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BAKI UNIVERSITETININ XOBORLORI
No2 Fizika-riyaziyyat elmlori seriyast 2017

RIiYAZIYYAT
VIIK 519.642.2
O I'lMbPUJHOM METOJE THUIIA C SBABE'AHUEM BHEPE,[[l

I''FO.MEXTHUEBA, B.P.UBPATUMOB, M.HUMAHOBA
bakunckuii I'ocyoapcmeennuiit Ynueepcumem
imn_bsu@mail.ru, ibvagd7@mail.ru

3asucs om obwvexma ucciedosanus, 0ObIYHO BO3HUKAEN HEO0OXOOUMOCHb HANOMNCEHUS
HEKOMOPbIX OONOIHUMENbHbIX MPeb08aAHUL HA UCNOAb3YeMble Memoobl. Credosamenvho, me-
Moo, UMeWULl WUPOKoe NPUMEHEHUe, O0INCEH YOOBIemEopsimb HeKOMOPbIM OONOIHUMETb-
HbM yenogusm. Kax npasuio, memoowbl, NOCMPOEHHbLE C YUEemOM GblUle OMMEUEeHHbIX mpedo-
6anull, He umerom 6vlcokol mounocmu. [1oamomy memoovl, cneyuanbHo NOCmMpoeHHbvie O
PeuleHUsi KOHKPEemHbIX 3a0ay, bvisaiom 6oee 3hexmusHbIMU.

KiaioueBble cjioBa: 0OLIKHOBEHHEBIE ,un(b(bepeHuManLHme YpaBHCHUA, FI/I6pI/IZ[HLIe MC-
TOBI, yCTOI\/'I‘II/IBOCTB METoaa.

Kak u3BecTHO penieHrne MHOTHX 3a/lad eCTECTBO3HAHUI CBOJAT K pelie-
HUIO HAaYaJIbHOW 3a7a4M JUIsl OOBIKHOBEHHBIX MU PEpeHIINAIBHBIX YPaBHEHUH.
[ToaTomy 3/1ech UcCienyeTcs YUCISHHOE PEIIeHUE CIIeAYIOMIeH 3a1auu:

’
y =1(%y), Yy(X%)=Yo, X <x<X. (1)
[Ipeanonaraem, yto 3anaya (1) uMeeT €IUHCTBEHHOE HEMPEPHIBHOE pe-
IICHUE, ONIPE/ICNICHHOE Ha OTpe3ke [X,, X].

C yuciaeHHbIMH penieHus MU 3a1auu (1) 3aHMMalINCh MHOTUE U3BECTHBIE
yaenble, HaunHas ¢ Kiepo (cm. mamp. [1, 132]). Oxnako, kak oTMe4YeHO B [2,
289], mepBbIii MPSAMOM YUCICHHBIN MeTo I I pemieHus 3anaun (1) moctpoen
Oitnepom. CrienoBaTenbHO, YHCICHHOE pemeHne 3anaun (1) uccnemyercs nas-
HO. Ho mocTpoenue yucineHHbIx METO0B sl pemeHus 3aaayu (1), uMerommx
0oJiee BBICOKHME TOYHOCTHU U PACIIMPEHHYIO 00JIACTh YCTOMYMBOCTH, SIBIISIETCA
aKTyaJIbHBIM M B HACTOSIILIEE BPEMS.

Kak u3BecTHO, yueHble pa3HbIX CTpaH i MOTY4YeHHs O0jiee TOYHBIX pe-
3y/lbTAaTOB MIPH PEIICHUH MPAKTUYECKUX 3a/1ad, pacCMOTpeNn 0000IIeHne Me-

Y annas pa6oma evinonnena npu gunancosoii noodepcke Ponda Pazeumus Hayku npu
Ipesudenme Azepbaiioancancroi Pecnyonuxu — Ipanm NeEIF-KETPL-2-2015-1(25)-56/07/1
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ToAa Duiepa, B pe3yslbTaTe 4ero MOsSBWINCH OJHO U MHOIOIIArOBbIE METO/BI.
W3BecTHBIMU TMPENCTABUTENSIMU ATHUX METOJOB SBISIOTCS METOAbl PyHre-
KyrTel u Anamca, KaXablii 13 KOTOPBIX UMEET CBOM MPEUMYIIECTBA U HEJIOC-
taTku. Metoasl Pynre-KyrTel pynnamenransHo uccnenoBansl k. batuepom
(cm.[3]). k. Batuep ucciaenoBai siBHbIC, MOJMYSIBHBIE U HESIBHBIE METOIbI PyH-
re-KyTTel 1 moctponst GopMyIbl st OpeeNieHrss MAaKCUMAaTbHBIX 3HAYCHHMA
TOYHOCTH 151 MeTOJ10B PyHre-KyTThI.

OtmeTHM, 4TO MHOTHE YYCHbIE pa3BUBAaIU MeTonbl PyHre-KyTThr (cM.
manp. [4]- [9]).

Lens maHHOIM pabOTHI 3aKIIOYAECTCS B TIOCTPOSHUU METOAOB C 3aberaHu-
€M BIlepe]l TUIAa TUOPUIHBIX. DTU METOJIbI SBJSIOTCS MHOTOIIATOBBIMU U OT-
HOCSTCS K KJIAaCCy MHOTOIIIArOBBIX METOJIOB C MOCTOSSHHBIMH KOd(uIlneHTa-
MU.

MHoromaropsle MeTOAbI (PyHAAMEHTATBLHO UCCIIEAOBAaHbI JlaIbKBUCTOM
(cm. [10]-[12]), 0GoOIIEHHE KOTOPBIX OOBIYHO HA3BIBAIOT K -IIAroBBIMH METO-
namu turna OOpemKkoBa, KOTopble GyHIaMEHTAIBHO HcchenoBanbl B [13] (cm.
Takxe [14]).

Kak u3BecTtHO, MeTOABI ¢ 3a0eranueM Brepes He COBMAJAIOT ¢ METOIaMu
Anamca ¥ He BXOJST B KJJacC MHOTOIIATOBBIX MeTo0B Tuna O6pemikoBa. Of-
HAKO, TOYHOCTh JJIsi M3BECTHBIX YCTOMUYMBHIX METOJOB THMa C 3a0eraHvem
BIIEpE]l MOMYMHSUIMCH 3akoHaM J[ambKBHCTA, KOTOPBIA OBLT OCHOBHBIM IIpe-
MATCTBUEM B Pa3BUTHH METOJOB C 3aberanuem Briepes. B padore [15] mokasza-
HO CYIIECTBOBAHHE YCTOWYUBBIX METOJOB ¢ 3aberaHueM BIEpell, WMEIOIIUX
TOYHOCTU P >2[k/2]+2. A A UCNOJIb30BAHUS TaKUX METOJOB MOCTPOCHBI
CIELUATIbHBIE METO/IbI IPOTHO3a-KOPPEKLUU. A TaKXkKe IMOKa3aHo, YTO C TTIOMO-
HIbI0 0A00pa METOAO0B MPOrHO3a MOKHO MOCTPOUTH METOJbI ¢ 3a0eraHuem
BIIEpPE]] C PACHIMPEHHOI 007aCThI0 yCTOMYMBOCTH (CM. Hamp. [16]).

B nocnennee BpeMsi UHTEHCUBHO UCCIIEAYIOTCS THOPHUAHBIE MHOTOILIAr0-
BbIE€ METO/Ibl, Mpejioxkennbie ['upom u batuepom (cm. [17], [18]), B KOTOpBIX
JIOKa3aHbl UX MPEUMYIIECTBA, MO3BOJIAIOIINE PACIIUPUTH 00JacTh UX MpUMe-
HeHuil. [ToaTOMy 3/1€Ch paccMaTpUBaeTCs MOCTPOSHUE METOJIOB ¢ 3a0eraHueM
BIiepe ] ruopuaHoro tuma (cm. Hamp. [19]- [26]).

2. O HEKOTOPBIX CPABHEHHSIX MHOTOIIATOBBLIX METO/10B

Kak 6b110 0OTMEUEHO, OJJTHUM M3 MOMYJISPHBIX METOJOB JUIS PELICHUS 3a-
nauu (1) sBIsIETCS MHOTOIIIArOBBIH METOJI ¢ TIOCTOSHHBIMU KO3 puIImeHTaMu,
MMEIOLIUN CIIETYIOLINUN BUT:

iaiynﬂ :hzk‘,ﬁi foir N=01...,N-k. (2)
i=0 i=0

3aeck yepe3 Y,, 0003HaYMM IPUOIMKEHHOE, a yepe3 Y(X,,) TOYHOE 3Ha-

yeHue pewenus 3anayun (1) B Toukax X, 0<h sBnsercs marom mHTErpHpO-



Banus, K- mopsmxom meroma (2), a f.(m=012,...) onpenenstorcss B BUae

fo = T (% V) -

Jlerko moHsTH, 4TO MeTOJ (2) sABIAETCS 000OIEHHEM METOI0B AJlamMca,
KOTOpBI HCCIIEOBAaH MHOTMMHM CIIEHUANINCTaMU M3 pPa3HbIX CTpaH. 3/1ech
npezamnonaraeM, yTo Ko3dduuueHTsr MeToaa (2) yIoBIETBOPSIOT YCIOBUSIM A,
B u C u3 pab6ots! Jlaneksucra (cm. [10]). B [10] gokazano, uto ecnu meton (2)
ycronums, TO p < 2[k/2]+2. 3xech neno3HayHas BeJIMYMHA [ SBISIETCA CTe-
HeHbIo, a K -mopsiakom Metoaa (2). OTMETHM, YTO 3TH TOHATHS ONPEICICHbI B
[10].

Merton (2) uMeeT CTeneHb P, €ClIK UMEET MECTO CIIeAYIOIIEe:

i(aiy(x+ih)—hﬂiy’(x+ih))=O(hp+l), h—o0. (3)

A MeToj, MOTy4YeHHBIN 13 (2) Ha3bIBAIOT YCTONYMBBIM, €CIIH KOPHU MHO-

roujieHa
pA)=al +o I +. . +ai+q,

JeXaT BHYTPU €UHUYHOTO KPYyTra, Ha TPaHULle KOTOPOTO0 HET KPATHBIX KOPHEH.

Kax BunmHo u3 6apnepa [lanpkBucTa, MaKCUMaibHass TOYHOCTh YCTOWYH-
BOTO METOJIa, MOTYYSHHOTO U3 (2), TOYTH COBMAAAET C KOJIMUYECTBOM Y3JIOBBIX
TOYEK, HCIOJIb30BaHHBIX B €ro moctpoeHuu. [loaTomy asst mocTpoeHus: ycTou-
YUBBIX MHOTOILIATOBBIX METOJIOB C BHICOKOM CTENEHBIO, CIEIUATUCTHI UCIIOJIb-
30BaIM METOJ JKcTpanosisiuuu Puyapacona, meton XeMMUHTa, JUHEUHYIO
KOMOHMHAIIMIO HEKOTOPBIX METOIOB. A HEKOTOpPHIC aBTOPHI IS MOCTPOCHUS
0oJiee TOYHOTO METO/Ia MPEAJIOKUITN UCTIOIb30BaTh CIEAYIOUIUI METO!

K Kk K
Zaiynﬂ :hZIBi foi +h227/ign+i’ 4)
i=0 i=0 i=0
rae GyHkiusa g(X,y) ompelencHa B BHIE:
g(xy) = (. y)+ fi(xy) f(xy).
Otot meron mpu K =2 dyHmameHtansHO uccienoBad B [26]. B pabore

[15] mnst mocTpoeHus 0ojiee TOYHBIX YCTOMYMBBIX MHOTOIIATOBBIX METOOB,
MPEIJIOKEH CIEAYIOUINI METO ¢ 3a0eraHueM BIIepe:

k—m k k
zaiym-i :hZﬁl fn+i +h227/ign+i! (m>0; ak—m i0) ' (5)
i=0 i=0 i=0

rae K03 GUIMEHTHI yIOBIETBOPSIOT yesoBusiMm A, B u C.

HGKOTOpBIe YUYCHBIC I YBCIWMYCHHA TOYHOCTHU YCTOI\/'I‘-II/IBOFO METOAAa,
MOJIY4eHHOTO U3 (OpMYJIBI (2), IPEAJIOKIIM UCTIOIB30BaTh CIEAYyoIme Gop-
MYJIBL:

K r LS .
zaiymi =zh12ﬂi,jy“)! (ak 7&0) ! (6)
i=0 j=0 =0
KOTOpbIe (hyHAAMEHTATBHO HCCIIeOBaHbI B [13].
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OTMeTuM, 4TO MpU OpUMEHEHUH Metona (4) k pemenuto 3amaun (1),
00BbEeM BBIYMCIUTEIBHBIX pabOT yBeIHMUUBAETCA B JBa paza. OgHako meton (4)
MOKHO IPUMEHHUTh K PEIICHUIO HaYaJlbHOW 3a7audl JUIsl OOBIKHOBEHHBIX AU(-
(epeHIaTbHBIX YpaBHEHUH CO CHIENUANbHON CTPYKTypoid. B aTOM citydae me-
tox (4) o6o6maeT uzBectHbIi MeToa llITepmepa. Mul cuntaem, uro Meto (6)
JKEJIaTeIbHO IPUMEHUTD K PEILICHUIO CIENYIOIIEH 3a1a4u:

YO =FX Y Y.n Y y(x) =y (v=01,..,r-1). (7)

OtmeruMm, 4TO B MPUMEHEHUH METO/a K pemeHuto 3anauu (7), onpene-
JICHUS SBHBIX M HESBHBIX METOJIOB MOTYT OTIMYATHCS OT M3BECTHBIX IMOHATHHA.
Hanpumep, metox (6) cunrator seubiM, ecmu f, ;=0 (j=01,...,r). Onnaxo,

METO/, MOIY4eHHBIA 13 GopMyiibl (6), MOXKET OBITh SBHBIM U B Cllydae, KOrnaa
B =0.

Kaxk 651.]'[0 OTMCYCHO, IJId ITOCTPOCHUA 60.]'[66 TOYHBIX MCTOA0OB, MOXXHO
HCIIOJIB30BaTh THUOPHAHBIC METOJbI, KOTOphIE B Oojiee oOmie ¢hopme MOTYT
OBITH HANKMCAHKI B CIIeAYIOMIEH dhopme:

iai yn+i = hiﬁl fn+i + hi% fn+i+vi qvi|<1; I = 0’1""'k) ' (8)
i=0 i=0 i=0

DTOT METOJ UCCIIeIOBAaH MHOTUMHU aBTOopamu (cM. Hamp. [14], [16], [18],
[19], [22)).

Takum 00pa3om, TONYYWJIM JBa HANpPABJICHHS ISl MOCTPOCHHS OoJiee
TOYHBIX MCTOOO0B, 3aKJIIOYAIOIIUXCA B UCIIOJIB30BaAHUHM MCTOJ0B THIIA (5) H TH-

na (8).

O cnocobe mocTpoeHne ruOPUIHLIX METOI0B € 3a0eraHnueM BIiepe.

st moctpoeHus: 3PPEKTUBHBIX METOJIOB, 31€Ch MPEIIaraeTcsi NCIOb-
30BaTh METObI, OJTy4eHHBIe U3 opmyisl (4) u (8). Takum ob6pazom, ams mo-
CTPOCHUSI THOPUIHBIX METOZOB C 3a0eraHueM BIEpe] MPeIaracTcsl UCTIONb-
30BaTh CICIYIOMIYIO (hOPMYITY:

linai yn+i = hiﬂl fn+i + hi% fn+i+vi (m > 0’ |Vi| <1’ I = 0’1""’k) ' (9)
i=0 i=0 i=0

Mertoa (9) mocTpouau ¢ y4eToM TOTO, YTO B KJIACCE METOJIOB, TOJTyUCH-
HBIX U3 Qopmynsl (5), CYMIECTBYIOT YCTOWYMBBEIE METOABI CO CTEMEHBIO
p=k+m+1 (k>3m), a B Ki1acce METOAOB TUMa (8) CyLIECTBYIOT yCTOHUH-
BbI€ METO/bI CO cTeneHbio p =2k +2 . [Toatomy metox (9) mocTpouian Ha CThI-
KE METOJIOB ¢ 3a0eraHueM BIiepell ¥ THOPUIHBIX METOIOB. 3/1€Ch MOMBITAEMCS
emmunabl ¢, (i=01....k—m),B., %,v,(i=01,...,k) momobGpars Tak, 4TOOBI
METOMBI, MOJydeHHbIE U3 (popmyibl (9), UMENH BHICOKHE TOYHOCTH W PACIIU-
PEHHYIO 00JIaCTh YCTOMYMBOCTH.



C uenpro uccneaoBaHus MeTo10B (9), Mpeanosokum, 9to KodhduireH-
o ¢; (i=01...k—m),B, % (i=01..,K) ymzoBIeTBOpSIOT CICAYIOUIUM yC-
JIOBUSIM:

A. Bemnmuuner o, 3,7,V (i=01,...,K) - HekoTopble NEHCTBHTEIBHBIC

qucna, npuueM ¢, , #0.
B. MHorousieHbI

pR=Yads o)=Y B yA)=Y rA"

HE UMEIOT OOIIUX MHOXHTEJEH, OTIIMYHBIX OT KOHCTAHT.

C. Nmeet mecto: () +y(1) #0 nup>1.

C 1ebIo0 TOCTPOCHUS CUCTEMBI alreOpandecKuX YpaBHCHHM, IS HAXO0-
xaenus Bemmuna ¢ (i=01,...k—m), B, 7,,v, (i=01...,k) wucmomssyem me-
TOJ HEOMpEIENeHHbIX Kod(duumeHToB (cM. Hamp. [24]), B pe3ylnbraTa 4ero
MOJTyJ4aeM CHUCTEMY HEJIMHEHHBIX ajireOpandyecKuX ypaBHEHHUH, KOTopas IpH
m=1u K =2 umeer cieayromuii BUx:

B+ B+ b+t rnt+r=1
2! B+ By, +Hy + 1 =11(j +1), (1 =12,....9). (10)
OtmeruM, uto p M=1 u K =2 HEU3BECTHBIMHU CUUTAIOTCS BETHMUHHBI:
&, &, By By Bos Vo Yis Var Voo Vi, Vs, - OlTHAKO, U3 HEOOXOIUMOIO YCIOBUS CXO-

aumoct Merona (9) momydaem, uro p(1) =0. CnenoBarensHo «; +¢f, =0.
Orcrona cnenyer, uto ¢, =—0f, =1.

Hcnone3ys pemenus cucreMsl (10) mpu j=9, MOXXHO MOCTPOUTH ycC-
ToMYMBBIE MeTobI TUMa (9), umeromue crenedb p <9. OTcroga He Cleayer,
YTO HE CYIIECTBYIOT YCTOWYHMBBIE METOJBI CO CTENEHbIO P>9 mpu M=1 u

k=2. PaccmoTpuMm ciyvan, KOrja KoJIuuecTBO ypaBHeHuit B cucrteme (10)
OoJIbIle, YeM KOJIMYECTBO HEM3BECTHBIX. Mcmonb3ys pemenus cuctemsl (10) B
PacCMOTPEHHOM Cllydae, IOCTPOMM METOJl, KOTOPbIH MPUMEHSIN K PELICHHIO
MojielbHOU 3anaun. [lomyuyeHHble pe3yabTaThl COOTBETCTBYIOT TOYHOCTSIM HC-
I10JIb30BAHHBIX METO10B. OTMETHUM, YTO IIpH peuieHuu cucteMsl (10), B ocHOB-
HOM, MCTOJIb30BaIM CTAaHIAPTHYIO BBIYUCIUTEIbHYIO IporpaMMy u3 Matkaza.
[ToHATHO, YTO B 3TOM Ciyyae HAXOAUM MPUOIMKEHHBIC PELICHUS CHCTEMbI
(10). Eciin yuecThb, 4TO MOYTH BCE 3aJla4dl PEIIAIOTCS C MOMOIIBIO BBIYUCITH-
TETHHOU TEXHHUKH, UCIIOIb30BAHKE MPUOIMKEHHBIX 3HAUCHUN KOd((PUIIMEHTOB
metoa (9) npuemaemo. OTMETHM, YTO B HEKOTOPBIX CIIydasx HCIOIb30BaHHE
npUOJIMKEHHBIX 3HAYEHUH B MMOCTPOEHUH YMCIEHHOTO METOJa, HE MO3BOJISET
orpezieNieHus TOYHOTO 3HaYeHHs CTENEHU paccMaTpuBaeMoro meroza. [1oaro-
MY PacCMOTpEIH Clly4aid, B KOTOPOM PELIEHNE CUCTEMBI OIIPENEISAETCS IPOCTO.



C uenpto ynporenusi cucremsl (10), paccmorpum cmydait v, =1/2;
v,=0; v,=-1/2 u = f3,. Torna, pemas cucremy (10) momyuaem, 4TO
B, =29/180; B, =6/90; B, =-1/180; y, =21/45;y, =6/90; 3, =1/45.

VYuuteiBasg noiaydeHHoe peuieHue B Gpopmyiie (9), HOTyduM CIeAyIOMUn
TUOPHUIHBIN METOJI ¢ 3a0eraHueM BIIEpe/T;

You =Y, +h(29f +24f ,—f ,)/180+h(62f ., +2f ,,)/90. (11)

JlokansHyro morpentHocTh MeToa (11) MOXKHO IpeICTaBUTh B BUJIE:

n+3/

||6 (6) h7
X +0 .
720 y ( ) ex ( )

VYuurteiBas, 4to Meton (11) moCTpoeH Ha CTHIKE METONIOB C 3a0eraHuem
BIIEpE]] ¥ THOPUIHBIX METOOB, cpaBHUM MeToA (11) co ciaemyrommm rudpui-
HBIM METOJIOM M METOJIOM C 3a0eraHreM BIepe/;

Your = Yo +1f, 19 +h((16+46) o +(W6-E)T, . o )36, (12)
V.., =(8Y,, +11y )/19+h(10f +57f  +24f ,—f .)/57. (13)

OTH METObl yCTOMYUBBI U UIMEIOT CTEIIEHb P =5.

n+l

Kak u3BecTHO, B CpPaBHEHUSIX YHCIEHHBIX METOJIOB, OOBIYHO HCIIOJIb3YIOT
KPUTEPUU KaK YCTOMYMBOCTBH, MOPSAJOK TOYHOCTH, 00JacCThb YCTOWYHUBOCTH U
T.7. OIMH U3 KJIACCUYECKUX KPUTEPUEB CPABHEHMSI METOJIOB 3aKJIIOYACTCS B
UCIIOJIb30BaHNU 00beMa BHIYMCIUTENBHBIX pa0boT. A ¢ 3TOMH 1eNIbI0 TPETI0KH-
JIM UCTIOJIb30BaTh KOJMYECTBO OOpaIleH!il K BEIYMCICHHUIO MTPABOW YacTH AUd-
(depeHInaTbHOTO ypaBHEHUs, T.€. KOIUYECTBO BhluncieHud Qpynkuun f (X, y)

Ha KaxaoM mare. Takyro cxeMmy 4acTo MPUMEHSIOT Jisi CPAaBHEHHS OJHOLIATO-
BbIX M MHOTOIIIArOBBIX METOAOB. A B CpaBHEHHUAX OJHOTHUITHBIX METOJIOB HC-
MOJIB3YIOT KOJIMYECTBO Y3JIOBBIX TOYEK, YYaCTBYIOIIMX B MOCTPOEHUHU pac-
CMaTpUBAEMbIX METOJIOB.

Ecnu BhllieonucanHble KpUTEPUU TPUMEHUM K HAIIMM METOJaM, TO T0-
Jy4aem, 4TO METOJl ¢ 3a0eraHueM BIIepe] UMEEeT HEKOTOphbIE MPEUMYIIEeCTBa.
OpHako, MpU WX KCIONH30BAaHUH BO3HUKAET HEOOXOTUMOCTH OMpPEICICHHUS
3HaYEHUI MUCKOMBIX (YHKIUI B MOCIEAYIOIUX TOYKAX, YTO SIBJISETCS OCHOB-
HBIM HEJIOCTaTKOM METOJIOB ¢ 3aberanuem Brepea. Ho, ecnu st HaXOXKACHUS
9TUX 3HAUEHUH UCMOIb3yeM METO/ MPOTHO3a-KOPPEKIUH, TO BCE ITH METO/BI C
TOYKH 3PCHHS BBIYUCIUTEIBHBIX Pa0OT, CTAHOBITCS MOYTH SKBUBAJICHTHBIMHU.
B mamem ciydae, B metoge (11) 3amensiem mar uHTerpupoBanus h uepes
h/2, B pe3yabrare 4ero moydnIu:

yn+l = (llyn —}_8yn+1/2)/19 + h(lo fn +97 fn+l/2 + 24 fn+1 - fn+3/2)/144 ' (14)

OTMeTUM, YTO 3TOT METOJ| HE SBIISIETCS YaCTHBIM CIIy4aeM BBIIICOIH-
CaHHBIX METO/IOB, HO HamomuHaeTr Mmeton Tuma (9). Teneps paccMoTpuM Io-
CTpOEHHE MeTOJa MPOTrHO3a-Koppekuuu st meroaa (14). C aroit nensro npea-
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JaraeM HCIOJIb30BaTh CIEIYIOUIME METOABI, €CIM H3BECTHO NPHOIMKEHHOE
3HAYEHHE BEIUYUHBI Y, )"

9n+3/2 = yn+l + h(23 fn+1 _16 fn+l/2 + 5 fn) / 24 ' (15)

yn+3/2 = yn+1 + h(9 fn+3/2 +19 fn+l -3 fn+l/2 + fn) / 48. (16)

[Tockonbky metox (16) uMmeer crerneHb TOYHOCTH P =4, TO IPU €0 HUC-
MOJIb30BaHWU B JIMHEWHOW YacTu MeTonaa (14) yBenmnuuBaeT ero morpemrHoCTb.
[Moatomy xenarensHo Metozsl (15) u (16) ucmonb30BaTh COBMECTHO C METO-
nom (13). A B KauecTBe METO/Ia IIPOTHO3a JUISL BHIYUCIICHUS Y, ,,, MOXKHO HC-

MoJIb30BaTh MeToa CUMIICOHA, KOTOPBIN YCTOWYHB U UMEET CTENEHb TOYHOCTH
p =4. Onnako, npu ucnoias3oBanuu meronaa (13) B Bune (14) yBenuuuBaer

€ro TOYHOCTh, HO YCIIOXKHSIET €ro MPUMEHEHHUE K PEIICHNI0 KOHKPETHON 3aa-
Yu.

HNanrocTpanys moJry4eHHbIX pe3yJibTATOB

C menpr0 WUTIOCTPAMM TOJIYYEHHBIX pE3YyJlbTaTOB, PacCMaTpPHUBAETCS
IPUMEHEHHUE MOCTPOEHHOIO 3[€Ch YMCIEHHOro Merona (11) k pemenuro Mo-
JleTbHOU 3aaun. Takol moaxoj OompaBIbIBA€TCS TE€M, YTO MOJENIbHAs 3ajaya
MPaBUJIILHO OMUCKHIBAET PEIICHUE ISl MHOTUX MPUKJIAAHBIX 337a4 U COBIAIAET
C TJIaBHOW YacThIO B ACUMIITOTHYECKOM PA3JIOKEHUH PEIICHUI MHOTHUX Hayd-
HO-TEXHHYECKUX 3a7a4. OTMETUM, YTO BO MHOTHX HAy4YHBIX paboTax Mpero-
YUTAIOT CPAaBHUBATh METO/IBI C IOMOLIBIO MOJEIBHOM 3aa4H.

PaccMoTpuM penienue cienyromei 3agadau

y'=y, y(0)=1, 0<x<1 (tounoe perrerue: y(X)=exp(X)).

K pemenuto 3toit 3amaun nmpumensieM metonsl (11) u (13) mpu mare
h=0,01 u nna 3HayeHui napamerpa A ==1,+5. Ilpu cocraBaeHuu anropur-

MOB B Ka4€CTBE METOJa POrH03a UCIOIb30BaH MeTo ] Cumrncona. Pe3ynbrarsl
pa3MecTHM B CIIEIYIONIEH Ta0uIle:

A X ITorpemHocTs MeToaa Horpemnocts Metona (13)
" (11)
h=0.1
A=1 0.1 4.66E —12 1.28E-10
0.4 2.96E -11 7.27E-10
0.7 7.15E-11 1.72E-9
1.0 1.39E-10 3.34E-9
A=-1 0.1 3.86E-12 1.04E -10
0.4 134E-11 3.24E-10
0.7 1.78E-11 4.23E-10
1.0 1.90E-11 4.49E -10

OTMmeTHM, 4TO pe3yNbTaThl, HOJyYEeHHBIE IO METOJaM, TOCTPOCHHBIM Ha
CTBIKE METOJIOB C 3a0eraHueM Brepe] U THOPUAHBIX METOJOB, SBISIOTCS JTy4-
HIMMH, Y€M pe3yNbTaThl, OJIyYeHHbIE IO MeToaM ¢ 3aberanuem Brepen. On-
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HAaKO, €CIIU B aJIrOpUTME, UCTIOJb3yIomuM MeToa (11), B kayecTBe MeToAa Mpo-
THO3a, MPEUIOKUIN METO/ LIEHTPAIbHBIX PA3HOCTEH, TO PE3yNbTAaT YXYAIIAeT-
csl.
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IROLIYOQACMA TiPLi HiBRiD USUL HAQQINDA
Q.Yu.MEHDIYEVA, V.R.IBRAHIMOV, M.N.IMANOVA
XULASO
Tadqiqat obyektindon asili olaraq, adston istifado olunan iisul iizorine olavo sortlorin
qgoyulmasi zarurati ilo rastlasiriq. Buradan alinir ki, genis totbiqe malik olan isul bazi sortlori
6domolidir. Adaton yuxaridaki talablors uygun qurulan iisullar yiiksok doaqiqliye malik olmur.

Buna gora do konkret masolalarin halli {igiin qurulan iisullar daha effektiv olurlar.

Acar sozlar: adi diferensial tonliklor, hibrid iisullar, tisulun dayaniqlig

ON THE HYBRID METHOD OF THE FORWARD-JUMPING TYPE
G.Yu.MEHDIYEVA, V.R.IBRAHIMOV, M.N.IMANOVA
SUMMARY

Depending on the object of research, it is usually required to put some additional re-
quirements on the used methods. Consequently, a method that is widely used must satisfy cer-
tain additional conditions. As a rule, methods constructed by the above mentioned require-
ments do not have high order of accuracy. Therefore, methods constructed for solving specific
problems are more effective.

Key words: ordinary differential equations, hybrid methods, stability of the method
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B pabome onpedenenue 060bwennoe peutetue 015 00HOU Kpaesoll 3a0a4u 0/ onepa-
mopHo-ouppepenyuanrbro2o ypasHeHus uemeepmozo nopaoka u HauoeHvl YClosus HaA KO-
Quyuenmovl onepamopHo-oudhepeHyuarbHo20 ypagHeHust, KOomopbie 00ecneuudarom Cyuwecm-
8068aHUe U OUHCTNBEHHOCMb 0000WEHHO20 peueHusi OAHHOU 3a0adu.

KaroueBble cjoBa: ruib0epTOBO MPOCTPAHCTBO, ONMEPATOPHO-IU(dEpeHIHaTbHOE
ypaBHCHHE, KpaeBas 3a/1a4ya, 0000IIECHHOE PEIICHHE

ITycte H - cemapaGenbHoe ruinb0epTOBO, A— MOJIOKUTEIBHO OIpese-
NEHHBIA camMoconpsuKEHHBIA onepatop B H . Obosnaunm wepes H, (720)
mKany Tuib6epToBsIX mpocTpancts, T.e. H, =D(A”), (x,y), =(A"x,A”y).
ITIpn y =0 cumraem, yto Hy =H..

O6o3naunm uepe3 L, (R, :H) runpsbeproBo ImpoCTpaHCTBO BCEX BEK-
top -¢ynkiuii f(t), onpenenennsix B R, =(0,00) moutu Bcromy, KBagpaTHd-
HO UHTETPUPYEMBIX 110 boxHepy ¢ HopMou

1/2

[l =| 17 @t
0

Uccnenys monorpaduio [1] ompemenuMm Truiab0epTOBO MPOCTPAHCTBO, IMPHU
m=1

W (R, :H)={u:u™ e L,(R, - H), A"ue Ly(R, :H)}

C HOPMOi1

2 9 1/2
g =14, +1A™]
” ”Wzm(R+:H) (H Ly(Ry:H) Ly(Ry:H)
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31ech U B JaJbHEUIIIEM MPOU3BOAHBIE TOHUMAIOTCA B CMBICIIE TEOPUU
pactpeaenenuif. OTMETUM, UYTO 3/J€Chb MBI HCIOJB3YEM MPOCTPAHCTBO

W24(R . H), W22(R . - H) n noxmpocTpaHcTBO IpOCTpaHCTBA W22(R . H)

W2(R, :H)={u:ue WA(R, :H), u(0) =u’(0) =0}.
O6o3naunm uepe3 D(R, :H) Geckoneuno —anddepeHInpyeMbIX BeK-
TOp —(DyHKIMH, KOTOpbIE UMEIOT KOMIAKTHbIE HOCHTEMH R, = [O,oo). N3 reo-
pembl o mwiotHocTu craexayer, uro [1], D(R,:H) mmotho 8 W, (R, : H),
m =>1. AHaIOrM4HO, ONPEAETUM JIMHEHHOE MHOYKECTBO
D(R, :H)={u:ue D(R, : H), u(0) =u’(0) = 0}.

N3 teopembl o cnemax [1] cmemyer, uro D(R,:H) miotHo B
WZZ(R+ : H)
Paccmorpum B H kpaeByro 3amauy

4
P(d/dt)u(t):u(4)(t)+p(t)A4u(t)+2Aju(4‘j)(t):f(t), te R, (1)

j=0
u(0)==0, u(0)=0, @)

/i€ onepaTopHbie KOA(D(OUIIUEHTHI YIOBICTBOPSIOT YCIOBHSIM:
1)  A-TOJOXHTEIBHO OMPEACICHHBIN CaMOCOMPSKEHHBIH OIeparop;

2) p(t) -cxamspras ¢yskums, wusmepumas B R,, npuuem
O<a<pt)<f<oo;

3) Omeparoper B =A, A (j=012) wu D, = A—ZAJ,A(Z—J')
(j=3,4) orpanunuensi B H .

