirlarinin konformasiya imkanlart onlarin
ikitizlii firlanma bucaglart atrafinda konformasiya xaritalari qurulmagla oyranilmigdir. Kon-
formasiya xaritalori asasinda har bir amintursu qaliginin konformasiya miitaharrikliyi miiayyan
olunmus, onun reseptorlarla va digar molekullarla qarsiliql tasirlords istirak edabilma im-
kanlar gostorilmisdir.

Acar sozlar: opioid peptidlari, BAM-20P, foza qurulusu, molekul, konformasiya.

Opioid peptidlori sinfina bonzor peptidlor daxildir vo onlar opiat
reseptorlarinin endogen ligandlar1 olurlar. Onlar morfin, heroin, kokain vo
basqalart kimi tosir gdstorirlor. Met- Vo Leu-enkefalinlor, a, B, v, 8-endorfinlor
bu sinfin niimayondosloridir. Pro-enkefalin molekulunun qurulusu miioyyon
olunandan sonra bu molekuldan giiclii opiat tosirino malik I,F,B,E, BAM-22P,
BAM-20P, BAM-12P molekullar1 ayrilmisdir [1]. Bu molekullar analgetik
effektdon basqa orqanizmin psixoloji vo neyroloji statuslarina da tesir gostarir,
organizmin bir ¢ox vissirial sistemlorinin tonzimlonmosinds, hozm sistem-
lorinin miibadilasinda, iirok-damar sistemloring tosirlords istirak edir BAM-12P
vo BAM-20P molekullar1 iribuynuzlu heyvanlarin onurga beynindon ayrilmig
vo opiat foallif1 metionin-enkefalinin foalligindan 2,4 dofs, endorfinin faalli-
gindan iss 1,8 dofs goxdur [2].

BAM-20P (Tyrl-Gly2-Gly3-Phe4-Met5-Arg6-Arg7-Val8-Gly9-Argl0-
Prol1-Glul2-Trp13-Trpl4-Met15-Aspl6-Tyrl7-GIn18-Lys19-Arg20)
molekulunun foza qurulusu molekulu fragmentlors ayirmaqla Syronilmisdir.
Gostorilmisdir ki iyirmi amintursu qaligindan ibarst BAM-20P molekulunun
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foza qurulusu 0-10 kkal/mol enerji intervalina diigon 11 stabil konformasiya ilo
tomsil oluna bilor. Homin konformasiyalar, onlara miixtolif qarsiligh tesir
enerjilorinin verdiklori pay, molekulun foza quruluslar1 yigiminin formalasma-
sinda miixtolif amintursu qaliglart arasindaki qarsiligli tosir enerjilorinin
verdiklori pay, amintursu galiglarinin fozads neco yerlosdiklori avvalki todqigat
islorinds otrafli gqeyd edilmisdir [3-5].

BAM-20P molekulunun asagienerjili konformasiyalar1 yigimi, onlara
geyri-valent, elektrostatik, torsion qarsiligli tasir enerjilorinin verdiklori pay vo
nisbi enerjilori cadval 1-do gostorilmisdir. Cadval 2-do molekulun iki stabil
konformasiyalarinda ikiiizlii firlanma bucaqlariin qiymatlori beynolxalq no-
menklaturaya uygun verilmis [6], sokil 1-do iso homin konformasiyalarda
ikilizlii firlanma bucaglarina uygun amintursu qaliqlarmin fozada yerlogsmasi
gostorilmisdir. BAM-20P molekulunun amintursu ardicilligindan goriindiiyii
kimi onun torkibine yan zonciri yiiklonmis alti amintursu qaligi daxildir.
Onlardan dordi - altinci, yeddinci, onuncu vo iyirminci yerds galon arginin
amintursu qaligi, biri on altinc1 yerds golon asparagin tursu qaligi, birisi ise on
doqquzuncu yerds golon lizin amintursu galigidir. Malum oldugu Kimi arginin
va lizin amintursu qaliglarinin yan zanciri: miisbot yiiklonmis vo goxatomludur,
asparagin amintursu qaliginin yan zonciri 1s9 monfi yliklonmisdir, ona goro do
bu amintursu qaliglarinin molekulun formalagmis foza qurulusunda konfor-
masiya miitohorrikliyinin dyronilmosi boylik maraq kosb edir. Bunun notico-
sindo hamin amintursu qaliglarinin BAM-20P molekulunun foza qurulusunun
formalagmasinda rollarin1 vo onlarin digor molekullarla qarsiligh tosirlordo
istirak etma imkanlarini miioyyon etmok olur.

Yiiklonmis amintursu qaliglarinin yan zoncirlorinin  konformasiya
imkanlar1 molekulun iki stabil
B211PRR21B332R3220R2220R2BL22RR3,B3R2R12R2R2B211B22R33
(Enis.=0.0 kkal/mol)
B131BPB21B212B1222B22220R2BL22RR3,R2B2R33R1R2B211B32R33
(Enis.=2.7 kkal/mol)
konformasiyalarinda &yronilmisdir. Amintursu qaliglarinin yan zoncirlorinin
ikiiizlii firlanma bucagqlar1 atrafinda konformasiya xaritolori avvalce 30° doraca
addimla asagienerjili oblastlarda iso 5° addimla qurulmusdur. Hor bir amintursu
qaliginin yan zoncirinin torsion potensialin 60°, 180° vo -60° minimumlari
atrafinda miimkiin ola bilon firlanma imkanlar1 codval 3 vo 4-do verilmisdir.
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Cadval 1

BAM 20P molekulunun asagienerjili konformasiyalari, onlara qgeyri-valent (Ug,), elektrostatik (Ue), torsion (Utwr) qarsihiqh

tasir enerjilorinin verdiklori pay va nisbi enerjilori (Up;s

Qrup Ne Konformasiya Eq.. Eq. Eior Eqs,
1 B111PRR21B33:R3202R2020R:BLRR3:B3R:R1:R,R,B211B2oR33 -92.8 10.7 12.8 0.0

A 2 B71:PRR21B33:R2222R322:R2:BL2,RR3:B3R1R3:R,R,:B11 R3:R32 -97.7 245 11.4 7.5
3 B71:PRR21B33:R2222R322:R:BL2,RR3:B3 B1R21R1R2B211B3:R33 -94.3 22.6 104 8.0

4 B131BPB21B212B122:B2222R:BL2RR3:R2B,R33R1R2B511B3sR33 -99.8 15.7 17.5 2.7

5 B13:BPB1B15B122:B2225R:BL2,RR3,R,B,R33R,R,R33:R15R 3 -98.0 20.0 16.7 8.0

6 B13:BPB21B212B122:B2220R:BL»RR3:R,:B,R33B2B,B311B31 B3, -98.3 20.9 16.8 8.7

7 B131BPB21B212B122:B2220R:BL,RR3:R,B,R33BoR,R331R15R3: -102.2 23.9 17.9 8.8

b 8 B13:BPB1B215B122:B2225R,BL2,RR3,R,B,R33R,R,R33:R15R 3 -101.1 21.4 19.4 8.9
9 B131BPB21B212B122:B2220R:BL,RR3:R:B,R33R,B,B311R31 R3 -96.6 19.9 16.7 9.0

10 B13:BPB21B215B122:B2222R:BL2RR3; B3R1R3:R1R:B211B3:R33 -91.9 21.6 15.9 9.8

C 11 B131PRB33B22,B122:B2222R,BL2,RR3,B3R1R5,B,B,B311B31Bs, -93.8 22.2 10.7 8.4
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Cadval 2

BAM-20P molekulunun asag enerjili konformasiyalarinin handasi
parametrlari (doracalorls verilmisdir)

Amintursu Epis= 0.0 xxaa/moa Enis= 2.7 kkaja/mod

qahg

Tyrl -173, 154, 176, -177, 75,0 -93, 158, -179, 50, -98

Gly 2 80, -83, 180 -86, 92, 75

Gly 3 -67,-42, -176 90, -60, 179

Phe 4 -84, -52, 180, 180, 74 -139, 148, -179, 180, 71

Met 5 -148, 126, 174, -75, -60, 180, 180 -73, 109, -179, 174, 58,-179, 180
Arg 6 -96, -55, 177, -64, 180,179, 180 -164, 170, 170, 64, -175, -178, 179
Arg 7 -131, 134, 180, 183, 177, 180, 180 -117, 126, -176, -179, 178, 180, 180
Val 8 -100, -60, -172, 180, 181, 179 -109, 109, 168, 179, -179, 179
Gly 9 -71, 101, 182 -61, 117, 198

Arg 10 58, 84, 175, 183, 180, 178, 180 58, 84, 175, 183, 180, 178, 180
Pro11 -53, 180 -53, 180

Glu 12 -103, -63, 181, -60, 180, 90 -103, -63, 164, -60,180, 90

Trpl3 -143, 163, 182, -61, 92 -114, -60, 163, 174,72

Trp 14 -61, -35, 189, 180, 90 -155, 136, 181, 186, 92

Met 15 -58, -36, 185, 65, 187,181, 180 -134, -65, 186, -61, -60,178, 179
Asp 16 -90, -31, 186, 180, 90 -109, 152, 183, 56, 97

Tyr 17 -80, -62, 178, 179, 83,0 -84, -41, 197, 175, 83,0

GIn 18 -94, 107, 180, 181, 65, 71 -72,129, 177, 185, 68, 74

Lys 19 -96, 124, 178, 180, 60, 180, 90, 179 | -79, -63, 178, -60, 174, 180, 176, 179
Arg 20 -125, -50, -61, -66, 183, 183 -133, -52, -60, 180, 179, 180

Qeyd: ikiiizlii firlanma bucaqlarinin qiymatlori @, ¥/, @, ¥;, ¥, ,... ardicilhg ilo verilmisdir.