Onpenenum B mHeitHOe MHOKecTBO D(R, : H) omeparopsr

4
P,(d/dt)u(t) =u® (t)+ A%u(t),  P(d/dt)u(t) = z Au (),

j=0
P(d/dt)u(t) = P, (d/dt)u(t) + P,(d/dt)u(t).
CrnepBa J10KaKeM CIEIYIONYI0
Jlemmy 1. Ilycte BeImomHsroTcs ycimoBus 1)-3). Torma OunmmHelHas

dyrxmus  (P(d/dt)u(t), W(t))Lz(R+:H) criepBa OIpee/IieHHass Ha JHHEWHOE

mHoxkectBo D(R, :H)® D(R, :H) mnponomxaercs mo HEMpepbIBHOCTH HA
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npoctpancteo W,/ (R, :H)®W2 (R, :H) kak OGwimHeiiHas  (yHKIus
P(uy)=RUu.y)+PRUy), roe

Po(uy)=(U"¥") L, r,omy + (o2 A2, PJ/ZAZV’)LZ«OJ):H) (3)
2 . 3 .
PLuy) =Y (AU ") e ) +Z(AJ”4_]’ V’)LZ(R+:H) '
j=0 =2
(4)

Joka3ateanctBo. I[lycts U,y € D(R, : H). Torga nmone uaTerpnpoBa-
HHEM I10 YacTsM IMOJTydaeM:

(Py(d/dt)u(), ‘/’(t))L (Q)H) = ", ‘//”)LZ(R H) +001/2A2,,01/2 AZU)LZ((o,l);H) =P(uy),

mpuraen [P(u, )| < constfullz o o Wz ee )

AHaJIOrMYHO JEHCTBYS M UCIOJB3YSl TEOPEMBI O IIPOMEXKYTOUHBIX IIPO-
M3BOJHBIX HAXOIUM

4
(P (/A U(t).¥),, ) = ]Z‘)(Au(z D) +J§(Au4j V) oy =PL0W)

npuyeM

||:>1 u, V/)| Z‘AA Iply@n l//

j=0

AAA(ZJ)A‘Z‘”AZ‘ <
Ly (Ry:H) Z‘ YL

< ZHBJ” HAJU(Z_J)HLZ(R+:H)||W ||L2(R+1H) +§4”Di” HAJ_ZU4_1HLZ(RJr:H)HAZV/HLZ(&:H) :

S CO”St”“”w2 2(R,: H)”'/’”Lz(R+ H)’
JlemMMa mokazana.

Omnpenesenne 1. Ecim mpum mobom fel,(R,:H) cymectByer

uesz(R+:H) JUIsL  KOTOPOrO HMEET MECTO TOXAECTBO TMpH  JII0OOM

weW; (R, 1 H)
P(u,p)=(f vl//)LZ(R+:H) '
10 rosopAT, uto U(t) ecth 0606menHoe pemenue 3amaun (1), (2).

AHAJIOTHYHBIE BOIPOCHI pacCMOTPEHBI B padoTax [1-4].
HNwmeer mecto

Teopema 1. ITycth BEIONHSIOTCS YCaoBHS 1)-3), TprUYeM UMEET MECTO
HEPAaBEHCTBO
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6= (o] +[D4)+272([By]+ [Ds])+ 2B < mint. ) . (5)
Torma 3amaga (1), (2) umeeT eAMHCTBEHHOE OOOOIIICHHOE PEIICHHE.
Joxka3zaTeabcTBo. [lokaxkem, 4To mpu Bcex YW e WZZ(R . H) nmeer

MECTO HCPABCHCTBO

Py.y)2 C0n3t||l//”\fvzz(R+:H) '

O4eBUIHO, YTO
AW 0"y imn | < [AN WAL vy = [Bl WL ey (6)

‘(Aﬂ//, v’ |—2(R+:H)‘ <[By] Ay’

Ll ey (7)

C npyroii cropomsi, mpu e W/ (R, :H) (w(0)=y’(0)=0) mocne
MHTErPUPOBAHUEM 10 YACTSIM HMEEM:

Ay’

T.€. 4

’ ’ ” l
iz(R+:H) =(Ay" Ay )LZ(R+:H) = _(AZ'//"// )Lz(R+:H) SE”‘””\?VZZ(&:H)’

-1/2
LRH) =2 ||'//|||_2(R+:H)'
Torna u3 (7) cnenyer, 4To

(Ay”, W”)LZ(R+:H) < 2_1/2”81” ||l//||\7V22(R+:H) (8)
Hanee umeem
S W Y 7S N 74 PREE s X 7 P O
AHaJOTUYHO TTOTy4aeM
‘(ASI//"//)LZ(RJ,:H)‘:”DSH ”Al/l' L2(R+:H)HA2WH <2_1/2”D3” ||l//||\fV22(R+:H)’ (10)

Lp(RiH)
‘(A“rl//’l//)Lz(RJriH)‘ S"D"’" HAZV/ LZ(R+:H)HA2WHL2(R+:H) S”D“” "W"\fvzz(&i"') (11)

Hcnonb3ys HepaBeHCTBO (6)-(11) momydaem:
P w)| =[P (W, ¥) + Py, )| 2 Py (v, 9) — |PL(w )| 2

7| 2 -
2 ”‘// ||2L2(R+:H) + O{HAZWHLZ(FQ:H) - q”'//”\fvzz(m:H) 2 (min(l, ) - q)”W”\fvf(RJr:H) -

= C0n8t||l//||5\,22(R+:H) '

CnenoBatenbHO, Bce yclioBUsl TeopeMbl Jlakca-Musbrpama BBINOJIHS-
I0TCsI, TTO3TOMY CYIIECTBYET €MHCTBEHHOE 0000IeHHoe perneHue 3aaaun (1),
(2). Teopema nokasaHa.

OTMeTHUM, YTO MOXKHO PACCMOTPETh OoJiee OOIIYIO 3a71a9y

P(d/dt)u(t)= f(t), teR, (12)
u(0) =gy, u'(0) =g (13)

17



AHBajorn4ygo 1o jeMMe 1 moka3pIBacTcs
Jlemma 2. Ilycte BemomHsitorcs ycioBusi 1)-3). Torma OunmHeliHas

dymxmms (P(d/ dt)u(t),w(t))Lz(&:H) criepBa OIpejeieHHas B JTHHEHHOE MHO-
xectBo D(R, :H)@® D(R, :H) mponomxkaercs 1Mo HENPEpHIBHOCTH Ha IIPOC-

tpancre W/(R,:H)®W/(R, :H) xak Gummneitnas dynxuus P(u,y)=P,up)+Rup),
rae Bun Py(u,y) u P (u,) ompenenensr popmynamu (3) u (4), cOOTBETCT-
BCHHO

Omnpeneaenne 2. Ecnm npu mobom fel,(R,:H), @yeHy,,
@ € Hyp cymectByer BekTOp —pyHKIMs U€E sz(R . - H), g xoroporo nme-
et Toxaectso P(U,y) =(f,¥) .1
tILrPO”u (t)- ¢’0||3/2 =0, tl_'ﬂ]o| u'(t) - ¢1||yz =0,

To U(t) Ha3wIBaeTCst 0000IICHHBIM penieHreM 3aaaqn (12), (13)

HNwmeer mecto

Teopema 2. [Iycts BrimosiHsETCA yciaoBue TeopeMbl 1. Torma 3amava
(12), (13) umeeT enuHCTBEHHOE 00OOIIIEHHOE PEIICHUE

Jloka3aTejbCTBO. [Tocne 3aMEHBI u(t)=u, () +al(t), rie

ot)eW, (R, :H), a u(t)=e"x+e?y, xyeH,y, a)l—@:—i(lﬂ), IpHYeM IIpH

2
X=(0,-0) (@0 -A"0), ¥ =(,-@)(A™ ¢ —w9,) nonyuaem, aro Uy(0) =g,
Ug(0)=¢,, @,(0)=ay. Torga momaras u(t)=uy(t)+@(t) ™Mbl npuxomum K
3anade (1), (2). A u3 Teopemsl | CyIecTByeT eAMHCTBEHHOE 00OOIIEHHOE pe-
menne o(t). Torma u(t) =u,(t)+o(t) Oyzer nckomoe perenue. Teopema oka-
3aHa.
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DORD TORTIBLIi OPERATOR-DiFERENSIAL TONLIKLOR UCUN
BiR SORHOD MOSOLOSININ UMUMILOSMIS HOLLI HAQQINDA

S.S.MiRZOYEV, U.0.KALEMKUS
XULASO
Isdo dord tortibli operator tonliklor iiciin bir sorhod mosolesinin iimumilosmis halli
verilir vo operator —diferensial tonliyin omsallari ilo toyin olunan bu sorhad mosalosinin
varligint v yeganaliyini tomin edon sortlor tapilir.
Acar sozlar: Hilbert fozasi, operator-diferensial tonlik, sorhod masalosil, imumilosmis
holl
ON GENERALIZED SOLUTIONS OF A BOUNDARY VALUE PROBLEM
FOR FOURTH ORDER OPERATOR -DIFFERENTIAL EQUATIONS
S.S.MIRZOYEV, U.0.KALEMKUSH
SUMMARY
In this paper, the definition on the generalized solution for a boundary value problem
for the fourth order differential equations and the conditions on the coefficient of operator dif-
ferential equations that ensure existence and uniqueness of the generalized solution of the giv-
en problem are found.
Key words: Hilbert spaces, operator-differential equation, boundary value problem,

generalized solution.
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H3zyuaemcs oona ouckpemmnas 08yxnapamempuyeckds 3a0aua OnmumaibHo20 ynpasie-
HUsL ¢ nepemenHoti cmpykmypou. Jlokazano neobxooumoe yciogue OnmumMaibHocmu 6 gopme
JUHeApU308AHHO20 YCII08US MAKCUMYMA.

KiroueBble cioBa: AUCKpETHas [ByXmapameTpuieckas cucrema tuma PDopHasnHU-
Mapxke3nHn, He0OX0JUMOE yCIOBHE ONTHMAIBHOCTH, JINHEAPU30BAHHBIN MPHHIMIT MAKCUMY-
Ma.

B pa6orax [1-6] u ap. u3ydeHBI pa3IuYHbIC 3aJa4l ONTHMAILHOIO YII-
paBlieHUs TUCKPETHBIMU JBYXIapaMeTPUUYECKUMH cucteMamu Tuna d®opHasu-
HU-Mapke3unu u Poccepa. B mpakTuke MHOTHE peaibHbIE TTPOLIECCHI SIBISIOT-
csl MHOTOATanmHbIMU (cM. Hamp. [7-12]). Takue mpoiiecchl HA3bIBAIOTCS TAKKE
CTYNEHYATBIMHU, COCTABHBIMH WJIM K€ MTPOLIECCAMMU C IIEPEMEHHON CTPYKTYpPOl.

B mpemnaraemoii pabote m3ydaeTcs OJHA CTyIeHYaras 3ajada OITH-
MaJIbHOT'O yIIpaBJ€HUs OnucbiBaemas cucteMoi tuna @opHazuHu-Mapke3nuHu.
VYcTaHOBIIEH aHAJIOT JIMHEAPU30BAaHHOTO YCIOBUS MaKCUMyMa.

IHocranoBka 3agaumn. PaccMOTpUM AMCKPETHBIN yIIPaBIAEMbIil MpoLece
OIMCBIBAEMBIA CUCTEMON Pa3HOCTHBIX YPABHEHUN

2(t+1,x+1)= f(t, x, z(t,x), z(t +1, x), z(t, x + 1), u(t, x)),
(t,x)e D, =T,xX (T, ={t,,t, +L...t, =1} X ={x,, %, +1...,x —1}), (2.1)

y(t+1x+1)=g(t, x, y(t, x), y(t +1,x), y(t, x+1),v(t, x)),
(t,x)e D, =T, xX (T, ={t,t,+1,...t,-1}), (2.2)

C KpacBbIMU YCIIOBUAMHA
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2(t,, x)=a(x), xe Xux,
2(t,%x,)= B(t), te T, Ut,,
y(t,x)=G(x,z(t,x)), xeXux,
y(t’xo):ﬂz(t)f te T, Ut,.
3nech f(t,X,Z,al,bl,u), (g(t,x, y,az,bz,v)) — 3ama”Has N (m)-MepHa;I

BeKTOp'(byHKLII/I}I, HCIIPCPhIBHAA MO COBOKYIMHOCTU NECPCMCHHBIX BMCECTC C Ya-
cTHBEIME TIpou3BomHbIME TI0 (Z,8,,b,,u) ((y,a,,b,,V)), t,, t,, t,, X,, X, — 3a/1anH-

(2.3)

(2.4)

HBIE YUCIIa, IPUYEM pasHOCTH 1, —{; U X, — X, €CTh HaTypaJbHLIE YUCIIA, a(x),
,Bi(t), =12 — 3amaHHbIe TUCKPETHBIC BEKTOP-(DYHKIINH, G(X, Z) — 3aJaHHas
N -MepHass BEKTOP-(QYHKIKS HEMpepbIBHAS MO COBOKYIMHOCTHIO MEPEMEHHBIX
BMECTE C YAaCTHBIMU ITPOU3BOAHBIMU 1O Z, u(t,x) (v(t,x)) -r (q)- MEPHBIN
JIUCKPETHBIA BEKTOP YMPABJISIOMIMX BO3JAECHCTBUI CO 3HAYCHUSIMH U3 3aJ]aHHO-
T'0 HEIYCTOTO, BBIMYKJIOT0 U OTPaHUYEHHOT0 MHOKecTBa U (V ), T.€.
ult,x)eU cR", (t,x)e D,
v(t,x)eV cR?,  (t,x)e D,.
[Mapy (u"(t,x),v" (t, X)) ynpasmsiommx dyskmuii U°(t,x) u vO(t, x) yaos-
JIETBOPSIFOLIUX BBILICITPUBEECHHBIM MPEANOI0KEHUSIM HA30BEM JOMYCTUMBIM
yIpaBJIEHUEM, a COOTBETCTBYIOMIHI MPOIIECC (u”(t, X), v° (t,x), Z”(t,x), y? (t,x))

— IOIIyCTUMBIM IIPOLIECCOM.
PaccmoTpuM 3a1auy 0 MUHUMYME (DyHKITHOHAA

S(U’V):(Dl(z(tl'Xl))+¢2(y(t2'xl))’ (2.6)
npu orpannueHusx (2.1)-(2.5).
3nech qol(z), ¢2(y) — 3aJJaHHbIE HENPEephIBHO nuddepeHIupyeMble CKa-
JsIpHBIC (PYHKITUH.
JlonycTUMOE  yIpaBJICHHE (u"(t, x),v(t, X)) JOCTABIISAIONINA MHUHUMYM
dbyakuonany (2.6) npu orpanudeHusx (2.1)-(2.5) Ha30BeM ONTUMATBHBIM
yIIPaBJICHUEM.

(2.5)

BenomorareibHbie pakTbl. [Tycts (u"(t, x), v (t, X)) — (ukcupoBaHHBIil
JOITYCTUMBIN TpOLECC, £ € [0,1] MPOU3BOJIBHOE YHUCIIO, u(t,x) (V(t,X)) MPOU3-
BOJIbHAS JIOIYCTUMAs YIPABISIONIAs (QyHKITHSL.

PaccMOTpUM «BO3MYILEHHYIO» CUHCTEMY
2(t+1,x+1 )= f(t,x,z(t,x; &), z(t +1,x; ), z(t, x+1; &),u(t, x; )

= £t x,z(t,x; €), z(t +1,x; €), 2(t, x+1; &), eu(t, x)+ (L—&)u(t, x)),

3.1)

y(t+1x+1 £)=g(t,x, y(t,x; £), y(t+1,x; €), y(t,x+1; £),v(t, x;€))=
= g(t,x, y(t,x; &), y(t+1x; &), y(t,x+1; &), ev(t, x)+ [1-)v(t, x))
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2(t,, x; €)= 0x), xe X UX, (32)
2(t,%,; €)= B(t), te T, Ut, '
y(t,x; £)=G(xz(t, x; £)), xe XuUx,
(t Xor € ) ﬂz() teT,Ut,.
[TonoxuM 1o onpenesIeHuIo
at )= 22txe) gy txie) g

0 | 0 |,

1 BBEJEM 0003HAYEHUS
f,(t,x)=f,(tx, 2°(t, ), 2°(t+1,%), 2 (t x+1),u°(t,x)),

f, (t,x)= fal(t X, 2°(t, x), 2°(t +1,x), 2° (t, x+1),u° (¢, X)),
fbl(t,x)szl(t X,2°(t, X), 2°(t+1,x), 2° (t, x+ 1), u° (¢, X)),
0,020, . y* 6, 1) (110 y . x Dve e, 1),
0., (t.X)= g, (tx y° (6 X), ¥ (t+1,%), y° (6 x+D)v° (£, %)),

) X
0, (6X)= 0, 6,y 6,00y (+1X), v (6 x + 1) 2, ),
fu(t,x): f (t "(t x) ”(t+1 X), 2°(t, x+1),u (t, x)),
°(t+1,%), yo(t, x+1)v° (t, ).
Hcnonb3ys (3.1) (3.3) B CUJTY YCJ'IOBI/II/I IJIAJIKOCTH HAJIO’)KCHHBIC Ha Tpa-
BBIE YACTH CHCTeMbl ypaBHenuii (2.1)-(2.2) momygaewm, uro (a(t, x),b(t, x)) sB-

JACTCA pCUHICHUCM KpaeBOﬁ 3aa4yu
alt+1x+1)= f,(t,x)alt,x)+ f, (t, x)alt+1,x)+ f, (t, x)alt, x+1)+ f, (t,x)(u(t, x)-u°(t, %)),
a(t,x)=0, xe Xux
a(t,x,)=0, teT, Ut
b(t+1,x+1)=g, (t, x)b(t, x)+ g, (t, x)blt +1 x)+ g, (&, x)b(t, x+1)+ g, (t, x)(v(t, x)-u(t, x)),
b(t,, x)=G, (x, 2°(t, ))alt, x), xe X Ux, 35)
b(t,x,)=0, teT,ut,.

Bbruncnum crnennanbHOE MpHUpaIIeHHe KpUTEpUs KauyecTBa

AS, (u® (&, x),v° (t,x)) = S(u(t, x; £),v(t, x; €))— S (u® (t,%),v° (t,x))=

/—\

(3.4)

—e a¢1(za£t1’xl))a(tl,xl)+g a(Pz()g(;z %)) bit,,x, )+ o(e) (3.6)
U BBeseM aHajnoru ¢pyakuuit ['amunsrona-IlonTpsiruna
H(t.x,z,a,,b,u.0,)=y7 f(t.x.2,8,b,u),
M (tha y’az’vaVJ//z):l//; : g(t,x, y’aZ’bZlV)1
rae v/ (t,x), i=1,2 moka HeM3BECTHBIE N M M -MEePHBIE BEKTOP-(HYHKIIHH.

22



Hcnonb3ys BBeneHHBIC 0003HaUYeHHS U ToxaecTBa (3.4), (3.5) dopmyna

npupaiieHus (3.6) 3anucbBaeTCs B BUIE

0 6 ) P 6 ) S0t

R
-1 x-1 (37)
_gzz[ alt, x)+ HZ (6, X)alt +1, %)+ Hy (£, x)alt, x+1)+ H, (¢, x)(u(t, x)-u° (¢, X))+
o tlxd
+e vl x)b(t+1,x+1)—
t=f X=Xy
o1 X
—etzz[M (t, x)b(t, x)+ M7 (t,x)b(t +1,x)+ M (t,x)b(t, x +1)+ M (t, x) (v(t, X) = v° (t, X))|+ o(e)
t=t; X=X,
[TpuBenem HGKOTOpHe TO)KI[GCTBa
2121//1 (t,x)a(t+1,x+1)= 2 Zl//l t—1,x—1)a(t, x)= 21//1 -1,x-1al(t, x)-
t=ty X=X, t=ty+l X=X, +1 X=Xo+1
-1 X i
-~ nyl —1,x=1)alty, x)+ >, Dy t-Lx-1)alt,x)=y; {t, -1 x —1)alt,, % )-
X=Xo+1 t=ty x=xXp+1

_l//lo,(tl_lixo tl'X zl/ll 1X 1 (tl,x)—t//f'(to—1,x1—1)a(t0,x1)+

X1 ;-1
+y! (t, —L %, —1)alty, X, )— D vy (t, 1 x—1)alt,, x) 2;//1 t—1,x, —1)a(t,x, )-
X=Xg t=t,

-1 , -1 x-1 i
_Zl/jlo (t—l, X0~ 221//1'[ -1 x- 1 t X) l/flo (tl_l' Xl_l)a(tl'xl)+

t=t, t=ty X=X

X—1 -1 -1 x-1
+> !t -Lx=1alt, x)+ X t-1x -1alt, %)+ > > wit-1x-1)aft, x),

X=Xg t=t, t=ty X=X
-1 x-1 o ox-1 X—1
Y Y H. (L x)alt+1x)= Y, Y H. (t-1x)alt,x)= Y H; (t -1 x)alt, x)-
t=ty X=Xq t=ty+1 X=X, X=Xg '

X1 -1 x-1
=Y H ([t -1 x)alty, x)+ D, Y H, (t—-1,x)alt, x)
X=Xg t=ty X=X,
$ ¥ 0alt x+1)=5 3H: . x-Da(tx)= ZH (t,% ~Dalt, )
t=ty X=X, t=ty X=Xo+1 (38)
-1 % -1
5 Hgl(t,xo—1)a(t,x0)+tZZHk’,l(t,x—l)a(t,x),
t=ty X=X,

t=t,
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-1 x-1

S bt +1x D)= 3 Syt -1 x-Dblt.x)= 3 yrd t, 1L x—Lblt, x)-

t=t; x=xy t=t +Ix=xg+1 X=Xo+1
L1 X
-~ 21,//2 —1,x=1)b(t, x)+ Y, Dy (t-Lx-1)b(t,x)=y; (t, -1, x -1)b(t,, % )-
X=Xo+1 t=t; Xx=xy+1
-1
_l//zo (tz —1% - 1)b tz,X zl//z t, =1 x- 1)b(t2,X) l/fz ( 1)b(t11X1)+
,-1
+y7 (t—1 % ~1)b(t,, %, ) Zl//z -1 x-1)b(t,, x) Zl//z 1% =1)b(t, %, )-
X=Xg =4
L1 L1lx1
=Yy (t-1x-1 )+ D ws (t—1,x—1)b(t, x),
t=t; t=t; X=Xy
-1 x-1 X =1 X =1
D Y ML (tx)b(t+1,x)= ZZM;Z(t—l,x)b(t,x): > M (t, -1, x)b(t,, x)-
t=t; x=Xg t=t; +1x=X, X=Xy
%1 t,-1 x-1
—ZM;Z(tl— ZZM t—1,%)b(t, x),
t=t, X=X
-1 x-1 Xq
DML (t x)blt, x+1)= ZZM t,x—1)b(t, x) ZM X )—
t=t; X=X, t=t; x=xp+1 t=t;
t,-1 t,-1 x-1
=Y ML (%o —1)b(t, )+ D, D M (t, x—1)b(t, x).
t=ty t=t; X=X,

C ydyetoM ToxaecTB (3.8) pa3nokeHHE 3aIUChIBAETCS B BUJIC

AS,(u,v°)= g[wa(tp xl)+%)(/t2’xl))b(tz,xl)]+o(5)+ (3.9)

0z
i X -1 -1
+g|:y/1"(tl—l,xl—l)a(tl,xl)+ wy (t -1x—1)alt,x)+ > w t-1x-1)alt,x, )+
X=Xq t=ty
-1 x-1 t-1 x-1 X1
+3 Yy (t-1,x-1)a tx}—ngZH t.x)a(t,x)+ > H; (t -1,x)alt,,x)+
t=ty X=Xy t=ty X=Xg X=Xp
41 X1 L1 -1
+3 ) H (t-1x)alt, x)+ ZHQ(t,Xl alt.x)-> Y H; (tx-1)a tx)}
t=ty X=X, t=ty X=X,
X1 : i
+€lW§ (tz —1,Xl—l)b(t2,X1)+ ZI//; (tz —1,X)b(t2,X)—l//; (tz _1’Xl)Gz(Xl'Z(t1’X1 ))a(tllxl)_
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x-1 t,-1 t,=1 x-1

=Yy (t, -1 x=1)b(t, x)+ Y ws (t-1,% —1)b(t, x1)+22y/§'(t—1,x—l)b(t,x):|—

X=X t=t t=t X=X,

X =1

—e| S S M, (bt )+ zM Jbit, )~ 3 M2 (¢, -1 x)blt, x)+

X=Xg

+zlth t—1,x)b tx+l§M (t,x, —1)b )+I§X§Mgz(t,x—l)b(t,x):|—

t=t, x=x, t=t, t=t, X=X,

41 x-1 -1 x-1

- Y Hi(tx) )u(t, t,x))- ))-€>, > M (t.x) )v(t, x)- v (t, X))+ ole).

t=t x=%, t=t, x=%
Ecnu npennonarats, 4ro i (t, X), i =12 ABIAIOTCS PEUICHUSIMH COTIPSI-

JKEHHOU CHUCTEMBI
wy (t-1x-1)=H,(t. x)+H, (t-1x)+H, (t,x-1),

-1 )= 2260 o o x -1 1), (310)

0z
o a o t ,X
v, (tz -1 Xl—l)z_w

pyt-1x=1)=M,(t,x)+M, {t-1x)+M, (t,x-1), (3.11)
wy (t-1% —-1)=H, (t.x, -1),

l//:lu(tl -1x _1): Ha1 (tl -1 X)’
To opmya nmpuparnieHue (3. 9) MPUMET BU/I:

41 % 1%l

AS, (u°,v )——E[ZZH (t,x)(u(t, )+ 3 3 Mt x) vt X)-ve ¢, X)) |+ ole) - (3:12)

t=ty X=X t=t X=X

[Tpu momoru paznoxenus (3.12) nokaspBaeTcs

Teopema 3.1. Eciiu maHOXecTBa U 1 V BBIMYKIIBI, TO 711 ONTHMAJIBHOC-
TH JOIIYCTUMOTO YIIPaBJICHUS (u" (t, X), v? (t, X)) HEOOXOUMO, YTOOBI BBIIOJI-
HAJINCH COOTHOLICHUA

-1 x-1

3 Y H ) (ult, x)-u(t, x))< 0,

t=ty X=X,
ms Beex U(t,x)eU , (t,x)e D,,

-1 x-1

DIV (t, x)(v(t, x)-v°(t, x))< 0,

t=t, x=x,
s Beex V(t, x)eV, (t,x)e D,.
Teopema 3.1 ecTs aHaJIOr IMHEAPU30BAHHOIO YCIIOBHA MakcumyMa [ 1, 3, 7].
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BiR DOYIiSON STRUKTURLU DiSKRET iKi PARAMETRLI iDARO
MOSOLOSINDO XOTTILOSDIRILMIS MAKSIMUM PRINSIPI

K.B.MOBNSIiMOV, T.F.MOMMOSDOVA
XULASO

Magqalada bir doyisen strukturlu diskret iki parametrli optimal idarsetmo mosolosi
Oyronilir. Xottilogdirilmis maksimum gorti formasinda zoruri sort isbat olunmusdur.

Acar sozlor: Fornazini-Markezini tipli diskret iki parametrli sistem, optimalliq {i¢iin
zoruri gort, xottilogdirilmis maksimum sorti.

LINEARIZATION MAXIMUM PRINCIPLE IN THE CHANGEABLE STRUCTURED
DISCRETE TWO PARAMETER SYSTEMS

K.B.MANSIMOV, T.F. MAMMADOVA
SUMMARY
The paper investigates one changeable structured discrete two parameter optimal
control problem. The necessary optimality condition in the form of linearized discrete

maximum principle is proved.

Key words: Fornasini-Marchesini type discrete two parameter system, necessary
optimality condition, linearized maximum condition.
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Paccmompen ouckpemmwiii onepamop lupaxa, ko3¢@uyuenmot KOMopo2co cmpemsamcs
K paznuuneim npederam na T oo . Haiiden aguwiil 610 pe3onbeenmol 2mozo onepamopa. Ilony-
YeHbl YOPMYIbL PA3LOAHCEHUS NO COOCMBEHHBIM PYHKYUAM OUCKpemHo20 onepamopa [upaxa.

KuroueBble cj10Ba: IUCKPETHEINA oniepaTop Jupaka, pe3ojapBeHTa, COOCTBEHHBIE (DYHK-
1iH, (OPMYJIBI Pa3TIOKECHUS.

Myctb 1%((—o0,00);C)— 6aHaxoBo MPOCTPAHCTBO BEKTOP- TOCIENOBA-

TaKUX, 4TO ||y|| < eo. B mpoctpanctse 12((—oo,00),C) paccmoTpum omneparop

TEJIBHOCTEH Y = {yl 0 Yoo }°_° C HOpMOiA

b=( 2.

N=—cc

N |-

2
+[Y2

L , HOpOXIEHHBI CUCTEMON PA3HOCTHBIX YPABHEHHI
a0 Yoni ta20Yon = Win (1)
Ayn1Yina T80 Yin = Ao, N=04112,...,

BEILECTBEHHbIE KOA(PPUIIUEHTHI &, ,,,8,, KOTOPOH YIOBIETBOPSIOT YCIOBUSAM

a,,>0a,, <0,n=0+1%2,..,
2|n|{‘al’n B A‘ + ‘az,n + A‘ }+ 2|n|{‘al,n _1‘ + ‘aZ,n +1‘ }< oo’ (2)
n=1 n<_1

rae A>0. B cuny (2), ontepaTop orpaHUYeH M CaMOCOMPSIKEH. 3aMETHUM, YTO
CHUCTEMa Pa3HOCTHBIX ypaBHEHUH (1) siBisieTCs NTUCKPETHBIM aHAJIOTOM OJHO-
MepHoii cucteMsl upaka. B cBsa3u ¢ aTum omnepatop L Oyaem Ha3piBaTh auc-
KpeTHBIM onepatopoM [{upaka.

W3BecTHO, YTO NpU U3YyYEHHUM PA3IMYHBIX 3aJa4ax CIEKTPalIbHOU TEO-
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pHUM JTMHEHHBIX OIEPaTOpOB OCOOBIM MHTEPEC MPEICTABISIOT GOPMYIIBI Pasiio-
XKEHUS 10 COOCTBEHHBIM (QYHKIMIM. B HacTosmeit paboTe sIBHBII BHI PEe30JIb-
BeHTHl omeparopa L. [lomydensl ¢opmynbl pa3iiokeHHs O COOCTBEHHBIM
¢ynkuusaMm storo oneparopa. [logoOHbIe BONPOCH il OAHOMEPHON CHCTEMBbI
Hupaka, ypaBaenus lllpeaunrepa u ero pa3HOCTHOTO aHAIOTa UCCIIEIOBAINCH
B paborax [1]—[4]. Hexoropsie Bompocs! criekTpanbHOil TeOpHH IHCKPETHOTO

oreparopa /lupaka u3y4anuch B B paboTax [5]— [7]

Jus onpenenennoctu npumeM, 9ro A <1. O6o3naunm uepes I';— komm-
JIEKCHYIO A -ILIOCKOCTD ¢ pa3spe3oM Mo otpesky |- A7, A>T ] j=12. B mioc-
KoctH I'; paccMOTpUM QYHKIHIO

2 2(2-)
-2A
zj:zj(/l):—/1 e /12 N2 —4p2@D)
2A%! 2A%)

BLIONpAs PeryIAPHYI0 BETBb pajukana Takyio, uto VA2 —4A2*) >0 npu
A>2A%1 j=12. UsBectHo, uT0 cucrtema ypaBHeHus (1) UMeeT pelreHHs

+

{f-‘ (/1)} , j =1,2, npeacraBuMEIE B BHIE

5.n

£ (D=0 (n)( Azlﬂ‘ AJ“ 20 [1+ S K (nm); )

m=1

= 2-]
fj,n(ﬂ):“j(n)(zle) 22”(1+ ZK,-(n,m)zsz n=011+2,...,

npuaeM Bemmauss ¢y (n),0; (), K (n,m), K5 (n,m) ynosnersopsior cootHo-
IIEHUSIM
o (n)=1+0(1) npu n — teo, j=12,

K;(n!m)zo[0+(n+|:g:|+li21)Jn+m_)ioo (4)

1+
rae O'i(n)= { a
tm2tn

_ A2
(3), (4) mpu kaxaom N pynkuun 1 f { } {f i A } , j=1,2, perynsapHsl B

mnockoctsix I, u T, HenmpephIBHBI BILIOTh 10 MX rpanul ol u dI,, cooTBet-

(3

11

+la,, +A?2

} ,[X]- neaast dacth X . CormacHo

CTBCHHO.

[lyers U, 1 V;, - ABa pelieHus cucTeMbl ypaBHenuid (1). X BpoH-

CKMaHOM HA30BEM BEIIMYUHY {u Vv Jn} a,, 1( Uy haVo, — Uy Vi, 1) Ionoxum

= {fjfn (ﬂ')' ijn (ﬂ’)}
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Teopema 1. Pyuxyuu
Rll RlZ - f.+ (l)f_ (ﬂ,) m S n
R /1 — nm nm ’ le - _ -1 ﬂ i,n j,m ! ) 5
m () (Rrﬁ Rﬁ;] m =W ){ffm(l)fi,}(l),m>n, ©)

AGNAIOMCA dNEMEHMAMU MAMPuybl pe3onveeHmsl onepamopa L u yooenem-
80pAIOM YPABHEHUAM

2 2 2
aln Rn+1 m T az,n an - 2’an - 0’
21 21 1
al n Rn+1 m T a2,n an - ﬂ’an - 5nm ) (6)
1 11 21
al n—an -1,m + a2,n an _ﬂ’an - O’

12 12 2
1n—1Rn -1,m + a2,n an _/”’an =0

nm?

rae J,, —cumBoia Kponekepa.
Nanee, npu Ae T A2 £ 4A"®) j =12 napel peeHuit {f N (l)} :

j.n

f fn } {f i A } { i A } 00pa3yroT (hyHIAMCHTAIBHYIO CHCTEMY pe-
IIEHUI CHCTEMBI Pa3HOCTHBIX ypaBHEHHH (1), TaK KaK MX BPOHCKHAHBI PaBHBI

A’ o Lo
—(Z -1 1) u —(z t1 ), COOTBETCTBEHHO. [10ATOMY cripaBeIIMBBI PA3IOKEHUS
1 1 /1 2 2

A

() =a,)f,(A)+b (A (2) A oL, 2° = 4A%,  (7)
f (/l)za (ﬂ,)f (A4)+b, (l)fjfn(/?,),ie or, 1 #4, (8)

rae GyHKIuU a . ( ) J(/1 =12, onpenensirorcs popmynamMu
s A @ @) o A0, 0
AZ(Z -z 1) {AZ( ) } 9)
2 (1) AT (4) ,nu)},bzu) AL 1, 0)
(Z — 2 ) (Zz Zz) J
Cormacno nocneauum hopmynam QyHKIMH @ (1),b i (1), j =1,2, HenpepbIBHEL

Ha paspese dl}, 3a uCKIIOUEHHEM, OBITH MOMKET, KOHIEBBIX TOUEK. bonee To-
ro, QyHKIIUUA a J.(/1), j =12, momyckaroT peryispHbie MPOJOJDKCHHS B ILIOC-
kocTh I',. MMmeroT MecTo cCOOTHOmEHUS
a;(1-i0)=a,(2+i0),b,(A-i0)=b,(2+i0)
b,(1)=a )/le or, \ oI},

(10)
Az -2, )0, (2)= (55 - 2, ), (A) Ae T, LiaT,

2,2 ~fp, (2 ( Xl - )]_w,jﬂ,z,ﬂearl
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CHpaBCI[J'II/IBBI COOTHOIICHUA

a,(2)= A" (n)er; (n)+ o(%):

(12)
_ Ao () U+O%J1+m

Kak mokasaso B pa6ore [4], dynxuus a j(/i) MOKET MMETh JIMIIb KOHEYHOE

YHCIIO MPOCTHIX BEIECTBEHHBIX Hyneit A, =xu,, 1, >0, k =1,..., N, nexamunx

BHe JI,. Ilpu sTOoM Hynu GyHKUUM & j(/i) SBIISIIOTCSI COOCTBEHHBIMHU 3Haue-

Husmu oneparopa L. ITycts

fj_,n (i zuk )
+ EH

fj n (+ luk )

(mk )_ = { (& 24

f +ﬂkx } (12)
neZ

x
) = St )+ )

neZ
Hymu A4, =+u, , bynkuuu a; (1) mpocTEle, U CIIpaBeIIMBEI PABEHCTBA

A%%D@__Zﬂﬂ

~

=1..,N,

k =

2
+

J J

. =C, ()" =cMm )" k=1..,N, (13)

a;(4)

‘x:ak
IJie TOYKOU CBEpXY 0003HAYACTCs MPOU3BOIHAS 110 A .
Teopema 2. Umerom mecmo pasencmea llapcesans, pasHocuibhvie op-

MYJIAM PA310H#CEHUS

Opm = Z(m:)z fh (ﬂ)fjfm (4)+

o G XOGROMCURC TS D
o [0 u)[az(z)f,-,nunbzwf;n (W2
S = 2 J 15, (1, ()¢

(15)
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Joxa3aTesbcTBa TEOpEM
Joxkaxem teopemy 1. Ilycts h = {hln ,h, n}e £?((= o0, 00);C) - mpom3BOIH-
Has (PMHUTHAS TOCTIEA0BATENBHOCTD. J{J1 TOTO 4TOOBI MOCTPOUTH PE30JIBBEHTY
onepaTtopa L, HaM HYKHO pelmIMTh ypaBHEHUE
Ly = Ay +h.
[lepenuiiem nocnenHee ypaBHEHUE B BUE
{al,n y2,n+l + a‘2,n y2,n = ﬂ’yl,n + hl,n !

A g Yina T, Y10 = lyz,n + hz,n-
Hiem pelieHue cuctemMbl ypaBHEHUM B BUJIE

Yin=C,f(A)+D,f(1)j=12, (17)

n'ijn ntijn

(16)

rac Cn n Dn - BCJIMYUHELI, IMOJICKAIIUC K OMNPCACICHULO. HO,Z[CTaBJ'DIH npen-

craBienue (17) B cucremy ypaBHenuil (16) mocie HECI0XKHBIX TpeoOpa3oBa-
HUM, MOJTYIUM

{al,n—l (Cn—l - Cn )f1,+n—1 (/1)"' al,n—l(Dn—l - Dn )fl,_n—l (l) = h2,n '
a (Cn—l - Cn )f2+,n (;L)+ al,n—l(Dn—l - Dn ) fzjn (ﬂ') = _hl,n—l'

Pemas mocnegHiol0 CUCTEMY YpaBHEHHl OTHOCHUTEIBHO C,—-C, n
D, , — D, naxonum, 4to
Cos—Co =W o (A, + £ (D, |, (18)
D,1—D, =W (A f (Ahy ey + £ (A, . (19)

3amMeTuM, YTO i BBHITIOJIHCHHS YCJIOBHS Y € EZ((— oo,oo);C) HYXHO B3ATh
C_.=0,D_=0. Cnoxu Ttorma paBerctBa (18) mpu n=n,n-1,n-2,..., a

paBerctBa (19) mpu n=n+1,,n+2,n+3,..., umMeeM
n-1

C,=-w'(4) Z [fl,_k (ﬂ)hl,k + o (;t)hzv'“l ]’
K=—oo

o

D, = —w (/1)2 [fﬂ (ﬂ’)hl,k + fZJ,rk+1 (ﬂ’)hlkﬂ]'

k=n

[ToacraBnsst mocieaHNE paBEHCTBA B mpeacTaBienue (17), momydum

. —wlu)[ S 1L 0+ 31,00 u)hl,k]—

K=—o0

n-1 )
—w-lu{ $ f (Wt Dy + 3 £ ()2 (ﬂ)hz,k].
k=—co k=n
C npyro# CTOPOHBI, B CHJTY ONPEACIICHUS PE30JIbBEHTHI IMEEM

Yin = i[anklhl,k + ankzhz,k]- (20)

K=—o0
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CpaBHEHHE TIOCTIETHUX PABEHCTB MPUBOAUT HAC K dopmyrnam (5). C momoripio
(5) HemocpenCTBEHHO MPOBEPSIETCS, UTO CIpaBeAIUBHI ypaBHeHU (6), a u3 (6)

CIIEYyET, YTO BEKTOp Y = {yl,n , Y2,n}:, , onpeneneHHblit Gopmynoit (20), saBius-
€TCsl pelieHneM cucTembl ypaBHeHui (16). Teopema 1 nokazana.
[IpeanonuieM Kk 0Ka3aTeIbCTBY TEOPEMBI 2 CAETYIOUIYIO JIEMMY.
Jlemma. [Tycmo h= {hl’n N, }e 0?((=o0,00);,C) - npoussonvuasn gunum-

Hasi nociedosamenvHocms. To2oa npu A— oocnpaeedﬂuebl acumnmomuyde-
CKUue pasencmeda

- i hi,n 1 .
m;anmhj,m :—7+0(?)| =12. (21)
HoxazarenbctBo. B cuny (6) umeem
oo h N l I
m;wRirln hl,m == ; + Im;m{al,n Rrﬁl,m + a‘2,n ann11 1,m?
N b2 _ hz,n 1< 12 12
Eanth_ +_Za‘1n—an—1m+a2anm 2,m*
frnt ’ A Aa= ’ ' ’
Tak Kak pe30JbpBeHTa 00J1a/1a€T CBOMCTBOM R(1)=(L-AE )*1 = O(/li) A —> 00, TO

U3 TIOCJIEIHMX COOTHOIICHH BhITekaeT (21).
Jlemma nokasana.
NnTerpupys Tteneps paBeHcTBa (21) Broip dI, U UCTIOIB3Ys TEOpEMY O

BbIUETax, a Takke cooTHomenus (5), (7)-(9), (11)-(13), monydaem dopmyIibi
(14), (15). Tem cambIM T0Ka3aTEIHCTBO TEOPEMBI 2 3aBEPIIACTCA.
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DiISKRET DIRAK OPERATORUNUN MOXSUSI FUNKSIYALARI UZRO AYRILIS
R.I.OLOSGOROV
XULASO
Omsallart miisbat vo manfi sonsuzlugda mixtelif limitloro yaxinlagan diskret Dirak
operatoruna baxilmigdir. Bu operatorun rezolventasinin askar sokli tapilmigdir. Diskret

Dirak operatorunun moxsusi funksiyalar1 tizre ayrilis diisturlart alinmigdir.

Acar sozlar: diskret Dirak operatoru, rezolvent, moxsusi funksiya, ayrilis diisturlar.

EXPANSIONS IN EIGENFUNCTIONS OF THE DISCRETE DIRAC OPERATOR
R.I.LALASGAROVV
SUMMARY
The discrete Dirac operator whose coefficients tend to different limits on oo is
considered. An explicit form of the resolvent of this operator is found. Formulas for the
eigenfunction expansion of the discrete Dirac operator are obtained.

Keywords: discrete Dirac operator, resolvent, eigenfunctions, expansion formulas.

Hocmynuna 6 peoakyuro: 07.12.2018 e.
IHoonucano xk newamu: 08.04.2019 2.
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PEIIEHUE METOJ0OM KOHEYHbBIX PA3SHOCTEMN
OJHOM 3AJIAYH JJIS1 JUHEHHOI'O HATPYKEHHOT' O
JANOO®EPEHIIUAJIBHOI'O YPABHEHMUSA
IMAPABOJIMYECKOI'O THUITIA
(Hccneoosanue nposedeno no nodoepoicke npoekma eHympu
YHUugepcumemckozo cpauma «50+50»

Baxunckozo I'ocyoapcmeennozo Yuueepcumema)

3.®. XAHKUIIUEB
bakunckun I'ocyoapcmeennwiii Ynueepcumem
zkhankishiyev@bsu.edu.az

B nacmosuyeii pabome 0aemcs npumerneHue Memooa KOHeUHbIX PAZHOCmel K peule-
HUI OOHOU 3a0ayu Oisi TUHEUHO20 HASPYICEHHO20 OUD@DepeHyuanbHO20 YPasHeHUs. napado-
JUYECK020 mund, cooepiicaujell 6 GPAHULHbIX YCI0GUAX NPOU3BOOHble NO 8pemenu. [laemcs
QAN2OPUMM PeuLeHUst NOLYUEHHOU PASHOCMHOU 3a0ayu, 00OKA3bIBACTCI CXOOUMOCHb U onpede-
JIAeMCA CKOPOCb CXOOUMOCHIU.

KaroueBble cjioBa: HarpykeHHbIE AnddepeHIInaIbHbIe yPaBHEHHS, METOJ] KOHECUHBIX
pa3HOCTEH, MPUHIMIT MAKCUMYMa, CXOAUMOCTb.

1. IlocTanoBKAa 3aga4n

Bbonbiioe yncio 3amady ecrecTBO3HAHUS, HAIPUMEDP, HEKOTOPhIE 3a/1auu
MaTeMaTHYeCKON (U3UKM W OWOJIOTHH, 3aJa4d JOJITOCPOYHOTO MPOTHO3HPO-
BaHUS U PEryIMPOBAHUS TPYHTOBBIX BOJ, 3aJa4d TEMJIOMAaCCONEepeHoca ¢ Ko-
HEYHOU CKOPOCTBIO, ABMKEHHS MAJIO CKUMAEMOU KUIKOCTH, OKPYKEHHOM T10-
pUCTON cpefo U T. 1. IPUBOAAT K 3a/JayaMm JJig HarpyxeHHoro auddepen-
IIUAJILHOTO ypaBHEHUs (cM., Harmpumep, [1], [2]).

3amaun Uid HarpykKeHHbIX IuddepeHanbHbIX YpaBHEHUN H3Yy4eHbI
MHOTMMH MaTeMaTHKamHu (cM., Harpumep, [3] - [12]).

B Hacrosmiedt paborte wucciemyeTcs clenyromias 3anada Jjis Harpy-
»KeHHOTro Tu((HepeHIINaTFHOTO YPABHCHHUS

MyCTh TpeOyeTcss HAWTH HENPEephIBHYI0O B 3aMKHYTOM 001acTu

D={0<x<I,0<t<T} ¢ynxmmo U=u(x,t), YIOBIETBOPAIOMYIO YpaBHE-
HUIO
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augt(,t) 42 0° ;)((X t)+bu(x t)+k21‘d u(x,t)+ f(xt),

O<x<l,0<t<T, (1.1

T'paHUYHBIM YCJIIOBUAM

augt)’t)+au(0,t)_ (), 8u(| t)

+ pu(l,t) =, (), 0<t<T (1.2)

U HayaJIbHOMY YCJIOBHUIO

u(x,0) =e(x), 0<x<I. (1.3)
3mech @, b, d,, k=12,...m, &, B - peiictButensubie uncna, t,,k =1,2,...m -
toukn uHTepBana (0,T], f(Xt), 4 (t), &, (t), ¢(X) - HenpepbiBHBIE (YHKIMN
CBOMX apryMEHTOB.

OpauH U3 aNTOPUTMOB METO/1a PEUICHUS Pa3HOCTHOM 3a/1a4, JUIsl Harpy-
JKEHHOTO MU PEepeHIINATIBHOTO YpaBHEHHUS MapadoInUeCKOro THIA MPEII0KEH
B [11]. Ho uncrnenHas peaqu3aiiusi 3TOro ajiropuT™Ma npeCcTaBisieT OnpeIeicH-
Hble TpyaHocTU. [lo3TOMYy BO3HMKIA HEOOXOAMMOCTH Pa3pabOTKH HOBOIO aj-
rOpUTMa, HE UMEIOIIETO BhIIIE OTMEUEHHOr0 HeJocTaTtka. B 3roii pabote u3-
JI0’KEH HOBBIM aJITOPUTM PEIICHUS PA3HOCTHOM 3aJja4u, COOTBETCTBYIONIEH 3a-
naue (1.1)-(1.3) u uccnenoBaHa CXOAMMOCTh IMOCTPOCHHOW Pa3HOCTHOM 3aja-
YH.

2. Pa3zHocTHAas 3a/1a4a U pelieHne 3Toi 3a1a4u

Pasmenmum  otpesok [0,1]ocu Ox Ttoukamm X,=nh, n=012..,N,
h=1/N, ma N paBHbix uvacred, a ore3ok [0,T] ocu Ot Ttoukamu
t;=j7, j=012,.., j,, 7=T/ ]y, na J, paubIx yacteil. lllar 7 BeIOEpEM TakuM
o6pazom, utobsr Touku f,, k =12,...,m, ObUIH cpean TOUCK t= 17, 1=12,..., J,-
[Tyctst, =t k=12,..,m, t, <t <..< tjm.Onpe;[enHM B obmactu D CETKY
o, = {(Xn ,tj), n=012,.., N, j=012,.., jo} B 3t0ii cerouHoit obnactu @,
3amaue (1.1)-(1. 3) COTIOCTABUM CJICIYIOINIYIO PA3HOCTHYIO 33/1auy:

Yot -yd @ (Vah-2%a Ve Y =2 Vi |,
T 2 h? h?
yr{+l yn Jk i — — i = i —
+hI o +Zc|kyn +fl,n=12..,N-1 j=012,.,j,-1 (2.1)
i+ _ J+l
0 yO yO 2+y0 :;ul(tj +0,5h)'
T j=01...j,-1 (2.2
yj+l y yj+l y
N . N4+ p2N 5 = i, (t; +0,5h),
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y'=¢,n=012..,N. (2.3)

3necy f)= f(xn,tj +057) @, = p(X,).
Ota pasHOCTHas 3agadya anmpokcumupyer 3amady (1.1) - (1.3) ¢
tounocteio O(h? +7), ecmu pemenne ypasrenus (1.1)-pyskmus U = u(Xx,t)
umeer B obmactn D={0<x<I|, 0<t<T} orpaHnucHHBIC YaCTHEIC HPOU3-

BOJIHBIE 10 X J0 4EeTBEPTOro, a B obnactu D, = {O <x<l,0<«t< T} mo t mo

BTOPOTO MOPSAKA, BKIOYUTEIHHO.
B 3T0ii paboTe maeTcst alNropuT™ pereHus 3Toi pa3sHOCTHOH 3a7ayuu, KO-
TOPBIN 3aKITI0YAETCS B CIETYIOIIEM:
W3 rparnyHbIX ycnoBui (2.2) HaumHast ¢ | = 0, mociuenoBaTeabHO MOX-

HO HAUTH yoj+1 u y,{'fl, i=01..j,-1

[Tycth

Yo =viltin), VAT =va(t), 1=012.j, -1 (2.4)

Torma Bmecto 3amaun (2.1)-(2.3) mMoxkHO paccmotpers 3amauy (2.1),
(2.4), (2.3).

[TepenuiieM 5Ty 3a4a4y B MATPUIHOM BHJIE
Ay™ +By' + D,y + D,y +..+ D, y" =F, j=0L..,j, -1 (25)

y' =0, (2.6)
rac
c -b 0 .. 0 0 O
-a €© -b .. 0 0 O
0 -a ¢ 0 0 O
A= a C
0 0 -a ¢t -b
0 0 0 0 -a ¢
€ -b 0 0 0
-a & -b 0 0 O
0 -a &€ 0 0 O
B = a e
0 0 © -a & -b
0 0 0 0 -a &
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—7d, 0 0O .. 0 0 0
0 -zd, 0 .. O 0 0
D, =| .. o |, k=12,..,m,
0 0 0 .. 0 —7d, 0
0 0 0O .. 0 0 —-7d,
Y1j a- (Vl(tj+1) +V1(tj))+7 flj ?
Y 7 f, ?,
y! =  Fl= 9= ,
yrjl—Z TfNj—Z ) Pn-2
Yia a- (Vz (tj+1) +Vv, (tj))"'f fu DN
2 2 2 2
= a Z’ (—::1+a_22-_E, B:a_z’ é:_1+a—f—m. (2.7)
2h h 2 2h h 2

[Mepenuiiem pasHocTHyo 3anauy (2.5) - (2.6) B Buae

Ay' +D,y" +D,y" +..+D_y" =F°-B-¢,

Ay? +By' +D,y" + D,y +..+D_y' =F,

Ay® +By’+D,y" +D,y" +..+ D,y =F?,

(2.8)
Ay’ + By +D,y* + D,y +..+ D,y =F ",
Ay + By + D,y" +D,y” +..+ D,y =F,

Ay? +By*? +D,y* + D,y +..+ D,y =F ™
Marpunia A umeet oOpaTHyro Marpuiy. [loaTomy U3 mepBoro ypaBHe-
Hus B (2.8) MOXHO onpenenuTh Y, U3 BToporo Y2, U T. 1., U3 MOCIEAHEro Yy °
uepes cymmy D,y + D,y +..+D_ yh:
y' =—A(D,y* + D,y +..+D,y" )+ A*(F° - Bp),
y?=A*(BA—E)D,y* + D,y +..+D,y" )-
~A'BA(F°—Bg)+AF?,
y?= A (- (BAY)2 +BA —E)D,y* + D,y +..+ D, y" )+
+ A (BAS(F'-Bp)- A'BAF + AMF?,
y* = A*(BAY)® —(BA™)2 +BAT —E)D,y* + D,y +..+D,y" )-
~A'BAS(F°-Bp)}+ A (BA F = ABAFZ + AF?,
2.9)
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yjm — A—l((_l)im (BA—l)jm—l +(_1)im—l(BA—l)J'm—2 +(_1) im—Z(BA—l)im—S +
+..—(BA)2 +BA" —E)-(D,y* + D,y +..+ D,y )+
+ (=)t A BA )" (FO - Bo)+ (-1) "2 AT (BA )" IR +
+(-D) A BAY) P F2 4~ ATBATTE I 4 ATE
yb = A (=1 % (BA ™)l 4 (<) b H(BA )2 4(~1) P2 (BA) 0 4
+..—(BAY)?+BA'—E)-(D,y* + D,y" +..+ D, y" )+
+ (=D AL BAT) T (FO = Bo)+ (-) PP A (BA) T F +
+ ()PP ATBA ) PR 4~ ATBATTF R 4 ATF R,
BrigenuB u3 3THX paBEHCTB, PAaBEHCTBA MIPU | = |, Jo,eery )1y, TOIYIUM
cHCTeMy M3 M BEKTOPHBIX ypaBHEHHMIl OTHOCHTENBbHO Y, y2 . yIn V3 sroii
CHCTEMBI BEKTOPHBIX ypaBHEHHIl Jlerko MoxxHo Haidtu Dy"+D,y"% +..+D, y™.

I[J'I}I 9TOIr0 JOCTATOYHO CJIOKHUTBH 3THU YpAaBHCHHIA, IMPCABAPUTCIIBHO YMHOXKCH-
Hele cnieBaHa D, D,,ut.n. D,.

[Tycts naiimeno Dyy"™ +D,y* +..+ D, y'". Toraa yuntsiBas 3HayeHue
9TOTO BBIPAKEHHS B MPABBIX YacTAX paBeHCTB (2.9), MOXeM OmpeneauTh
y', y%,..., Y TeM camMbIM HaiiTH pemenne pasHocTHOI 3amaun (2.1)-(2.3).

3. IIpuHIMI MAKCHMYMA H CJIeCTBHS, MOJYyYeHHbIE U3 3TOr0 MPUHIUINA
PaccmoTpum pasHoctHyro 3amauy (2.1)-(2.3) u nepenuinem ee B BUC

yt -yl a? [ Yor =2y YA L YA -2y vl J_

T 2 h? h?

i+ i m ) )
b%_zdky;k =fJ,n=12.,N-1 j=012...j, -1 (3.1)
k=1
y01+1_y01 +ayé+12+yé :/uljl
YJ+f_yi yit oy J=0L...Jo -1 3.2)
N . N +'B N 2 N :ﬂzj,
Yo =@, N=012,..,N, (3.3)

rae u) = (t; +0,5h), 1) = u,(t; +05h).
Teopema 1 (Ilpunumn makcumyma). Ilycte cetouHas QyHKIUA
yl,n=01..,N, j=01..,j,, ynosaersopser 3amade (3.1)-(3.3). IlycTs BEI-

MOJIHAIOTCSA YCIIOBUSA fnj <0 (fnj >0), n=12,..,N -1, ,U1j <0, ,Uzj <0
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(4} >0, ) >0) j=01,..., j,—1. Ecn

d,>0,k=12..,mb+>d, <0 a>0 5>0,
k=1

) (3.4)
.12 2 2h
7<min oA s g (¢
o B 2a°-bh
10 pemenne yJ) 3amaun (3.1)-(3.3), OIMYHOE OT IOCTOSHHOTO, HE MOKET
NPUHUMATh HaHOOJIBIIETO MOJIOKUTEIBHOTO (HAMMEHBIIIETO OTPUIATEIBHOTO)
sHagenus mpu N =012,..,N, j=12,.., j,.

Joxa3zarenbcTBo. JlokakeM mnepByr0 4dacTh Teopemsl. [IycTh fnj <0,
n=12,.. N-1, j=01.., j, -1, n Bemonusiorcs ycnosus (3.4), HO perre-
mue y) samaum (3.1)-(3.3) mpunMMaeT HamboNIbIIEe MONOKHTEILHOE 3HAUE-
Huenpu N=n,, j=i+1 (0<n, <N,0<i<j,-1):

i+l _

yul=_max yl=M>0.

0<n<N,0< <,

ITycts 1< n, <N —1. He ymenbmas o0IIHOCTH, MOKEM CUUTATh, YTO

Yoe > Ynos-
Paccmorpum ypaBaenue (3.1) mpu n=n,, j=1i:
CoYet =y At (Y m 2V Y Yaea = 2Yn T Ve
f, = -—— > + > -
° T 2 h h

i+1

yrt 4y, m , a? 1 a®> b)), a?z .
_bo—ﬂo_ d e — _ i+l +l =+ = i+l i+l
2 kz; Y on? Yot (T h? 2}’”0 ohz Yo

aZ ) 1 a2 b . az . m . m
2y e oy =y Nd yksdb+Yd, M >0,
2h2 yno—l ( r h2 sz”o 2h2 yn0+l Z‘I kyn ( kz; k}

T.C. fni0 > 0, 4TO MPOTHUBOPEUHUT YCIOBHIO fniO <0.

ITycts n, =0. PaccmoTpum nepBoe rpaHudHoe ycinosue B (3.2) npu

j=1i:
i+1

i 1, i _ _
,Ulj:yo Yo L oo +yo:[£+ﬂ)y6+1+(_l+g)yé>
T T 2

T 2 2
> i+ﬂ M + _1+Z M =oM >0,
T 2 T 2
T.e. 4 >0, 4T0 MPOTHBOpPEUnT ycrnosuio i, < 0.

TaxuM sxe 00pa30M MOXHO J0Ka3aThb, YTO PELICHHE Y. HE MOXKET Mpu-
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HHUMaTh HanOOJIBILIEro MOJI0KUTENbHOr0 3HaueHus pu N, = N, ecan w1, <0.

IlepBast yacTh TeopeMbl JloKa3zaHa. AHAJOTHYHBIM 00pa30M MOKHO JO-
Ka3aTh BTOPYIO YaCTh TEOPEMBI.
Teopema 2. [TycTs npaBbie yacTu pa3HOCTHBIX ypaBHeHHi (3.1) u rpa-

HUYHBIX ~yclaoBuit (3.2) ymoBmeTBopsior ycimoBumam f) <0 (f) <0),
n=12,..,N-1 ' <0, u) <0 () >0, u)>0),j=01 .., j,-1. Ecm
y?>0 (y’<0), n=01...,N, u Bemonusorcs ycrnosust (3.4), To yl >0
(y) <0), n=0L..,N, j=0.1,..., j,.
CaencrBue. [lycte Bemonusitorcs ycnosus (3.4). Torma ogHOpomHas
pasHoCTHas 3a7ada, COOTBeTCTBYIOMIas 3aaa4e (3.1)-(3.3) umeeT TOIBKO TpH-
BUanbHOEe pemrenue y) =0,n=01..,N, j=01.., j,.

W3 3T0Tr0 ClieACTBUS CIEAYET, YTO MPH BHIMOJIHEHUH ycioBuil (3.4) cy-
IIECTBYET CAMHCTBEHHOE PELICHHE pasHOCTHOH 3amaun (3.1)-(3.3).

Teopema 3 (Teopema cpasuenus). [Tycts y), n=01...,N, j=0.1,..,
jo- pemenue pasHocTHOH 3amaun (3.1)-(3.3),a ¥, n=01..,N, j=01,..,j,-
pellieHre Pa3HOCTHON 3a/1a4M, mojaydeHHOo# mpu 3amene B (3.1)-(3.3) dynkiuii
flon=1..,N-1 z', u), j=01..,j,-1 u ¢(x,), n=01..,N, coorBerct-
Benno, Ha f), n=1..N-1 f 7}, j=01...,j,-1 u @(x,), n=041..N.
fil<fin=1..,N-1,

Torz[a, cClii BBIINMOJIHAKOTCA yCI10oBUA

i< i
0| <,

w;\s&}; i=01... ;-1 u |o(x,)|<@(x,), n=0L..,N, TO mpu BEI-

<yJ, n=01..N,

TOJNHEHNH YCIIOBUH (3.4) MMEIOT MecTo HepaBeHCTBa |y

j=01..],.
JlokazatenberBo. Ilycts U) =¥/ +yl vi=§/ -yl n=01..N,
j=01,..., j,.Cxnanssas 3anauy (3.1)-(3.3) ¢ 3anaueit oTHOCHTENBEHO Y. M OT-
HumMmas 3agady (3.1)-(3.3) u3 3ama4u OTHOCUTENHHO ‘ynl , IPUXOJUM K CIIEIYIO-
UM  PasHOCTHBIM 3a7a4aM OTHOCHTENbHO GyHkmmi U) m v),
n=01..,N, j=01..,j,:
ult—uyl i(u,{ﬁ —2u)t +ult . ul, —2u) +u/ ]—b uit+ul

T 2

n+l n+l
2

h? h?

Y duk=fi+1), n=12,..,N-1 j=012.., j, -1 (3.5)
k=1
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j+l j j+l j
U, —U +aU0 +Ug

7 2 :ﬁ1j+ﬂlj’ _ _
i S =01 o =4, (36)
ugt—ud LUt U)o
u +p 5 =H; T U,
u=¢ +¢.,n=012..N, (3.7)
vl (o e v el ) ut e
T 2 h? h? 2
~Ndvk=fl-fl,n=12.,N-1 j=012,.,j, -1, (3.8)
k=1
vit vl vty L :
B e e T |
Vit _yl iyl J =06 do =1 (3.9)
: " —+ > = -
V=3 -9, n=012,..N, (3.10)

B cuny ycnoBuii TeopeMsl, mpaBbie yactu ypaBHeHuit (3.5) u (3.8),
rpannunbix ycnoswuii (3.6) u (3.9) u HavanbHbIX yenoBuit (3.7) u (3.10) Heot-

punarenbHbl. [ToaToMy B Cuily TEOpeMbl 2 UMEIOT MECTa HEPABEHCTBA urf >20wm
vl >0,n=04..,N, j=01..,j,, wmm §+y) >0 m §/-y)>0,n=0L..,N, j=0L.., j,,

OTKYZJa CJICAYCT CIPaBCAJIMBOCTL YTBCPKACHUA TCOPCMBI.

4. CxoguMoCThL
Hycte U(X,,t;)- 3nauenune Tounoro pemenus 3anaun (1.1)-(1.3) B y3ne
(X,,t;) cetxu @, y)- pemenue pasmoctHoit 3amaun (3.1)-(3.3). Beemem
BCIIOMOTaTEeIIbHYIO (PYHKITHEO
Zy =Y, —u(x,,t;), n=01..,N, j=01.., j,. (4.1)
OnpeneiuB M3 STOrO PaBEHCTBA Y. M MOJCTABMB MONYy4EHHOE BBIPA-
xenne B (3.1)-(3.3), orHocuTenbHO GyHKIMHE Z) moNydnM 3amady
2" -z} a? [zgfll -2z +70% . z)  —22) +2) ]+ b 2"+ 7]

n+l n
T 2 h? h? 2

+

m . .
+Ydzk +(2 ), n=12.,N-1 j=012...j-1  (42)
k=1
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j+l j j+l j
—-Z YA +7Z
0 0t o2 0

T 2z i=012, s, (4.3)
2"~z 2"+ 7)) j
+ﬂ =TYN»
T 2
2°=0,n=012,..,N, (4.4)
Hcnone3ys popmyny Teitmopa JIerko MOKHO TOKa3aTh, YTO
wl|<L,n=01..,N, j=012.., j, -1, (4.5)

z

_ i
=TV,

rac
L =max(L,,L,,L;),
22u(0,t)
ot?
o u(x,t)
-7 3s
ox* ‘ lép
o2u(l,t)
ot?

, 2max

0<t<T 0<t<T

ot
d°u(x,t)

ot? J
, 2max ou(l.y ]
Tl ot
[Tycth
70 = L& +7)@2 - %), n=04...N, j=01... . (4.6)

rae & >0 - nocrostaroe. OUeBUAHO, YTO QYHKIMSA Z! €CTh HEOTPHIATEbHAS
byakuus. s aTol yHKIIMM TI0CIe AIeMEHTapHBIX MPeoOpa3oBaHU UMEEM:

> j+l i 2 (5j+l 5 j+l T j+ T T 5] 5 j+l 5
z)" -1, a_[zn_l—Zzn +zn+l+zn_l—22n+zn+l)_bz +Z,

: [
L, = —max| max
4

au(0,t) )

1 2
L, =—max| a“ su
212 ( Dp

1
L, =—max| max
4 0<t<T

T 2

h? h2 2

—idkznik =—L&h? + 1)@ —xn)(b+idk).
k=1 k=1

m
[IycTb BBIMIOJIHAETCS YCIIOBUE b+2{dk <-£<0. Torma nns npaBoit
k=1
YaCTH MOCIICAHET0 PABEHCTBA UMEEM:

—L&h? + ) —xn)(b+idk) > LE(? +7)(21 - x, )e
k=1

> Le(? +2)le> L2 +7),
c€Clin
E>1/(le).

C npyroii CTOpOHBI UMEEM:
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=20&IL("W* +7)=L(h* +7)> L7,

' = BEIL(N +7)>L(h%+7) > L7,

€ClIn
E>1Qal) u E21/(B).

Urak, ipy BBINMOJHEHUH YCITOBHI

b+ idk <-£<0, &=max{l/(le), LiQal), LI(BN}, (4.7)

k=1

JTSL CeTOYHOM (QYHKIUH Z,) MMEeM:

i+l 7] 2 (5 i+l | i+ 5 i, 5] Sl | T
Z, —1Z, a_(zn—l _Zzn 7 + Zn—l_zzn 7 ]_bzn +Z;

T 2 h? h? 2
m .
~NdzkeLh’+7)n=12..N-1 j=012,.. jo-1 (4.8)
k=1
S _ 5 it 5
Z; Z; +0!ZO +Z; SLz,
s 2 i=012,. o, (4.9)
FIM_7 35
N N N> Lz,
T 2
70 = L2 +7)20 - x,), n=012,..,N , (4.10)

CpaBuuBas 3a1auy (4.2)-(4.4) ¢ 3agaucii (4.8)-(4.10), B cuiry TeOpeMsI
CpaBHEHHSI UMEECM:

z)|<7), n=0L1..,N, j=012,..,j,,

NIn
Vil —u(xyt)| < LEh2 +7)21, n=04....N, j=01,.... jo. (4.11)

Urak, umeeT MecTo crieayromas
Teopema 4. [Tycts pemenne ypaBaenus (1.1)-byaknus u(x,t) nmeer B

obmactu D = {O <x<l,0<t< T} OTPaHWYEHHBIC YACTHBIC MPOU3BOJHBIE O
TepeMeHHoil X 70 yerBepToro, a B obmactn D, ={0<x <1, 0<t<T} mo me-

peMeHHO t 710 BTOPOTrO MOPSIIKA, BKIFOUUTEIBHO. ECIM BBIMONHSAIOTCS YCIIO-
BUS
u 2h? 1
dk >0,k =1,2,...,m, b+édk S—8<0, Tgm, §2E,
to pemienne 3amaun (3.1)-(3.3) cxoaures k perrenuto 3amxaun (1.1)-(1.3). Ipu
3TOM MMEET MECTO olieHKa (4.11).
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SONLU FORQLOR USULU iLO PARABOLIK TiP XOTTi YUKLONMI$
DIFERENSIAL TONLIiK UCUN BiR MOSOLONIN HOLLI

Z.F. XANKIiSIiYEV
XULASO

Mogqaladas parabolik tip xatti yiiklonmis diferensial tonlik ii¢iin bir masals sonlu forqlor
iisulu ilo todqiq edilib. Sonlu forqlor tisulunu totbiq etmokls iki layli forq mosalasi qurulub,
alimmis forq masalasinin hall alqoritmi verilib vo bu masalonin hallinin ilkin masslonin hallino
yigilmasi todqiq edilib. Forq masalasinin hollinin ilkin masalenin holline yigilmasi iigiin kafi
sortlor tapilib vo yigilma siirati ligiin qiymotlondirmo alinib.

Agar sozlor. Yiiklonmis diferensial tonliklor, sonlu forglor {isulu, maksimum prinsipi,
yigilma.

SOLUTION OF ONE PROBLEM FOR THE PARABOLIC TYPE LINEAR LOADED
DIFFERENTIAL EQUATION BY THE FINITE DIFFERENCE METHOD

Z.F. KHANKISHIYEV

SUMMARY

Solution of one problem for the parabolic type linear loaded differential equation by
the finite difference method was researched in the present paper. After application of the finite
difference method was constructed the two-ply difference problem. The method of solution of
the obtained difference problem was given and convergence of the solution of this problem to
the solution of the stated problem was investigated. The conditions of the convergence of dif-
ference problem to the solution of the stated problem was found and the rate of convergence
was determined.

Key words: loaded differential equations, the finite difference method, maximum
principle, convergence.

Hocmynuna 6 pedaxyuro: 30.05.2017 2.
Hoonucano xk newamu: 28.09.2017 e.
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BAKI UNIVERSITETININ XOBORLORI
Ne2 Fizika-riyaziyyat elmlori seriyast 2017

YAK 517.9

O IOCTATOYHOM YCJIOBHUMU B 3AJIAYAX HA OKCTPEMYM
IPU HAJTUYUU OTPAHUYEHUM

M.A.CAJBIT'OB
bakunckuii I'ocyoapcmeennuiit Ynueepcumem
misreddin08@rambler.ru

B pabome nonyuenvr docmamoutvie yCcio8us IKCMpemyma 0isl He2AaoKUX IKCmpemaib-
HbIX 3a0ay npu Haauyuu ocpanudenuil. Ilonyuennvie pesynvmamol pazeusaiom u 0606waom
HeKomopble pe3yibmamyl, NOJyYeHHble 0I5 3a0ail MaAmemMamuiecKko20 npocpamMmMupoO8aHus &

[11.[2].

KoueBble cioBa: noysipHbIi KOHYC, yenoBue Jlummmna, cyonuneinas QyHkuus.