Argb vo Arg7-nin yan zoncirlori otrafinda qurulmus konformasiya xorito-
rolorinin tohlili onlarin konformasiya dinamikalarinin miixtslif olduqglarint gos-
tormisdir. Arg6-nin y; ikitizlii bucagi torsion potensialin -60° qiymaoti otrafinda
25°, 180° giymati otrafinda iso 50° firlanma sorbastliyina malikdir (cadval 3).
Arg7-do iso homin bucaglar otrafinda yalniz 10° konformasiya sorbastliyi
mdmkindlr. Arg6-nin x, bucagi torsion potensialin 180° giymoti otrafinda
150°-don -30°-ys godor dayiso bilir. Arg6-nin y3 bucaginin 60°, 180° vo -90°
qiymatlari otrafinda 40° doyisabilmak, x4 bucaginin 180° qiymati otrafinda 40°
doyisabilmok imkani var. Arg7-nin yan zancirinin ¥, - ¥4 bucaglarin 180°
qiymati otrafinda yalniz +5° doyisobilmak imkani olur (cadval 3). GOrtindiy
Kimi Arg6-nin yan zonciri Arg7-nin yan zoncirind nisbaton daha ¢ox miito-
horrikdir. Bu molumatlar gostorir ki, Arg6-nin molekullararasi qarsiligl tosirdo
vo otraf miihitin molekullar1 ilo qarsiligh tesirds istiraketmo imkanlari var.
Arg6-nin belo imkaninin olmasi onun iki pentapeptid spiralvari quruluslari
dondoron Met5-Arg6 dipeptid hissosindo yerlogsmosidir. Bu voziyystdo onun
yan zonciri molekuldan otraf miihito dogru yonolmis olur. Arg7 amintursu
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qaligindan baslayaraq spiralvari qurulus formalasdigina goro onun yan

zoncirinin konformasiya imkanlar1 koskin mohdudlagmis olur.

Cadval 3

BAM-20P molekulunun global konformasiyasinda amintursu qalglarimin
yan zancirlarinin y1, 2, X3, X4,

bucaglan strafinda firlanma imkanlar (daracalorls)

Amintursu

- 4 X2 A3 Aa
qalig
Arg6 -80 -55 150 -210 170 -210 170 -210
150 -200 55 -95
-85 -45
Arg7 175 185 175 -185 175 -185 175 -185
-70 -60
Argl0 175 -215 150 -210 150 190 170 -200
-90 -50 50 -100 -90 -60 -95 -85
-65 -55
Glul2 -75-45 -100 -50 0-360 -
Aspl6 170 -210 60-150 - -
-120 -30
Lys19 175 -185 50-100 150 -210 80 -100
-70-30 150 -210 -70-50 170 -210
-95 -55 50 -70 -70-50
Arg20 -70-50 -85 -55 180 -210 170 -190
175-195 170 -200 55 -85
-85 -55

Argl0-nun yan zoncirinin ikiiizlii firlanma bucaqlar otrafinda qurulan
konformasiya xaritolori gostorir ki, 1, 3, x4 bucaqlar1180° vo -60° qiymatlori
otrafinda, y, bucagimin 180°, 60° vo -60° qiymatlori otrafinda boylik asagi-
enerjili oblastlar mévcuddur (cadval 3). Arg6-nin yan zanciri boyiik konfor-
masiya miitoharrikliyine malikdir, otraf miihito dogru yonalmisdir vo asanligla
digor molekullarla garsiligh tosirlords istirak edo bilor. GInl2 amintursu gali-
ginin yan zoncirinin ikitlizlii firlanma bucaqlari otrafinda konformasiya xaritals-
rinin qurulmasi gostorir ki, x1 bucaginin -60° qiymati otrafinda +15° interva-
linda firlanma miimkiindiir, yan zoncir molekulun N-torofino dogru yonal-
migdir. 2 bucaginin -60° qiymati otrafinda -40°-don +10°-yo godor meyletmo
mimkiindiir. yo-x3 firlanma bucaqlar1 strafinda qurulus konformasiya xaritosi
gOstarir ki, 2 bucagimin -60° giymatindo yan zoncirin karboksil qrupu 0°-don
360°-yo qgodor tam konformasiya sorbostliyine malikdir. Molekulun tam
enerjisi Glul2-nin yan zancirinin y; va Y, firlanma bucaqglarina ¢ox hassasdir,
ona gora do bu amintursu qalifinin yan zoncirinin diger molekullarla qarsiligh
tosirlords istirak edo bilmasi ehtimal1 azdir.
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Cadval 4

BAM-20P molekulunun nisbi enerjisi 2.7 kkal/mol olan
konformasiyasinda amintursu qahiglarinin yan zancirlorinin 1, %2, %3, %4,
bucaglan strafinda firlanma imkanlar (daracalorls)

Amintursu qaligi VA A X X4
Arg6 55-70 -185 -150 -210-170 150 -190
Arg7 -185 -180 175 -185 175-185 175 -215
Argl0 180 -215 150 -210 150 -210 170-190

-65 -55 -75-55 60 -90 85 -95
55 -95 -70 -50 -95 -85
Glui2 -100 -50 150 -210 -75 -65 -
175 -185 50 -70 90 -150
-70 -50
Aspl6 40 -90 70 130 - -
-110 -50
Lys19 -100 -50 115 -215 170 -220 145 -210
50 -75 50 -100 55-95
-95-55 -95 -55 -95 -55
Arg20 -95 -45 145 -215 145 -215 170-190
165 -215 -95 -85 -95 -55
30 -60 55 -65 55-95
\“ 13
2
15
™ LNt
4Gy 3N e
£ 5 : 4 S
/ \45&2"” A3 ' R1 18 '
S ARG 20

sek- 1. a) BZlIPRR21B332R3222R2222RZBI—22RR3ZB3R2R12R2R28211822R33

Aspl6 amintursu galiginin yan zonciri ¢ox az konformasiya miitohor-
rikliyino malikdir, y; bucaginin 180° giymati otrafinda yalniz -10°-don +30°-yo
gader firlanma miimkiindiir. > bucagmin 90° qiymaeti otrafinda ise -30°-don

+60° intervalinda firlanma sarbast m6vcud olur.
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Miisbot yiiklonmis Lys19-un yan zoncirinin ikiiizlii bucaglar otrafinda
qurulmus konformasiya xaritosi gosterir ki, onun yan zonciri konformasiya
sarbastliyino malik deyil, y; bucaginin 180° qiymoti otrafinda yalniz 5°-yo
godor meyletmo miimkiindiir (codval 3). Lys19-un yan zanciri molekulun C-
torafino baxir vo onunla effektiv elektrostatik qarsiliql tosir yaradir.

ARG 20

Sak- 1. b) BlSlBPBZlBZlZBlZZZBZZZZRZBI—22RR32RZBZR33R1RZBZMB32R33

Arg20-nin yan zoncirinin y; bucaginin iki voziyyatindo iki oblastda -
175°-don 195°-yo vo -70°-don -50°-yo konformasiya sorbastliyi mévcuddur ki,
bu onun yan zoncirinin molekulun N- vo C- torofino ¢evrilmosino imkan yara-
dir (cadval 3). Forz etmoak olar ki, Arg20-nin miisbat yiiklonmis yan zanciri re-
septorlarla vo digor molekullarla asanligla qarsiligl tosirlords istirak edo bilor.

Todqiq olunan BAM-20P  molekulunun ikinci  asagienerjili
B131BPB21B212B1222B2222R2BL22RR3:R2B2R33R1R2B211B3:R33 (Enis=2.7
kkal/mol) konformasiyasinda yiiklonmis amintursu qaliglarmin yan zoncir-
larinin konformasiya imkanlar1 cadval 4-do gostorilmigdir.

BAM-20P molekulunun iki asagienerjili konformasiyasinda yiiklonmis
yan zancirli amintursu qaliglarinin konformasiya sorbastliyinin tadqiqi onlarin
reseptorlarla vo miixtolif molekullarla garsiligh tosirlords istirakedobilmo im-
kanlar1 miiayyon edilmisdir.
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KOH®OPMAIIMOHHBIE BO3MOKHOCTH BOKOBBIX IENEM 3APSAKEHHBIX
AMHMHOKHUCJIIOTHBIX OCTATKOB MOJIEKYJIbI BAM-20P

9.M.'ACAHOB, 3.I'TATHEB, H. A AXMEJIOB
PE3IOME

MeToI0M TeopeTHYecKOoro KOH(GOPMAIMOHHOTO aHajlu3a ()parMeHTapHO HCCIIeJOBaHa
OpPOCTPAaHCTBEHHAs! CTPYKTypa Monekyiasl BAM-20P Tyrl-Gly2-Gly3-Phe4-Met5-Arg6-Arg7-
Val8-Gly9-Arg10-Prol11-Glul2-Trpl3-Trpl4-Metl5-Aspl6-Tyrl7-GIn18-Lys19-Arg20)
KOTOpasi MPUHAICKHUT K KIacCy ONMMHOWAHBIX NMENTHAOB. BBUIO MOKa3aHO, 4TO TpexMepHas
CTPYKTYpa 3TOH MOJIEKYJIbI MOXET OBITh MpeacTaBieHa |1 HU3KO3HEpreTHYECKUMHU KOH(Op-
MaIsiIMHA, TOMaJalommMMu B dHeprermueckumii wmaTepBan 0-10,0 xkam/moms. B mByx
CTaOMIBHBIX KOH(OPMAIMAX MOJEKYNIBl OBLTH HM3y4YeHB KOH(OPMAIIMOHHBIE BO3MOJKHOCTH
OOKOBBIX IeTIeii 3apsHKeHHBIX aMUHOKUCIOTHBIX octaTkoB Arg6, Arg7, Argl0, Glul2, Aspl6,
Lys19 u Arg20 ¢ momompl0 HOCTPOSHHS KOH(OPMAIMOHHBIX KapT IBYTPAHHBIX YIJIOB
BpaieHuss B OOKOBBIX Iemsx. C MOMOIIbI0 KOH(POPMAIMOHHBIX KapT ObLia ONpejescHa
KOH(bOpMaHI/IOHHaH IIOABHUKHOCTH OOKOBBIX ueneﬁ " TI0Ka3aHa MX BO3MOXHOCTH y4aCTHs BO
B3aUMOJICHCTBUY C PELEITOPAMU U APYTUMU MOJIEKYJIAMH.

KuioueBble cioBa: onuounnbie nentuabl, BAM-20P, mpocTpaHcTBeHHas CTPYKTypa,
MoJIeKyJa, KOHpOopManus

THE CONFORMATIONAL POSSIBILITIES OF THE SIDE CHAINS OF CHARGED
AMINO ACID RESIDUES OF THE BAM-20P MOLECULE

E.M.HASANOV, ZH.TAGIYEV, N A AHMADOV

SUMMARY

The spatial structure of the fragments of BAM-20P molecule Tyr1-Gly2-Gly3-Phe4-
Met5-Arg6-Arg7-Val8-Gly9-Argl0-Prol1-Glul2-Trpl3-Trpl4-Metl5-Aspl6-Tyrl7-GInl8-
Lys19-Arg20, which belongs to the class of opioid peptides was investigated using the
theoretical conformational analysis method. It is shown that the three dimension structure of
this molecule can be represented by 11 low-energy conformations that fall within the energy
interval 0-10,0 kcal/mol. In the two low-energy conformations of the molecule the
conformational possibilities of amino acid residues with charged side chains Arg6, Arg7,
Argl0, Glul2, Aspl6, Lys19 and Arg20 were studied by constructing conformational maps
around the dihedral angles of the side chains. Based on the constructed conformational maps,
the conformational mobility of the side chains was determined and their ability to participate in
interaction with receptors and other molecules was demonstrated.

Key words: opioid peptides, BAM-20P, spatial structure, molecule, conformation
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BaTiO; klassik seqnetoelektriki asasinda perovskit tip seqnetoelektriklorin kristal quru-
luslar: taqdim edilmisdir. Bu birlasmada Ti atomlarinin Mn atomlart ilo qisman avaz edilmasi
zamani magnit xassalarinin amola galma mexanizmi miayyan edilmisdir. BaTiy,Mn,O3 bark
Mohlullarinda mixtalif fazalarin kristal quruluslari, gafas parametrlori, atom koordinatlarz,
atomlararas: masafalar todqiq edilmisdir.

Acar sozlar: BaTiOs, kristal qurulus, seqnetoelektrik

Perovskit kristal qurulus ilk dofo CaTiO3 mineralinda askar olunmusdur
vo ABO; Umumi formada xarakterizo edilir. Burada, A — bir, iki vo ya lgva-
lentli metal, B — uygun olaraq bes, dord vo ya ticvalentli (A*'B*°05, A*B™0;,
A*B*®05;) metaldir. Paraelektrik fazada osasen kubik kristal qurulusa malik
olurlar: kubun diyunlarinds vo moarkoazinds metal atomlar1 dururlar, oksigen
atomlar1 iso markazdoki metal atomu strafinda oktaedr amala gatirirlor.

Eyni fazada segnetoelektrik vo magnit xassalorino malik olan birlos-
molar multiferroiklor adlanirlar [1]. Materiallarin eyni fazada bir nego funksi-
yan1 Oziindo saxlamasi, komponentlorin azalmasina, sixligin artmasina vo
istifado edilon cihazlarda omoliyyatlarin siiratlorinin artmasina sabab olur. Seg-
netoelektrikliyin vo magnetizmin eyni bir materialda mévcud olmasi, maqnit
sahasinin tosiri ilo seqnetoelektik polyarlagmasinin alinmasina vo aksing,
elektrik sahasindo magnetizmin manipulyasiyasina imkan veran ¢oxfunksiyali
qurgularin istehsal edilmasine sorait yaradir [2-4]. Multiferroikliyin movcud
olmasi ilk dafa XIX asrin son onilliyinds Pier Kiri torofindon verilmisdir [5].
Ik dofs multiferroik 1950-ci ildo Smolenski vo basqalar1 tarafindan sintez
edilmisdir [6]. Lakin seqnetoelektrikliyin voa magnetizmin tabistinin forgliliyino
gora magnetoelektrik effektin zoaif olmasina gora, XXI asra gadar multiferroik-
lik az Oyronilmisdir. Bu ¢atismazliglar onlarin texniki tatbiglorina ¢atinliklor
toradir [7, 8].

Son zamanlarda barium titanat asasinda alinmis multiferroik birlosmolor
daha ¢ox todgiq edilmoys baslanilmigdir. Ti atomlarini Fe, Co, Mn kimi maqnit
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xassalorina malik olan element atomlar1 ilo avaz etdikcas, bu segnetoelektrik
birlosmada hom do maqgnit xassalori almagq mimkindur ki, bu tip birlosmalor
muasir elektronikada va spintronikada mahidm materiallar hesab olunurlar [3].
BaTi;-«Mn,O3 bark moahlullarinin polikristal niimunslorinin neytron difraksiyasi
todqiqatlar1 gostorir ki, konsentrasiyasinin 0 < X < 0.5 intervalinda bu birlog-
molordo magnit xassalori miisahids edilmir [4]. Lakin, Mn atomlarinin konsen-
trasiyasinin sonraki artimi zamani asagi temperaturlar oblastinda uzaq maqnit
nizamlilig1 yaranir vo antiferromaqnit xassalori miisahids edilir [4].

Toqdim edilon bu isds, BaTiO; birlogsmasi asasinda alimis BaTi;xMn,O3
bark mohlullarinin kristal quruluslari vo bu birlosmoalordo magnetizmin amolo-
galma xisusiyyatlori arasdirilmigdir.

BaTiO; birlasmasinin kristal qurulusu

Barium titanat, hazirda on ¢ox Oyronilmis seqnetoelektrik material-
lardan biridir. Digar malum seqgnetoelektriklorlo migaisads bu birlosma ¢ox
sado kristal qurulusa malikdir vo bu da imkan verir ki, bir ¢cox fiziki xassalori
qurulus baximindan izah etmok Ugciin, BaTiOz-dan model kimi istifado edek.
Ona gora do bu birlosma hom monokristal sakilinds, hom do keramika kimi
uzun illordir ki, otrafli todqiq edilmokdadir. BaTiO3 birlosmasinin polikristal-
larinin keramika niimunslorinin skanedici elektron mikroskopunda alinmis sath
morfologiyasi sakil 1-da verilmisdir.

Sak. 1. Barium titanat birlogsmasinin ovuntu halinda niimunalarinin morfologiyasi.

Tc > 403 K temperaturlarda BaTiO3 kubik simmetriyada Pm3m foza
gruplu perovskit qurulusa malikdir, gofos parametrlorinin giymotlori:a=b =c¢
= 4.009 A-dir. Bu kristal qurulusda biitiin atomlar 6z ideal mévgelorindo
yerlagirlor: Pb : (0, 0, 0); Ti : (%, ¥, %); 30 : (%, %, 0), (¥, 0, %), (0, %, %).
Kristal qurulusu diizgiin tosovvir etmok Ucun, bir negco metoddan istifado
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edirlor. Bunlardan biri odur ki, markazinda Ti atomlar1 olan oktaedrlors baxir-
lar vo kubik simmetriyada onlar ideal halda olurlar Ti — O arasindaki masa-
folorin hamuis1 bir-birlorina barabar olurlar. Digar metodu iss mustavi kasik
soklinda tosovvir etmek olur. Kubik simmetriyada mastavi kasikde O2 va Ti
atomlar1 eyni movqeds yerlosirlor.

T < Tc temperaturlarda atomlarda 6z avvalki movgelarindan siriisma
bas verir vo ideal perovskit qurulusdan tohrif olunma baslayir. Belo qurulusda
atom koordinatlar1 8zti, 8zo1 Vo 8zoy; parametrlorindon asili olurlar. Oz
maovqgeloarindan siirlismiis halda atom koordinatlar1 bele olurlar: Pb : (0, 0, 0); Ti
 (Ya, Yo, Vo +0z1i) Vo Oy & (Y, Y4, dzo1), 20y : (Y4, 0, Yat+6z0oy). MUstavi kasikda
02 vo Ti atomlarmin moévqelori Ust-Usto diismiirlor. Koordinatlarin oz godar
doyismasi naticasinds bu birlosmada polyarizasiya amola golir vo ona gors do
bu faza seqnetoelektrik faza adlanir. Bu halda, BaTiO3 P4mm foza gruplu
tetragonal simmetriyaya malik olur va gafas parametrlorinin giymatloria =b =
3992 A ¢ = 4.035 A-dir. T = 263 K-do barium titanatda daha asag
simmetriyali ortorombik simmetriyali A2mm foza qrupuna malik fazaya
qurulus faza kegidi bas verir. Atom koordinatlar: 2Ba:(0, 0, 0), (0, %, %);
2Ti:(Y, 0, Y2 + &zTi), (Y2, %, 0zTi); 201:(0, 0, ¥2 + 6z01), (0, Y%, 6z01);
402:(%, Ya + 0y02, Ya+ 8202), (Y2, ¥4+ dy02, ¥ + 6202), (Y2, ¥ — dyO2, Ya +
6202), (Y2, Ya — 8y02, ¥ + 6z02) giymatlorino malik olurlar.

Mn alava edilmis BaTiOj3 kristallarinda polimorfizm

BaTiO3 birlosmasinds Ti atomlarinin Mn atomlari ilo gismon ovoz
edilmis vo alinmis birlosmolorin kristal quruluslar1 neytron difraksiyast metodu
ilo todqiq edilmisdir. Mioyyan edilmisdir ki, BaTi;xMnO3; x < 0.01
nimunalori Gglin difraksiya piklarinin mévgelori PAmm  tetragonal kristal
qurulusa uygun golir. Neytron toz difraksiyasi spektrlorindon Ritveld metodu
ilo tetraqonal faza liglin alinmis qofos parametrlori, atom koordinatlar1 vo
atomlararas1 mosafalor cadval 1-dos verilmisdir [1].

Bildiyimiz kimi, BaTi;xMn,O3 kristallarinin tetraqonal qurulusu hacmi
ucolgili Ti/MnQOg tetraedrlorindan togkil olunmusdur. Ba ionlar1 oktaedrlarin
arasinda yerlosirlor. Ti/Mn ionlar1 iso oksigen oktaedrinin morkazindan
stirismiis formada yerlasirlar Ki, bunun naticasinds dos spontan polyarlagsma bas
verir. lon siirlismosinin amola gotirdiyi spontan polyarlasmanin hesablanmis
giymati, x = 0 vo 0.01 giymotlori tigiin 0.25(3) vo 0.20(3) C/m? giymotlorine
uygun golir. Spontan spolyarlasmanin qiymotinin azalmasi, Mn atomlarimin
alava edilmasi ils tetraqonal polyar fazanin doyismasi hesabina bas verir. Ola
bilor ki, bu, 3d metal1 ilo 2p oksigeninin hibridlagsmasi noticasinds perovskit
oksidlorde moévcud olan seqnetoelektriklikdir. Effektiv olmasi tigiin, bos
orbitallarin tutulmasinda keg¢id metallardan istifado edilir [2-4]. Bos olmayan
3d vaziyyatindoki Ti ionlar1t Mn ionlar1 ilo avaz edildikds 2p-3d hibridlogsmasi
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zoifloyir, uygun olaraq ionlarin markazdon siiriismasinin stabillosmasi pozulur
Va naticads seqnetoelektrik polyarlagsmasi pozulur.
Coadval 1
Otaq temperaturunda BaTip g9Mng 103 birlasmasinin gafas parametrloari,

atom koordinatlar1 vo atamlararasi masafalari
Foza qrupu P4Amm, a = b = 3.9930(4) A , ¢ = 4.0209(5) A

Atom X y z
Ba 0 0 0
M (Ti/Mn) 0.5 0.5 0.4823(2)
01 0.5 0.5 0.0185(3)
02 0.5 0 0.5221(3)