ITycte X u Y GaHaxoBbI pocTpaHcTBa, @) : X — R cyOnuHeiiHbIe He-
npepeiBHbIe QyHKIMH mpu i€ l={01,...,m}, A:X—>Y JIUHEHHBI Hempe-
PBIBHBII oniepaTop, T 3aMKHYTBIA BBITYKJIBbIA KOHYC, N =T -OTpULIaTEIbHBINA
noJsipHbIid KOHYC KoHyca T (cMm.[3]). [Tomoxum

H={xe X:¢;(x)<0,iel, Ax=0, xe T}.
Jlemma 1. Eciu X u Y GaHaxoBbl poCcTpancTa, @; : X — R cy6uu-
HeWHbIe HempephIBHbIC QYHKIMU TIpH i€ |, A: X — Y JTUHEHHBIA HENPEPHIB-

HBIM orepaTop 1 T 3aMKHYTHIN BBITYKJIBIA KOHYC, TO H 3aMKHYTBHIN BBITYK-
JIBI KOHYC U

H™=cKD Ap, + Ay +X 1A, 20,p,€9¢}(0),i=0L...m x e N,y e Y},
i=0

rne H ={x'eX <x x> <0, Xxe H} oTpulaTeIbHBIA MOJAPHBIA KOHYC,

cl — 3ampIKaHHE OTHOCUTENBHO G(X', X) TOMOJIOTHH.

Joxa3zarenbcTBo. [lokaxkem, 4To H 3aMKHYTBIN BBINMYKJIbIA KOHYC. Eciu
xeH, to umeem, uto AxeH mpu A >0, T.e. H xonyc u Oe H. Ecmu

X,,X, € H, TO ©MeeM, 4TO ¢} (X, +X,) <0, (X,)+ 0} (X,) SO | A(X, +X,)=A(X,)+A(X,)=0.
Tak Kak KOHyC T BBIIYKIIO, TO X, +X,€ T. Torga umeem, uro X, +X,€ H.
ITosToMy H BBINIYKIIBII KOHYC.

Tak kak @ :X — R cyOnuHeiiHbIC HEMpepbIBHBIC (QYHKIUH TpU i€ |,
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A:X —Y JUHEHHBIM HENpEepBIBHBIA Oleparop, T 3aMKHyTO, TO H 3am-
KHYTBIN KOHYC. [103TOMY H 3aMKHYTBII BBITYKJIBINA KOHYC.
ITokaxxem, 91O

H SP=ckD Ap +Ay +x:L, 20, p,edg}(0), X eN,y e Y}
i=0
[Tycts A, >0, p, € 3¢;(0), X" e N, y" e Y*. Tak kak p, € d¢;(0), T0
(P, X)< @}(x) mpu xe X. Tloatomy (p;,X)< ¢}(x) <0 mpu xe H . fcHo, uto
<A*y*,x>:<y*,Ax>:O npu xe H.Ecmu x" e N, 10 <x*,x>SO nmpu xeT.

[ToaTomy <x*,x>S0 npu xe H. Torma <Zkipi+A’“ y’“+x’“,x>s0 npu xe H.

i=0
Tak kak H™ cmabo” 3aMKHYTO, TO OTCIOJIA ClIenyeT, uTo P c H .

Jlokaxxem oOpatHoe BKItOueHHe. IIpenmonoxum mporuBHOE. [lycTh
BKIItoueHue P O H™ He BeimonHserca. Toraa cymiecTByeT BeKTop z' € H™ Ta-
KO, uTo Z" ¢ P . Tak kak P ciab0” 3aMKHYTBIH BBITYKJIbII KOHYC, TO 11O T€O-
peme otnenumoctu (cm.[4], cTp. 126), cymecTByeT BeKTop ze X TaKOM, 4To
<y*,z><<z*,z> npu Yy eP. U3 Bxmrouenus 0eP wmmeem, 4To O<<Z*,z> u

<y",z>£0 npu Yy eP. U3 onpenenenus xkonyca P umeeM, uto ¢ (0) cP.

[ToaTomy <x?’, z> <0 npu X € 99 (0). OTcroaa cieayeT, 9To  max <xi*,z>=(pil(z) <0
Xiedgi(0)

npu iel. U3 ompenenenus P umeem, uro Ay e P mpu y eY . Torma
YTO <A*y*,z>:<y*,Az> =0 nmpu y €Y. Ilooatomy Az=0. I[lo ompenenenuto
N cP. IlosTomy <xz> <0 nmpu x e N. Tak kak T=N", To OTCIO/1a CIIEYET,
yto ze T. Torma umeem, uto ze H. Tak kak z" € H™, To u3 onpeneneaust H-
CIeqyeT, 4YTO <zz> <0. A 3TO HEpPaBEHCTBO IPOTUBOPEUYUT YCIOBHIO
0< <Z z>. Torma umeem, utro H™ =P . JleMma noka3zana.

Tonoxum d,(z) =inffJz—x|:x e H}, S, (") =sup(x, ),

xeH

B'={x"e X":|x

<1}. U3BectHO, uTO d,,(2) = sup{<x* , z> =S, (x)} (cm.[4]).

x‘eB*
O003HaUYNM
= 1 I o, # # m+1 #
V0o X) = ;kia(pi(OHAy +X (Y X)) e R™ XY xN,
%) LY x)eg R™x Y xN,

57



V.0 X) = ;kiacp}(OHA*y* +x (LY, X)) e R™x Y XE,
%) LY LX) e RM XY XE",
rae E"=cl(N-N). Ob6oznauum X, =cl(H —-H").
Jlemma 2. Eciu BeinosiasieTcst yenosue jieMMbl 1 1 V(RTH x Y xN) = X,
(wm V,(R™XY"XE")=X; u V*'(z")=V,'(z") npu z'e B"NH"), 10 cy-

mecTByer uncio L >0 Takoe, uro d,(X) < L(Z‘(pil (), +[Ax|) mpu xeT.
i=0

0:x"eH”
Joxka3areabcTBo. fIcHO, uTo S, (X') = sup<x*, x> = { E :
+ooIX g H

xeH

[TosTomy d,,(z) = sup <xz> Torga umeeM, 4TO
x"eB"NH~

d,(2) =sup{<2kipi +AY +x*,z>:ki >0, p, € 99;(0), ie I,
i=0

x"eN,yeY’, <1}

i?»ipi + Ay +X°
i=0

ITokaxxem, 9TO

Bi»«f;fﬁ’w‘”f{?i |y [+ ]2 =0, pi e 06}(@). i1, x e N,

y'eY,z =Y Ap +AY +x}= sup d(O,V7(2).
i=0 "B NH-
KOHCYHOC YUCJIO.

Jlerko mpoBepsietcs, uto V(A,Y',X") 3aMKHYTBIHA BBITYKJIBIN TTPOIIECC (CM.
[5]). TTo yemosuro V(RT xY*xN)=X; . [To9TOMY M0 J10Ka3aTENLCTBY CIIE/-

crBus 3.3.2[5] cymecrByer yncino y>0 Takoe, 4TO d(O,V’l(Z*))SEHZ*” pu
v

z' e X, .osromy sup d(0,V7*(z")) Sl, T.C. BSE. [Monmoxum L >1.
Z"eB*NH- Y Y Y

Tak kak <x*,z> <0 mpu X € N, To OTCIO/Ia CIIeITyeT, YTO
d, (2) SSup{<zm:kipi +A”y*,z> A, =0,0<2, <L, p, €00 (0),iel,
i=0
||y|| <L y eY}< s.up{i‘ki(pi (2). +<A*y*,z> ‘A, 20,0<A, <L, ||y|| <
i=0

Sy V3L 0. A

npu ze T. JleMma noka3aHa.
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Otmerum, uto ecmt @, =0 mpu iel, AX=Y u ImA Ncl(N-N)={0},
to V*(Zz)=V,*(z") mpu z°e B'NH".
Ecimu dg,(0) ={x;} mpu ie |l u {x;,X,,...,X,,} JIMHEHHO HE3aBUCHUMO,

ViAY X)) = Y AX +AY +X 1 (hy X)) e R™ XY XE",
i=0

AX =Y, Lin{x;,%;,....,x YN (IMA" +cl(N=N))={0} u ImA"Ncl(N-N)={0},
0 V*(z')=V,*(z") mipu z°e B'NH".
ITomoxxum

D={y e Y A, 20,2:7»i =1, p,€9¢:(0), X" e N, Zkipi +A Yy +x" =0}.
i=0 i=0

SIcHO, 4TO AJI1 OTpaHUYEHHOCTH MHOXecTBa D B YY" HE00X0auMO, YTOOBI
m Ay +x =0 mpu y e Y', x e N cnegoBasio, uto A’y =0 u X" =0, T.e.
IMA"N={0}. Ecmm AX=Y, 10 u3 A’y =0 cunenyer, uto Yy =0.
Jlemma 4. Econ A: X — Y JIMHEHHBIN HENpepbIBHBIN onepaTop, AX =Y
u IMA'N(N-=N)={0}, To D orpannueHHOE MHOECTBO.

Jloka3aTeabeTBo. [1o ycnoButo u3 paBenctBa A’y +X =0 npu y e Y7,
x"e N cunenyer,uro Yy =0 u x =0 . [lomoxum

G={(y’,x")e Y'xN:A 20, > A =1p,€03¢;(0), icl, D Ap,+A Yy +x =0}
i=0 i=0
Pacemorpum Q ={(u,,u;,...,1,,) 1, 20,i=01,...,m, Eui =1} u oroOpaxeHue
i=0

Y 1Qx00;(0)x...005 (0) > X', tae WL Xy, X; ..., X)) = D X, SIcHo, uTo
i=0

(y',x)eG TOorga ®  TONbKO Torma, korma (Y',Xx)eY'xXN wu
WL X, Xy X )+ A Y +X7 =0 pu HEKOTOpOM (W, X5, X 4y X ) €
€ Qx0¢;,(0)X...00;, (0).  O6ozmaumm (A", I")(y",x")=A"y +x". Tak kak
(A 1)YT, X)=X", To y otobpakeHust (A',1"): Y xX"— X" cymecTByeT
npaBoe obparHoe oTobpaxkenne M™: X" — Y xX'(cm.[4], 128), ymoBrieTBo-
psrouee yenosusim: (A, 1")eM" =1 . u cymecTByer unucio ¢>0 Takoe, 4TO
“M*(x*)” < c”x“ npu X e X*. Toatomy M"(—y(Q2xd@; (0)x...xd¢: (0))) or-
pannueHo. Tak xkak M":ImMA"+N — Y XN OHEKTHBHOE OTOOpaKECHHE, TO
G c M"(—y(Q2x9¢; (0)x...xd¢., (0))). Torma wmeem, 4ro G OrpaHUYCHHOE
MHOecTBO. [loaTomMy D orpannueHHOE€ MHOXKECTBO. JIemMa Joka3aHa.
O6osnaunm B={xe X:[|x| <3}, B(x,8)={xe X:|x—x,|< 8}
Paccmorpum 3amauy
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f,(x) > min, f,(x)<0, j=12,....m, F(x)=0, xeC, (1)
rae f:B(x,,28) >R, jel, F:B(x,,28) —» Y oneparop, Cc B(x,,20).

OtoOpakenue A: X — Y HazoBeM S—(1,2,1,8,0(2)) JOKaJIbHO JIUILIHUIIE-

BoIM ¢ TocTostHHOM K B TOuke Xe X (cm.[1,2]), ecmu A ymoBieTBOpsieT
YCIIOBHIO
AR +Xx+y)— AX+X) - S(x + )+ SE)| < K| (x] + [y]) + o (x|
oft)
t

lim

. lin =0. Ecmu S(x) =0, To orobpaxkeHue

npu X,ye dB,roe 0:R, - R

A HazoBeM (1,2,1,8,0(2)) JOKaJbHO JUIIIUAIIEBBIM ¢ TOCTOSHHOW K B TOuke X .
Ecnu ¢pynkmus f: X — R ynosaerBopsiet ycnoButo (X +y)—f(X) -

-¢(y) > —K||y||B npu y e 8B, To Qpynxuuto f Hasosem ¢ — (B,8) nokambHo

HIDKHEN MONYIUNIINIEBOM ¢ moctosiHHOM K B Touke X, rae >0.

.ot
Ecnu cymectByer pynkuus o:R, »> R, rae Imﬂ% =0 Ttakas, 4To

fX+y)—f(X) - o(y) > —0(||y||ﬁ) npu ye 8B, To pynkuuio f HazoBem
¢©—(0(B),8) nOKaTBHO HMXKHEW MOJYIUIIIUIEBON B TOUKE X .
Hanee cuurtaem, uro S(0)=0, ¢(0)=0 u 0(0)=0.
Ecimn Cc X BBIIYKIIOE MHOXKECTBO U X, € C, TO IOJIOKUM

1
Te (%) =cll_J=(C-x,).
h>0 h
[Monmoxxum H={xe X:¢;(x)<0,iel, F(x,)x=0, xe T.(X,)},
D={y e Y4, 20,2 A =1 p,€99;(0), X" € Nc(X,), > A,p; + A"y +Xx =0}
i=0 i=0
Jlasee cunTaeM, 4To CyIIEeCTBYET YKo L >0 Takoe, 9To

0,1 0@, +

Teopema 1. Ecnmu X u Y ©OanaxoBsl npoctpanctsa, f,(X,)=0 mnpu

F(x,)zZ]) mpu ze T(x,).

iel,B>2, oynxkumu f,, iel, ymnoBmerBopsror @+ @’ —(B3,8) I0KaIBLHO
HIDKHEMY IOJIJIMIIIIMLIEBY YCIOBUIO ¢ mocTosHHOM K B Touke X,
@; : X > R cyOnuneiinple HempepbiBHbIe GyHKIMHU mpu iel, ¢ : X >R
MOJIOKUTEIbHBIE OJTHOPOAHBIE CTeNeHH 2 (QYHKIUH npu i€ | u ymoBIeTBO-
psrot (1,2,1,0,0(2)) noKaIbHO MMOIIUIEBY YCIOBHIO ¢ ocTosHHON K B TOuke
Hynb, oToOpaxkenune F: X —Y muddepennupyemo no dpeme B TOUKE X,
F(x,)X=Y u F ynosnerBopser F(X,)X+S(x)—(B3,0) noKaabHO JHIIIIHA-
LEBY YCJIOBHIO ¢ NMOCTOssHHOM K B Touke X, S: X — Y IOJIOKUTEIBHBIA OI-

HOPOJIHBIH crernenn 2 oneparop u ymosierBopsieT (1,2,1,8,0(2)) nokambHO
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JIMIIIHKIEBY YCIOBHIO ¢ MOCTOsHHOW K B Touke Hysb, C BBIIYKIOE MHOKE-
CTBO, [)n_aX(pil(x)ZO npu xe T (X,)NKerA u intT.(x,)NKerA=Q, tae
<i<m

Ax=F(x,)x, D Hemycroe OrpaHMYEHHOE MHOXECTBO B Y ' W CYIIECTBYET
quciio o >0 Takoe, 4To

E(h) =supCYho? (1) +(y" (D) 4, 20,34, =1, p, € 9!(0),

X e N.(X,), Y € Y*,i{kipi +A Y +x =0} oc||h||2
i=0

npu he H, To X, - TOYKa CTPOroro JOKaJIbHOr0O MHHHMYMa B 3aja4e (1).

JoxkaszareiabcrBo. Jlomyctum npotuBHoe. Toraa X, He sBISETCS TOY-

KO CTPOTroro JoKaJbHOro MUHHUMyMa ¢yHKnuu f, Ha MHOXKecTBe

P= {XE C:f,(x)<0, j=12,....,m, F(x) = O}. [TosTomy mmst mroboro o >0, rTme
o<8, Haiizercs h#0 rakoe, uro X,+heC, |h[<a, f(x,+h)<f(x,)=0
npu iel, u F(x,+h)=F(x,)=0. Tak xak x,+heC, t0o he T.(X,). Hanee
cuMTaeM, 4to 0<1.

Tlo ycnosuio uMeeM, 9t f, (X, +X) > @ (x) +¢0*(x) ~ K|x|* mpu xe 3B u
ic 1. TlosTomy maxf, (X, +x) Zmax(g;(x) +¢; (x) - K||x||B) npu xe dB.

U3 mepaBencTBa [[F(X, +X)—F'(X,)Xx —S(X) = F(X,)| < K||x||B npu Xe OB
F(xo)h+S(h)| < K||h||[5 . O6osnauuB F(x,)h+S(h) = q, uMeem, 4TO
h[’. Taxkax he T.(x,), F(x,)h+S(h)=q, 10
maxf, (x, +h) Zggi%((pil(h) +@?(h)— K||h||B) >

0<i<m

HMEEM, UTO

ol < K

> inf max(¢* (x) + ¢ (h) — K|h[").

xeTe (Xg), Ax+S(h)-q=0 0<i<m

Paccmorpum 3amauy
max (¢! (x) + 92 (n) —K[h|") —inf,  xeT.(x,), Ax+S(h)-q=0.

0<i<m
[onoxum a, = ¢?(h) - K||h||B, y=S(h)-q, a=(a,.a,,...,a, ). Torma
— 1 1
9y.a)= Il M@0 +a,).
U3 nokasarenbctBa Teopemsl 10 [2] umeem, uro
g(y,a)=__ inf max(g; (x) +a;) =

xeTc (Xg), AX+y=0 0<i<m

= s (Y)Y =suplly ) Yha k20, Y, =1

(y*,M)edg(0,0)
p, € 09;(0), X" € N (X,), Y € Y', D Ap, +X + A’y =0}
i=0

[TosTomy
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a(y,a) =supdly’ S -a) + > 0 (- K[[") 2, 20,3, =1

P, €00}(0), X" € N (X,), Y e Y, Y Ap, +X +A'y =0}
i=0
Taxk xak

maxf, (x, +h) 2 sup{(y",S(h)—q) + ixi (92(h)—K]h[):2, 2 o,ixi =1,
<i<m = =

P, € 99 (0), X € Ne(X,), ¥y € Y', D Ap +X +Ay =0},
i=0
TO

0 sup{(y",S(h) - )+ 3 A, (97 () = K[n[") :A, 20, Y &, =1, p, € 99} (0),
i=0 i=0
X e N.(X,), ¥ € Y*’ixipi +X" + Ay =0}
i=0

Us mepasenctsa f,(x,+h) 2 ¢'(h)+¢’(h)—K|[h[ mnpn icl, umeem
or(h)+¢*(h) - K||h||B <0.Tak kak @’ :X — Y ymosierBopser (1,2.1,5,0(2))
JIOKAJILHO JIMIIIXIIEBY YCIOBHIO ¢ MOCTOsHHOM K B TOUKe Hyllb, TO
‘(pf (X, +X,)— ¢’ (xl)‘ < K[, J(x, |+ %) + ofx.[) mpu x,, x,e8B. Iosromy
gi(h). <

ITo ycoButo F ynoierBopsieT F'(X,)X +S(X)—(B,8) JOKaIbHO JIHIIIN-

9} (- K|h|| < 2K|n|" mpm ie1.

1EeBY ycnoBuIo ¢ nocrossnHon K B Touke X, . ITosTomy
[F(x +X) = F'(X,)x = S(X) = F(x,)| < K||x||B npu Xe 8B . OTcroga uMeeM, uTo
F(xo)h|< K||h||[j +[S(h)| . Tax kax S: X — Y ynoenersopser (1,2,1,8,0(2)) no-

KaJIbHO JIMIIIIUICBY YCJIOBUIO C noctossHHoii K B Touke HYJIb, TO

IS0x, +x,) =S(x)[| < K]x, (%] +[x.[])+ 6(||x1||2) npu x,, X, € 8B . Ionoxus

X, =0, X, =h umeem, uro [F'(x,)h] < 2K|h[".

Tosromy d,,(h) LY, ¢i(h), +
i=0

? , e ¢>4LK . Torma Haii-

F'(xo)h|) < cfh

nytes h,eH n h,e X takue, uro h=h, +h, n |h,|<c|h|*. Ecmn >0,
BBIOpaHo Tak, uto u3 |h|<o cmenyer, uro c|h[<05, 10 |h,|=|h|-|h,|=
>[h|-c[h| 2 05[h| u smaunr |h,|<4dh,| .

SIcHo, 9TO

sup{(y*,S(h)—q>+ixi(cp$<h>— K[h["):2, > o,ixi =1 p; € 99}(0),X" € N¢(x,),
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y e Y, Y A +x + Ay =0z sup{ly’ S(h, +h,))+ 3 A (02 (h, +h,)):
i=0 i=0
A2 O,iki =1, p,€d0;(0), x € N.(X,), Y € Y’“,i‘kipi +X + Ay =0}-
i=0 i=0
—sup{(y",a)+ Y L K[N[" A, 20, 4, =1, p, € 99;(0), X" & N (x,),
i=0 i=0

y e Y*,Zkipi +X + Ay =0}
i=0

Tak kak D orpaHMYeHHOE MHOXKECTBO B Y, TO CyllecTByeT uucio L, >0

TaKoe, 4To “y“g L, ipu y' e D. Vuursisas, uto g < K|h|* u |h]<2]h,|, 1o

supdly". @) + S KIl" 4,20, 30, =1 p,edg}(0), x € Ne(x,). v e Y-,
i=0 i=0

Y hp+x + Ay =0 L[|+ K" <KL ] +K]n[* <2°K@+ L),
i=0

Kpowme toro, umeem, uro

(7806, +%,) =S0¢,))| < |y IS0, +x,) =S(x,)| <
< K]y e ldpeal+ I+ [odbe.

pu X,, X, € 6B . [ToaToMy nosryunm

0=sup{(y",S(h, +h,))+ Y A7 (h, +h,):A, 20, D 4, =1, p; e gj(0),
i=0 i=0

X € N(x,), Y € Y7, Yhp, +x + Ay =0b-supf(y”.a)+ . A KJh[ 13, 20
i=0

i=0

ixi =1,p,€90;(0), x e N.(X,), Y e Y7, ixipi +X + Ay =0}>
i=0 i=0
>sup{((y",S(h,)) = K|y [In.[dh.] + .~y [o(h.[ )+

+ 2 0 (@ () = K] [+ —o(h,[) A, 20, Y2, =1, p, € 99;(0),

—4(L, +DK|h || ~16(L, +DKc?[h,|* 28 K@+ Lo)hy| —Loa(h,]") o) >0
IPU TOCTaTOYHO MajibiM o >0, T.€. MOJy4uM MpoTUBOpeune. Teopema aoka-

3aHa.
Teopema 2. Eciu X u Y 06anaxoBsl npoctpanctsa, f,(X,) =0 npu iel,

¢yakuuu f,, i€ |, ynoBnerBopsiorT ¢; + ¢ —(0(2),8) JTOKaIbHO HIXXHEMY IO-
JTyJUINIIALEBY YCIOBHIO B TOYKe X,, O :X — R cyOmuHeliHble Hempe-
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peiBHBIE GyHKIMH OpH ie |, @ : X — R MONOKUTEIbHBIE OJHOPOAHBIE CTe-
nenn 2 ¢ynkuuu npu i€ | u ygosnerBopsitor (1,2,1,0,0(2)) noKanbHO JHII-
HIMIIEBY YCJIOBUIO ¢ mocTossHHOM K B Touke Hynb, oToOpaxenue F: X — Y

i pepenmpyemo o dpeme B Touke X,, F(X,)X=Y u F ynosnerBopser
F'(X,)X+S(x)—(0(2),8) /OKadbHO JMINIIMIEBY YCIOBHIO B TOYKE X,
S: X — Y MONOXKUTEIbHBII OJAHOPOJIHBINA CTENEHW 2 OIepaTop W yJOBJeE-

tBOpsieT (1,2,1,8,0(2)) JOKaIbHO JMIMIMIEBY YCIOBHIO ¢ MOCTOsHHOW K B
TOYKe HYJIb, C BBINYKIIOE MHOXECTBO, @izg%(@?(x)zo mpu xe T (X,)NKerA u
intT.(x,)NKerA=d, rae Ax=F(x,)X, D Hemycroe orpaHUYCHHOE MHOXeE-
CTBO B Y U CyIIECTBYET UuciO o >0 Takoe, 4To

E(h) =supY. A, () +(y" S() 14, 20,34, =1, p, < 30!(0),

x“eN.(X,), Y € Y’“,zm:kipi +A Y +X =0}> oc||h||2
i=0

npu he H, To X, - TOUKa CTPOTroro JIOKaJIbHOI0 MUHUMYMa B 3a1a4e (1).

Joka3zareabcrBo. [Jonyctum npotuBHoe. Toraa X, HE ABIAETCS TOYKOU
CTPOrOro  JIOKalnbHOrO  MuHEMyMa QyHkuun f, Ha  MHOXecTBe
P= {XG C:f,(x)<0, j=12,...,m, F(x) = O}. [Moaromy mst mobGoro o >0, rme
o<38, Haiinercs h#0 Takoe, uto x,+heC, |jh|<a, f(x,+h)<f(x,)=0
npu  iel, u F(x,+h)=F(x,)=0. Tak kak X,+heC, TO umeem, 4rO
he T(x,;C).

ITo ycnoBuio (X, +X) = @} (X) + @7 (x)—o(||x||z) npu XedB u iel.
Torma  maxf, (x, +X) 2max(¢; (x) + @f (x) - o(||x||2)) npu Xe SB.

13 mepaBeHcTBa ||F(X, +X) — F/(X,)X = S(X) = F(X,)| < 6(||x||2) npu X e 5B
F'(X,)h+S(h)|| < 6(||h||2) . O6o3nauuB F'(x,)h+S(h) =q, umeem,
<a(h]).

Paccmorpum 3amauy
max(¢t(x) + 7 (h)—o(j[) = inf, xeT.(x,), Ax+S(h)—q=0.

0<i<m

HMEEM, UTO

aro |q

Tonoxum a, =g (h)-o(j[), y=S(h)-q, a=(a,a,....a,). Torma
g(y,a) = inf max(;(X) +a,) .
xeTc (Xp), Ax+y=0 0<i<m

W3 nokasarenbctBa Teopemsl 10[2] umeem, uto
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g(y,a)= _ inf max(¢;(X) +a,) =

XeTc (Xg), Ax+y=0 0<i<m
m m

= sup ({y*,y>+i%iai)=sur>{<y*,y>+_ Ad A 20, DA, =1

(y",M)eag(0,0)
p,€ 39'(0), X € Ne(x,).y € Y', Y Ap +X + Ay =0},
i=0

ITosTomy
g(y,a) =sup{{y",S(h) —a)+ Y A, (e () —o(h["):2, 20,3 2, =1

P, € 99}(0), X" € No(Xo), ¥ € Y, Y AP, +X + Ay =0}.
i=0
Taxk xak

maxc, (x, +h) 2sup{(y’, S(h) ~a) + Y4, (02 () —o(hf) A, 20,32, =1

p € 99;(0), X" € No(X;), ¥y € Y', Y Ap, +Xx +Ay =0},

i=0

TO
ozsup{(y*,S(h)—q>+i>»i<<p?(h)—o(||h||2) A, zo,ixi =1 p, € 99}(0),

X e N¢(X,), ¥ € Y*’inpi +X" +Ay =0}

i=0
W13 nepasenctsa f, (xo+h)2(pi1(h)+(pi2(h)—o(||h||2) npu ie |, UMeeM, 4TO
e +ol (M —o(h[)<0. Tax kax | (X, +%,) =9 (x,)| < K|x,|(}x, [+

+||x1||)+0(||x1||2) npu X,,X, € 8B, TO CyIECTBYET 4UCIO o, >0 TaKkoe, 4To

¢i(h). <|of(h)—o(|")
ITo ycoButo F ymoBmerBopsieT F'(X,)X+S(x)—(0(2),8) ITOKaIbHO
JMIIIIMIIEBY YCJIOBHIO ¢ mocTossHHOM K B Touke X,. ITosTtomy
[F(x, +h) = F'(x,)h =S(h) = F(x,)| < 8(|h|") - Torma |F'(x,)h] < 3(|")+|s(h)]-
Tak kak S:X — Y ynosaerBopser (1,2,1,68,0(2)) IOKaIbHO JIUILIUIEBY
YCJIOBHIO C IOCTOSIHHOIM K B TOuKe HyIb, TO CyIIeCTBYeT 4UCciIo o, >0 Ta-

F'(x,)h| < 2K|h[* mpu || <o, . Hostomy, ecmm |h||<min{o,, ;3

<2K|h|* mpu |n

<a,.

KO€, 4TO
10 d, () < LY gl (h). +
i=0

1 h,e X Takue, ato h=h, +h, u |h,|<c|h|". Ecn o> 0 Bri6pano Tak, 4to u3

F(x)h|) < c||h||2, rae ¢>4LK . Torga nainercs h, e H

[h[< e, rae e<min{o, o}, cuenyer, cfh<05, 1o
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.= 0]~ In.[| = In] ~ el > 0.5fn| w srasmr |n,| < cfh, "
SIcHo, uTO

sup{(y*,s<h)—q>+i>»i(<pf () —o(h|) A, zo,ixi =1,p, € 9¢;(0), X" € N (x,),

ye Y*,ikipi +X Ay =0}25up{<y*,3(h1+h2)>+ixi(¢f(hl+h2)) A, 20,
i=0 i=0
> =1 pedgl(0), X e Ne() y' € Y, YAp +x + Ay =0}~
i=0 i=0
_sup{<y"‘,q>+gkio||h||2) ‘A, >0, gki =1, p, €99} (0), x" e N.(X,),
yeY’, zm:kipi +x"+Ay =0}
i=0

Tak kak D orpaHu4eHHOE MHOKECTBO B Y, TO cymiecTByeT yucio L, >0 Ta-

KOE, UTO ||y|| <L, mpu y' e D. YaursiBas, ato |q|<5(h|") u [h]|<2]h,|, o

sup{<y*,q>+zxio(||h||2) 1A, 20,2 A =1 p;edgi(0), X" € Ne(X,), y e Y,
i=0 i=0

Y hp +x" + Ay =0< | +o(h]*) < L,a@h, ") +oa]n,).
i=0
Torma nmeeMm

0=sup{(y",S(h, +h2)>+zn;:ki(pf(hl+h2):ki >0, zr':‘xi =1, p, € 9} (0),

X" e Ng(X,), Y € Y*,gxipi +X +AY :0}—sup{<y*,q>+gxio(”hnz):
> o,ixi =1, p, € 99}(0), X" € N (X,), y' € Y*,ixipi +X + Ay =0}
2 sup{({y" St0)) - Kly oI+ In )~y (500 I")+ 3 o ) -

— K|, |dh.+]h. ) —o(h,[*): A, =0, D Ai=1 Y Ap +X +AYy =0,
i=0 i=0

P € 901(0), X" & Ne(X,), ¥ € Y 3= LB (4fh, ) - o(4fn,[ ) = afjn,|" -
—4(L, +DKdh, | ~16(L, +DKe?[h,[* - Lo, - o@fh,|) -
~L,3(h)-o(h,[") >0
IIPU J0CTAaTOYHO MajibiM o > 0. [lomyunm npotuBopeune. Teopema gokazaHa.

OrmeruM, uTo, eciu QyHKIHH @’ : X — R mpu i€l  ymoBieTBOpSIOT
(1L,2,1,8,0,(2)) JNOKaIBHO JMIIIULEBY YCIOBUIO C MOCTOAHHON K B TOuke HyIb
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u omeparop S: X — Y ymosnerBopser (1,2,1,8,0(2)) JI0KaAbHO JUILIUIEBY
yCJIOBHIO C ocTosiHHON K B Touke Hynb, TO pyHKIMK ¢ Tipu i€ | ¥ onepa-
top S: X — Y ynosnersopstor (1,2,1,6,0(2)) OKaIbHO JIMIIIUIEBY YCIIO-

1
BHUIO ¢ TocTostHHOM K B TOUKE Hyib, TIE 0(2)= ) 0,(2)+0(2).
i=0
ITycts B 3amaue (1) C nmpou3BOIILHOE MHOXKECTBO. SICHO, 4TO, €CIIM 3aMe-
HUTb MHOXECTBO uepe3 MHOkecTBO C(1{X, + 6B}, To TeopeMsl 1 u 2 ocrarorcs
TaKXe BEPHBIMH.
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MOHDUDiIYYOTLi EKSTREMUM MOSOLOSINDO
KAFi SORT HAQQINDA

M.A.SADIQOV
XULASO

Isdo hamar olmayan mohdudiyyatli ekstremum mosalosinin ekstremumu iigiin kafi sort
almmisdir.

Acar sozlar: polyar konus, Lipsis sorti, subxatti funksiya.

ON THE SUFFICIENT CONDITIONS IN THE EXTREMUM
PROBLEM WITH RESTRICTION

M.A.SADYGOV
SUMMARY

In the paper, the sufficient optimality conditions for non-smooth extremal problems
with constraints are obtained.

Key words: polar cone, condition of Lipschitz, sublinear function.
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BAKI UNIiVERSITETININ XOBORLORI
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OJINH METOJ ®PEJAT0JIbMOBOCTH KPAEBOM 3AJAUMN
C HEJIOKAJIbHBIMHY IT'PAHUYHBIMHU YCJIOBUSIMU
JUISI TPEXMEPHOT'O 3JUIMIITUYECKOTO YPABHEHMUS

E.JO.MYCTADAEBA, H.A.AJINEB
bakunckun I'ocyoapcmeennwiii Ynugepcumem
helenmust@rambler.ru, aliyev.nihan@mail.ru

Paboma noceswena paspewtumocmu SpanuyHol 3a0auil ¢ HELOKATbHbIMU KPAeGblMU
VCIOGUSAMU O/l MPEXMEPHO20 TUHENHO20 DIIUNMUYECK020 YpasHeHus. 30ech Kpaegvle YCio6Us.
Haubonee obwue u aunetinvie. CuHzyIApHbIE UHMESPANbl, NOABNAIWUECA 8 HeOOX0OUMBIX Y C-
JI0BUSIX, MHO2OMepHble. Pecynsipuzayus smux CUHSYISPHOCMEN 8 MPEXMEPHOM Cyude npeo-
cmagnsiem onpeoeieHnyio mpyoHocms U npo8OOUMCsL RO HOBOU cxeme, KOmopask 00KA3vleaent
@pedzonbmosocms OAHHOU 3a0ayuU.

KnroueBble cJI0Ba: HEJOKaJbHBIE KpaeBBIC YCIOBUS, TPEXMEPHOE AIUIMITHUECKOE
ypaBHEHHE, HEOOXOJUMBIE YCIIOBHSI, MHOTOMEPHBIH CHHTYJISIPHBIA MHTErpall, CUHTYJISPHOCTB,
peryisipuzanus, GpearoabMOBOCTb.

B pabotax [1]-[3] mbI uccnenoBanu GppearonbMoBOCTh HEKOTOPBIX TPEX-
MEpPHBIX 337a4 C HEJIOKAJIbHBIMH T'PAHUYHBIMH YCIOBUSIMH KaK ISl THUIOBBIX,
TaKk U HETHIOBBIX Au(epeHInaTbHBIX YpaBHEHHH. B oTimume or kiaccuue-
CKHX 3a/1ay HaMH ObUIM M3YyY€Hbl YpaBHEHHUS KaK YETHOIO, TaK U HEUYETHOTO
nopsiaAKkoB. ['paHUYHBIC YCIIOBUS TaKOBBI, YTO BCS T'PAaHUIIA SIBISIETCS HOCHTE-
JIeM TSl KaXKJI0TO TPAaHUYHOTO YCIIOBUSL.

B 1968-70-x rogax Mbl MHTEPECOBAIHMCH HECYIECTBOBAHUEM PEIICHHMA
rpaHUYHBIX 3a1ad. [lociae GombIoi paboThl ¢ IUTEpAaTypor OBUIO ompesesne-
HO, YTO PELICHHE IPAHUYHBIX 33/1a4 MOXKET HE CYIIECTBOBATH IO CIEIYIOIIUM
pUYMHAM:

1) u3-3a ypaBHeHuUs 3a/1a4y;
2) u3-3a TpaHUIIbl 00JIACTH;
3) n3-3a rpaHUYHBIX YCIOBUH 3a7auu.