Atomlararas1 masafalor
M-01 2.177(2) Ax1
M-01 1.856(2) Ax1
M-02 2.000(2) Ax4

Mn atomlarmin BaTi;xMn,O3 seqnetoelektriklorinin Kiri temperaturu-
na neca toasir etmasini 6yronmok Ugiin, temperaturun tasiri ilo BaTiggsMng 0103
birlosmasinin kristal qurulusu neytron difraksiyasi ilo todqiq edilmisdir. Ti
atomlarmin Mn atomlarinin alava edilmasi naticasinds Kuri temperaturunun
giymatinin BaTiO3 (7T¢ = 403 K) ilo migaisads bir gador azalir. Tetraqonal-
kubik faza kecidi temperaturunun giymatinin azalmasi, homginin ikivalentli Ba
atomlarmin Sr atomlar1 ilo ovoz edilmosi zamanmi da bas verir [5, 6]. Mn
atomlarinin miqdar artdigca BaTi;«Mn,O3 birlogsmalorinds x = 0.04 olduqgda
neytron difraksiyas1 monzaresindo dng = 2.18 A° vo 2.44 A mévgelorinds yeni
qurulus piklori miisahido edilir ki, bu da P6s/mmc faza qrupunave a = 5.7 A, ¢
~ 13.9 A qofos parametrlorino malik 6H-tip heksaqonal kristal qurulusuna
uygun golir [7-9]. Mn atomlarinin miqdar artdiqca heksaqonal simmetriyaya
uygun golon difraksiya piklorinin intensivliklarinin tetragonal simmetriyaya
uygun golon difraksiya piklorinin intensivliklorina nozoron artmasi miisahido
edilir. Mn atomlarinin migdarinin sonraki artimi ilo tetraqonal polyar fazanin
azalmasi bas verir vo X = 0.09 olduqgda tetraqonal faza yox olur. 0.09 <x <0.12
intervalinda BaTi;xMnO3 birlosmolori tomiz 6H tip heksagonal olurlar.
BaTigoMng 103 birlogsmasinin 6H tip heksaqonal fazada gofos parametrlori,
atom koordinatlar1 vo atomlararas1 masafalori codval 2-do verilmisdir [8, 10].

6H tip qurulus ¢ oxu boyunca diiziilmiis M,Og oktaedrlorlorin dimerls-
rinin, kiinclords dayanan MOg oktaedrlori ilo slagoalorindan ibarstdir. Bu qu-
rulusda oktaedrloarlo ohato olunmus M1 vo M2 iki asili olmayan kristallografik
ke¢id metali mévcuddur. M2 metal atomlar1 dimerlorin daxilinds yerlasirlar,
M1 metal atomlar1 isa kiinclordo dayanan oktaedrlarin daxilinds yelosirlar.
Dimerlorin daxilinds yerloson M2 metal atomlar1 arasindaki mosafalor 2.552(4)
A-o yaximdir. Dimerlorin daxilindo metal ionlarinin elektrostatik dofetmasinin
azalmasi naticasindo M2 ionlar1 oksogen oktaedrlarinin markazlorindan siiriis-
miis vaziyyatds olurlar ki, bu da dimerlords oktaedrlorin tahrif olunmasina va
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M-O rabitalorindan Ugindin digar Ugina nazaran kigik olmasina gotirib ¢ixarir
[8]. BaTipgMng103 birlosmasinds, M1-M2, 02-0O1 vo M2-O2 atomlar1 ara-
sindak1 mosafalori 1.996(1) A, 1.956(2) A vo 1.970(1) A giymotlorine uygun
goalirlor. Bunu geyd etmak lazimdir ki, tetragonal fazaya nisbaton 6H tip hksa-
gonal fazada oktaedr simmetriyasinin tohrif olunmasi azdir. BaTigg9Mnp 0103
birlogsmasinds tetraqonal fazada M-O rabitslorinin uzunluglarinin orta qiymati
0.058 A oldugu halda, BaTiggMng 103 birlosmoasinda 6H tip hksagonal fazada
M-O rabitalarinin uzunluglarinin orta giymati toxminon dord dofs kigik, 0.015
A olur. Ti vo Mn atomlarindan koherent neytron dalgalarinin sopilmosinin
uygun olmasi sobabindan (Ti = -3.438 fm vo Mn = -3.73 fm) [11], ola bilor ki,
kecid metallart Ti vo Mn atomlarinin nisbi yerlosmalori, bizim tacribalorimiz-
da dagiq tayin edilo bilmasin. Lakin bu malumatlar rabitslorin uzunluglarinin
analizi ils dagiqlosdirila bilor [12]. [13] isinds Sannon gostormisdir ki, oksigen
atomlarmin oktaedr konfiqurasiyasinda Ti**-0* vo Mn*"-O* atomlararas
mosafalori 2.005 A vo 1.930 A giymotlorine uygundur. Onu goéro do geyd
etmok lazimdir ki, BaTig9Mng 103 birlosmasinds 6H tip heksaqonal fazada M1-
02 rabitosinin uzunlugu 1.996(2) A olur ki, bu da Ti*-O®" rabitosinin uzun-
luguna uygun galir. Belaliklo, bu gostorilonlor biza, BaTipgMng 103 birlos-
moasindo M1 atomlarmin Ti atomlarina uygun galdiyini s6ylomays imkan verir.
M2 atomlar1 iso M2-O1 atomlararasi mosafesi 1.957(2) A, M2-02 atomlararasi
mosafasi 1.970(1) A giymatlorine uygun golmesi gdstorir ki, M2 ionlar1 Ti va
Mn kationlarinin har birina uygun golirlor.

Coadval 2

Otaq temperaturunda BaTipgMng 103 birlasmasinin 6H tip heksaqonal

fazada gofas parametrlari, atom koordinatlari vo atomlararasi masafalori
Foza qrupu P6s/mmc, a = b =5.7062(4) A , ¢ = 13.9297(5) A

Atom X y z
Bal 0 0 0.25
Ba2 1/3 2/3 0.0988(2)

M1 (Ti/Mn) 0 0 0

M2 (Ti/Mn) 1/3 2/3 0.8416(2)
01 0.5166(2) -0.5166(2) 0.25
02 0.8320(3) -0.8320(3) 0.0795(3)

Atomlararasit masafalor

M1-02 1.996(2) Ax6

M2-01 1.957(2) Ax2

M2-02 1.970(2) Ax4

M1-M2 3.965(1) Ax1

M2-M2 2.552(1) Ax1
BaTi1xMn,Os birlosmalorindo x > 0.2 olduqda dyg = 2.46 A giymatindo
yeni difraksiya piki amolo golir, dng = 2.1 A vo 2.25 A giymotlorinde méveud
piklarin intensivliklorinin artmasi miisahido olunur ki, bu da yeni qurulus fa-
zasmin amoala galmasina uygun golir. Alinmis molumatlarin analizi géstarir Ki,
alinmis yeni quruluslu faza, a= 5.7 A va ¢ = 27.9 A qofos parametrli, R-3m fo-

138



za gruplu 12R tip romboedrik kristal qurulusa malikdir [10, 12].
BaTip7Mng 303 birlosmasinin Ritveld metodu ilo neytron difraksiyasi analiz-
lorindon alinmis 12R tip romboedrik fazada qofos parametrlori, atom koordi-
natlar1 vo atomlararas1 mosafalori cadval 3-da verilmisdir.

Mn atomlarinin konsentrasiyasi artdiqca, difraksiya monzarasinds 12R
tip romboedrik fazaya uygun golon difraksiya piklorinin intensivliklori, 6H tip
heksagonal fazaya uygun golon difraksiya piklorinin intensivliklorina nozaron
artir ki, bu da Mn atomlarinin artmasi ilo 12R fazanin inkisafina sobob olur.
Mn atomlarinin X = 0.5 diapozonuna gadar bu fazalarin mévcudlugu miisahido
edilir. BaTipsMngsO3 birlosmasinds 6H tip heksagonal va 12R tip romboedrik
fazalarin faizlo hacm nisbatlori 31:69 olur. Neytron difraksiyasi naticalarinin
analizi gostarir ki, BaTi;«Mn,O3; nimunalorinds x > 0.4 oldugda MnO va
BaCOj; oksidlorinin mévcudlugu, Mn atomlarinin BaTiOj3 birlogsmasinds hallol-
ma sorhadini miayyan edir. BaTi;-«Mn,O3 birlogsmasinds 12R tip qurulus ¢ oxu
boyunca diiziilmiis M301, oktaedrlorlorin trimerlarinin, kiinclordo dayanan
MOg oktaedrloari ilo alagalarindan ibaratdir. Bu qurulugsda M1, M2 vo M3 kegid
metallar1 tiglin ti¢ ekvivalent olmayan oktaedrlor vardir. Oktaedrlor Sarhad-
lardon bir-birlori ilo mahdudlasirlar vo markazlorinde M ke¢id metali dayanur.
M1 vo M3 movqgeyinds yerloson kegid metallarinin strafindaki oksigen okta-
edrlari eyni mosafada yerlogon eyni altt M-O rabitasindan ibaratdir. M2 atom-
lar1 iso otrafindaki oksigen oktaedrinds tohrif olunmus vaziyystds olur va g
boyuk M-O rabitasindan ibaratdir. Trimerlordo metal ionlarinin arasindaki
Kicik mosafalorin kicik olmasina gora (2.614(1) A) onlar arasinda elektrostatik
italoma quivvasi naticasinds oktaedrlarin moarkazindan siirtisms bas verir [10].

Cadval 3
Otaq temperaturunda BaTig7;Mng 303 birlasmasinin 12R tip romboedrik
fazada gofas parametrlari, atom koordinatlari vo atomlararasi masafalari

Foza grupu R-3m, a=b = 5.6880(4) A , c = 27.8891(5) A

Atom Movgeyi X y z
Bal 6c 0 0 0.2886(2)
Ba2 6c 0 0 0.1274(2)

M1 (Ti/Mn) 3b 0 0 0.5
M2 (Ti/Mn) 6c 0 0 0.4063(2)
M3 (Ti/Mn) 3a 0 0 0
o1 18h 0.1503(3) 0.8500(3) 0.4570(3)
02 18h 0.1681(3) 0.8300(3) 0.6259(4)

Atomlararasi masafalor

M1-01 1.912(2) Ax6
M2-01 2.054(2) Ax3
M2-02 1.899(2) Ax3
M3-02 1.980(3) Ax6
M1-M2 2.614(1) Ax1
M2-M3 3.863(1) Ax1
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M3-02 rabitssinin uzunlugu 1.980(2) A alinir ki, bu Ti**-O%" rabito-
sinin gozlonilon giymatindon bir godor Kicikdir. Lakin boylk ehtimalla M3
movaeyinda Ti atomlar1 dayanir. M1-O1 rabitosinin uzunlugu 1.912(2) A alinir
ki, bu da Mn**-O?" rabitssinin gézlenilon giymatine yaxindir vo Mn kationlari
trimerin morkozi oktaedrinds yerlosir. M2-O rabitasi iso M2-O1 va M201
rabitolori Giclin 2.054(2) A vo 1.899(2) A qgiymotlorini alir ki, bu da 6z
mdovageyindan bir godar siiriismiis Mn va Ti atomlarina uygun galir.

Molumdur ki, 6H tip heksagonal fazada dimerlarin torkibinds vo 12R
tip romboedral fazada trimerlorin torkibinds oktaedrlorin markszinds olan man-
gan atomlari (Mn-O-Mn ~ 90°) giiclii antiferromaqnit qarsiligl tosirds olurlar
vo daxili spin rabitasi naticasindo antiferromagnit faza amolo golir [14-16].
Hocmdoki dimerlardaki (vo ya trimerlardaki) magnit manqan kationlari ilo sor-
hoddoaki dimerlordoki (vo ya trimerlordoki) mangan kationlar1 arasindaki (Mn-
O-Mn ~ 180°) qarsiligh alags naticasinds i¢Ol¢iilii maqnit nizami1 yaranir [14-
16].

Torkibdo Mn atomlarinin say1 artdiqca dimerlorin (vo ya trimerlorin)
daxilinds va dimerlarin (vo ya trimerlorin) aralarinda maqnit qarsiliqli tosiri
guclenir. 6H vo 12R tip fazalarda BaTi;«Mn,O3 birlosmalarinds Mn atomla-
rinin sayi artdiqca, asagi temperaturlarda uzaq maqnit nizamlilig1r yaranmalidir.
BaTigsMngs03 birlosmasinds 10 K- godor asagi temperaturlarda difraksiya
monzaralarinds heg bir doayisikliklor miisahide edilmir va bu birlosmads uzaq
magnit nizamlihg yaranmur. Bu, oktaedrlorin daxilinde yerloson Ti** geyri-
magnit ionlarmin tstiinliyi ilo baglidir. 6H tip fazada dimerlorin va 12R tip fa-
zada trimerlorin bir-birilorindon maqnit qarsiligl tasirindon tocrid edir [8, 12].

Belaliklo, BaTiy;xMn,O3 birlosmalorinds neytron difraksiyasi todgigat-
lart gostormisdir ki, Mn atomlarinin miqdari artdiqca spontan polyarlasmanin
vo Kiiri temperaturunun azalmasi bas verir. Mn atomlarinin X konsentrasiyasi
artdiqca, iki qurulus doyismosi bas verir: x > 0.01 oldugda tetragonal P4mm
fazadan 6H tip P6s/mmc foza gruplu heksagonal fazaya vo x > 0.12 olduqgda
12R tip R-3m foza qruplu romboedrik fazaya. Bu qurulusda Mn vo Ti atomlar1
dimerlords oktaedrlorin daxilinds yerlogarkon, Ti atomlar1 oktaedrlorin bucag-
larinin doyismosi zamani {istlinliik niimayis etdirir. 12 R tip qurulusda iso 9sas
rolu trimerlor oynayirlar vo bu halda Ti vo Mn atomlarmin hor biri ayri-ayri
oktaedrlarin markazindas yerlosirlor. Qeyri-magnit Ti ionlarnin tasiri ilo 6H vo
12R tip quruluslarda uzaq maqnit nizamliligi, dimerlor (vo ya rimerlor) ara-
sinda tligol¢iilii maqnit qarsiligli tosiri yarana bilmir.

Ti alava edilmis BaMnO; birlasmalarinds qurulus ¢evrilmalori

Magnit xassalarina malik olan BaMnOj3 ferromagnitlorinds segnetoelek-
trikliyin do alinmasi {igiin, birlogsmolorin torkibindoki Mn atomlar1 Ti atomlar1
ilo gismon avoz edilmisdir. Sintez edilmis BaMn;TixO3 (0 < x < 0.25) birlos-
moalarin kristal quruluslari rentgen difraksiyasi metodu ils, maqnit quruluslart
neytron difraksiyast metodu ilo vo atom dinamikalar1 Raman spektroskopiyasi
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ilo dyronilmisdir. Mioyyan edilmisdir ki, BaMny4TixO3 birlosmalarinin kon-
sentrasiyasi artdiqca: 15R — 8H — 9R — 10H — 12R fazalar1 miisahido edi-
lir. Hor bir fazanin kristal quruluslari vo magnit nizamliliglar1 ayri-ayriliqda do-
giq Oyronilmisdir. Ti atomlarinin alava edilmadiyi BaMnOs3 birlagmasinin rent-
gen difraksiya piklorinin mévaelori ¢ = 5.7 A vo ¢ = 35.3 A qofos para-
metrlorina malik olan R-3m foza qruplu 15R fazali romboedrik kristal qurulusa
uygun galir. Belo qurulus avvallor Adkin vo b. tersfindon BaMnO; gg(1y mate-
riali Gi¢lin verilmisdir [17]. BaMnj4TixO3 birlogsmolorinin kristal quruluslarinin
daha doaqiq toyin edilmasi iclin alavs olaraq neytron difraksiyasi todqiqatlar1 da
aparilmigdir. Neytron difraksiyast metodu ilo 15R fazanin biitiin qurulus
malumatlar almmisdir (R, = 6.38% Vo Ryp = 8.34%). Qofos parametrlori, foza
grupu, atom koordinatlar1 vo atomlararasi masafalor codval 4-ds verilmigdir.

Cadval 4
Otaq temperaturunda 15R tip fazada BaMnOj birlasmasinin gafas
parametrlori, atom koordinatlar: vo atomlararasi masafalari

Foza grupu R-3m, a =5.6786(3) A, ¢ = 35.3076(5) A

Atom X y z
Bal 0 0 0
Ba2 0 0 0.1337(1)
Ba3 0 0 0.2653(1)
M1 (Ti/Mn) 0 0 0.3618(1)
M2 (Ti/Mn) 0 0 0.4316(2)
M3 (Ti/Mn) 0 0 0.5
01 0.5 0 0
02 0.1860(2) -0.1860(2) 0.0642(2)
03 0.4833(3) -0.4833(3) 0.1328(2)
Atomlararas1 masafalor
M1-01 1.923(2) Ax3 M3-03 1.899(5) Ax6 Ba2-03 2.844(2) Ax6
M1-02 1.921(3) Ax3 Bal-01 2.839(2) Ax6 Ba2-03 2.970(5) Ax3
M2-02 1.883(4) Ax3 Bal-02 2.913(5) Ax6 Ba3-01 2.908(3) Ax3
M2-03 1.980(3) Ax6 Ba2-02 3.061(6) Ax3 Ba3-02 2.849(3) Ax6

Ba3-03 2.912(5) Ax3

Tomiz 15R fazasina malik olan BaMnOj3 birlosmasinds Mn atomlari Ti
atomlar1 ilo oavaz edildikco BaMng g5Tig 0503 birlosmasinin rentgen difraksiyasi
spektrlorindo 26 -nin 26.19° va 29.86° giymatlarinds yeni maksimumlarin
omoalo golmasi miisahids edilmisdir. Alinmis naticalorin analizi gostorir ki, bu
maksimumlar a = 5.7 A, ¢ = 18.8 A qgofos parametrlorino malik P6s/mmc foza
gruplu 8H tip heksaqonal simmetriyaya uygun goalir. Neytron difraksiyasi
metodu ilo alinmig 8H fazanin biitiin qurulus malumatlart: qofos parametrlori,
foza qrupu, atom koordinatlar1 vo atomlararast masafalor codval 5-do verilmis-
dir.
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Codval 5
Otag temperaturunda 8H tip fazada BaMng g5 Tio 0503 birlagsmasinin gafas
parametrlori, atom koordinatlari vo atomlararasi masafalari

Foza qrupu P6s/mmc, a = 5.6819(4) A, c = 18.7784(5) A

Atom X y z
Bal 0 0 0
Ba2 0 0 0.25
Ba3 1/3 2/3 0.1343(3)
M1 (Ti/Mn) 1/3 2/3 0.5542(3)
M2 (Ti/Mn) 1/3 2/3 0.6857(2)
01 0.5 0 0
02 0.5165(4) -0.5165(4) 0.25
03 0.1852(4) -0.1852(4) 0.8795(4)
Atomlararas1 masafalor
M1-01 1.930(3) Ax3 Bal-O1 2.841(3) Ax6 Ba3-01 3.008(5) Ax3
M1-03 1.917(6) Ax3 Bal-03 2.906(5) Ax6 Ba3-02 2.823(5) Ax3
M2-02 1.908(3) Ax3 Ba2-02 2.846(2) Ax6 Ba3-03 2.859(2) Ax6
M2-03 1.904(6) Ax3 Ba2-03 3.039(6) Ax6

8H qurulus oksigen catismazligi olan BaMnO,gs birlosmasinds do
miisahido edilmisdir [17]. 15R qurulusda kubik vo heksagonal laylarda MnOg
oktaedrlarinin nisbati 1:5 oldugu halda, 8H qurulusda bu nisbat 1:4 olur. Rit-
veld metodu ilo neytron difraksiyasi spektrlorindon 15R vo 8H fazalar yuksok
dogiqgliklo (Ry = 7.17% va Ryp = 9.69%) toyin edilmisdir. Mioyyan edilmisdir
Ki, 15R va 8H fazalarinin faiz nisbotlori 47.6:52.4% taskil edir (cadval 6).

Cadval 6
BaMn14TixO3 (0 < x < 0.25) birlasmoalari U¢ln neytron difraksiyasi ila tayin
edilmis fazalar nisbati

NUmuna Faza Fazalar nisbati (%0)
x=0 15R 100
x=0.05 15R 47.6
8H 52.4
x=0.1 8H 43.8
9R 56.2
x=0.15 9R 100
x=0.2 9R 715
10H 19.7
12R 8.8
x=0.25 9R 61.6
12R 38.4

BaMnggTip 103 birlogsmasinin rentgen difraksiyasi spektrlorinds 8H tip
faza movcud olmasina baxmayaraq, 15R tip fazaya uygun golon difraksiya
maksimumlar1 tamamilo yox olmusdurlar. Lakin spektrlordo 26 -nin 26.84°,
27.95°, 35.07° vo 47.82° giymatlorinds yeni maksimumlarin amolo galmasi
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miisahido edilmisdir. Bu yeni yaranmis maksimumlar, qofos parametrlori a =
5.7 A, ¢~20.9 A olan R-3m foza gofasli 9R tip romboedrik fazaya uygun galir.
Bu yeni 9R tip fazada kubik vo heksagonal laylarda MnOg oktaedrlarinin nis-
bati 1:3 olur. BaMnggTip 103 birlogsmasinin difraksiya spektrini 8H vo 9R tip
fazalar tam xarakterizo edirlor. MUoyyan edilmisdir ki, 8H vo 9R fazalarin
faiz nisbatlori 47.6:52.4% toskil edir (cadval 6).