Kak MbI 3HaeM, OJHUM U3 IJIaBHBIX Pe3yJbTaToOB M0 3aaadam Komm ams
muddepeHIMaTbHBIX YPaBHEHUN B YaCTHBIX MPOU3BOJHBIX SBISETCS Teopema
Komm-KoBanesckoii [4]. Ecau Bce ganHble 3amaun Komm — aHaauTHYeCKHe
(GyHKLINH, TO pelIeHHe ITOM 3a/1a4H ABISACTCA aHATUTHUECKUM.
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WN.I". TlerpoBckuii B 1946 r. Ha ogHON M3 KOH(MEPEHIIUN BBICKA3AJI, «ITO
MOKET OBITh, €CIIM OTKa3aThCs OT AHATUTHUYHOCTH JAaHHBIX». OTBET Ha ATOT
Bonpoc npuHaiexkut H.Levi. Ou B 1957 r. [5] npusen npumep, B KOTOPOM
paccMaTpuBaeTcsi TpEXMEpHOE JTHHEHHOE HEOAHOPOIHOE ypaBHEHUE MEPBOTO
MopsIIKa ¢ aHATUTHYECKUMHU Koddduimentamu, HO ¢ 6eckoHeuHo auddepeH-
LUPYEMOH, HO HE aHAJIUTUYECKOW MPABOU YaCThbIO, € IPUBEACHHOE YpaBHE-
HUE HE MMEET Ja)ke JIOKAIbHOro pelieHus. Jlajgee 3TUM BOMPOCOM 3aHUMAIICS
Xépmangep [6],[7] u 3a 3t paboTsl moayumi B 1962 r. menans Ousnpca.

Yrto kacaercs BTopou mpoosiemsl, A.JIeber 3aHMMacs 3TUM BOTIPOCOM B
1913 r. [8]. On noka3an, uro 3amada J{upuxie s s010Kk0-oq00H0M o06nacTu
He uMmeet pemenus. [Tozxe B 1924 roxy, oH man kimacc 00yacTei, B KOTOPBIX
paccMaTtpuBaeMasi KpaeBas 3ajmava Hepaspernnma [9]. Jlanee, maHHBI BOIPOC
owu1 paccmotpern H. Bunepowm [10], Eroposeim [11], A. HoBpy3oBeiMm [12] u U.
Mawmenoseim [13]. Hakonen, TpeTuid BOpoC, MOCTABJICHHBIN BBIIIE, OBLT pac-
cmotpen A.B. bunamze [11], berepom [15]-[17], A.A. Jle3unnsim [18] u H.A.
AmnmeBsiM [19]. Bee aTu paboThl onmparoTcss Ha HEKOTOPBIE yCIOBH U (32 UC-
kimoueHreM [19]) mocBsieHbl TpaHWUYHBIM 3a7adaM, a B [18] mcciemoBanbl
TOJILKO KpaeBbIe 3a/1a4yM JJISl IMHEHHOTO OOBIKHOBEHHOTO MU depeHaibHo-
ro ypasuenus. B [14], roe paccmarpuBaercst ypaBHeHue Jlamnaca, 3TH yciaoBus
HA3BIBAIOTCS HEOOXOJAUMBIMH U JJOCTaTOYHBIMH. Perynspu3zaiius 3TuX yCciIoBHiA
JaHa TOJBKO B JIBYXMEpPHOM ciyyae. YTBEp)KIEHHUE, UTO peryispu3alus B
TPEXMEPHOM CITy4ae MoJ00Ha TBYMEPHOMY CITy4ar0, HEBEpHO.

Yro kacaercs pabot [15]-[17], To momydeHHBIE HEOOXOIUMBIC JTOKAb-
HBIC YCJIOBHsSI HE MCCIIEOBAHbI, HO TOJIBKO MpEAIoIaraeTcs, 4ro B 3anade u-
puxne (kotopas mansa ypaBHeHui Komm-Pumana HekoppekTHa) naHHas QyHK-
U1 yJIOBJIETBOPSIET HEOOXOIUMBIM YCIIOBUSIM.

Cnenyer oOpaTuTh BHUMaHHE, YTO JUISl JIMHEWHOTO OOBIKHOBEHHOI'O
TuQepeHIMaIbHOr0 ypaBHEHUS 3TH HEOOXOIUMBIE YCIIOBUS SBISIIOTCS 0OBIY-
HBIMU TPAaHUYHBIMU YCJIOBUSMHM, @ JUIsl YPaBHEHUH B YAaCTHBIX MPOM3BOAHBIX
9TH YCJIOBHSI UMEIOT BUJ CUHTYISPHBIX WHTETPATBHBIX YpaBHEHHH. DTH CHH-
TYJSIPHOCTH UMEIOT CIIEHUANbHBIN BUJl U HE PETYNISIPU3YIOTCS, KaK B OOIIEM
ciyuae [20], [21].

Kpome Toro, Ha 0OCHOBE yKa3aHHbBIX HEJIOKAIbHBIX TPAHUYHBIX YCIOBUN U
PETYISIpU30BaHHBIX BBIPAKCHUI, TIOTYyYCHHBIC U3 HEOOXOAUMBIX YCIOBHIA, TIO-
Jy4eHbl JOCTATOYHBIE YCIOBHS sl (pPEeAroJbMOBOCTH IMOCTABIEHHBIX Kpae-
BBIX 3a/1a4 Kak N5l OOBIKHOBEHHBIX JU(QepeHIInaNnbHbIX YpaBHEHHUH, TaK H
JUIsl ypaBHEHUN B YaCTHBIX MMPOU3BOIHBIX.

ITocTanoBka 3agaun
Iycts 0o6macts D c R® orpanuuena u BHIYKJIA B HAIPABIEHUH Xg, TPa-

nuna obnactu I'= D \ D = oD 3amkHyTas noBepxHocTh JlsmyHosa [22]. Tpu
IIOMOIIM OPTOTOHAIBHOTO TIPOEKTHpoBaHUS obOmacth D Ha mimockocTs
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X'= (X, X,) (ee mpoekims - obmacts S = pr,.D = pr,I") rpanuna I genutcs na
nse yactu (nmomynosepxHoctu) I u I, roe I'=T, qu=FluF2, C ypas-
HeHUAMU X, =7, (X'), k=12; x'e S=pr,.D = pr,I.

Wtak, paccMOTpUM CIEAYIOLIYI0O TPAHUYHYIO 3a/1auy AJI TPEXMEPHOTO
AITUNITHYECKOTO YPaBHEHUS C HETOKAIBHBIMU TPAHUYHBIMH YCIIOBUSIMHU:

Iu—zaz (X)+Z (x)au( )+a(x)u(x)— f(x), xe D, (2.1)

2
j=1 X =1

=33t (x)a“(x)mk)(x (X, 7,(x')

s=1] j=1

X3=Vs (X') T = O (X ) (22)

k=12; x'e S,
e a;(x), j=13 a(x), f(x),xeD, of(x),i=13 of(x)ks=12;
X'eS u @ (X'), k=12; xX'e S, - AaHHBIC HENPEPBIBHbIC DYHKIIMN, U HCKOMAst

dbyHKIMSA u(Xx) HempepblBHA B 3aMKHYTOM obmactu D =D U T BmecTe ¢ ua-

CTHBIMHU IIPOMU3BOIHBIMH TIEPBOTO MOPSAAKA U BAXKIbI HENPEPHIBHO TU(epeH-
nupyema B obnactu D.

DyHIAMEHTAJbHOE pellIeHue

Kak n3BecTHO, BO BpeMs HCCIEI0BaHMs PEIICHUH I'paHUYHBIX 3a/ad,
ecnu pyakius ['puHa yxe MOCTpoeHa, MOCTAaBICHHAs 3a/la4a TEM CaMbIM I10JI-
HocThIO pemieHa [23]. Ho dyHmameHTaapHOE pelieHne CBsI3aH0 TOIBKO JIUIIb C
ypaBHEHHEM paccMaTpuBaeMoi 3a1auu [22]. Mbl ucnonb3yem (yHIaMEeHTalb-
Hble pemieHus. /g ypaBHEHHs B YAaCTHBIX IPOM3BOJHBIX C MOCTOSHHBIMHU KO-
s dunmentTamMu QpyHIAMEHTATBLHOE PEIICHHE B OCHOBHOM OMpEIENSIeTCS MPH
nomoInu npeodpazoanust Oypee [22]. Ucxons u3 storo, bumaaze A.B. Ha on-
HOM M3 ceMuHapoB Mucrturyra um. CreknoBa PAH 3asBwii, yTo «pa3sHOCTH
IBYX ()yHIAMEHTAJIbHBIX PELIEHUH OJTHOTO U TOTO € YPABHEHUS SABISIETCS pe-
T'YJSIPHBIM PELICHUEM OJHOPOJIHOTO ypaBHeHHs». B [24] nmpumenstorcs ¢yH-
JAMEHTaJIbHbIE (TI0 PA3JIMYHBIM HAIpPaBICHUAM) PEIICHUs, pa3HOCTb KOTOPBIX
HE SIBJISIETCSI PETYJISIPHBIM pelieHueM ypaBHeHus: Komm-Pumana [25].

@dyHaMeHTaIbHOE pellleHue, NOIYyYeHHOE IPU TIOMOIIH ITpeodpa3oBa-
HUsT Dypbe, MOXKET Ha3bIBATHCS DYHOAMEHMATbHLIM pPeueHUemM No HOPMAlb-
HOMY HANpAaeIeHuro.

Msl 31€ch OyneM MpUMEHATh (pyHIaMEHTaIbHOE PelIeHHE TPEXMEPHO-
ro ypaBHenus Jlamnaca, nannoe B [22], Buga

1
U(X—f):—m , (3.1)
rac
x= &= (6~ &)+ (%~ &) + (%~ &) (3.2)
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OcHOBHbBIE COOTHOIICHH S
DOTH COOTHOIIEHUS MONTyYaroTcs U3 ypaBHeHus (2.1) u pyHIaMeHTab-
Horo pemenus (3.1). IlepBoe U3 3TUX COOTHOWIEHMH €CTh BTOpas (opmyina
['punHa, a ocTtanmbHble U3 HUX — aHAJOTH ATOW (POPMYJIBI ISl YACTHBIX MPOU3-
BOJ/IHBIX, MOJTYYCHHBIE TOJIHKO aBTOpaMH. UTOOBI MONYYUTH IEPBOE OCHOBHOE
COOTHOIIIEHUE, MBI YMHOXaeM ypaBHeHue (2.1) Ha (3.1) u unTerpupyem mo o0-
mactu D, T.e.

(Iu,U) = ZJMU(X E)dx +

j=1pD

+2J (0=~ U(X) (X—f)dX+_[a(x)u(x)U(x_§)dx:

_]_D

= j f (XU (X — &E)dx.
D
[Tpumenss Gpopmyiry OCTporpa/:[cxoro-Faycca, MBI UMEEM:

J’ (X) _é:)dx _

= | [?u (x—=&) —u(x)au(a+_§)}cos(v

r i

dx +

+Juo) oS, =13

rae V, - BHEIIHssS HopMaib K rpanuie ' B Touke X e I'. VuurhsiBas, uro [12]
AU(x=&)=6(x-2),
MBI II0JIy4aeM CIEAYIOLIEe IIEPBOE OCHOBHOE COOTHOILICHHE:

ol ou(¥) N U(x=4) |,
ﬂa U(x-8)-u(n L E=2) ]dx

—i_[a (x) 2 “(X) (x—5)dx—ja(x)u(x)U(x—§)dx+

i1

u($), ¢eDb,
+'D[f(x)U(x—§)dx: %u(g),ger. (4.1)

TakuMm 00pa3oM, HAMU YCTAHOBJICHA CIICTYIOIIAS
Teopema 4.1. ITycmuv o6racms D < R® ¢ epanuyeii Jlanynosa T ozpa-

HUYeHa U 6bINYKNA 6 Hanpasienuu X, , u a;(X), ] :1,_3,a(x) u f(x) oannvie

Henpepuignvie Gynryuu. Toeoa ons ypasnenus (2.1) evinonnsiemes nepsoe oc-
HosHoe coomnoutenue (4.1).
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Tenepb AJId TTIOJIYUYCHUS OCTAaJIbHBIX OCHOBHBIX COOTHOIIICHUM MBI YM-
U (x=¢)
d

n

HOkKaeM ypaBHeHue (2.1) Ha , Tae n =1T’>, Y UHTETPUPYEM IO 00-

mactu D | T.e.

(Iu ,BU(x é‘)) zjazu(x)8U(x g)dx+

=i oK ox,

+Zf ()au(x)aU(x f)dx+Ja(x)u(x) (X M=) gy

Ms1 npumenum popmyy OCTpOl"paI[CKOFO l'aycca Tak, 4TOOBI 1MOJ 3HAKOM
WMHTETpajla MO TpaHUIEe HE ObUIO NPOM3BOAHBIX Kak OT U(X) , TaK U OT

U (x—¢&) Ooee BBICOKOTO MOPSKA, YEM MEPBBIN, U MO 3HAKOM WHTErpaja 1o

obmacti D He ObUIO BBIIIE , YeM BTOPOU MOPSAOK. Toraa st OCTalbHBIX OC-
HOBHBIX COOTHOIIEHUH Mbl UMEEM CIEAYIOIIUNA BU/L:

3 ¢l du(x) oU (x=&)  au(x) oU (x = &)
Z’J 0X; oX " oX oX.

i=lr n n i

ijau(x) oU (x — g)cos(vx, n)dx+z.[a (X)au(x) aU(x g)dx+

j=lr J i=lp J Xn

+ja(x)u(x)au+x‘§)dx—j f(x)aug;x_‘f)dx -

n D n

cos(v,, X;)dx —

8U(é‘),§e D,

_) 9% (4.2)

LoU(e) ecr nois
2 9
Ntak, HaMH ycTaHOBJIEHA

Teopema 4.2. Ilpu evinonnenuu ycnosuti meopemst 4.1 0na pewenus
ypasnenus (2.1) evinoansiomes émopoie ocnosnvle coomuouterus (4.2).

Heo0xoaumple yca10Bus
3ameTuM enie pa3, YTO OCHOBHbIE cooTHomIeHus (4.1) monyvarorcs u3
BTOpOH (popmynbl ['puHa, a cooTHOMIeHHS (4.2) TPUHAICKAT HAM.
Bropsie BeipaskeHUs1 U3 OCHOBHBIX COOTHOIICHWM (4.1) u (4.2), cBs3aH-
Hble ¢ Tpanuieil [, sBisiroTcs Heobxooumbimu ycrogusimu. VIX 9ucio MOXeT
OBITh YBEIMYEHO HACTOJHKO, HACKOJIBKO BO3MOXKHO, HO YCIIOBHS, MTOJIyY€HHBIC
u3 (4.1) u (4.2), ABIAIOTCS MOCTAaTOYHBIMH JUIs JanbHeiero. OTMeTUM, 9To
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HeoOxoaumbie yciaoBusi (4.1) u (4.2) nuHEHHO HE3aBHCHMBI, T.C. MOJy4YeHA
MOJTHAs CUCTEMA JIMHEHHO HEe3aBUCUMBIX HEOOXOJMMBIX YCIOBUH.
K ToMy ke HeoOXoaMMBbIe YCIIOBHS, TIOJydeHHBIC U3 (4.1), peryspHsie,
a yCJIOBHSI, ITOJIy4€HHBbIE U3 (4.2), conepKaT CUHTYIISIPHbIE UHTErPaJIbl.
[IpencraBuM 3TH yCIOBUS:

u(g % (&) =
L] (oue, —6i) | cos(vy X iy’
275,-2_1‘{ -ﬂ OX; =00 x—¢] Lx & cos(vx,x3) e
au(x) —&) |  cos(v,,X;) dx
+-![ X, = gheun ) x—¢| ]|x &f cos(v,, ;) |57 }Jr
Zﬁj[Za (x) u(x )+a(x)u(x))| —gle @ T
1 dx
*oed (O glener G
rae v, - BHewHss HopManb Kk I, k=12; '€ S,
au(s)
ag &= Yk(f)
_i J- 8u(x)x —&, , 9u(x) X; =& cos(v,, X;) .
2n <! oo x=¢ o ox, [x=¢ |x—§|2 cos(v,, X,) | £ (&)
_Jl:aU(X) X, — &, +au(x) X; =& ] cos(v,, X e bs
! x—¢] |x gl x-& cos(vx,x3) EE
ou(x) X; =& cos(v,, x,) dx
,El"s[mz{ | |x—§|3 CoS(V,, Xs) [ET7r(2 -
1 3 a —
EJ ,l u(X)X j . mg)dx+ J‘a(x)u(x)ﬁ £y (e AX =
J () YR (5.2)

roe k=12; n=1,_3,.fe S.
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Bosee TouHoe onpeneneHue CHHIYIAPHOCTH
Heo6xoaumeie ycioBus, moxydeHHbie u3 (5.1), MOryT ObITH IpeacTaBie-
HBI B BUJIE:

U&7 (€)= k1J|“(X)2°°S(VX'X D A, (6

X3 =7} (X")
CoS(V,, X3) |&=x (Y

rae k=1,2;'e S u MHOroTOUHE 0003HAYACT CYMMY WIEHOB, KOTOPhIE HE CO-
nepxkat cunryssipuoctd. Kax Bugao u3 (6.1), npu x — & Bekrop X—¢ mo-

najJaeT Ha IUIOCKOCTh, KacaTelbHYI0 K moBepxHoctd I, 1 =12, B Touke X u

v, =V, , T.e. V, - BHELIHAsA HOpMallb, IIpoBeicHHas K I; B Touke X. IloaTomy

OHH OpPTOTOHAIBHBI U COS(V;,X —&) mpeBpaiaeTcss B HOIb HPH IPEICTHHOM
nepexone X — &, T.€. CUHTYJISIpHBIE WIEHBI OTCYTCTBYIOT B (6.1).
[lepeiinem k popmyne (5.2) u mpeacTaBUM €€ B BUJIE:

ou(s)

ag &=n (¢
1
rad u(x),h, (x',
1
- (grad u(x),h n(x',f')*_ X'+
2z 5 |x ¢’ i B (6.2)

k=12;n=13,&€ S,
e k=12:n=13; &'e S, Bexroper h (X,&), m=12, umerot Bux:

COS(Vis %a) 1o sy COS(X=E,X,) O
Non (X,0) = cos(vmx,x3)(x °) COS(Vy X3) e

0 0 _
u V., Vo OpPT-BEKTOPEI 110 HAIIpABJICHUAM V,, U V,, , IPOBCACHHBIM B TOY-

ke Xxe I, (x—&)©@ - opr-BexTop mo Hanpasnenmio (X — &), MHOroToume 060-

3HAYACT CYMMY PETYJSPHBIX CIIaracMbiX.

JIerko BUETH, 4TO MIEpPBOE ciaaraeMoe npu k=1 u BTOpoe craraemoe
npu K=2 B (6.2) — CHHT'YJISIPHBIE HHTETPAJIBI.

YuuteiBasi, 4To

K=&+ (1 (X) = 1 (£))? =
:|x'—§'|2 1+ i(%) cos®(x'=¢", X, ) +O(|x'=&) ‘5':)('

m

k=1,2,

U IpUHUMasi 0003HAYCHHS
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P(x.&") =1+ Z(%J cos® (X&', X, ) + O(X=&7),

MBI MOXKEM 3a0ucaTh O k =1,2

u()
g

(grad U(X)| ¢, =y, (xy M (X $)
_”'£|X'_§'|2 Pk(xl’gl)‘g':x'

3aMeTHM, 4TO PAJOM C CHHTYISIPHOCTBIO ———— B TOJIBIHTEIPAIILHOM BhIpa-
x'=¢1
xeHnu B (6.3) Haxomarest GpyHkumu or X'=(X;, X,) . Takum oOpa3zom, HaMH J10-
Ka3aHa
Teopema 6.1. IIpu evinoasnenuu yciosuti meopemol 4.1 neoboxooumvie

yenosus (6.1) pecynspuul, a neobxooumsie yenosus (6.3) cooepocam cuneynsp-
Hble UHMESPAbL.

&= (&) =

.dx'
xa=7c(x) |é=x
&= 7:(6))
...

(6.3)

Peryasipuzanusi CHHIyJIApHOCTEH
YuuteiBass 0003HaUCHHS

grad U(X) X3=7 (X')? hkn (X g) X3=7c(x) | &=x' 3
&= (&) (m) [yt aU(X)
vz ZHkn (X ) Xs=7i (X') ?
PO &) er o,
MBI ipeicTaBisieM (6.3) B BI/I,I[C
au(s) Ha (x') u(x) .
85 &=n (&) 2_[ |Xk. §,|2 X3:7k(X')dX +... (71)
n T m=1 S _

k=12, n=13¢&%€S.
Jlanee paccMOTPUM CJIEIYIONIYIO TUHEHHYIO KOMOMHALIUIO BBIPAyKEHHH
(7.1) c HensBecTHBIMHU KOA(DDUITHCHTAMHU ,B(k)(x'), p=12;n=13 k=12, .e.

T3 (e 2Ue)

kel nel aé: &=r(&) —
I X au X .
= Y Bl )EJ o ( ) u(x) T
7T k=1 n=1 1 X,
1 2 1 N m) 7oy OU(X '
T ot .[ (k)(f) ( )(X) ( ) X3=yk(x.)dx +..=

ls| §| mn—l
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dx'+..., (7.2)

X3=7 (X")

CRg au(x)

BRIEME(

27[ |X I|2 ém%l Xm
p=12,&€S.

YuuTeiBas rpaHUYHbIE YCI0BUS (2.2), Hen3BeCTHBIE KOAD(PHUITUEHTHI ﬂé‘;)(x')

OTIPENIETISIOTCS CIICTYIOITUM 00pa3oM:
3
D BRXIH (x') = ol (x), (7.3)
n=1

rae p=12;m =]:’>; k=12x'eS.
Koaddunmentsr cuctemsl onuu u te xe 11 p=1, 2. [losTomy npearmo-
JaraeTcs , YTO UMEIOTCS CIEAYIOIINe OTPaHHYEHUS:
(l)(x ) H (1)(X ) H (1)(X-)
A(X)=HP(X) HZ(x) HZX)=#0, (7.4)
HP(X) HIKX) HI ()
roe k=1,2; x'e S.
3arem u3 cuctemsl (7.3) moxydnm ﬂg;)(x'), pk=12s=13 xS, ¢
nomoinbio popmyn Kamepa emMHCTBEHHBIM 00pa3oM.
YuuThiBass BBIPAXKCHUS JIJIS ﬂg)(x'), p,k=12;s =13, xe€S, B npa-

BOil yactu (7.2) Ha ocHoOBe (7.3), MOJly4UM NEPBBIE ClIaraéMble U3 JIEBOM YacTH
rpaHuYHBIX yciaoBui (2.2). Toraa 3t crmaraembie MOTYT OBITH 3aMEHEHBI BbI-

2
paxerma @, (X') = Y ot (X )u(X', 75 (X)), k=12.

s=1

B pesynbrare mepBblil CUHTYJISAPHBIN WHTETpall, MOy4YeHHBIA u3 (7.2),
HE COJCPXKHMT HEM3BECTHOW (PYHKIIMU U CYIIECTBYeT B cMbicie Koiu, wim B
CMBICJIC TTIAaBHOTO 3HaUeHus. Eciy mpearnonoxurs , 9to

. (x)eCY(S); ¢, (x)=0, k=12;x'€dS . (7.5)

TO BBINICYKA3aHHBIH MHTETPAJ CyHIECTBYET B OOBIYHOM CMBICTE, T.€. KaK He-
COOCTBEHHBIN MHTErpai. UTo KacaeTcs ciaraeMbIX, COJEpKAIUX HEU3BECTHBIE
u(x',7,(x")) m u(x',7,(x')) mox 3HaKOM CHHTYJSIPHOTO MHTErpaja, Mbl HOIY-
YaeM pEryJisipHbIC CllaracMble, TPUHUMAs BO BHHUMAHHUE PETYJSPHOE HEOOXO-
nuMoe ycioBue (5.1) 1 MeHsIs TOPSIIOK MHTETPUPOBAHMS.

Nrak, Hamu 1oKa3zaHa cieayronas

Teopema 7.1. Ilpu svinoanenuu ycnosuti meopemot 4.1, ycnosuii (7.4) u
(7.5) u npu ycrosuu, umo epanuunvie yciosus (2.2) auneino nezasucumvle u

a(ﬁ)(x') ona k=12;s=12; j=1,3,Xe S , npunaonexcam HeKomopomy Kiaccy

T'énvoepa ¢ nonoscumenvHoll cmeneHvio u aks)(x ) k=12;s=12;x'eS,
HenpepwvisHble QYHKYULU, Mbl NOYYaem pe2ynaphvie coomuouenus uz (71.2) .
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DpearoIbMoOBOCTh
Bo3sBpaiasce Kk rpaHHYHOMY YCTIOBHIO (2.2) ¥ yYUTHIBasI, 4YTO

u(x', 7, (x')) _ ou(x) ot du(x) ) 9y, (X )’ @.1)
X, ox, M7 ox, T ox,
p=12;s=12; xS,
TIOJTy4aeM:
: n| U(X', 7 (X)) du(x) dy,(x')
(s) X s _ LA Sl A VR
Z:;,akl ( )|: ox, ox, e T gy
2 o U(X', 7. (X)) du(x) 9y, (X')
(s) s _ S
+Zfak2 (x )|: ox, ox, 10T gy +
2y, ou(Xx 2, , . .
30 B L+ Pl (XK, () = (X,
s=1 3 s=1
k=12; x'e S,
NIn

Xa=7s (X) Dy (XI) -

i[aé?(x')—iaéﬁ(x')875(“]3”(”

s=1 m=1 axm 8X3
_ i[ia&)(x')wﬁ_ OZIES)(X')U(X',YS(X'))], (82)
o ' k=12; x'eS.

Ecnu BemomHseTcs PaBE€HCTBO

1 2 1 a 2 1 a
a9 (x)-Y ()2 o@D Y o (x) L2
m=1 ax m=1 ax

) 8};“ 5 a}/’“ =0, (8.3)
o (X) = Y o ()25 o5y = D o) (x') 72
m=1 aXm m=1 aXm
au(x)
TO U3 CUCTEMHI (8.2) MBI ompeiensieM TPOU3BOIHBIC o eento "
X3 37/1
au(x) y e
Tox ) Kak JuHeiHble QyHKuuu HemsBecTHIX U(X', 7,(X")),
3
au(x', 7. (x' au(x', 7, (x'
G ACO TG ACS N
o, ox,

Haxonen, moncTaBiisisi B peryisipHblE BBIPAKCHUS, MOJYYCHHBIC W3
(7.2), Beipakenus (8.1) u BbIpakeHUSs, MOTY4YeHHBIE U3 (8.2), MBI TIOTydaeM
JIBa JIMHEHHBIX HHTErpo-auddepeHnnanbHbIX ypaBHEHHs TIEPBOTO IOPSIKA
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OTHOCHTENBHO Hem3BecTHBIX U(X', 7 (X')), S=12;X'e S, saapa KOTOPHIX HE CO-

JIepKaT CUHTYJISIPHOCTEH.

TakuM oOpa3om, HaMU JI0Ka3aHa
Teopema 8.1. Ilpu svinonnenuu ycrosuit meopemot 1.1 u ycrosus (8.3)

oannas 3a0aua (2.1)-(2.2) ¢peozorvmosa.

3ameuanue. [locine TOro kKak TpaHUYHBIE 3HAYEHUS HEU3BECTHOMU

(GYHKIINY ¥ UX TIEpBbIC TIPOU3BOIHBIC OMPE/IEIICHBI, PEIICHNE TPAHUYHON 3a/1a-
YU MMOJTYYaeTCsl U3 CUCTEMBI YETHIPEX WHTETPATbHBIX YPABHCHHH, MTOJTYYCHHBIX
13 OCHOBHBIX cooTHomeHut (4.1) u (4.2).

10.
11.

12.

13.

14,

15.

16.

17.
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QEYRIi-LOKAL SORHOD SORTLI UCOLCULU ELLIPTIiK TONLIiYiNIN
FREDHOLMLUGUN BiR HOLLI

Y.Y.MUSTAFAYEVA, N.A.OLIiYEV
XULASO

Is geyri-lokal sarhad sorli tigolcili elliptik tonliyinin Fredholmlugunun bir iisulunun
Oyronilmasina hosr olunmugdur. Burada sarhad sortlori mumi vo xattidirlor. Bundan olava,
zoruri sortlordo olan sinqulyar integrallar ¢oxdlgulidir. Ona gore do bu sinqulyarliglarin
requlyarizasiyasi bir6l¢iilii sinqulyar inteqrallar requlyarizasiyasindan daha ¢atindir.

Acar sozlar: geyri-lokal sarhod sortlor, elliptik tonlik, coxdlcult sinqulyar integral,
zoruri sort, requlyarizasiya, Fredholmlug.

ONE THE METHOD OF FRED HOLMNESS OF THREE-DIMENSIONAL ELLIPTIC
EQUATION WITH NONLOCAL BOUNDARY CONDITIONS

Y.Y.MUSTAFAYEVA, N.A ALIYEV
SUMMARY

The work is devoted to the study of the solutions of the boundary problem with non-
local boundary condition for the three-dimensional linear elliptic equation. Here, the boundary
conditions are the most common and linear. Further, we note that the singular integrals appear-
ing in the necessary conditions are multi-dimensional. Therefore, the regularization of these
singularities is incomparably more difficult than the regularization of one-dimensional singular
integrals.

Key words: non-local boundary conditions, elliptic equation, multi-dimensional singu-
lar integral in the necessary conditions, regularization, Fredholm property.

Hocmynuna 6 pedakyuro: 14.06.2017 2.
Hoonucano xk newamu: 28.09.2017 .
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KOSPPUIIMEHTHASA OBPATHAS 3A/TAYA THUIIA YIIPABJIEHUA
JJIAA HAPABOJIMYECKOI'O YPABHEHUA
C JOHOJHUTEJBbHbBIM UHTEI'PAJIBHBIM YCJIOBUEM

B.M.I'ABUBOB
Jenkopanckuii I'ocyoapcmeennutii Ynueepcumem
vahab.hebibov@ mail.ru

Pacemampueaemest onmumusayuoHHas ROCMAHOBKA KOIPGuyueHmHol obpamuol 3a-
0auu 051 NapaboaU4ecKo2o ypagHenus ¢ OONOIHUMENbHbIM UHMESPATbHbIM Yeaoguem. Hccne-
008aHbL BONPOCHL KOPPEKMHOCU NOCMAHOBKU 3a0adu, 00KA3aHa ougdepenyupyemocms ye-
1e6020 PYyHKYUOHANA, HalideHa @opmyna 0N e20 2paduenma U YCMAHOBIEHO HeobX0oumoe
VCI08UE ONMUMATLHOCHIU.

KiroueBble cjoBa: oOparHas 3amada, HapaOOJIMYeCKOe ypaBHEHHE, JONOJIHUTEIBHOE
HHTETPAIbHOE YCIOBHE

OOparHble 3amaun sl YpaBHEHUH C YaCTHBIMHU MPOU3BOAHBIMH MOTYT
OBITH MOCTABIICHBI KaK 33/1a4l ONTHUMAJIBLHOTO YIPABICHUS COOTBETCTBYIOIIH-
Mu cuctemMaMmu. [Ipu sTom yrpasistomue GyHKIHH OOBIYHO BXOMAT B KOA(-
GUIMEHTHl ypaBHEHUN COCTOSHUS WJIM TPaHUYHBIC YCIOBHS s HUX. DTH
(GYHKIIMH TOJDKHBI OBITH ONIPENeNICHbl TAKUM 00pa3oM, YTOOBI yIOBIETBOPHUTH
KpuTepusM KadecTBa. OOBIYHO KPHUTEPHS KauecTBA COCTABIISIOTCS HA OCHOBE
JIOTIOJTHUTEIBHBIX WH(POPMAMKA M WX HA3bIBAIOT (YHKIIMOHAJIAMH HEBSI3KH,
WM 1IeJIeBBIMU (DYHKITMOHATIAMH.

OmHUM W3 OCHOBHBIX THUIIOB OOpaTHBIX 3ajad s YpaBHEHUH C 4YacCT-
HBIMH TIPOU3BOJHBIMU SIBJISIFOTCS 3a/1a4¥, B KOTOPBIX MOJJIEKAT BOCCTAHOB-
JeHn0 K03(pGUIIMEHTHl ypaBHEHUN MO HEKOTOPOW TOMOJHUTEIHLHON WHGOP-
Maruu. Takue 3a1a4 Ha3bIBAIOTCS KOA(DPUIIMEHTHBIME OOPATHBIMU 33/la4aMU
JUTSL yPAaBHEHUH C YaCTHBIMU TIPOM3BOTHBIMHU.

Nnes ucnonb30BaHUsS METOAOB TEOPUH ONTHUMAIBHOTO YIPABICHUS IS
peteHust oOpaTHBIX 3a/1a4 npenioxkena B padore A.H.Tuxonosa [1]. B pa6o-
tax [2]-[7] u ap. oOpaTHbIe 3a1aun 00 onpeaeaeHUN KO3PPHUIUEHTOB COOTBET-
CTBYIOIIMX YPaBHEHHH C YaCTHBIMH IPOM3BOIHBIMU CBOJIMIIMCH K 3a7adaM OIl-
TUMU3ALUU 7Sl 9TUX YPAaBHEHUH C yIpaBICHUSIMHU B KOOPPUIIUEHTAX, T.€. UC-
CJICIOBAJIMCh ONTUMHU3AIMOHHBIC TOCTAHOBKH Kod(duiimeHTax oOpaTHBIX 3a-

80



nad. Bo MHOTHX 3THX paboTax ajis onpeaeseHuss Kod()PUImeHToB ypaBHEHUN
UCTIOJIb3YeTCs JIOKAIbHbIE JOMOJHUTENbHbIE yCI0BUsA. ONTHMHU3ALMOHHbIE TI0-
CTAHOBKH KO3 (UIIMEHTHBIX OOpaTHBIX 3a/ad C JOMOJHHUTEIbHBIMH  HEJO-
KaJbHBIMH YCJIOBUSIMU MaJIO U3Y4EHBI.

B nanHO# paboTe paccMaTpuBaeTCsl ONTHMH3AIMOHHAS MOCTaHOBKA KO-
3 PUIMEeHTHON 00paTHOM 3a1aun A MapaboIUYecKOro ypaBHEHHS C JIOTIOJ-
HUTEIBHBIM HHTETPAIBHBIM YCIIOBHEM. VcciaemoBaHbl BOIPOCH KOPPEKTHOCTH
NOCTAaHOBKHM 3a7auu. Jlokazana quddepeHpyeMocTs 1eeBoro (pyHKIHoHaua
U HalineHa opMya Ui ero rpajueHTa. Y CTaHOBICHO HEOOX0IMMOE YCIIOBUE
ONTUMAIIBHOCTH.