BaMny4TixO3 birlosmalorinds Ti atomlarinin konsentrasiyasi artdiqca,
8H fazanin tamamilo yox olmasi vo yalniz 9R fazanin mévcud olmasi miisahi-
do edilmisdir. Rentgen vo neytron difraksiyast molumatlar1 gostarir Ki,
BaMng gsTig 1503 birlosmasinin qurulusu R-3m foza gruplu 9R tip romboedrik
kristal qurulusa uygun golir. ©dobiyyatdan malumdur Ki, Bag g7sSro12sMNnO3
birlosmasi [17] vo oksigen ¢atismazligi olan Bag gs Tip.15sMNO; g3 birlogmasi [18]
do R-3m faza qruplu 9R tip romboedrik kristal qurulusuna malikdirlor. Neytron
difraksiyast metodu ilo alinmig 9R fazanin biitiin qurulus molumatlari: gofas
parametrlori, foza qrupu, atom koordinatlar1 vo atomlararasi mosafalor codval
7-do verilmisdir.

Cadval 7
Otaq temperaturunda 9R tip fazada BaMnggs Tig1503 birlasmasinin gafas
parametrlori, atom koordinatlar: vo atomlararasi masafalari

Fozagrupu R-3m, a = 5.6800(4) A , ¢ = 20.9944(6) A

Atom X y z
Bal 0 0 0
Ba2 0 0 0.2160(2)
M1 (Mn/Ti) 0 0 0.3817(3)
M2 (Mn/Ti) 0 0 0.5
01 0.5 0 0
02 0.1473(4) -0.1473(4) 0.5580(3)
Atomlararasi masafalor
M1-01 1.929(3) Ax3 Bal-0O1 2.840(2) Ax6 Ba2-02 2.852(3) Ax6
M1-02 1.924(6) Ax3 Bal-02 2.925(5) Ax6 Ba2-03 2.903(6) Ax3
M2-02 1.893(4) Ax6 Ba2-01 2.959(4) Ax3

BaMnggTip 203 birlogsmasinin rentgen difraksiyasi spektrlori asason 9R
tip fazaya uygun goalmosins baxmayaraq, yeni qurulus fazanin amolo golmasine
uygun olan 26 -nin 26.3°, 28.8° vo 29.3° giymatlorinds yeni maksimumlarin
omoalo galmasi miisahido edilmisdir. Spektrlorin analizlori gostormisdir ki, bu
i maksimum eyni bir fazaya uygun galmir. Miayyan edilmisdir ki, difraksiya
spektrindo meydana golmis yeni maksimumlar Ti atomlarinin konsentrasiya-
simin ¢ox oldugu BaMnj4TixO3 (0.5 < x < 1) birlogsmalorindo vo oksigen
catismazligi olan BaMnOs.s birlosmolorinds miisahids edilmis [20, 21, 23], a =
57 A, ¢ = 233 A qofos parametrlorine P6s/mmc foza gofosli 10H tip
heksagonal simmetriyaya malik vo a =~ 5.7 A, ¢ = 27.9 A qofos parametrlorino
R-3m foza gofosli 12R tip romboedrik simmetriyaya malik fazalara uygun

143



golirlor. 10H faza iki qurulus modeli ilo alinmigdir. Onlardan birincisi
BaMnO,¢; birlosmasina uygun galon 10H qurulus modeli gostorilmisdir [17].
Bu qurulusda ¢ oxu boyunca Mn(Ti)Og oktaedrlorindon ibarat dimerlar vo
trimerlor bir-birlorini ovoz edirlor. Ikinci modelds iso Mn atomlarmin Ce
atomlar1 ilo avozlonmasi aparilmis BaMnO3 birlosmasinin 10H tip qurulus
modeli istifado edilmisdir [37]. Bu qurulus modelinda dlyUnlordo dayanmis
Mn(Ti)Og birgat oktaedrlori ¢ oxu boyunca Mn(Ti)Og oktaedrlorindan ibarat
tetramerlarlo avaz olunurlar. Har iki model eyni sayda asili olmayan atom para-
metrlorina malikdirlor. Ritveld metodu ilo neytron difraksiyas1 spektrlorinin
analizi gostormisdir ki, 10H fazas1 BaMnO,.9; modelino nozoron (R, = 7.73%
Vo Ryp = 10.52%) Mn atomlarmin Ce atomlar1 ilo ovozlomasi aparilmis
BaMnOj; birlosmosinin qurulus modelino (R, = 6.92% vo Ry = 9.70%) daha
yuksak dagigliklo uygun galir. Ona gors ds se¢im olaragq bu model goéturilmis-
dir. BaMng gTip 203 kristallarinin 10H fazasinin qafos parametrlori, foza qrupu,
atom koordinatlar1 vo atomlararast mosafalori codval 8-do verilmisdir. Ritlevd
metodu ilo islonilmis neytron difraksiya spektrlori gostorir ki, 9R+10H+12R
faza modeli BaMng gTig .03 birlogsmoasini tam xarakterizo edir.

BaMnggTip203 birlosmasinin  12R  fazasi iiglin qurulus modeli
BaTig5Mng 503 birlosmasinds [24] mévcud model istifads edilmisdir.

Codval 8
Otaq temperaturunda 10H tip fazada BaMnggTip 203 birlasmasinin gafas
parametrlori, atom koordinatlar1 vo atomlararasi masafalari

Foza qrupu P6s/mmc, a = 5.6525(4) A, ¢ = 23.2622(6) A

Atom X y z

Bal 2/3 1/3 1/4

Ba2 2/3 1/3 0.4682(5)

Ba3 0 0 0.3392(4)
M1 (Mn/Ti) 0 0 0.5
M2 (Mn/Ti) 1/3 2/3 0.4045(3)
M3(Mn/Ti) 1/3 2/3 0.2989(3)

01 0.1670(2) 0.3352(3) 0.4482(4)

02 0.1780(3) 0.3560(4) Ya

03 0.4800(2) 0.9600(3) 0.3500(4)

Atomlararas1 masafalor

M1-O1 2.036(6) Ax6
M2-01 1.915(5) Ax3
M2-03 1.916(5) Ax3
M3-02 1.899(5) Ax3

M3-03 1.864(5) Ax3
Bal-02 2.828(2) Ax6
Bal-03 2.958(7) Ax6
Ba2-01 2.530(7) Ax3

Ba2-03 3.300(7) Ax3
Ba3-01 3.020(7) Ax3
Ba3-02 2.710(7) Ax3
Ba3-03 2.883(3) Ax3

Ba2-01 2.861(3) Ax6

Rentgen difraksiyasi spektrlori géstormisdir ki, BaMng 75 Tig 2503 birlos-
mosinin qurulusunda 10H fazas1 miisahido edilmir, yalniz 9R vo 12R tip qu-
rulus fazalarindan ibarat olur. Ti atomlarinin X konsentrasiyasi 2-don 2.5-3
godar artdiqda, 12R fazasinin faiz miqdari 8.8%-doan 38.4%-o godor artmigdir.
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BaMng 75 Tig 2503 Uglin neytron difraksiyast metodu ilo alinmig 12R fazasinin
qurulus molumatlari: qofes parametrlori, foza qrupu, atom koordinatlart vo
atomlararas1 mosafolor codval 9-da verilmisdir.

Codval 9
Otag temperaturunda 12R tip fazada BaMng 75Tl 2503 birlasmasinin gafas
parametrlori, atom koordinatlari vo atomlararasi masafalari

Foza qrupu R-3m, a = 5.6606(4) A , ¢ = 27.9628(5) A

Atom X y z
Bal 0 0 0.2798(2)
Ba2 0 0 0.1264(2)
M1 (Mn/Ti) 0 0 0
M2 (Mn/Ti) 0 0 0.4081(3)
M3(Mn/Ti) 0 0 0.5
01 0.1678(4) 0.8251(4) 0.6235(4)
02 0.1470(4) 0.8351(4) 0.4587(4)
Atomlararas1 masafalor
M1-0O1 1.995(7) Ax6 Bal-O1 2.866(3) Ax3 Ba2-01 2.82(1) Ax3
M2-01 1.898(7) Ax3 Bal-01 3.18(1) Ax3 Ba2-02 2.782(3) Ax3
M3-02 1.917(7) Ax3 Bal-02 2.66(1) Ax3 Ba2-02 2.870(7) Ax3
Bal-0O1 2.826(2) Ax3 Ba2-02 2.883(3) Ax3

Otaq temperaturunda BaMnTixO3 birlosmoalorin neytron difraksiyasi
ilo kristal quruluslarinin todqiq edilmasi gostormisdir ki, oksigen atomlarinin
bitiin moévagelori tam tutulmusdur. Bu hadiso g6stormisdir ki, BaMn;Ti,O3
birlosmalori oksigen stexiometrikdir. X konsentrasiya artdigca: 15R — 8H —
9R — 10H — 12R polimorf faza kegidlori bas vermisdir. Nozoro alsaq Ki,
BaMngsTips03 birlogsmasinin kristal qurulusu 12R fazasina uygun galir, 0
zaman deys bilarik ki, Ti-nin konsentrasiyasmin 0.25 < x <0.5 oblastinda
BaMn;TixO3 sisteminin kristal qurulusu asasan 12R tip kristal qurulusa uygun
galir.

BaMny4TixMnO3 birlosmalarinds uzag magnit nizamliligin1 6yronmoak
uciin, 10 K-o godar asag1 temperatur oblastinda neytron difraksiya todqgiqatlar
aparilmigdir. Asagi temperaturlar oblastinda bitiin nimunalords magnit tobiotli
yeni maksimumlar miisahido edilmisdir. Spektrlorin analizi gostormisdir ki,
birlosmalardoki magnit xassalori, antiferromaqnit (AFM) nizamliliga uygun go-
lir. Magnit goafasi 15R vo 9R qurulus fazasinin ¢ oxu istigamatine uygun golir-
lor. Maqnit qurulusunun vektoru q = (0 0 1/2) olur. 8H fazada magnit gofasinin
dalga vektoru g = (0 0 1/2) olur. Magnit momentlorinin temperatur asililiglart:

m(T) = mo (1 — (T/Ty)*)?* (1)
funksiyasi ilo interpolyasiya edilmisdir. Burada x = 0 ¢tn a = 1.65(6), f =
0.14(2), x = 0.1 tgun o = 1.29(7), p = 0.26(4) vo x = 0.2 G¢lin & = 1.10(9), S =
0.21(6) giymotlorino malikdir. Ty Neel temperaturunun giymoti Mn** ionlarmin
yiiksak magnit hossashg il yaramir. Mn** ionlarminTi** ionlari ilo ovaz edil-
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moasi naticasinde BaMnOg3 tcun Ty = 230 K giymati BaMng 75Tig 2503 Uglin Ty
= 100 K- godar enmisdir. Eyni zamanda,Ti atomlarinin konsentrasiyasi 0-dan
0.25-5 godar artdigca, Mn-nin m magnit momentinin giymati 2.0 ug-dan 1.2
ug-a2 godor Xotti olaraq azalir. 15R faza i¢lin alinmis Ty Vo ug giymatlori
BaMnQOj (i¢lin avvalki alinmig naticalara ¢ox yaxindir [17].

BaMn.4TiO3 sisteminds Ti atomlarinin konsentrasiyast x < 0.2 oldug-
da, bir-birlari ilo 90° bucaq altinda slagelonan MnQg oktaedrlarinin zancirvari
diiziiligiindan ibarat qurulus politiplori yaranmisdir ki, bu quruluglar 15R, 8H
Vo 9R fazalarina uygun goalirlor. Ti vo Mn atomlarindan neytronlarin koherent
sopilmasinin dalga uzunlugu ¢ox yaxin olduguna gors, onlarin kristallografik
maovagelarini dogig toyin etmok miimkiin deyildir. Bununla yanasi, malumdur
ki, Ti* ionlar1 O* ionlar ilo oktaedrlords osason 2.00 A uzunlugunda rabito
omoalos gatirirlor ki, Mn4+ ionlarinin O® jonlar ilo oktaedrlordo omalo gatir-
diklori rabitelorin uzunluglar bir godar qisa olurlar vo 1.92 A giymoti otrafinda
olurlar. Tadgiqat zaman1 M; — O; (M = Mn/Ti, i = 1 — 3) rabitalorinin uzunlugu
1.883 A-don 1.930 A-dok giymotlor almisdir ki, bu da 15R fazada M1 — M3
rabitolorinds, 8H Vo 9R fazalarinda M1 — M3 rabitolorinda Ti** vo Mn** ionla-
rinin kimyavi nizamsizligiin gostaricisidir. Ti atomlarinin konsentrasiyasi art-
digca, x = 0- 0.15 intervalinda maqnit nizamliliginin temperaturu Ty = 230 K-
don 200 K-o gador azalmigdir. Eyni zamanda maqnit nizamliligini idars edan,
MnQOg oktaedrlorinin arasindaki Mn-O-Mn bucaginin giymati do 79.6°-don
81.2°-5 godar artmigdir. Mn-O-Mn bucaginin artmasi, maqnit qarsiligl tasiri-
nin artmasi vo maqnit nizamlilig1 temperaturunun artmasinin alamatidir [17].

BaMn.4Tix O3 birlosmalarinds Ti atomlarinin konsentrasiyasi artdiqca x
> 0.2 oldugda 10H vo 12R fazalar1 yaranmisdir ki, bu fazalar araliq MnOg
oktaedrlari ilo birlosmis oktaedrlor zancirlorindan ibarstdir. Ti atomlarinin
konsentrasiyasi artdigca, MnOg oktaedrlorinin arasindaki Mn-O-Mn bucaginin
giymatinds doyismo bas vermisdir. Belo ki, 15R, 8H vo 9R fazalarda bu buca-
gin giymoti 180° oldugu halda, 10H fazada 175.8°, 12R fazada iso 170.4° ol-
musdur. Bunun naticasinds 10H vo 12R fazada maqnit qarsiligh tasiri zaiflo-
misdir [17]. Oktaedrlorin morkazinds yerloson M1 atomlar1 ti¢ciin M1-O1 rabi-
tosinin uzunlugu x = 0.2 oldugda 2.036 A omusdur, x = 0.25 olduqgda iso 1.995
A olmusdur ki, bu da Mn*" ionlarinim Ti*" atomlari ilo avoz edilmasine uygun-
dur. Oksigen atomlart ilo shato olunmus M2 vo M3 atomlari iigiin do bu rabite-
nin uzunlugu 1.864-1.917 A intervalinda olmusdur. Bu da Ti*" ionlarmm Mn*
ionlarmi kimyavi avazetmoasi ilo alagadardir. Bunun naticasinds do 20H vo 12R
quruluslarda magnit tasirindan izols edilmis zaif maqnit qarsiligl tasirli trimerlor
vo tetramerlor yaranmisdir. BaTigsMngsO3 birlosmasinds do 12R qurulusu
movcud olur. Bu qurulusda da Ti** diamaqnit ionlar1 uzaq maqgnit nizamliligini
pozaraq, antiferromaqnit fazanin yaranmasina mane olurlar [24]. 10 K asag
temperatura godor aparilmis todgiqgatlar gostarmisdir ki, 10H vo 12R fazalarinda
BaMno,gTio_203 Vo BaMno_75Tio,2503 birlesmalarinda do BaTio,5Mno_503 bir|3$-
mosinds 12R fazada oldugu kimi maqgnit nizamlilig1 miisahido edilmir [24].
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KPUCTAJVIMYECKUE U MA'HUTHBIE CTPYKTYPbI
INEPOBCKUTHbBIX COEAUHEHNU

C.I' 1’KABAPOB
PE3IOME
IIpencraBneHsl KpUCTAIIMUECKUE CTPYKTYpPhl CETHETOINEKTPUKOB THUIA MEPOBCKUTA,
OCHOBAaHHBIC HAa KIACCHYeCKOil cerHeTodekTpuk BaTiOs;. b1 ompenenen MexaHH3M
BBUIBJICHHBIX MArHUTHBIX CBOWCTB B COCOMHEHME C YaCTHYHBIM 3aMELICHHEeM aToma Ti ¢ aro-
MoM Mn. MccnenoBaHbl KpUCTAIUIMYECKHE CTPYKTYPBI I PA3IMYHBIX (a3 TBEPABIX PacTBO-

pos BaTi;,Mn,O3, aToMHBIE KOOPAUHATEI, MEKATOMHBIE PACTASHHS, TAPAMETPHI PELIETKH.

KmoueBsie ciioBa: BaTiOs, kpucraminyeckasi CTpPYKTypa, CETHETOAICKTPUK
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CRYSTALLINE AND MAGNETIC STRUCTURES OF PEROVSKITE COMPOUNDS
S.H.JABAROV
SUMMARY
Crystal structures of perovskite-type ferroelectrics based on the classical ferroelectric
BaTiO; are presented. In this compound was observed the mechanism of the revealed magnetic
properties of the compound with the partial substitution of the Ti atom with the Mn atom. The

crystal structures for various phases of BaTi;,Mn,O; solid solutions, atomic coordinates,
interatomic distance and lattice parameters were determined.

Key words: BaTiOs, crystalstructure, ferroelectric
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Atmosfer modeli Ustlu ilo HR6978(45Dra, F71b) ifrat nshang ulduzunun atmosferinin
metallig1 todqiq edilmigdir.Ulduzun effektiv temperaturu vo agirliq qiivvesinin tocili Uglin
Terr = 6000 + 50K, logg = 1.7 £ 0.07 qobul edilmisdir. Fell Xattlorino osason ulduzun

atmosferinds mikroturbulentlik parametri toyin edilmisdir: ¢, = 4.8 km/san. Ulduzun at-
mosferinds domir elementinin miqdar1 hesablanmigdir vo Giinogds olan migdarla mugayise
edilmigdir. Damirin miqdar1 Fell Xattlorinin ekvivalent enlorinin miisahidodon 6l¢iilmiis va
nozori hesablanmis giymoatlorinin miigayisasi osasinda toyin edilmisdir. Domir elementinin
miqdar1 Giinogds olan miqdara yaxin alinmisdir: loge(Fell) = 7.49 + 0.18.

Acar sozlar: fundamental parametrlor-ulduzlar, kimyavi torkib-ulduzlar, fordi-HR6978
(45Dra, F7IDb).

Kimyavi torkib —ulduzlarin miihiim parametrlorindon biridir. Ulduzun
daxili qurulusu vs stialanma spektri kimyavi torkibdon asilidir. Kimyavi torkibi
toyin etmoklo tokco ulduzlar haqqinda deyil, daha shomiyyatlisi onlarin daxil
oldugu ulduz sistemlorinin fiziki xarakteristikalar1 hagqinda molumat alinir.
Kimyavi elementlorin yaranmasi, ulduzlarin tokamilii, Kainatin yaranmasi vo
Kimyovi tokamull kimi elmi problemlorin hoallinds ulduzlarin kimyavi torki-
binin tayini shamiyyatli masaladir.

Qeyd edak ki, [Fe/H] ([Fe/H]= Aloge= loge_(Fe) -loge (Fe)) komiyysti
ulduzlarin “metalliq” gostaricisidir. Bu kamiyyat ulduzlarin fundamental para-
metrlarindan biridir, belo ki, [Fe/H] kamiyyati ulduzun yaranmis oldugu mad-
dads metallarin miqdarini xarakterizo edir. [Fe/H] komiyyatini bilmoklo uldu-
zun vo Glnasin eyni vo ya forgli metalligli maddodon yarandigir miioyyan
olunur.

Effektiv temperatur T, ¢, Vo agirliq qiivvesinin tacilinin g toyini model
ustlu ils ulduz atmosferlorinin todgiginin birinci morhalasidir. T, ¢ vo g ulduz
atmosferi modellorinin bazis parametrloridir.
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Mikroturbulentliyin tadqigi elementlorin migdarmin tayini Ggiin shomiy-
yatlidir. Spektral xattlorin ekvivalent enlori mikroturbulentlik parametrindon
asilidir, elementlorin migdar1 spektral xattlorin ekvivalent enlori osasinda toyin
edilir. Mikroturbulentliyin hala ki, Gmimi gabul olunmus nazariyyasi yoxdur.
Odur ki, mikroturbulentliyin todqigi bu hadisanin tobistini basa diismok ¢un
vacibdir.

Model Gsulu ilo ulduz atmosferlarinin tadgiginin sonuncu marhalasi kim-
yavi torkibin tayinidir. Ulduzlarin miiasir tokamil nazariyyasine gors, A, F, G
ifrat nohang ulduzlarda maddonin tam qarismasi prosesi naticasindo CNO-
dovriyyasinin mohsullart bu ulduzlarin atmosferina ¢ixarilmali vo atmosferdo
C, N vo O elementlorinin middar1 doyismoalidir. A, F, G ifrat nohong ulduzlarin
atmosferlorindo C azligi, N artigligit vo O bir godor azligi miisahido olun-
malidir. Miasir tokamul nazariyyasinin mulahizalorinin dogrulugunu (C, N va
O elementlorinin migdarindaki anomaliyani) miisahidalor asasinda tosdiglomak
uclin ifrat nohang ulduzlarin atmosferlarinin Kimyovi torkibinin dyranilmasi
astrofizikanin aktual masalalorindan biridir.