ITocTaHoBKAa 3agaun

[TycTh TpeOyeTcss MUHUMH3UPOBATh () YHKIIMOHAT
2

J(v):]'u(ﬁ,t;v)—jK(x,t)u(x,t;v)dx dt 1)

Ha pemeHusx U(X,t) =u(x,t;v) kpaeBoii 3agaun
u, — (k(x,t)u, ) +q(x,t)u = f(x,t),

(x,t)e Q, ={(x,1):0<x</,0<t<T}, (2)
ul_, = o(x), 0<x</, (3)
Uyp =W, =0 0<tsT (4)

COOTBETCTBYIOIIUX BCEM JOMYyCTHMBIM ympaBieHusM v(X,t) = (k(x,t),q(x,t))
U3 MHOXECTBA

V={u(xt)=(k(xt),q(x1)e E=W.(Q)xL.(Q):
0<v <k(x,t) < ik, (%0 < |k (x,1)| < 1,02 0 S Q%) S G~ ngaa - Q } )
Bmeck [ T>0u2v>0,u,>00,2q,>0- 3agannsie ancna, K(xt),f(xt),e(x)- 3a-
JaHHbIE QYHKITUU, YIOBJICTBOPSIONINE YCIOBUSIM
K(x,t)e L. (Q).JK(x.b)| € gy —nena-Q, iy =const >0, f (x,t) € L,(Q;),0(x) € W, (0,).

O06o03HaueHUsT UCTOJB3YyEeMbIX B paboTe (DYHKITMOHAIBHBIX MPOCTPAHCTB
COOTBETCTBYIOT MpUHATHIM B [8, 12-17]. Uepe3 M nmanee Oymem o0o3HA4ATh
MIOJIOXKHUTEIBHBIE TIOCTOSIHHBIC, HE 3aBUCSIINE OT OIICHUBAEMBIX BEJIIMYHH U JI0-
MyCTUMBIX yIPABICHHIA.

[Tox pemennem kpaeBoil 3amauu (2)-(4), COOTBETCTBYIOIIMM YIIPaBJIe-

muto VeV, 6ynem nouumark o6o6mennoe pemenue u3 V,°(Q;), T.e. GyHk-

w0 U=u(x,t) =u(x,t;v) us V,°(Q,), yI10BIETBOPSIONLYI0 ~HHTErPATLHOMY
TOXKIECTBY
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j j [—u7, +k(x, Hu,7, +q(x,tyuz]dxdt = jj f (x, t)pdxdt +j(p(x)77(x,0)dx (6)
Qr Qr 0

nipu J1060i pynkuuun 77 =177(X,t) € W, (Q, ) ,paBHoii Hymo nipu t=T .

[Ipu cnenaHHBIX MpeANONIOKEHUAX KpaeBas 3anaya (2)-(4) umeer eauH-
CTBEHHOE 060611eHHOE pentenne U = U(X,t;v) u3 V,"*(Q, ) npu Kaxmom Gpukcu-
poBanHOM V€ V M cripaBeInBa anpropHas oreHka [8, 181-189], [9]

”U V30(Qr) = |u|QT = @g”u(x’tw”z,(o,z) + Uy 2,Qr <M [”f”2,QT +||(p||2,(o,z)]' (7)

Bosnee Toro, 3To pelieHne MPUHAMLIEKUT Takke npoctpanctsy W, (Q;),

YIOBJIETBOPSIET ypaBHEHHIO (2) mpu modtu BeexX (X,t)e Q; m cmpaseminBa
omenka [8, 203-212]

ol <M fl, , + ol ) ®)

Ucnonbsys onenku (8) u Teopem Bnoxkenus [8, 78], [10, 33] moxHO mo-
Ka3aTh, YTO JUIsI pelIeHus1 KpaeBou 3a1aun (2)-(4) cripaBeyiiBa OIeHKa

lullq, +luleg, +uC 60, 0y <M Flg +lol ) ©)

U3 onenku (9) cnenyer, uto ¢yakuonan (1) onpenenen Ha V. u npu-
HUMAaeT KOHCYHbIC 3HAUCHHSI.

3amaua (1)-(5) TecHo cBs3aHa ¢ kod(PHUIMEHTHON OOpaTHOW 3amayeii,

3akmouaromeiics 06 ompenenennn Gyskmmit  {U(x,t;v),k(x,t),q(x,t)} yrosme-

TBOPSIOMINUX YCIOBUAM (2)-(5) U TOTIOTHUTEILHOMY HHTETPATLHOMY YCIOBHUIO

u(ﬁ,t;v):jK(x,t)u(x,t;v)dx, 0<t<T. (10)

®ynkunonan (1) seusercs ¢pynkumonanom Hessizku B L,(0,T) coorBercTByIo-
mieii ycnmosuto (10). Ecnu B 3amaue (1)-(5) okaxercs, 9TO CyIIECTBYET YIpaB-
nenne v, (X,1)= (K (x1),0,(xt)eV Taxoe, urol(v,)=J, =inf{J(v):veV}=0, To0
dbyuxmn {u(X,t;v,),K, (X,1),q. (X, t)} perraer odpatyto 3amaay (2)-(5), (10).
3amaua (1)-(5) sBasercsa 3amauell ONTUMAIBHOTO YIIpaBJICHUS IS Mapa-
00JIMYECKOTO YpaBHEHUS C YNpaBJIeHUAMHU B KodpduuueHtax. Takue 3amauu

npu Apyrux (GyHKIHOHATIOB oTiauyaromuxcs ot (1) wmcciaemoBaHsl B paboTax
[11]-[13]u zp.

KoppeKTHOCTH NOCTAHOBKH 321241
Teopema 1. IlycTp BbIIOIHEHB! yciioBUs, NpuHsTHIE B 11.1. Torga MHo-

JKECTBO ONTHMATbHBIX yrpasiennii 3anaun (1)-(5) V, ={v, eV : J(v,) = J,} ne
mycro, c1abo kommakTHO B mpoctpanctee H =W, (Q; )X L,(Q;) u mobas mu-
HUMH3UPYIOIIAs IOCJIEI0BATEIBHOCTh {vn}cV ¢yuknuonana (1) cmabo B
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H cxomutcs k MHOXeECTBY V, .

Joxa3zareabcTtBo. MHOXecTBO V , onpenensieMmoe paBeHCTBOM (5), BbI-
MyKJIO, 3aMKHYTO M OTPaHUYCHO B peIeKCUBHOM 0aHaXxOBOM MpocTpancTe H
U MO3TOMY OHO ciabo kommakTHO B H [14, 49]. [lokaxem, uTo QyHKIIMOHAI
(1) cmabo B H  HempeppiBeH Ha  MHOXecTBe V. [lycTh
v=0(x,t) = (K(x,t),q(x,t)) € V — HexoTopsIit 2mement, {v, =v, (xt)=(k (x1),q,(xt)}cV -

IPOU3BOJIbHAS MTOCIIEOBATEIBHOCTh TaKas, 4To U, — U cmabo B H, T.e.

k,(x,t) = k(x,t) cma6o B W, (Q;), (11)
q,(x,t) > q(x,t) cmado B L,(Q;). (12)

U3 (11) u xommaxTHOCTH Broxerus W, (Q; ) — L, (Q;) [8, 78] cnenyer, uro
k,(x,t) = k(x,t) cmmro L, (Q;), (13)

rae I, = 2 -mpou3BOJIbHOE KOHEYHOE YHCIIO.
Kpome Toro, B crily 0JIHO3HAYHOW pa3penImMOCTH KpaeBou 3amaun (2)-
(4), xaxxpoMmy ymnpaBieHHIO U, €V COOTBETCTBYET E€IMHCTBEHHOE PEILICHUE

u, =u,(x,t)=u(xt;) 13 W,/*(Q,) u cipaBeuBa oneHka

ool <M (@=12...), (14

T.e. MOC/NEIOBATENbHOCTh {U } PABHOMEPHO OTpaHHYEHAa B IIPOCTPAHCTBE
W,/ (Q;). Torma u3 (14), xommaktHoct Broxkenus W,”'(Q;) — L,(Q;)u
otoGpaxenmns U—U[_ n3 W (Q;) BL,(0,T) [8, 78] cnemyer uro u3 mo-
CIIeIOBaTeILHOCTH {U, } MOXHO M3BI€Ub MOJTOCIIEIOBATENEHOCTD {unm} Ta-

KYIO, 4TO
u, (x,t) > u(xt) crabo B W,"(Q;) u cumbro B L,(Q;), (15)

u, (£,t) > u(/,t) cumero B L,(0,T), (16)

rae U = u(Xx,t)-uexotopas pynkuus uz W, (Q, ).

[Mokaxem, 9ro U =u(x,t) =u(x,t;v),(x,t)e Q;,T.e. u(x,t) sBusercsa pe-
nieHneM 3agaun (2)-(4) cooTBeTCTBYIONMM yrpaBiieHuto Ve V. SIcHo, 4To
CIIpaBCJIMBBI TOXKIACCTBA

[[lu, mo+ K, (e, +a, (xunbxdt= [ £ (x tynddt + f(p(x)n(x,O)dx,
Qr Qr 0

Vi =n(xt)eW,(Q;),n(xT)=0. 17)
Ncnone3ys cootHomenus (3)-(5) u HepaBeHcTBo [enbaepa, uMeeM
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<

[[k,, (x,tyu, am,dxdt = [k (x,tyu, 7, dxdt
Qr Qr

<

< E[Jk(x,t)n[unmx —ux}yxdxdt +

< E[Jk(x,t)[unmx—ux}yxdxdt

H [knm (x,t) —k(x, t)}lnmxnxdxdt
Qr

+[k,. —kH

unmx

77X||2‘QT -0 (18)

3,Qr 6,Qr

opu M — oo,
Kpome Toro ucnonb3ys cootnommenus (12), (15) u mepaBernctBo Komm-

byHsAKOBCKOr0, IOIy4aeM

[ an, (xtyu, mixdt - [fa(x, thundxdt| <
o e

.”qnm (X,t)[u e —UX}V dxdt|+
or

+[la, 0 - a0 D bmeat] < o, Ju
QT

oo =, g, + (19)

+ ”[%m (xt) - Q(X,t)}mdxdt -0
Qr

opu M — oo,

Torma nepexons k npeneny npu M — oo B paBeHcTBE (17) M yuuThIBas
cootHomeHus (15), (18), (19) momyuaem, uyto pyHKIUsA U = U(X,t) yIOBIETBO-

psieT ToxmecTBy (6) . OTcrona u u3 Bmodenus u(x,t) e W,”*(Q;) criemyer, uro
u(x,t) =u(x,t;v),(x,t) e Q;.

Hcnonb3yss eQMHCTBEHHOCTh pemieHus 3agadn (2)-(4), COOTBETCTBYIO-
HIero yrpaBjicHuo VEV, HETpymHO MOoKas3arh, yTo cooTHouenus (15), (16)

cnpaBeIUBBl ¢ QyHKIMer Uu(x,t) =u(X,t;v) He TONBKO AJs MOAINOCIENOBaA-
TEITBHOCTH {unm}, HO JUIst Beeil ocneioBaTenbHoCTH {U, }, T.e.
u, (x,t) =u(x,t;v,) > u(x,t) =u(x,t;v)
cna6o B W,(Q;) u cuutbHo B L, (Q;), (20)
u,(,t)=u(/,t,v,) - u(/,t)=u(/,t;v) cumsro B L,(0,T). (21)
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Paccmotpum teneps pynkmmonan memu (1). Mcnonb3ys (1), oueBumHOE
HepaseHcTBo (a+b)* <2(a®+b?), mepasencrso Komm-ByHsKoBCkoro u yc-

JIOBHIO |K(X,t)| < U, n.B.HA Q;, HETpyIHO yOenuTCs, 4TO CIpaBeIIUBhI HEpa-
BEHCTBA

0

J(v,)-I() <{][u(€,t;un)—u(£,t;v)+jK(x,t) u(x,t; v)[dx ]

0 0 0

xﬁ{u(m;vnhu(f,t;vﬂjK(x,t) dx+jK(x £)u( dx} ] <

<2f{j[u t0,) (€,t;v)2+jK2(x,t)dxju(x,t;vn)—u(x,t;v)de]dt}z><

K2(xt)d j u(x,t;v) dx}dt} <

0

T [ !
{J'{u (v, \u K,t,v\2+jK2(x,t)d ﬂ u(x,t;v,) \ dx+

0 0

o—

sZﬁmu(&t;vn)—u(&t;v)sz(oyT)+\/Zy3Hu(x,t;v u(xt; U)HZQ ]
o [HCRON IS ORI YCRTON Y YR 20
(22)

Ucnons3ys onenku (8), (9),(14) u coornomenus (20),(21) u3 (22) momy-
gaeM, 4ro J(v,) = J(v) mpu N —> oo, T.e. pynkuuonan J(v) cmabo B H He-

npepbiBeH Ha MHOKecTBe V . Torga npumeHsist pesyastar u3 [14, 49] nonyya-
eM, 4uTo 3a1a4a (1)-(5) KOppeKTHO MoCTaBjIeHa B CJ1a00M TOMOJIOTHN MPOCTPAH-
ctBa H, T.e. cnpaBeuBel yTBepxkaAcHUs TeopeMsl 1. Teopema 1 nokazaHa.

JAu¢ppepeHnnpyeMocTb He1eBoro GyHKIuHoOHaIa
U Heo0XoMMoe yCJI0BHE ONTHMATBHOCTH

Honst 3a1auun (1)-(5) BBEJIEM COMPSHKEHHOE COCTOSIHHE
v = (X t) =y (xt;v), Kak pelmieHre 3aJauu

v+ (KOGOW,), — a0 = -2 U4, t) - [K(EDUE Eu)dE K (1),
(xDeQ, (23)

wl_, =0, 0<x</, (24)
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V=0, k|, :—Z[uw,t:v)— | K(f,t)U(é‘,t:v)df]
0<t<T. (25)

Ion o606mennsiM pemenuem u3 V,°(Q;) kpaepoii 3amaun (23)-(25),
COOTBETCTBYIOIMM  yIpaBjieHuto V€V, OyaeM TMOHMUMATh (PYHKIHUIO

v =w(xt)=w(x,t;0) u3 V,°(Q;), yIOBIETBOPAIONIYIO HHTEIPATLHOMY TOXK-
JIECTBY

J[l/mt+k(x,t)1//xnx+q(x,t)1//77]dxdt:ZJ[ u(/,t;v) ijt f,t,vdfl (x,t)ndxdt -
& O

—2jlu 0,t;v) ijt é‘,t;v)df]n(f,t)dt

0

(26)

nipu Jr060i Gpynkuun 77 = 7(X,t) € W, (Q; ), paBHoii Hystro nipu t = 0.
Ucnons3ys oueBuaHoe HepaseHcTBO (a+b)® <2(a’+b?), nepasencr-

B0 Komm-ByHsKoBCKOrO 1 YCJIOBI/I}O|K(X,t)| < i, n.B. Ha Q,, UMeeM

”Kz(x,t)[u(f,t;v) — j K(f,t)u(f,t;v)dé_‘,‘] dxdt <
Qr 0

< 2”K2(x,t)|:u2(£,t;v) + j Kz(g,t)dgjuz(g,t;u)dg]dxdt <

<2uztfue o) o, + 2 uix )2, |

O )

[u((,t; V) - j K(& u(é,t; v)dx] dt <

0

< 2J[|“(“i o) + J K2 (& tu? (& t; v)dx]dt < 2“|u(£,t; o)f20m + 2 L 0) o ]

Orcrona u u3 oneHok (7), (9) cnemyeTt, 4To mpaBast 4acTh ypaBHeHUs (23)
SIBIISICTCSL AJIeMEHTOM TpocTpancTBa L,(Q; ), a mpaBas yacTh BTOpPOro rpaHmuy-
Horo ycnoBus u3 (25) npunamnexur mnpocrpanctBy L,(0,T).Torna u3 pe-

3ynbTaToB pador [8, 181-189], [9] cmemyeT, 4TO O Ka)XJAOro 3aJaHHOTO
veV 3amaua (23)-(25) umeer eAMHCTBEHHOE OOOOIICHHOE pEIICHHE U3
V,;°(Q, ) u cripaBeIMBa OleHKA

(% <M h|u(€,t; V)

+||u(x,t;v)||2‘QTJ .

V3°(Qr) 2,(0,T)
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VYuutsiBas 31ech o1eHoK (7),(9), moiydaem OLEeHKY

”l// VI0(Qr) <M M f ||2,QT +||¢||2,(0,¢)J . (27)

BBezeM elie 0JHy BCIIOMOTATENBHYIO KPAaeByIO 3a1a4y 00 ONpeeeHu
byuxmn @ = w(X,t) = w(X,1; ) u3 ycnosuii:

_ot)xx_a)tt+60=uxl//x’(x1t)e QT’ (28)
ol _,=o| ,=00<x<{, (29)
@l _,=al_, =00<t<T. (30)

[Tox 06oOmEeHHBIM peneHreM KpaeBol 3anaun (28)-(30) npu 3amaHHOM
veV,6ynem nonumats Gynkumio @=a(Xt)=o(x,t;v) uz W, (Q), yrosme-
TBOPSIFOIIYIO HHTETPATLHOMY TOXKIECTBY

H(wxnx + o1, +on)dxdt = ”uxwxndxdt (31)
QT QT

nipu mo60i pynkuun 7 =n(X,t)e W, (Q,).

U3 srmouennit U, € Lg(Q) v, € L,(Qr)cmenyer, uro Uy, € Ly, (Q). To-
raa u3 pe3ynbpratoB padotsl [14, 200] cienyet, uro kpacBas 3agada (28)-(30),
npu KaXIoM V€V, MMeeT eMHCTBEHHOE 0000IIEHHOE PEIICHHE U3 Wzl(QT) 51
ClpaBe THBa OIEHKA

lefyo, <Mluyilys g <Mludg Wil
YuuteiBas 31ech orieHkH (9) u (27), morydaem OLEHKY

ol <MUflg, +lolth e, *Ietee] @2
BBeaem mpoctpanctso B :W;(QT )xL,(Q;), rae p=3-Hekoropoe umc-

710.

Teopema 2.I1ycTh BbINoNHEHB! ycioBus, npuHsThie B m.1. Torna gpyHk-
nuoHan (1) HenmpepbiBHO auddepeHpyeM Mo HOpME TpOCTpaHCTBa B Ha
MHOXecTBe V U €ro rpaJMeHT B MPOU3BOJIbHOM Touke V€V ompenensercs pa-
BEHCTBOM

J'(v) = ((x, t; V), u(x,; V)W (X, t;0)),(x,t) € Q. (33)

HokaszarensctBo. Ilycte  v=(k,q)eV - mnpousBoibHas  TOUKa,

Av=(Ak,Aq)e B - mpou3BosibHOE MpPUPAIICHUE YIPABICHUS U TaKOE, YTO

v+AveV. Hyers AU(X,t) =U(X,t;0+AV)—-U(X,1;0). U3 (2)-(4) cnexyer uTO
AU(X,t) spnstercs peurennem u3z W, (Q, ) 3anauu

Au, — ((k + Ak)Au, ), + (g + Ag)Au = (Aku,), —Aqu,(x,t) € Q;, (34)

Aul_ =00<x<Y, (35)
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Au, [ =00<t<T. (36)

MoxHO TmOKa3ath, 4To i peuieHus 3anadu (34)-(36) cmpaBemnuBa
omenka [8, 197-212]

o = Au,

X=

(21

Aol <M [aku, ], o +[aku], (37)

Ucnonb3yss HepaBeHcTBO (7) u3 [8, 75], OrpaHUYEHHOCTh BIIOKCHUS

+|aqul,,, |

W; (Q;) > L(Q;)upu p>2 u yuntsiBas (8), (9), monydaem HepaBeHCTBA

Ak, + 18k g, <IAKL g [l g, +18K g, Tule, < MIAKIT,
[Aaul, o, <[Adl,q, Ul o, <Miadl,,
VYuurtsiBas 3TH HepaBeHCTBA B (37), MOIy4aeM OLEHKY
[aule, <M. (39)

Wcnonb3ys (38) u Teopem Bioxenus [8, 78], [10, 33] mokHO mOKa3arh,
YTO JJI pemieHus: KpaeBou 3anaun (34)-(36) BepHa OIleHKA

|au]_ +[Au, . +[aueb)], ., <MY, (39)

e 6.Qr 2,0.T)

[Tpupamenue ¢pynkuonana (1) umeer Bua
AJ(v)=J(v+Av)-JI(v) =

2].{[u (AN j K(x, t)u(xt; v)dx][Au (0,t)- j' K (x,t)Au(x,t)dx]}dt +

T 2
+]

0
C nomorrpio perieHuil kpaeBbix 3amad (23)-(25), (28)-(30) u (34)-(36)

npeoOpazyem Beipaxenue (40). [ns pemenus 3agaun (34)-(36) cnpaBensiuBo
PaBEHCTBO

” [Au + (k + Ak)Au 7, + (g + AQ)Au pixdt = —” [Aku , + AquiJdxdt (41)
o o

Au(/,1) —jK(x,t)Au(x,t)dx dt. (40)

Ecnmu B ToxknectBe (26) monoxxum 7] = AU H TTOTy4eHHOE PAaBEHCTBO BBI-
yteM u3 (41), To IpuUaEM K paBEHCTBY

2]{[u(€,t;v) —jK(x,t)u(x,t;v)dx][Au(f,t) - j K(x,t)Au(x,t)dx]}dt =
= ”(Akuxz/fx + Aquy + AKAu,y, + AgAuy)dxdt.
QT

YuutsiBast 3T0 paBeHCTBO B (40), uMeeM
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A (v) = j j (U, AK +upAqg)dxdt + R, (42)
Qr

rac
2

|
-]
0

IMonaras 7 =AK B ToxmectBo (31) U yuuThIBas MOJTyYEHHOE PABEHCTBO

Au(/,t) — j K(x,t)Au(x,t)dx

dt + ”(AkAuxl//X +AgAuy)dxdt.  (43)
Qr

B (42), momyuum
AJ () = j j (@A + @, Ak, + @Ak, +upAg)dxdt+R . (a4
Q;
[ToxaxkeM, 4TO TIEpPBOE ClIaraeMoe B MPaBOW YacTH paBeHCTBa (44), mpu
3aJlaHHOM V€V, ompeiensieT IMHCHHbBIN OrpaHNYeHHbIH (YHKIIMOHAT OT AU

B B . JIuneitHOCTH 3TOr0 pyHKIIMOHANA oueBUHA. Kpome Toro, ncnomib3ys He-
paBenctBo Komm-bynsakockoro u onenku (9),(27),(32), momydaem HEpaBeH-
CTBa

H (wAk + w,AK, + @Ak, +uyAqg)dxdt
Qr

+

<[

MK, *lo)

AK|

+al

AK |

1
2,Qr 2,Qr 2,Qr 2,Qr 2,Qr 2,Qr

Aq|

U, Wl 18al, , <M[A0,.

OTKy/Ia CIIEAYeT OTPAHWYCHHOCTH TIEPBOTO CIIAaraeMOr0 W3 TPABOW YacTH pa-
BeHCTBa (44).

[IpoBeneM OIEHKY OCTAaTOYHOTO wWieHa R, ompenenseMoro paBeHCTBOM
(43). Ucnonb3ys oueBuanHoe HepaBeHcTBo (a+h)’ <2(a°+b?), HepaBencTBo Komm-
BynsikoBckoro u ouenku (27), (38), (39), monydaem HepaBeHCTBA

R < Zj[Au 2(0,0) + j[ K?® (x,t)dxjAu2 (x,t)dx]dt +

Ak o JAu, o, Il o, +lAdll,q AUl g W, <

<2fau. 0, + A [ MIAE, [0, + M[aal, , [a0], <MJad,
VYuuteiBas B (44) 3Ty OLIeHKY, 3aKito4aeM, 4to ¢yHkiuonan (1) nudde-

peHIUpyeM 10 HOpMe MpocTpaHcTBa B Ha MHOXKecTBa V' U [UIs €ro rpajneHTa

crpaseuiBa paBeHcTBO (33). HenmpepsiBHOCTB oTOOpaxkenus U — J'(v) usz V

B B" ycranasnuaercs ananoruuno pa6ory [12]. Teopema 2 nokasana.
Heobxonumoe ycrnoBue ontumanbHocTH B 3amaue (1)-(5) ycranaBnuBaer
Teopema 3. [IycTb BbINOJHEHBI yCJIOBHS, NpuHAThIe B 1.1. Torma ms

ontumanbHocTH yrpasienus Vv, = (K,,q,) € V, B 3amaue (1)-(5) Heo6xoaumo,

YTOOBI BHIIOJHSIOCH HEPABEHCTBO
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[[{o.k(x) =k (x ]+ @, [k, (6 1) — k., (x )] +
Qr (45)
+ o, [k (x,1) ~ k. (O] + Uy [a(x,t) — g (x,t)]}dxdt 2 0

ms moboro v=(k,q)eV rtme U =u,(xt)=u(xtv)v, =v.(xt)=w(xt,),
o, = 0.(X,t) =wo(x,t;v,) pemenus 3amau (1)-(4), (23)-(25), (28)-(30) npmu

VeE V,, COOTBETCTBECHHO.

Hoxka3zareabcTtBo. MuoxecTBO V, omnpezensemMoe paBeHCTBOM (5) BbI-

nykio B B. Kpome toro, cormnacuo teopeme 2 dpynkmuonan J(V) HempepbBHO
muddepennupyem Ha V . Torma B cuimy Teopembl S u3 [14,¢.28] Ha snemeHTe

v, €V, HeoOXOIUMO BBIMTOJHEHHE HEPABEHCTBA <J'(v),v—v*>8 >0 mpu Bcex

veV . Orcrona u u3 (33) cieayeT crnpaBeJIMBOCTL HepaBeHCTBa (45). Teope-
Ma 3 J0Ka3aHa.
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PARABOLIK TONLIK UCUN OLAVO INTEQRAL SORTLi iDAROETMO
TIiPLi OMSAL TORS MOSOLOSI

V.M.HOBIBOV
XULASO
Isdo parabolik tenlik iiciin olavo inteqral sortli idaroetmo tipli omsal tors mosalosinin
optimallagdirma qoyulusuna baxilir. Masalonin qoyulusunun korrektliyi todqiq olunmus,
moqsad funksionalinin diferensiallanmasi isbat edilmis, onun qradiyenti {igiin ifads tapilmis vo
optimalligin zaruri sorti ¢rxarilmigdir.

Acar sozlar: tors mosalo, parabolik tonlik, olavo inteqral gort.

COEEFICIENT INVERSE PROBLEM OF CONTROL TYPE FOR A PARABOLIC
EQUATION WITH AN ADDITIONAL INTEGRAL CONDITION

V.M.HABIBOV
SUMMARY
In this work, the optimization formulation of the coefficient inverse problem for a para-
bolic equation with an additional integral condition is considered, The questions of correctness
of the optimization formulation of the inverse problem are investigated. The differentiability of
the objective functional is proved and the formula for its gradient is found. A necessary condi-
tion of optimality is found.

Key words: inverse problem, parabolic equation, additional integral condition.

Hocmynuna 6 peoakyuro: 09.03.2017 .
Hoonucano k newamu: 28.09.2017 e.
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VJIK 517.95

3AJAYA PACCEAHUA IJIS1 CUCTEMbBI HHECTHU
OBBIKHOBEHHBIX TU®®EPEHIIUAJIBHBIX YPABHEHUI
HA ITIOJIYOCH

JLH.AKADAPOBA
bakunckun I'ocyoapcmeennwiii Ynueepcumem
cafarov.90@bk.ru

s cucmemul wecmu 00bIKHOBEHHBIX OUDDePeHYUATbHBIX YPAGHEHUT HA NOJYOCHU,
K020a UMelomcs uemsipe naoaioujue u 08e paccesiHible G0IHbl, NPU COBMECHIHOM PACCMOM-
PpeHUU Yemvipex 3a0ay ¢ PA3TUYHbIMU SPAHUYHBIMU YCAOBUAMU NOCMPOEHA MAmpuya pac-
CesIHUSA HA NOJLYOCU.

KnroueBsble ci1oBa: MaTpHla paccesiHuUs, 3aJa4a pacCestHUs Ha TIOIYOCH.

Ha momyocn X 20 m3ywaercst 3aa4a paccestHUsI IS CHCTEMBbI IIECTH
OOBIKHOBEHHBIX JH(PepeHIInanbHbIX YPaBHEHUH IEPBOrO MOPsIKa BUA:

6 _
—idyclj(—)EX)+Zij(X)Yj(X)Z/MkYk(X)’k21'6' (1)
=

6 —_
rae “ckj(x)uk i -MaTpula, npuueM C, (X,t)=0,k =16; ee 3IeMEHTHI SBISIOTCA

KOMITIJICKCHO3HAYHBIMU U3MCPUMBIMHA (byHKI_[I/ISIMI/I, YAOBJICTBOPAOIIHUMHU YCJIO-
BUSAM

‘ckj (x,t)‘ <ce™®,c>0, £>0, (2

A -CIIEKTPAJIbHBIN ITapaMeTp;
§>6>6>6,>0>5>6,.

B pa6ore JL.II.Hmwxuuka u @.JI.By [1] uzyuena oOpatHas 3aga4a pacces-
HUSL Ha TOJIyOCH JUISI CUCTEMbI JIBYX OOBIKHOBEHHBIX ypaBHEHHH. OTMETHM,
YTO TaKas CUCTEMa CBOAMUTCS K cucTeMe ypaBHeHu# Jupaka ¢ maccoit m=0.

B pa6orax M.I'.I'aceimoBa, M.I".I'ackimoBa 1 b.M.JIeBurana [2,3] pe-
meHa oOpaTHas 3ajada paccesHUs Ha TOJIyOCH JUIS CHCTEMbl YpaBHEHUH
Jlupaka ¢ caMOCONPSKEHHBIM ITOTCHIIMAIIOM.
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OOpaTHas 3a1a4ya paccesHHsl AJI1 CUCTEMbl ypaBHEHUH MEPBOro MopsiaKa
Ha Bced ocu m3yuensl J[.Kaynom [4], A.B.Illabatom u B.E.3axapoBsiM [5].
OTMeTHM 4TO, COOTBETCTBYIOIIEE HEJIMHEWHOE ypaBHEHHE UMEEM BakHOE (u-
3U4ECKOE 3HAYCHUE U HA3BIBACTCS CUCTEMOM HEJIWHEHHBIX YPABHEHUN Tpex-
BOJIHOBOT'O B3aUMOJIEHCTBUS.

[TomHOE W MaTeMaTUYECKH CTPOTOE pelieHrue oOImel 3amauu s n>3
ypaBHeHUH n3ydyeHa B paborax P.bunca u P.P.Kaydmana [6].

[on pemenuem cucremsl (1) Oyaem moHUMATh a0CONIOTHO HENpPEphIB-
HYI0 (DYHKIIMIO, IOUTH BCIOAY yaOBIeTBOpstontyto (1).

JIroOBle OrpaHnyeHHbIE pemenus {y,(x,A) ..., Yq(X,A)} cucremsl (1) ¢ ko3¢-

(urmentamu ¢ (X), yIOBIETBOPAIOIMMH YCIOBHAM (2), IOMYCKAKOT HA MOJTY-
ocu x>0 creayromue aCHMITOTUYECKHE IPECTABICHUS
Y (% 2) = Ae™ +0(1), k =14,
y, (x,4) = B, +0(1),k =5,6.
Bynem coBMeCTHO paccMaTpHuBaTh YETHIPE 3a/1a4H.

[lepBas 3a1aua COCTOUT B HAXOXKACHUU pelleHus cuctemsl (1),
YIIOBJIETBOPSIOLIETO TPAHUYHBIM YCIOBUIM

{yé (0,2) = y;(0, ) + y3(0, 4) + y3(0, 4),
¥s(0,4) = y,(0,2),
10 3aJaHHBIM TIPUXOMAAIINM BOMHAM Ae™, A e " A e A e ompene-

3)

4)

JIFOIIMM TIPU X — 400 ACUMIITOTHKY PEINeHunit Y, (X, A),...,y,(x,4) Buma (3).
Bo BTOpOIi 3a1aue TpebyeTcs HANTH pelieHrne CUCTeMbI ypaBHeHH (1),
YIIOBJIETBOPSIOLIETO TPAHUYHBIM YCIOBUIM

{y? (0,4) = y; (0, 4)+ y; (0. )+ y(0, 2), -
Ve (0.4) = ¥:(0,4),
MIPH 33JJaHHBIX aCUMITOTHKAX (3),
B tperneli 3anaue, y10BIETBOPSIOLIETO IPAHUYHBIM YCIOBUSAM
{ys 0,.2)=y; 0.4+ y:0,4) +y;(0,2), )
Vi (0.4) = ¥3(0.4),

IpH 33JaHHBIX acCUMNTOTHKaX (3),a B UeTBEpTOM 3a/ade, YIAOBIETBOPSIOIIETO
TPaHUYHBIM yCIIOBHSIM:

{yé(o,ﬂ) =y;5(0,4) +Yy5(0,4) + y; (0, 2),

(7)
Y5 (0,4) =y, (0.2),

MIPH 33JJaHHBIX aCUMIITOTUKAX (3).
CoBMecCTHOE pacCMOTpPEHHE ITHX YETBIPEX 3a/iad Ha3bIBaeTCs 3ajadei
paccestHus 1151 cucteMsl (1) Ha mosyocH.
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Teopema 1. ITycte ko3dpuumentsr ¢y (X,t),K, j =16 cHCTeMbI ypaBHe-

Hult (1), u3MepuMble PYHKIIMU U yIOBIETBOPSIIOT YCIOBUSIM (2), U A - BELIECT-
BeHHOe uucio. Torma g cucremsl (1) cymecTByeT €IMHCTBEHHOE OTpaHU-
YEeHHOE pelIeHHE 3a7jaul pacCesHUsl Ha MOJIyOCH C 3aJJaHHBIMU MPUXOISIIUMHU
BomHamMu Ae’ ... Ae e

JlokazaTesbeTBO. 331a4a paccesHus Ui cuctemsl (1) B Kimacce orpaHu-
YEHHBIX ()YHKIIMA SKBUBAJICHTA CJICTYIOIICH CHCTEME HHTETPATbHBIX YPaBHEHHI:

. 6t ) -
V(6 A) = Ae 5 =iy, [e (O] (t, eVt m=14

=1 x

(8)

6 oo -
V(6 A) = BRe =i e, Y] (t, e 0dt, m =56,

=L x
rae BX(m=5,6k=1,4) HaXOIUTCA C TTOMOIIBIO IPAHUYHBIX yCIIOBHT (4) - (7)
CJIEIYIOIIUM 00pa3oM:
+oo G . ) _ -
Bi=A+A +A+i IZ[CS [ —cy (e —c,, (e — ¢y (e ] x
0 j=t
Xy (t, A)dt,

6

BL= A, +i [ Y [es; (e —c, ;e 1y (t, A)et,

o =l
+oo g . ) . )
BZ=A+A, +A, +i j Z[c5 (e —c (e —c, (t)e ™ — ¢, (e Ix
0 =
X yi(t, A)dt,
+°° 6 . .
BZ=A, +i j Z[CGJ- (e —cy; (t)e ™ Ty? (t, A)dt,
0 =
+oo g . . . .
BI=A+A +A, +i jZ[csj (e —cy; (e ™ —cy; (e ™ —c, (e ™ Ix
0 Jj=L
xyi(t, A)dt,
+oo 6 . .
B = A, +i _[2[06] (e ™ —c,; (e ™ 1y3(t, A)dt,
o0 Jj=1
e 6 - . . .
B =A +A +A, +i JZ[CSJ- (e —c,, (e ™ —cy; (t)e ™ —c,; (e ]x
0 J=t
Xy (t, A)dt,

Bi=A+ iTi [cej (e ™™ —c,; (e ™ Tyt (t, A)dt,

0 Jj=1
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Cucrema (8) aBisgercs BoabTeppoBoi. Toraa ais BEIIECTBEHHBIX A U U3
ycloBui (2) cnenyer, 4To OHAa UMEET €AMHCTBEHHOE OTPAaHMYCHHOE PELICHHE.
CrnenoBarenbHO, M 3ajjaya paccestHusl A cucTeMsbl (1) uMeeT eAMHCTBEHHOE
OTPaHUUYEHHOE PEILICHUE.

B knacce orpaHm4eHHBIX (DYHKIMI U3 COOTHOIIEHUU (2) cClieqyeT crpa-
BE/JTUBOCTH PABEHCTB:

v (x,4) = BXe ™ 4 0(1),x — +00,m =56k =1,4.. (9)

JIeHCTBUTEIBLHO, U3 CUCTEMBI (8) UMeeM:

< iﬁcmj (t)“y'j‘ (t, @“e”‘fm“—” ‘dt .

=l x

[y (%, 2) ~ B

Tak kak Y. (x,4) - orpanu4eHHas QYHKIHS, TO CYLIECTBYET TAKOE
MOJIOXKUTCILHOE YHCIIO A, 4TO
[yi(x,2)| <A

Kpome Toro, nsist BemecTBeHHbIX A
‘emgm(x—t) ‘ -1,

ITosTomMy

[y (x,2) ~ B

< 26: AT‘ij (t)‘dt <c- Ai eteg = S g
. =

= x €

Otcrona nmomyqaem (9).
N3 acumnToTHk (9), HAa OCHOBE TEOPEMBI 1, ONIPEACTIAIOTCS MAaTPUIHBIC

byHKIH
S (A):(AL A, AL A) — (BE,BY) k=14

(t— o3HaUaeT TPAHCIIOHUPOBAHUE), KOTOPBIC MIEPEBOAAT MPUXOISIINE BOJIHBI B
OTpa)KEHHBIE. S, (1) UMeeT BUJ

k k k k
() —[BD LD ShA S ), (10)
Sa(A) Sz (4) Sy(d) Sxu(d)

Marpuunyro ¢yskmuio  S(4) =(S;(4),S,(4),S;(4),S,(4)) Oynem Ha3zbl-
BaTh MaTPHUIIEH paccessHus s cucTemsl (1) Ha momyocw.

[Ipu pemenun oOpaTHOW 3amaum paccesHust g cuctemsl (1) Ha mo-
JyOCH, CTPOATCA MHTErpaibHble MPEICTABICHUS PEIICHUN. Y CTaHABINBAIOTCS
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aHAJTUTUYECKHE U (PaKTOpHU3AIMOHHBIC CBOMCTBA MATPHIBI PACCESHHS U €€
AJIEMEHTOB. 3JIeCh B 3aBUCHMOCTH PACIIOJIOKEHUE HYJIEH, 3a7a4a CBOJUTCS K
3agadye Pumana.
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YARIMOXDA 6 ADi DIFERENSIAL TONLIKLOR SISTEMIi
UCUN SOPILM® MOSOLOSI

L.N.COFOROVA
XULASO

Yarimoxda 6 birtortibli adi diferensial tanliklor sistemi ticiin, 4 galon vo 2 sopilon dalga
halinda yarimoxda 4 sarhod moasalasins birlikds baxdigda sopilmo matrisi qurulur.

Acar sozlar: sopilma matrisi, yarimoxda sopilma mosalasi
THE SCATTERING PROBLEM FOR AN ORDINARY DIFFERENTIAL
SYSTEM OF SiX EQUATIONS ON A SEMI-AXIS
L.N.JAFAROVA
SUMMARY

For an ordinary differential system when there are four incidents and two scattering
waves on a semi-axis, under joint consideration of four problems a scattering matrix is
constructed.

Key words: Scattering matrix, scattering problem on a semi-axis

Hocmynuna 6 pedaxyuro: 25.04.2017 .
Ioonucano x newamu: 28.09.2017 2.
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VJIK 001.89.57

O CBAJTAHCUPOBAHHOM POCTE B OJTHOM MOJEJIH
IKOHOMHMYECKOHU TUHAMMUKHA

C.ATAMUIOB
bakunckuii I'ocyoapcmeennwtit Ynueepcumem
Sabir818@yahoo.com

Paccmampusaemca osyxcexmopras moodenb dKOHOMUYecKou OuHamuxu. /Jaemcs onu-
canue HeUMAHOBCKUX COCMOAHUL PABHOBECUs, OOKA3bIBAEMC s eOUHCMBEHHOCb YeH & cyudae,
K020a cOCMOsHUe PABHOBeCUs HesblpoicOeHHAas. [lokaszvleaemcs Cyuwjecmeoganue yeH, npu
KOMOPbIX 803MOHNCEH COANAHCUPOBAHHBIL POCH CEKIMOPO8 U 0Aemcs ONUCAHUe MAKUX UYeH.

KuroueBble ¢JI0Ba: COCTOSHUS PaBHOBECHs, HEHMAHOBCKHUE IIEHBI, COaTaHCHPOBAHHBII
pocT.

PaccmaTpuBaeTcss SKOHOMHYECKask CHCTEMa, COCTOSIIAs U3 JBYX CEKTO-
poB. IlepBoe U3 HUX MMPOM3BOUT CPEICTBA MPOMU3BOJICTBA, BTOPOE — MPEIMETHI
notpebnaenus. CumBousl K;, L;, w;, V; 03HAYa0T, COOTBETCTBEHHO, OCHOBHBIE
douabl, pabouyro cuiy, cpeaHior 3apaborHyro miary (w; > 0) u ko3ddu-
IIHEHT coxpaHHOoCcTH GoHmoB B i —M (i = 1,2) cexrope(0 < v; < 1).

ITpou3BOACTBEHHAS CSITEILHOCTh CEKTOPOB OMUCHIBAETCS MTPOM3BOICT-
Bernoit ¢yukmmenn F;(K,L)(i = 1,2). Bekrop(K;, L1, Ky, Ly),K; = 0,L; =
0,i = 1,2 aBnsiercst cocTosHUEM Mojenu. J[Byx NMpoaykToBass MOAENbZ 3a-
JIA€TCsl C IIOMOILBIO MPOU3BOICTBEHHOIO oToOpaxkenusa(x) [1]:

a(Ky, Ly, Kz, Ly) = {(K{, Ly, K3, Lo) | Ki < vp- Ky + Fi(Ky, L) -y,

K; <vy, K, + Fi(Ky, L) - uy, ug+u, <1, L) < F,(Ky L) vy, (1)

L, S F,(Ky Ly) - vy, Wy + wy vy <1},

[Ipenmonaraercsi, 4T0 IPOU3BOACTBEHHAs (YHKIHS 3a/aHa HA KOHyce R2
U TaM HeoTpuuarenbHa, cynepauneitna. Kpome toro, F;(K,0) = F;(0,L) = 0.
[Ipr 3THX TPENOIOKEHHUIX OTOOpakeHHe a(x) CymepiIuHEeRHO |, ClleoBa-
TeNbHO, Z — Mojenb Helimana-I'eitna [2].

Bcrony Hike ucnosb3yrores obosnauenus f;(n) = Fi(n,1),i = 1,2, rue

K
n=_- (GOHIOBOOPYKEHHOCTh; BEKTOp IIeH P OyneT yaoOHO 3amuchiBaTh B

BUAC
P = (Pll, P12 Wy, PZl,PZZ . wz),
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rae P11 — nena equannsl GponoB B nepBoM nozpasiaeneHuu, P12 — nena enu-
HHIBl [OTPEOICHUS B TEPBOM MOJPA3/ICIICHUH; MOMAOOHBIA CMBICT HUMEIOT
P21, P22 go BTOpOM MOJApa3AeNeHuy; npeanonaraeM, uro Pt > 0, P21 > 0.

OcHoBHasi 4acTh

[Ipn wuccnenoBaHWM MOJAETH Z HAM TIOHATOOSATCS OJHOMPOAYKTOBBIC

Monenu Zy U Z,, KOTOpbIE 3aJaf0TCsl MPOU3BOJCTBCHHBIMUA OTOOPaKCHUSMU

a,(x) ua,(x), COOTBETCTBEHHO, ONPEIEIEHHBIMU Ha KOHyce RZ ¢ HOMOIIBIO
bopmy:

ay(Ky, L) = {(K, L0 < Ky < vy Ky +ug,ug = 0uy + @ - Ly

S ﬁl(KliLl)r
_ P12 5 P21
w1 = ﬁ. w1, Fl(Klf Ll) = maX(l Pll) Fl(K1’ 1)} (2)
ay (Ko, Ly) = {(K3,L3) |0 S Ky vy - Ky + Uy, up =0,
PZZ

Uy + @y - Ly < B (Ky, L), @, = p21 Wz

p21’ pz1

Paccmorpum  momenmu Z;(i =1,2) npu @;-v; < 38;, rme & =

lim, .. (M), fi(m) = Fi(n,1). Jlerko ybemutcs B TOM, 4TO HEHMaHOBCKHE
TEMIIBI POCTAQ; ITHX MOJIENEH BEIYUCISIIOTCS 10 (hopmyrie

v, K+ F,(K,L
a; = max L NL( ) = max —Tl fl(n)( =1,2), 3)
KL>0 K+ @;-L >0 N+@

rne F;(K,L),®;,i = 1,2, onpeneneHsl B (2); uan
21
K+ max(1,P—11) . F,(K, L)

12 p22
Fy(Ky, L) = max( ) - Fy (Ko, Lz)} :

ay = max ' ,
K,L>0 K + P11 wy - L
P 4
K+ (12 Z)F(KL) ®
max ) P
a, = max Pl pr
kL>0 K+ cw, -+ L

O0603HaYUM HEWMaHOBCKHE TEMITBI pOCTa Mojaenen Z; uZ, 4epes aq
M @, , COOTBETCTBEHHO, a UX HeliMaHOBCKME NeHbl uepe3 P; = (P, plz.
w1), P, = (P?1, P?% - wy). Oycte  xy = (Ky, Ly), %, = (K3, L2),y1 = ay -
X1,Y2 = 0z " Xp.
Torpa niis OAHONIPOAYKTOBOM MOAEIINZ { UMEEM:
max [P, y:] = max (a, - P1-Ki+a,- P2 w - L) =

y1€ay(x1) ay1-K1svy-Ki+uy
Uy +ay@q-L1<F(Kq,Ly)
u120, 6)120
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:Pll. max ‘V.K +u +a .5 -L —
u1+6¥1-(7)1-L15F"1(K1,L1)( 1 1 1 1 1 1)
u120, ?120
:Pll 'Vl'Kl +P11 'Fl(Kl'Ll)' max (u1+a1'51-L1) _

u1+a1'(1)1'L151

:P11'vl'Kl‘l'Pll'Fl(Kl,Ll).

Hrak,
max [Py, y;] = ptt V- Ky + maX(Pll;P21) - F1(Ky,Ly), (5)
yi1€aq(xq1)
AQHAJIOTMYHO TOJYYUM U JJII MOJICTH Zy:
max [P,,v,] = P?'-v, - K, + max(P1%,P%2) - F,(K,, L,). (6)
y2€az(x3)

Uccnenyem cocTtossHuE paBHOBECUSA JIBYXIIPOAYKTOBOW MOJENU Z C
TIOMOIIIBIO OJTHOMIPOAYKTOBBIX MoJieNieiiZ,; uZ,[2].
Ham nonamo6uTes cieayromiee yTBepKICHUE:
Jlemma 1. Ilycts P = (P11, P%.w,,P?1,P?2. ®w,) — BekTOp LEH,
a(x) — npou3BojCTBEeHHOE OTOOpakenne moaenu Z. Torma must x = (K, Ly, Ko,
L,) BbimonHsiercs
max [P,y] = P11 -v, - K; + P?' - v, - K, + max(P'?, P?Y) - F(Ky, L)) +

y€a(x)
+ max (P12, P?2) - F,(K,, L,). (7)

JlokazatenbCTBO MPOBOAUTCS TAK K€, KaK B KHUTE [2].

Iycts ¥ = (K;, Ly, K,, L,) — HeiiMaHOBCKHUIi PaBHOBECHBI BEKTOD
monemu Z,P = (P11,P12.w,,P?1,P??2 . w,) — HeilMaHOBCKHE LIEHBI, YHC-
no a > 0 — HeiimanoBckuii Temn pocra. IIpeanonaraem, uro P11 > 0, P21 > 0.

IIpennoxkenne 1. CripaBeayinBo paBeHCTBO

a = max(aq, ay), (8)
e o, aq,d; — HEWMAHOBCKUE TEMIIbl pPOCTa, COOTBETCTBEHHO, MOJEEH
Z,21,2,.
Joxa3zarenbcTBo. [IycTh P — HEIIMaHOBCKHE LIEHBI MOAEIH Z, TOTJA
BBIYHCIIIETCS 110 (hopMmyIie:
max [P, y]
yEa(x)
a=max—————
x>0 [P, x]
Hcnonb3ys nemMmsbl 1, mosrydyum
a =
ax Py K, + P?Yv,K, + max(P!Y, P?Y) F, (K4, Ly) + max(P?, P?2) F,(K;, L,)
Ky,Li>0 P11.K + P21 K, +P2.w, Ly +P?2-w, L,

v

11 11 p21
P 'Vl'K1+maX(P ,P )'Fl(KllLl)
> max I B =q.
K;,L;>0 P . Kl + P cWq L1
AHaNIOrM4HO, MOKHO TIOKa3aTh, UTO & = Q,, CJIEI0BATENbHO,
a = max(aq, ay).
U3 (5), (6) u nemmsbl 1 cnemxyeT paBeHCTBO
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max |P,y| = max [Py, + max [|P,,
yorts )[ yl = yoea iy [13’1] Veaats [23’2]

[TosTOMYy, IpEAToIaras, 4roa > max(ay, ay), HOJ‘Iy‘II/IM
max [P,y] = ay - [Py, x1] + a3 - [Py, x5] < a - ([P, x1] + [Py, x2])

yea(x)
=a- [P, x],
i moboro x = (x4, X,), oblagaromero TeM cBoicTBoM, uro[P, x] > 0.
B gacTHOCTH, I)1sT X = X UMeeM

max [P,y] < a - [P,X],
yea(x)
HO 10 CBOMCTBY COCTOSIHHSI PABHOBECHSI

max [P,y] = a - [P, X],
yea(x)
CJIeIOBaTeNbHO, HEHMaHOBCKUI TEMI pocTa ompezensercs mo hopmye (8).

[Ipennoxxenue noka3aHo.
HWrak, BO3MOKHBI Pa3IM4YHbIE CITyYaH:
1) a=a; > ay;
2) a=a, > aq;
3) a=0a; =a,.
Teopema 1. ITycts X = (K;, L, K,, L,) — paBHOBecHbIii BekTop,P =
(P, P*? - wy, P?Y, P?? - w;) — pasnosecHbie nenst (P'' >0, P?1>0),
uycnoa > 0 — HelimanoBckuit Temn pocta, K; + w; - L; = 1,i = 1,2, w; - v; <
Biy i = limn—>+oofi(n)-
Torna
1) ecmm a; > a,,P?2 >0, TO paBHOBECHBI BEKTOp MOJENU Z
umeer Bua X = (1,0,0,0), npuyem BexTopX; = (1, 0)sBiIsieTcss paBHOBECHBIM
BEKTOPOM B OJHOIPOJTYKTOBON MOJENIH Z1;
2) ecmu ap > a;,P? >0, tox =(0,0,1,0), nmpuuemX, = (1,0)
SIBJIICTCS] PABHOBECHBIM BEKTOPOM B MOJICITH Z5;
3) ecmm a@=a; =0a,; TO HEHMAHOBCKUH PAaBHOBECHBIH BEKTOP
x = (K,, L;, K;, L) ompenensieTcsi COOTHOIIEHUAMH
K _ ﬂ_(a—vz)'ﬁz 9)
Zi_m' L, «aw '
e 1J;—TO4YkKa, B KOTOpoH mocturaercs mMakcumMyM B (3)i = 1,2. Ilpu atom
cymiecTByeT HelimaHoBckue IieHsl Buga P = (1, b+ w4, 1, b+ w,), tme b —
ecTh peleHue ypasuenus a, (b) = a,(b).
Jdoxa3aTebCcTBO.
1) Paccmorpum ciydaii, korna a; > a, u P22 > 0. Hcnomssysa (5),
MeeM
vy - P K, + max(PL, P2Y) - Fy(Ky, L) < ay - (PY - Ky + P12 - w, - Ly),
st Beex(Kq, Lq),
vy - P21 K, + max(P?,P%2) - F,(K,, Ly) < ay - (P? - K, + P22 - w, - Ly),
st Beex (K, Lo).
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CxItajipiBasi 3TH HEPaBEHCTBA, MoydaeM [uisi Jroboro Bektopa (Ky, Ly,

K,, Ly):
vy - P K 4+ v, - P21 K, + max(P, P2Y) Fi(Ky, Ly) +
+ max(P'%, P?%) . F,(K,,Ly) <
<ay - (PYM-K + P2 @, L+ P K, +P?2 w,-L,),

eciu K, # 0,L, # 0. Tloxcrasnss pasHoBecHbli Bektop X = (K;, Ly, K>,
L,), nmeem K, =0,L, = 0, nHaye B COOTHOLICHMH MaXyeq(x)P,y] < a-
[P,X] mOMKHO BHINONHATHCS CTPOTOE HEPABEHCTBO, TaK Kaka, > @, uP?! >
0,P%% > 0.

W13 ycnoBust a + X € a(X) umeem

_a-Ly=F(Ky L) vy =0-v, =0,

cienoBarenbHo, Ly = 0.

Wrak, paBHOBecHbIN BekTop umeeT Bua X = (1,0,0,0). Jlerko moka-
3aTh, uTO BeKTOp X; = (1, 0) — paBHOBECHBIN B MOeNH Z.

2) Cnywaii a, > aq, P > 0 paccMaTpuBaeTcs aHaIOTHYHO.

3) Cny4ait @ = @; = a, JO0Ka3bIBaeTcs, Kak u Teopema 1 [3].

Teopema nokaszaHa.

Teopema | mokaswIBacT, 4TO €CJIM POCT MOJpa3eieHUil He cOanaHCH-
POBaH B TOM CMBICJIE, YTO @ # Ay, TO HCHMAHOBCKOE COCTOSHHE PAaBHOBECHS
MaJI0 COAEPKATEIbHO ¢ YKOHOMUYECKON TOYKU 3peHus. [loaTomy B manbHem-
IIIEM PaCcCMaTPUBAETCS JIMIIb CIyYail, KOorjia B HEHMaHOBCKOM COCTOSIHUH PaB-
HOBECHS TIOIpa3ieieHus COaTaHCUPOBAHbI, T.€.Q; = Q.

Beenem ¢yHkImn

vien+c- fi(n)

g(b,c) RS S ra— (10)
vy n+d-f,(n)
b,d) = . 11
A R (
UssectHo [2], uro mpuc =1,b € (0, 5; ) Gynxuus g = g(b,1)
1'W1
HETpephIBHA, YObIBAET (31ech8; = lim, .., f1() ud; = lim,_ #) u
lim g(b) =v; +d;, lim g(b) =y, (12)
b—+0 po—21
V1-wq1
a dynxuuaq(b) = q(b, b) uenpepsisHa, Bospactaet(s, = lim, o f> (m)u
. B . _ 8
Jim q(b) =v,,  lim q(b) = — (13)

2
3ameuanue. HeiimanoBckue nenst P = (P, P12.w,, P21, p22.
w,) (P11 > 0, P?! > 0 )B HEBBIPOXKICHHBIM CITydae YIOBIETBOPSIOT YCIOBHIO:

a,(P) = a,(P) (14)

12 P22
g(by,c) = q(by,d), by = pits D2 =g

NI
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P21 P12 P22
C = max 1,m ) d = max ﬁ,ﬁ . (15)

PasenctBo (14) mpencrasnsier u3 ce0s ypaBHEHHE OTHOCHTEIBHO BEK-
topa P. B ciyuae, korna Heiimanosckue ensl umeror Bug P = (1, b+ wq, 1,
b-w,) [2], 3TH LEHBI ONMpEIeIeHb OJHUM YHCIIOBBIM ITapaMeTpoM b, Torna
ypaBHeHue (15) 3anumercs B BUC

g(b) = q(b). (16)

PaBenctBo (16) MOXHO paccMaTpuBaTh Kak ypaBHEHHE OTHOCUTEIIBHO b.

Mpennoxenne 2. 1) EcuuP = (1, b+ wy,1, b+ w,) U BHIIOIHEHO
paBeHcTBO (14), To P — HeliMaHOBCKME 1IEHBI;

2) eciu P — HeiimanoBckue neHsl, ToP = - P(u > 0).

JNoxkazateaberBo. 1) Tak kak P = (1, b-wy,1, b+ w,), Toa;(P) =
g(b),ay(P) = q(b). Pasenctso a;(P) = a,(P) o3nagaer g(b) = q(b). D1o
ypaBHEHHE UMEET €AMHCTBEHHOE peuieHne b [2], u 3To perieHue onpenensor
HeliMaHOBCKUE 1IeHbl. [ToaTomy P — HeliMaHOBCKHE IICHBI.

2) Iycrs P =(P,P,), rmeP, = (P, P2.w,) P, = (P, P?2.
w,), P > 0,P?1 > 0. Ilokaxem, uroP; — HelimMaHOBCcKHe LieHBI B Z;. Tak
kak P — meiiMaHOBCcKHe 1eHBI, TO U3 (7) CIEAyeT, uTo Ui JTI000r0 BEKTOpa
(K1, Ly, K;, L,)BBINONHSACTCS HEPABEHCTBO

Pl.y, - K, +P?'.v, K, + max(P1, P?Y) F, (K, Ly) +
+ max(P'%, P?2) F,(K,,L,) < (17)
<a-(PY-K, +P?* K, +P?.w; L +P?* w,-L,).

B wactrocth, npu K, = L, = 0 momnyuaem, uto st Beex(Ky, Lq):

P .y, - K; + max(P', P?Y) F, (K, Ly)
<a-(PY- K, +P? .0 -L). (18)

Otcroga JIeTKO cieayeT, 4to P; — HeIMaHOBCKHE 1IEHBI B Z;; aHAJIO-
TUYHO MTOKA3bIBAETCS, UTO P, — HEHMAHOBCKHE IIEHBI B Z5.

MoskHO TmoKa3ath, 4TO (MCHOJB3Yys [2]) B OJHONPOIYKTOBBIX MOJEISAX
Z;(i =1,2) HeliMaHOBCKHE IEHBI ONPENEISAIOTCS €IUHCTBEHHBIM 00pa3oM ¢
TOYHOCTBIO 10 MHOXKUTeNs. [loaTomy

Py=py-(1,@;) =p1-(Lb-w)(py >0),
Py=p; - (1, @;) = pp - (1,b - w3)(uz > 0),
TO €CTh
P = (P, P,) = (.U1 “(Lb-wy), u-(1,b- wz))- (19)
IMoacrasus (19) B (18), umeem st Becex(Kq, Lq):
vy - Ky + max (1&) - Fy(Ky, Ly)
U1
Ki+b-wqy-Lq
Ipu K; = L, = 0, moxcrasisst (19) B (17), momyuum mist Beex (K5, Ly):
vy - K, + b - max (ﬂ, 1) (K, L)
Uz

K2+b'w2'L2

a =

a =

)
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OTKYyJa UMEEM
Vl ¢ 1?1 + max (%, 1) ¢ Fl(Klil_‘l)
1

= _ _ , 20
al K1+b'(1)1'L1 ( )

AQHAJIOTHYHO,
v, K, +b- max(l, Z—:) - Fy (K3, Ly)
— = . 21
Kz + b * (Uz * Lz ( )
Ho u3 (3) u (5) cnenyer, uto

Po = K1 Ay § Uz, Tl = Uy =HU.
Wrak,P = pu - P. IIpennoxxeHue 10Ka3aHo.

a, =
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IQTiSADI DINAMIKANIN BiR MODELINDO
BALANSLASDIRILMIS ARTIM HAQQINDA

S..HOMiDOV
XULASO

Mogalads ikisektorlu igtisadi danamika modelino baxilir. Neyman dayaniqliq hallarinin
tosviri verilir, dayanqliq hallari cirlasan olmayan halda qiymeotlorin yeganaliyi isbat edilir.

Sektorlarin balanslagdirilmis artimini tomin edan gimotlorin varlig: ishat edilir vo bu giymat-
lorin tosviri verilir.

Acar sozlar: dayaniqliq hallari, Neyman giymatlori, balanslagdirilmig artim.

ON AN EQUILIBRUM GROWTH IN A MODEL
OF ECONOMIC DYNAMICS

S.I.HAMIDOV
SUMMARY

We consider the two-product model of economic dynamics. A description of the
Neumann equilibrium states is given, the uniqueness of the price is proved when the
equilibrium state is non-degenerated. We prove the existence of the price at which the balanced
growth of the sectors is possible and give a description of such prices.

Key words: Equilibrum, Neumann prices, balanced growth.

Iocmynuna 6 peoakyuro: 27.01.2017 .
Toonucano x neuamu: 28.09.2017 a.
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OOHUM U3 MEmMO008 peuleHus CMEUAHRHBIX 340ay A8NAeMCs KIACCUYeCKUll Memoo pas-
Oenenust nepemenuvix (memood Pypwve). Kocoa epanuunvie yciosus cmeulanioi 3a0ayu nepezy-
JIAPHO, MO, 8000Ue 2080psi, HMON MemoO Henpumerum. B nacmosiweil pabome npumensemcs
«0600WeHHbLI MemOo0 paz0esieHus NEPEMEHHBIXY K PeULeHUI) CMEUAHHbIX 3a0ay 011 2unepoo-
JIUYECKUX YPAGHEHUTI 4emBEPMO20 NOPAOKA C HEPEeSYIAPHLIMU PAHUUHbIMU Yeaosuamu. Tlony-
YEHO AHATUMUYECKOe NPeOCmasieHue peueHis paccmampusaemol HepecysipHoll CMEUWanHOU
3a0ayu. bubn.s.

KiroueBble c€j10Ba: KIacCHYECKOEe pelIeHHe, 000OIIEHHbIH METOH pa3leleHHs mepe-
MEHHBIX, HEPETYJISIPHOE TPAHUIHOE yCIOBHE.

Pagu nmpocToThl 3amucu U paccykIeHUN Mbl OyZeM paccMaTpuBaTh clie-

TYIOIYI0 MOJENIBHYIO 3aa4y.
IlocranoBka 3amaum: Haiitu kimaccudeckoe pemieHue runepOormygec-
KOr'0 YpaBHEHHUS YETBEPTOTO MOpsIKa

2 LY
[__aZTJ u(x,t)=0, 0<x<1t>0, 1)

YIOBJIETBOPSIOILEE HEPETYISPHBIM IPAHUYHBIM YCIOBHUAM

d
U(X,t)|X:0 =0; U(X:t)L(:l =0; &U(X,t)k:l =0;
J ( 3?0 2

(x,t)) =0, t>0,

x|l o

N Ha4dYaJIbHBIM YCIIOBHAM

x=1
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9 u(x,t)
ot*

rae a(a # 0) -BemecTtBeHHOE 4ncio, f, (X)-M3BEeCTHBIC BEIIECTBEHHBIE (YHK-

= f,(x), 0<x<1 k=0123, 3)

t=0

onu.
Oyers  CO(0A) ={p(x):p(x)e C™([0) u ¢“(0)=¢“ @) =0, mpu
k=0m-1}.

1°. TlycTb M3BECTHBIC BELICCTBEHHBIC (YHKIHH @, (X), @ (X),hy, (X) 1 h(x)
YIOBJICTBOPSIIOT BKJITFOUCHUSIM

o;(x)e Cg ' ([01]), h;(x)e Co'([01]), rre j=01. (4)
2°. Iycts a(a # 0) BeleCTBEHHOE YHCIIO U

fo (X) = =@y (X) + (x = X*) & (x) + Xh (x);
f, () = @+ X) e, (x) = (x = x*)@{(x) + xh, (x);
f,(0) = 2[Xh () — (L+ 2@ (X) + (x = X))l

f,(x) = @’ [xh(x) + 1+ 3x)@{(X) - (x = x*) A{X)]. (5)

HNwmeer mecto
Teopema 1. Ilpu ocpanuuenusix 1%y 2° Hepe2yNAPHAs CMEeWeHHasl 3a-

oaua (1)-(3) umeem eourncmeeHHoOe Kiaccuyeckoe peuleHue U OHO NpPeocmas-
nsiemces popmynou

u(x,t) = iuk(x,t) , (6)

20e
U, (6 0) = [(G + 10, ) COSAAL + (9, +16],)SIN A4 LIXsIN A, X +

+§ (x—x?)cos A, x — %sin ﬂkx:|[qk2 cosadt—q,sinat] (7)
O, = ijl(x)sin A xdx;
O, = 2aﬂkjwo(x)sin A xdx;
Oy = Zjho(x)sin A xdx;
2 .
Oz :Jk thl(x)sm Axdx; A4, =K. (8)

Joxka3zarenbcTBo. Ilepen moka3aTeiabCTBOM CHadajga OOBSICHUM, UYTO
OTKYJ1a TOSBIIUCEH (hopMysl (6), (7) u (8).
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CornacHo «00001IEHHOMY METOly pa3/ieJeHHs IePEMEHHBIX», YACTHOE
pelieHre ogHOPOAHOTO ypaBHEeHHs (1), yIOBIETBOpSAIOIIEEe OJHOPOIHBIM He-
PEryJsIpHBIM TPAHUYHBIM YCIOBUSM (2), UIIEM B BUE

V(x,1) = ()[p(x) + tw (x)]. 9)
[Toacrasmsis (9) B (1) u (2), umeem
PV Olp(X) +ty ()] + 48" (O (x) -
=2 (O[¢"(x) + ty" ()] + 2 Oy ()} + a* B [0 () + 1y (x)] =0;
(10)
HO)[e(0) +ty (0)]=0;
(O +ty (D] =0;
[’ (0) +ty(0)]=0;
a’d(t)[e" (M) +ty" O] - Ol D) +ty' O] -2y’ () =0.  (11)
3’ IIycte OTHOHIGHI/IG?Z};—(:) HE 3aBHCHUT OT nepeMeHHon 1.

[Tonoxum
J(t)
—Z=av-11, 12
50 =YL (12)
rie A -mapamerp.
VYuureiBas (12) B (10) u (11), umeem
w D (x)+ 22" (X) + A'w(x) =0, xe[0], (13)

w(0)=0; w(1) =0; y'(0)=0; " (1) + Ly'(1) =0; (14)

P () + 229" (x) + Ao(x) = %J—_l [y (x) + Py (x)], xe[01], (15)

PO =0 o) =0, §(0)=0; ¢"W+EFM =Ty, (16

Kax mu3BectHO (cM., Hamp.[2]) mist TOrO, YTOOBI OJHOPOHAS «CIEKTPATbHAS
3anava (13), (14) umena HeTpUBUAIBHOE PEIICHUE HEOOXOUMO U TIOCTATOYHO,
4TOGBI UHCI0 A GBI HETPHBHATLHBIM PEIIEHHEM XapaKTEPUCTHIECKOTO YpaB-
HEHUS

A(A) = —42%-1sin? 1 =0, (17)
(A(A) -3Hamenarens Gyukiuu ['puna 3amaun (13), (14)).
Peuras ypaBuenue (17), nonydaem A, =k, ke Z.
Ilpu A = A, HeTpUBHAIBHOE pELICHHE OJHOPOIHON «CHEKTPAIBHOWY 3aqadun
(13), (14) 6yner
W) =y, (x) = Cxsin A X, (18)
rae C, -mpousBonbHble KOHCTaHTHL [loacTasiss (18) B (15), (16), nomyyaem
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q)(x)z(pk(x)szxsin/lkx+§\/—_10k [(x—xz)cosﬂkx—%sinﬂkx . (19)

rae B, -mpou3BobHBIE KOHCTAHTBI.
A taxxe ipu A=A, u3 (12) nonydaem
v(t) =4 (1) =E, (cos alt+ J=1sin aﬂkt), (20)
rae E, - npounsBosnbHbIe KOHCTAHTBL
VYuuteBas (18), (19) u (20) B (9) umeem

V(x,1t) =V, (x,t)=E, (cos adt++/—1sin a/ikt)x
X{kasinﬂkx+§\/—_lck [(x—xz)cosﬂkx—%sinﬂkx + (21)

+C,txsin A x}

CnenoBatenbHo, pasnarast V, (X,t) Ha neficTBUTEIbHBIC M MHUMBIE YacTH,

V, (%) = Vi (%,1) + =1 Vi, (x,1), (22)
rac
V. (X,t) = cosaAt[g,,xsin A X + g,txsin A, x] —lqklsin adtx
a
2 1 .
x[(x— X )cos/ikx——sm/ikx],
A
9w = BBy, 9u =ECy;
V,,(x,t) =sin 4 t[g,,xsin A4 X+ q,,txsin 4 x] +1qk2 cosatx
a
2 1 .
x[(x— X )cosﬂkx——smﬂkx],
A
9. = BB, o, =EC,.
[Tomoras

u (x,t) =V, (X, t) +V,, (x1),
nony4daeM ¢opmyny (7), rae 09,;,0¢»s Oyys Oy, MOKA MPOU3BOJIBHBIE YHUCIIA.
HenocpencTBeHHON MPOBEPKOIA JIETKO TOKA3bIBAETCS CIETYIOIIAs
Jlemma 1. [na npouszeonvnvix uucen §,,0,,, Oy Oip PYHKYUIL
u, (x,t), onpedensemvie popmynoii (7), asraomes pewenuamu ypasuenus (1) u

Y00871em8opsiton 00HOPOOHBIM HEPESYNAPHLIM SPAHUYHBIM YCLO8UAM (2).
Hanee, cornacHO «00OOIMIEHHOMY METOIYy pa3ZelieHHs] TePEMEHHBIX)

pemrenue 3agauu (1)-(3) umem B Buze (6).