Bu isdo atmosfer modeli tstlu ilo HR6978(F7Ib) ifrat nahong ulduzu-
nun atmosferinin metalligi todqiq edilmisdir. Sonraki nasrlorimizds ulduzun
atmosferinds ylngul elementlorin migdarinin tayini nazardo tutulur.

Ulduzun spektrlori 143700 + 6900A4A° dalga uzunlugu intervalinda Sa-
max1 Astrofizika Rosadxanasinin 2-mlik teleskopunun Kude fokusunda alin-
migdir. Spektrlor islonmis, atlas qurulmus, Xattlarin ekvivalent enlori W; hesab-
lanmigdir [ Xalilov,2006].

Atmosfer parametrlari: effektiv temperatur, agirhq qiivvasinin tacili

Model Usilu ilo ulduzlarin effektiv temperaturu vo Sathinds agirliq qiiv-
vasinin tacili hidrogenin Balmer seriyasinin spektral xattlorinin, g indek-
sinin, [c;], @ indeksinin musahidadon Olgllmis vo nazori hesablanmis qiy-
matlarinin migayisasine asaslanir. L.S.Lyubimkov [Lyubimkov,2010] yuxa-
rida geyd olunan spektral vo fotometrik kamiyyatlorin misahidodon 6l¢iilmiis
Vo nazari hesablanmis giymatlorinin miigayisasine asason HR6978(F71b) ifrat
nohong ulduzunun effektiv temperaturu vo sothinds agirliq qlivvasinin tocili-
ni toyin etmisdir:

T,sr = 6000 + 50K,logg = 1.7 + 0.07

Bizim isimizds ulduzun atmosfer parametrlori t¢iin [Lyubimkov,2010]-

do toyin olunmus giymatlor gobul olunmusdur.

Mikroturbulent harakat surati, metalhigin tayini

Mikroturbulent harakot stratini &, toyin etmoak tgun har hansi elementin
atomunun vs ya ionunun genis ekvivalent enlor W; diapazonunu ohato edan
coxlu sayda Xattlori olmalidir. Mikroturbulent harokat slirati & elo segilir ki
elementin mixtalif xottlora asason toyin edilon miqdar1 ekvivalent enlarin W;
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artmasi ilo doyismasin.Tadqiqg etdiyimiz ulduzun spektrinds an ¢ox olan xatlor
Fel xatlori, sonra isa Fell xatloridir. Ancaq Fel Xatlorino LTT-don konaragix-
manin tasiri guclidir. LTT halinda Fel Xatlorina asason toyin olunan mikro-
turbulent harakat sirati Fell xatlorina asasan tayin olunan siratdon azdir. He-
sablamalar LTT halinda aparildigda domirin Fel Xatlorino asasan toyin olunan
miqdar1 LTT-don imtina etdikds toyin olunan miqdardan az almir. ilk dofo
olaraq bu natica F spektral sinifli ifrat nohong ulduzlar G¢lin Boyarcuk va b.[
Bosipuyk,1985] torofindon alinmisdir. Sonralar iso F vo G spektral sinifli ul-
duzlar tgun digar muslliflor torafindon [masalon, Thevenin,1993] tosdiq edil-
misdir. Fel Xatlorindon forgli olaraq Fell xatlorina LTT-don konaragixmanin
tosiri yoxdur. Ulduzun atmosferinde mikroturbulent harakot siratini &, toyin
etmok tgun Fell xatlorindan istifads olunur.

L.S.Lyubimkov vo Z.A.Somadovun [JIro6umkoB,1990] gostardiyi kimi
mikroturbulent harakot slrati &, F spektral sinifli ifrat nohang ulduzlarin atmo-
sferlorinds hiindiirliik artdiqca artir. Xott glcli oldugca bu effekt daha tosirli
olur. Zaif xatlor tiglin bu asililiq nazars alinmayacaq qadar olur va gabul olunur
ki, mikroturbulent horakat slrati ¢, ulduzun atmosferinds sabitdir. Mikroturbu-
lent horokat suratini &, toyin etdikds yalniz kifayat godor zaif xatlordan istifads
edilir. Bu xotlor atmosferin dorin qatlarinda yaranir, bu qatlar miistovi pa-
raleldir vo LTT halindadir.

Terr = 6000K,logg = 1.7 parametrli Kurug modeli [Kurucz,1993] osa-
sinda mikroturbulent horakot sliratine &, mixtalif giymatlor verarok domirin
miqdar1 loge(Fell) hesablanir. Domirin miqdar1 Fell Xatlorinin ekvivalent
enlorinin miisahidodon o6l¢iilmiis vo noazori hesablanmis qiymatlorinin ma-
gayisasi asasinda tayin edilir. Domir elementin miqdarina loge(Fell) muxtalif
giymatlor verilir, bu elements moxsus spektral xotlorin ekvivalent enlori
hesablanir, miisahidodon 6lgllon ekvivalent enlarlo migayiss olunur, nazari vo
miisahido ekvivalent enlori Ust-lsto diisdiiyu hala uygun [ge(Fe) tayin olunur.
Bu mogsadlo Krim astrofizika rosadxanasinda hazirlanmis DASA progra-
mindan istifado edilmisdir. Spektral xatlorin atom verilonlari VALD-2 [Kupka,

1999] verilonlor bazasindan gotiiriiliir. ¢, = 4.8 km/san oldugda loge(Fell)
ilo W) arasinda korelyasiya olmur (sokil 1).

HR6978 (F7Ib) £ =4.8km/s
8
‘U._; 7.8 4 e B e ——————— . ..Q ______________ ._&
a _ LR P [ ] [
&h
o 6.5
0 50 100 150 200 250 300 350

Sok. 1. Mikroturbulent harakat siiratinin &, tayini.
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Belaliklo, ulduzun atmosferido mikroturbulent harokot sursti (glin
& = 4.8km/ .. giymati toyin edilir.

Mikroturbulent harokat sirati ilo eyni zamanda domirin miqdar1 tayin
edilir:

loge(Fe) = 7.49 £ 0.18

[Fe/H] = Aloge = loge(Fe) — logeg (Fe)komiyyati ulduzun metalliq
gOstoricisi adlanir. Burada logeg(Fe) — Glinosdo domirin  miqdaridir:
logeo(Fe) = 7.45 [Scott,2015]. [F€/y] = 7.49 — 7.45 = 0.04

Beloliklo, ulduzun parametrlori T,rr = 6000 + 50K, logg = 1.7 +

0.07,& = 4.8KM/s0n, loge(Fe) = 7.49, [F €/y] = 0.04. Ulduzda metalla-

rin miqdar1 Giinasda olan miqdara, demak olar ki, barabardir. Bu iss onu gos-
torir ki, HR6978(F71b) ifrat nahong ulduzu va Giinos eyni metalligli maddadon
yaranmiglar. Bu natico Qalaktikanin kimyovi tokamili modeli noqteyi-nozo-
rindon shamiyyatli naticadir.

9sas naticalor
1. HR6978 (F7Ib) ulduzunun effektiv temperaturu T,rr vo sothindo

agirhq qiivvesinin tocili g U¢ln asagidaki giymotlor gobul edilmisdir: T,rr =
6000 + 50K,logg = 1.7 £ 0.07.

2. Fell xatlori asasinda ulduzun atmosferindo mikroturbulent horokot
siiroti toyin edilmisdir: &, = 4.8 ¥M/¢ 4y,

3.Ulduzun atmosferinds domir elementinin miqdar1 toyin edilmis vo
Gunagda olan migdarla miigayise edilmisdir. Askar edilmisdir ki, ulduzda do-
mir elementinin miqdar1 Giinasds olan miqdara yaxindir.
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®YHJIAMEHTAJIBHBIE HAPAMETPEI 3BE3/IbI HR6978 (45Dra, F7Ib)
3.A.CAMEJIOB
PE3IOME

MeromoM  Mogerneil  arMocdep  HCCIEDOBaHBI  aTMOC(EPBl  CBEPXTHTAHTHI
HR6978 (45Dra, F7Ib) . [lns sddexTuBHON TeMmeparypbl U YCKOPEHHS CHJIBI TSKECTH
NpuHANA crenyromue 3Hadenue: Torp = 6000 + 50K, logg = 1.7 £ 0.07 . Tlo nmunuam Fell
HCCIeIOBaH mapaMeTp (CKOpOCcTh) MUKpOTYpOynaeHTHocTH &. HaiineHo, uto &=4.8km/c. On-
peleneHo coiepxaHue 3IeMeHTa xene3a. ColepikaHue jkelle3a OIpee]IeHO Ha OCHOBE CpaB-
HEHHs BBIYMCICHHBIX M HaOJIIOJaeMbIX SKBUBAJICHTHBIX IIHPHH criekTpanbHbIx auHud Fe(ll).
OmnpenenenHoe conepxanue Fe B arMocdepe 3Be3/bl COMOCTABICHO C €€ COJIep)KaHUIMHU Ha
Comnnne. Conepixanue 3IeMeHTa jele3a 0au3Kko k conueurnomy: loge(Fell) = 7.49 + 0.18.

KaioueBble cioBa: 3Be3/ibl, (yHIaMEHTAJbHbIC MMapaMeTPhI-3BE3/Ibl, XMUMHUUYECKHI
cocTaB — 3Be3/1bl, uHAuBHUAyansHbie HR6978(45Dra, F71b).

FUNDAMENTAL PARAMETERS OF STAR HR6978 (45Dra, F71b)
Z.A.SAMADOV
SUMMARY

The atmosphere of supergiant star HR6978 (45Dra, F7Ib) is investigated using the
atmosphere model method. The following values of parameters for effective temperature and
surface gravity have been received: Te=6000+50 K, logg=1,7+0.07. The parameter of
microturbulence (velocity) has been investigated on the Fell lines. It is established that
&=4.8km/s. The abundance of the element Fe in the atmosphere of star HR6978(45Dra, F71b)
is determined. The chemical compositions is defined on the basis of the comparison of the
calculated and observable equivalent width of spectral lines. The abundance of the element Fe
in the atmosphere of HR6978(45Dra, F7Ib) star is close to the Sun: loge(Fell) = 7.49 +
0.18.

Key words: stars, fundamental parameters — stars, chemical composition — star,
individual, HR6978(45Dra, F71b)
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