[Toacrapisis (6) B HadayibHBIC yCIIOBHS (3), MOTydaeM

107



fo(X) :—liiqkzsin ﬂkx+(x—x2)£iqkzcosﬂkx+xi Oy SINA X
aia A aia k=L
f,(X) = @+ %) Ay Sin A x—(x=%*)Y A0y, COS A X+XaY 40,,sin AX;
k=1 k=1 k=1

f,(x) = —azxiﬂigklsin A x+a(l+2x)x

k=1

x 3 4,00 Sin Ax-a(x—x3) Y 20, c0s 4, X
k=1 k=1

f,(x) =-a’(1+ 3x)iﬂ§qklsin AXx—a’xx
k= (23)

xiﬂﬁgkz sin A x+a’(x— xz)iﬂ,ﬁqkl cos A, X,
2 a

U3 KOTOPBIX OIPENEIIAIOTCS HeU3BEeCTHBIE KOOMOUUUEHTB! U, ;, Uypy Oirs Ui -

Ecnu HemsBecTHble K03 (ULMEHTH! J,,,0,,, J,;, Jy, Oyayr ompene-
JSATHCA U3 CIEIYIOUIUX pa3sIoKeHUH B psif 1o cunycam (cm.[1], c.445)

oo

() =§2%qwsinﬂkx;

k=1

w (X) = iqklsin AX;
hy() = Y G Sin AX;

(00 = a3 4,0,,5in A% (24)

TO AJISL 3TUX KOAPPUIUEHTOB J,;, Oy, Oyys Oy, MOTydaeM Gopmyiy (8).
Honb3ysick orpanmueHusMA 1°, U151 9THX KOd(HUIHEHTOB HMEEM Clie-
JYIOUIHE OIICHKH
const .
0= S0 jm12k=120, @9

6

const
Og| <5
k
Onenku (25) mokaspiBaet, uTo B (24) oneparnuu qudepeHIupoOBaHusT MOKHO
MEPCHCCTHU MOA 3HAK CYMM M CJICAOBATCIILHO

, 1<
@y (X) = gzqkz CoS A X;
k1

” 1$ :
@y (X) = _gzﬂquz sin 4,x;
k=1
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A = _ézqu COS A, X
ZORDWARCEVN
(00 =~ Aasin A
af(x) = —Zﬂiqkl cos A, X;
600 =3 A0 cosAx
() = —gﬂigklsimx;
(0 =23, £g..cosAx

M0 = -2, 0 sin 4. (26)

Vuuteisas (5), (24) u (26) B (23), nonyyaem, uro ¢pyaxuus U(X,t), ompene-
asiemast popMysoH (6), yIOBIETBOPSIET HA4YaIbHBIM YCIOBHAM (3).

Onenku (25) MOKa3bIBAIOT, YTO onepanus IuddepeHupoBanus mo X
uno t 10 4-ro nopszka, BitounTensHo, pynkuun U(X,t) B (6) MoxHO mepe-

HECTHU IOJl 3HAK CYMMBI U, CJIE€JJOBATENIbHO, MOJIb3YSCh JIEMMOW 1, monydaem,
yto ¢ynxuua U(X,t), onpenensemoii hopmysoii (6), yaoBIeTBOPSAET ypaBHe-
HUIO (1) M HeperyasIpHBIM IPAaHUYHBIM YCIOBUSM (2).

Takum o0pa3zom, MbI jJoKa3aiu, 4yTo ¢GyHKIuUs U(X,t), onpexensemast

dopmyoii (6), ABIsIETCA KIACCHYECKUM PELICHHEM HEPEryIIpHON CMelIaHHON
samgaqn (1)-(3).

[Tpumensist METOI KOHEYHOTO HHTETPATBHOTO peodpa3zoBanus [2], yc-
ICIITHO MCIIOJIb30BaHHBIN B paboTax [3-5], Jerko mojaydyaercsi € JHHCTBEHHOCTh
KJaccudeckoro pemrenus 3aaaqun (1)-(3).

Teopema nokazaHa.
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BOZi QEYRI-REQULYAR SORHOD SORTLI QARISIQ MOSOLONIN HOLLIND
“UUMUMILOSMi$ DOYiSONLORINO AYIRMA USULUNUN”
TOTBIQI METODIKASI

E.A.QASIMOV, A.O.HUSEYNOVA
XULASO

Qaris1q masalanin hall Gsullarindan biri, klassik dayisonlorino ayirma tsuludur (Furye
Usulu). Sorhad sortlori geyri-requlyar oldugda bu Gsul, Gmumiyyatls, totbiq oluna bilmir. Bu
isdo “Omumilagmis dayismlorine ayrilma tisulu” toklif olunur va onun dérdinci tortib hiper-
bolik talik {ictin geyri-requlyar sarhad sartli qarisig masalonin hallins totbiqi verilir.

Baxilan moasalonin hollinin analitik ifadosi alinir.

Acar sozlar: sonlu integral cevirmo Usulu, geyri-lokal sarhod sorti, hallin ifadasinin
analitik dusturu

APPLICATION OF THE “GENERALIZED METHOD OF SEPARATION
OF VARIABLES” TO THE SOLUTION OF SOME MIXED PROBLEMS
WITH NON-REGULAR BOUNDARY CONDITIONS

E.A.GASYMOV, A.O.HUSEYNOVA
SUMMARY

One of the methods for solving mixed problems is the classic method of separation of
variables (the Fourier method). When the boundary conditions of the mixed problem are non-
regular, then, generally speaking, this method is not applicable. In the present paper, we use the
“generalized method of separation of variables” to the solution of mixed problems for fourth
order hyperbolic equations with non-regular boundary conditions.

Analytic representation of the solution of the considered non-regular mixed problem is
obtained.

Key words: finite integral transformation method, mixed problem with integral
condition, analytic representation of classic solution

Ilocmynuna 6 peoaxyuro: 17.01.2017 e.
TIlocmynuna k neuamu: 28.09.2017 2.
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Ipeonoocena memooura u areopumm peweHus: 3a0a4u UOeHMuUGUKayuu npPoHUYaemo-
cmu U nopucmocmu 0eghopmMupyemo2o niacma u Rapamempos, Xapakmepuupylouux meyenue
6 CmMeoJle, Ha OCHO8Ee MOOeIU PUIbMPAYUL PedIbHO20 243d 8 NAACIME NPU 2A3080M PENCUME C
VUemomM OUHAMUYECKOU C6513U CUCTEMbL NAACM-CKEAJICUHA. B kauecmee kpumepus onmumusa-
Yuu npu HAXONCOEHUU YKAZAHHBIX NAPAMEMPO8 NPUHUMAEMCS MUHUMU3AYUSL QYHKYUOHATA
K6aOpaAmMu4HOU HEGA3KU PACUEMHbIX U PAKMUYECKUX 3AO0UHbIX OAGLEHUT CKEANCUHBL.

KuaroueBble cjIoBa: ra3kOHICHCATHAs CMECh, HENHMHEHHAs AedopmMarius, YHCICHHOE
pelieHne, MeToI IPOTOHKH

Bomnpockl noBslIIeHUs yrieBoJ0poa00T a4l U 3()(HEKTUBHOCTH pa3pa-
00TKH 3anexxell HehTH U Taza BO MHOTOM CBSI3aHBI C YMEHHEM NPaBHIBHO TO-
CTPOUTh TUAPOJMHAMUYECKYIO MOJEIb IJIacTa.

[locnenHsisi ocHOBaHAa HA YMCICHHOM pPELICHHHM YypaBHEHHUH (QuiIbTpa-
UM IJIACTOBBIX (DIIOMIOB € HACHTU(UKALMEH (UIBTPALMOHHO-EMKOCTHBIX
napamerpoB (®PEII) ruiacta u Takke napaMeTpoB, XapaKTEPU3HPYIOIIUX UX
TEYEHUs] B CTBOJIE, KOTOpas, KaK MPaBUJIO, NP HEAOCTATOUHOM OOBEME HH-
dopmanuy OCYIIECTBISETCS B Ipolecce pa3pabOTKH MECTOPOXKACHUS C HC-
N0JIb30BAHUEM MMEIOLINXCS (PAaKTUUECKUX POMBICIIOBBIX JaHHBIX.

Wnentudukamus mapaMeTpoB IUIacTa W TapaMeTpoB, XapaKTepH3U-
PYIOLIMX TE€YEHUs Ira3a B CTBOJIE, Ha 0aze Mojienn (pUIbTpalMy peaabHOro ra3a
B IIJACTE€ NPU Tra30BOM PEXUME C yUETOM JWHAMUYECKOM CBSI3U CHUCTEMBI
IUTACT-CKBAKMHA HA OCHOBE YCTHEBBIX JAHHBIX UMEET KaK Ba)KHOE TEOPETHYE-
CKO€, TaK U MPAKTUYECKOE 3HAUCHHE, YeEMY U TIOCBAIICHA JaHHas paboTa.

[Ipeamnonoxum, 9TO TA30HOCHBIN TIJIACT UMEET KPYroByio Gopmy ¢ pa-
auycoM Ry . BHemnsasa rpanuna niacra Henponunaema. ITycts skcmryaranm-

OHHAas1 CKBa)XXHHA paanyca I, paClOJIOXCHA KOHIICHTPHUYIHO BHEIIIHEH rpaHune
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mjiacta, COBCpHICHHA 110 CTCIICHU BCKPBITHUA. I[anee MMPEAII0JI0XKNM, YTO B IlJIa-
cTe OBUIO ITOCTOSHHOE HadajJbHOE AaBJICHUC g . C‘II/ITaCM, 4YTO CKBa)XHHa

MorHocThio wiacta H skcrmyatupyercs ¢ pacxonam Qg (r,,t).

Cucrema ypaBHEHHH, ONUCHIBAIOIIAs POLECC (PHIBTPALUU PEATbHOTO
rasza B JepopMHUpyeMoM IutacTe umeeT Buf [ 1]

19 o], ap_ a(m(r,z, p)@(p))
I’ar|:k(r’z’ p)l//(p)r(,”]‘i'(.)zl:k(l’,z, p)l//(p)gzjl_ . ’

D={re(r,R).ze (0,H)},te(0T), (1)

C HAYaJIbHBIMHA U T'PAHUYHBIMU YCIIOBUSIMU:

p(r,z,t) o= Py .D={re (i,R).ze (O.H)}, )

27t [k(r,z, P (P) oo\ G2 =-Q5' (1) te OT) (3)

aplr,zt
p(ar) r=R, =0, ap(g,zz,t)Z:O;H =0,D={re(r,R).ze (O, H)}, ()
rae y(p)= <(p)pp ;(D(p)zpiﬁ; p(r,z,t) - naenenne; p,,, -

. (P)Z(P) Py Z(P) Pans

arMocdepHoe nasienue; [ u Z(P) -xk0opHULHEHTBI, COOTBETCTBEHHO, TEMIIE-
paTypHOIl TONPABKM U CKMMAEMOCTH JUIsl ra3oBoil dase; M, (P) - BsaskocTs
rasa; I'.- paauyc ckpaxumnsr, [ - Bpems; D - 06macTh puasTpanum.

Ipurok raza Q' (r.,t) B eauHuMIly BpeMeHH Ha 3a00il CKBAKHHBI He-

BO3MOXKHO 33/1aTh 3apaHee, MO3TOMY OH IOJICKHUT OMPEIESIICHHUIO 110 YCThEBBIM
JaHHBIM. On YCTaHAaBJIMBAOTCA B 3aBUCUMOCTH OT yCHOBI/Iﬁ B CUCTEMC 1J1aCT-
CKBa)XHMHA.

[Tpu 3TOM cucteMa ypaBHEHUI (QUIBTpalMK pEajbHOIo ra3a B IUIACTE
(1) - (4) momKHa peraThesi COBMECTHO C YPaBHEHUI TEUCHHS PEabHOTO ra3a B
TpyOe [2]

@JFQ(X” 2°u _d(z-0)

o(z-1 2%
oH?  of otoz IO(r“z’t)_(p)'Oy“'"(t)ﬂlzaz21+
4 9 ou
2,00 ot 5
T3 a0z ot ©)

C HAYaJIbHBIMH U 'PAHUYHBIMU YCJIOBUSAMU
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=0, (6)

ou

— =0, u
0z

z=l

0, (7)

=0

rae U -npomonbHoe nepemenienne peanbHoro raza yis JI0O0ro MOMEPEYHOTO
ceueHust TpyObl, m; ¢; @ - CKOPOCTH paclpOCTPaHEHUs 3BYKOBOW BOJHBI B

M 1.
raze, —; h - ko> ULUEHT COMPOTUBIIEHNS pealbHOro ra3a B Tpybe, € O -
c

K
(yukums Jlupaka; p, - IIOTHOCTb PEATBHOIO Ta3a, —; ; V - KAHEMATHYECKAs
M

2
BA3KOCTH Tasa, *_; p, . () - ycrbeBoe nasnenue ckaxunbl, Mlla; | - ruy-
C

OMHa CITyCKa KOJIOHHBI HACOCHO-KOMIIPECCOPHBIX TpyO, M f - mmomans mpo-

XOJIHOTO CEYeHHs KOJOHHBI HACOCHO-KOMIPECCOPHBIX TPYD, M’ ¢ - 00BEM-
Hasl I0JIsI ra3a B IOTOKe, Oe3pa3MepHasi BEIMYHHA.

HpeI[HOJIO)KI/IM, 4TO MIapaMeTpbl IJIaCTa 3aBUCAT OT HAABJICHUA CJIC-
Tyronum oopazom [3]:

G

(.2, p)=ky (r. 20k, (p), k()= 2| ;

(&)

m(r,z, p) = my(r, 2)my(p), m(p)=| > | . (8)

0
rae K(r,z, p), m(r,z, p) - cooTBeTCTBEHHO 3HAUYEHHs IPOHUIIAEMOCTH U TO-
pucroctu racta npu nasienun P Ko (r,z), my(r,z) - ux nmacroBeie 3Ha-
YCHUS HpI/I Ha4dyaJlbHOM IIJTaCTOBOM AAaBJICHUH, 0{1 nu 0(2 - [MoJieKauimue OHpe-

JeNeHUI0 KO3 UITMECHTHI.
Taroke MpeAnoNokKuM, YTO mapamerpsl N W V B MOJENH JBIKCHHE

rasza B CTBOJIC CKBaXUHHI (5) 3apaHee HEM3BECTHHI. MIX HEM3BECTHBIX 3HAYCHUN
O603Ha‘II/IM, COOTBETCTBCHHO, BCIIMYNHaAMU 0(3 n 0(4.

Tpebyercs HaiiTu Takue 3HadeHHs ¢ (i =1,4), KOTOpbIE TO3BOJISIOT
npu periennu 3aaa4 (1)-(4), (5)-(7) MUHEMU3HPOBATH 3HAUCHHE ()YHKIHH

HT
oy, 0, 0,,0,) = ”[p(rc,z,t)— p, )] dzdt + (o + o2 + &% + o) = min |, (9)
00

rae € 2 0-napamerp perynspusanuu [4]. OTMETHM, YTO MPHCYTCTBHE BTOPOTO
ciaraemMoro B 1eneBoi GyHknuH (9) rapaHTUPYET €AMHCTBEHHOCTh PEIICHUS
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sanaun (1)-(4), (8) , (5)-(7).

TeopeTnyeckoe naBiieHUE p(rc, Z,t) onpenensaercs U3 COBMECTHOI'O
pemmenus npsmoit 3anaun (1)-(4), (5)-(7) u (8). dynkunonan J(o,, o,, a5, ;)
SIBIIAETCSA TTOKAa3aTelIeM KadyecTBa, OMPEICIIOMNM HACKOJIBKO TOYHO MaTeMa-
TUYECKasi MOJIENIb OMUCHIBACT PEAbHBIN (U3NYECKUI TpOIecC, XapaKTepu-

syromuiicsa 3Hauennem mapamerpa Pg(t) . ITpu sToM ympaseHue moxasarenem

Ka4ecTBa OCYIIECTRIISIETCS TP IMOMOIIU MapaMeTpoB 1ehOPMHUPYEMOTO ILTACTA.
Jnst monmyvenust Bun rpaauenta ¢ynkiuonana (9), ypasaenus (1), (5)

YMHOXHUM, COOTBETCTBEHHO, Ha TMOKAa HEU3BECTHBHIC MPOHW3BOJIbHBIC (DYHKIIHH

Y (r,z,t), ¥,(z,t), mpouHTEerpHpyeM IOTy4YEHHbIE BBIPAKCHUS 1O 00JIACTH

{r.z,0:re(r,,R), e (0,1), te (0,T)} u {(z,t):2€ (0,), te (0,T)}, coorner-

CTBEHHO, W MPUOABIIsIeM 3TH WHTErpajibl K BhipakeHuto (9). Torma monyuum

oy, 0y, 0,,0,) = ﬂ[p(rc ,2,t) = p, ()] dzdt + JEH.‘PI(r, z,t)[la{rAap}+a{Aap}—?ﬂdrdzdt+

00 200 ror{ or)] oz| oz
Y 21 QY 9lu dz-0)p(r,z,t)-d(z-1)p,, 2 3
+”‘P2(z,) 8—3+Q—°a—u— @=0)p(r. 2 -0C-Dp, —aza—g—ﬂma—uﬁz%a—u 2dt +
0 ot ¢f otoz p, gz 3 otz ot
+e(af +of +al +al) — min. (10)

saece A=K(r,z, p)y(p), B=m(r,z, p)®(p),
Jns BeluMcieHus npupaiienus gyskuuonana (10) 3amaem mpuparie-

HHUE MEPEeMEHHBIX &, Oy, O, U O, , Kak A 0, 1=14, npupamenus p, S, Uy,
U, - obo3Hauaem yepe3 Ap, As, Au;, AU, COOTBETCTBEHHO.

Bribepem ¢ynkmun Wi(r,z,t) u W,(r,z,t) xax pereHus cienyromen

KpaeBoit 3a1auun, conpsbkeHHou 3aaade (1)-(4),(5)-(7) u (8)
o, |o(¥ op ooV oY, ]ap a[alyl ]

B, —L=|—| L FA |oo——| | 2 pA[+| =LA, |- -—| =LA[(11

Pt [8r(r} p}ar ar{ar[r )r ]+[az Ploz  oz| oz 4

0%, g 0%,

ot? 0z°

=0, (12)

Hauvanbupie u I'paHUYHBIC YCJIOBUA, UMCIOT BU

oW, (r,0,1) _p, M H Y ~0, (13)
0z 0z

i(i)rm 2(p(r.z,) - p, (M), =0, (14
or\ r ¢

W (r,2,T)=0,
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J (Y 3
[a[}’*] =0 4

¥, (z,T)
ot

371eCh Ap, Bp MPOU3BOAHBIE IO P OT A u B, COOTBETCTBEHHO.

¥,(2,T)=0, =0,¥%,(0,t)=0,

¥, (1,t) _
TLE=0 0 (16)

Jlns mpupariennst QyHKIMOHaNa J MoJydaeM CIeAyIoIiee BhIpaKeHHe

” ‘{‘12 Aarap +¥, — J ap drdzdt +
ol frorl % oor toz| ™oz

+ ﬂ[‘l’er% ]3—? dzdt + 2e0, + Ay, ]Aal -
00 =t
RykHT

_ (”j[ ) aBsz }drdzdt —2¢ea, — A, ]A% -
.00

1T 3
(%”‘Pz(z t)aaa—dedt 2e0, - A, ]Aas +
00

)
+(2”‘P2(z,t)2—l:dzdt +2¢a, + A, )Aoz4 +
00

—”\y (z, t)ﬁdde”‘P (z, t)?; Wolzolt—

_%aaﬂqu( t) ~dzdt + 2”\11 (z, t)—dzdt+77 (7)

OtMetum, 4TO 7] OECKOHEYHO Majoe 0o0Jiee BBICOKOTO MOpPSIKA, YeEM
Ao =Ao, +Aa, + Ao, + Ac,.
B cuy toro, uro mpu A, — 0, umeer mecto Au — 0, Ap‘r_r -0
—'c

TO JUIsA TPaiueHTOB (pyHKITMOHANA (9) UMeeM CIeAYIOIINE BBIPAXKEHUS:
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Y W« H T 1 a ap a ap HT p
80(1 rc_”[‘l’lra (A rar)+‘1’ a( e )]drdzdt+£b[‘}’rA ] r:rcdzdt-}—Zga
BT 0B
9 __ ”‘P — drdzdt + 2ec,
aaZ 00
9J 4|T‘P t dt+2
aa, 5” (2 )aaz rit+ ceas
I T
92 [, (2. Dzt + 26, (18)
G, 1% ot

rae dynxuun W, u W, onpenenstores pemennem 3anaun (11)-(16).

Jlst Haxoxxaennst (¢, ¢, , o, (,) WCIOJB3yeM IPaJUeHTHBINH METO/:

aJ(alk’a;,ag,af) ’ |:1’4
o,

0{-k+l — a_k _ ﬂk

ANTOpUTM pelieHus 0OpaTHOM 3a/1a4yl M0 YTOYHCHHIO KOJIJICKTOPCKUX
CBOICTB IJIacTa 3aKJII0YaeTCs B CIEYIOLIEM:

C uCnonp30BaHUEM HMCXOJHBIX BEJIMYUH €MKOCTHBIX M (DUIBTPALMOH-
HBIX [TaPaMETPOB U MapaMeTPOB, XapaKTEPU3UPYIOIINX TEUEHUE ra3a B CTBOJIE,
penraercss 4uciIeHHO mpsiMas 3amada (1)-(4) MeToqoM KOHEYHBIX pPa3HOCTEH
[1,5]. B pe3ynbraTe HaxoAsATCS AaBICHUS B Pa3HbIX TOYKAaX IJIaCTa, B TOM YHC-
7e u B ckBakuHe. OTnpeensroTcsl 3aBUCUMOCTH OT BPEMEHH Pa3HUIIBI (PaKTH-
YECKMX WM HAlJICHHBIX PACUETHBIX JABJICHHN B CKBaxuHe. C MCIOJIb30BaHUEM
ATHX HEBSI30K MEXKAY JABICHUSMHU B CKBOXXUHE, pelIacTcs CONMPsHKCHHAs Kpae-
Bas 3a1a4a (11)-(16). Ha ocHoBe pe3ysbTaToB perrenus npsmoii 3agaun (1)-(4)
u (5)-(7) u conpspkennoir kpaeBoit 3amaum  (11)-(16), onpenensroTcs 1Mo
dbopmynam (18) 3HaUeHHS (YHKIIMOHATBHBIX MTPOU3BOJAHBIX MO EMKOCTHBIM M
(GUIBTPAIIMOHHBIM MapaMeTpaM U 1O MapaMerpaM, XapaKTepU3HPYIOMUX Te-
YEeHUsI ra3a B CTBOJIE, B Pa3HbIX TOUKaX IIacTa.

[IpumeHsst COOTBETCTBYIOIIMM METOJI MUHMMU3ALUMU MO HAWJICHHOMY
IPagueHTy J, CTPOUTCS COOTBETCTBYIOIIEE HAIPABIEHUE TIOUCKA, ONpeesnseT-
Csl IIar BIOJIb 3TOTO HANpPAaBIEHUS W YTOYHSIIOTCS KOJUIEKTOPCKHE CBOWCTBA
IlacTa M XapaKTepUCTHKU TeUeHHus raza B crBosie. Ha »ToM 3akaHuMBaercs
nepBasi UTEepalys AIrOpUTMa pelIeHuss oOpaTHON 3a/J1a4yu, IPH STOM BBIUUCIISI-
ercs U BennunHa (yHknuoHana (9). C yrouyHEeHHBIMH 3HAUYCHHSIMU HCKOMBIX
napaMeTpoB, BHOBb PEIIAETCs MpsMasi 3a1a4a.

Haxonstcs BennunHbl HEBA30K IUIACTOBBIX JABJICHUN B CKBa)XKUHE HA pa3-
JMYHBIE MOMEHTHI BpeMeHH. Pemraercs compsbkeHHast kpaeBas 3aaava. Onpene-
JSIOTCSL TakKe 3HA4YeHUs] (PYHKIIMOHAIBbHBIX MPOU3BOIHBIX. BHOBH YTOUHSIOTCS
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napaMmeTphbl IJ1acTa U CTBOJIbI CKBaKUHBI, U PACCUUTHIBACTCS 3HaYEHUE (PYHKIIUO-
Haza (9). Ecnu 3HaueHus QyHKIMOHANA, HaliIGHHBIE TIOCIIE OKOHYAHUS TIEPBON U
BTOPOI1 UTEpALIUH, PA3INYAIOTCSI MEHEE, YeM Ha 33/IaHHYI0 BETUYMHY OTrPEIHO-
CTU O, TO penieHre 00paTHOMW 3a7a4n 3aBepIieHo. B mpoTHBHOM citydae ocyie-
CTBJIICTCSI TIEPEXO]] K TPEThel MTEpalliu U T.I. B pe3ymnbrare pemenus ooOpaTHOH
3374yl YTOUHSIOTCS 3HAUEHNSI HCKOMBIX [1apaMeTPOB.

ITo onrcaHHOM BBIIIE PAaCUETHOM CXEME U AJITOPUTMY COCTaBJIEHA MPO-
rpamMa. ITpu atom PVT 3aBucHMOCTH peanbHOIO ra3a oT JaBjI€HUs U Haydajb-
HBIE€ CXO/HbIC JAHHBIE TAKOBBI:

1.(p) =0.0126+0.257-107 p +0.1633-107" p?, (cn)

2(p)=1.0-0.1162-107 p+0.3744-10"° p* -0.2965-10~° p* -0.1975-10 ™ p*,

- PB_ elays Py =40MIla,m, =0.16, k, =0.051n°, H =20,
1.(P)Z(P) Py

r, =0.1u, R, =750x,8 =0.01,£=0.001, #=0.81,p,,, = 20MIla,

¢=0.98, K =0.001x2/(a*-¢), | =6000m, d =0.06 », a=1100m/c.
B KadecTBe MepBOro NPUOIMKEHHMs IPH PEIIEHHH OOpAaTHOM 3a1a4m

pé

HCTIOJIB30BaHBI CIIeTylolMe 3HadeHus mapametpos ¢ =1, &, =1, o =0.1

u o, =0.1. Jina nonyuenus uctunnpix snauennit o =0.24, a, =0.37,
o, =0.005 (1/c) o, =3.86-10"u"/c u c 3aMaHHON TOYHOCTBIO TIOTPeGOBa-

J0Ch ABaAuaTh ceMb utepauuit (puc.l u 2). Ilpu 3TOM comnocTaBieHHbIE pac-
YeTHBIC M (PaKTHYECKUE 3HAUYCHUSI TABJICHUI B CKBaXKUHE MMPUBENICHBI HAa PHC.3,
OTKyJa BUJHA UX XOpoIlas COrJIaCOBAaHHOCTH IpHA J =0.000112

100 1

J, %

90 0.9

80 X 0.8

70 X\‘ 0.7

60 \\\ 06
%""\

50 05
40 \ H\H*"'\' 0.4
30 03
20 \k Aty u* Loz
10 W 01

0 T T T T T ! ¢ 4

HpenTuduumupyemoie napamerpbi

Yncro uTepanun

—— 3nadenne QyHKIHKT

—8— e uuupyeMblii TapaMeTp, BXOMIIIHH B YMIPUUECKYI0 3aBUCHMOCTD

HPOHUIIAEMOCTH
—A— Venmnduumpyemerii napameT)p, BXoAIIHI B SMIPHYECKYIO 3aBHCHMOCTh
TOPUCTOCTH

Puc.1. 3aBUCHMOCTbH U3MEHEHUS HEBSI3KU OT UTCPALIMOHHOT'O

npolecca Npy onpesieeHud TOYHbIX 3HaUeHuH napameTpos o4 u O, .
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Puc.2. 3aBHCHMOCTD U3MEHEHHUS HEBS3KH OT UTEPAMMOHHOTO

IpoLecca PH ONpE/IeICHAN TOYHbIX 3HaueHnH napamerpos (X3 u O, .
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—o— daxTHyecKoe 3HaUCHHE JABICHUI Ha CKBAXKUHE

—&— PacyeTHOE 3HAUYCHHE IABJICHUN HA CKBaKHHE

Puc.3. I3ameHenne (haKTHUECKUX W PACUCTHBIX 3HAYCHUH JaBICHUI B CKBaYKIHE

BriBoambI:

C nmomoIIp0 MPUMEHEHUSI BapUAIMOHHOTO METOa MMPOU3BEACHA Tapa-
MeTpuYecKass HUIACHTU(DUKAIMA (DUIBTPAIIMOHHO-EMKOCTHBIX CBOMCTB Aedop-
MHUPYEMOTO IIIACTa W MapaMEeTPOB, XapaKTEPU3UPYIOMINX TEYCHHE B CTBOJIE,
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npu QUIbTpaAlMKM pEalbHOroO ra3a B IJIAaCT€ C YYETOM JAMHAMHUYECKOM CBS3H
CUCTEMBI TJIaCT-CKBOKMHA IO JAHHBIM OTCIC)KUBAHMS M3MEHEHUH (akThye-
CKHUX MOKa3aTesiel IKCIUTyaTalluy 3aJIexkH.
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LAYIN SUZULMO-TUTUM PARAMETRLORININ IDENTIFIKASIYASI iLO LAY
FLUIDLORININ SUZULM® TONLIKLORININ ©9DaDi HOL LI

X.A.FEYZULLAYEV, M.S.XOLILOV

XULASO

Lay-quyu sisteminin dinamik alaqosi nozors alinmaqla layda real qazin siizilmo modeli
osasinda deformasiya olunan laymn kegiricilik vo mesamsliyin va quyu liilesinds axini xa-
rakterizo edon parametrlorin identifikasiya masalasinin hall {isulu ve alqoritmi toklif edilmisdir.
Qeyd olunan parametrlorin tapilmasi ii¢lin zamana gére quyuda tozyiqin faktiki qiymati ilo he-
sablanmis qiymatlori forqinin kvadratinin inteqralindan diizeldilmis funksionalin minimal-
lagdirilmasi optimallasdirma kriteriyasi kimi qabul edilmisdir.

Acar sozlar: qaz-kondensat qarisig1, qeyri-xotti deformasiya, adadi hall,
NUMERICAL SOLUTION FOR EQUATIONS OF FILTRATIONS OF RESERVOIR
FLUIDS WITH THE IDENTIFICATION OF FILTRATION-CAPACITIVE
RESERVOIR PARAMETERS
Kh.A.[FEYZULLAYEV, M.S.KHALILOV
SUMMARY

The paper offers a technique and algorithm of the solution for a problem of identifica-
tion of permeability and porosity of deformable layer and the parameters characterizing cur-
rents in a trunk on the basis of the model of filtration of real gas in a layer at the gas mode tak-
ing into account dynamic communication of the system layer-well. In finding these parameters
as the optimization criterion is accepted minimization of the functional in the form square dis-
crepancy between the calculated and the actual bottomhole pressure of a well.

Key words: gas-condensate mix, nonlinear deformation, numerical decision, pro-race method

Tocmynuna e pedakyuio:
Toonucano x nevamu:
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B pabome daemcsa anzopumm nocmpoenus onmumanbHo20 no 6blIcmMpoOeucmsuro pac-
NUCAHUS NOCTIe008AMENbHO20 8bINOAHEeHUA N 3a0anutl Ha P npoyeccopax. Hatioenst docma-
MOYHbIe YCI08UA CYUeCBOBAHUS ONMUMATLHOU NOCLe008AMeNbHOCTI.

KiarwueBble ciaoBa: onmumanvHoe pacnucarnue, 4acmuyiHasl nOCJle()OGameJleOCWlb,
Haumernvuiee e6pems 6blINOJIHEHUS 3a0anuil.

ITocTranoBka 3agaun

PaccmarpuBaetcst 3a1ada OCTPOEHUS ONTHMAIBHOTO IO OBICTPOCHCT-
BHUIO pacnncaHHﬂ IIOCJIEJOBATEIIFHOI'O BBIIIOJJHEHUSI N SaI[aHI/Iﬁ Ha P Hpouec-
copax. Kaxmoe 3amaHue BBINOJIHAETCS CHaudaja mpoueccopoMm 1, 3arem mpo-
1eccopom 2 U T.J., HaKOHeI[ mpoueccopom P. Bpems BoinonHenus 3aganus K

npoueccopoM L pasno t, .

IIpenmonaraercs, 4To Bce 3aJaHUs BBITOIHIIOTCS KAKIBIM IPOLIECCO-
POM B OJHOMH M TOM K€ MOCJIEN0BaTENbHOCTH. KaX1plil mpoleccop BBIOIHSAET
OJTHOBPEMEHHO He 0oJiee OJHOTO 33JaHUs U MPUCTYNAET K BBHIIOJHEHUIO KaX-
JIOTO OYEPETHOTO 3aJJaHMs TIOCIIE 3aBEPILECHUS IMpeAbIAyIero 6e3 HeonpaBaaH-
HOro npoctod. [Ipym 3THX yCIIOBUSAX pacnHcaHue ONHO3HAYHO OIPENEsIeTCs
saganueM nocnenosarensioctd /3 = (i, 0, ,..., 1, ) BBIIOJIHEHNE 3a[aHUH.

Ecnu 3aanme BHIMOIHSAIOTCS KaXIBIM IIPOLIECCOPOM B MOCIIEN0BATENb-
voctn /3 = (i;,15,-..,1,) , TO MOMEHT BPEMEHH HAYAJIO BHIIIOIHCHHUS

3amanus |, mponeccopoM 1 paseH tiﬂ= 0, a 3apmanue |, paBeH G, =t

1

t )k=2,n, L=2,p.

k=Z,Nn. Ananornmuno t, =ty , ® t, = max( t ot

e 7 e
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3nech (tikL =+t )- MOMEHT BPEMEHH 3aBEPLICHNUS BBIIOIHEHUS 3a1aHus |,

npoieccopom L.

O603HaunM vepes T( ) HauMeHbIee 0OlIee BPeMs BBIMOIHEHHS BCEX
3aJJaHU} TIPU BBIIOJIHEHUH UX KaXKJIbIM MPOIECCOPOM B MOCJEI0BATEIILHOCTH
. Ouesumno, T( S3) =t; ,.3aBucumocts T( B)ort, u B moxno 3anucars

B BUJE

T(B)=  max . Ztll+2t +.. JthIp . (1.1)

1<m; <n,<..2n
1SN -1 =
P k=n;

B paccmarpuBaemMoii paboTe gaeTcst allrOpUT™M IOCTPOSHHS TIOCIEI0Ba-

TensHOCTH 3 ,KOTOPEIH COOTBETCTBYET HanMeHbIeMy 3Hauernuo T( ).

Ecnu BbIONHSIETCS yCIIOBHE — KaXKIbIM TPOLIECCOP JOJIKEH BBIIOIHATh
3aJjaHus HEMPEPHIBHO oszo 3a JPyruM, TO o6mee BpeMsl BBITTOJIHEHHUS PaBHO

T (p) 21<u< Zt| L ztl L+1 +Zt| p (12)

Ecnu BbINonHSAETCS yCIOBUE — KaXK/10€ 3aJjaHUE JOJHKHO BBITIOJIHIATHCS HEMpe-
PBIBHO OJTHUM npoueccopOM 3a /:[pymM TO o6mee BpEMSI BBITIOJTHEHHSI PaBHO

T'(p)= erggx Zt.L Zt.L +2t.L (1.3)

E3
AJITOPUTM MOCTPOeHHs MocaeaoBaTeabHoCcTH  [3
PaccmoTpuM oHY U3 CX€M MOCIEA0BATEIHHOTO0 KOHCTPYHUPOBAHUS OII-

THMAaJIbHON IOCIEA0BATEILHOCTH ,B BBIIIOJIHEHUST N 3aJaHMil MHO’KECTBa
N= {1,2,..., n} P IPOLECCOPAMH.

[Iporecc mocTpoeHust UCKOMOM MOCIIEA0BATEILHOCTH MOXKHO TPEACTa-
BUTh KaK TPOIECC MOMIArOBOr0 ~pa3BUTHS” YaCTUYHOM IOCIEI0BATEILHOCTH
T BBITIOJIHCHHSI HEKOTOPBIX 3aaHuii u3 N 10 MOTHOM MOCIe10BaTeIbHOCTH ,B
BbITOJTHEHHS Beex 3amanuii N. [lomoOHOe "pa3BuTre” MOXET MPOBOAUTHCS TIO
pa3IUYHBIM ‘HallpaBJIEHHEM™ IIyTEM IPUIMCHIBAHUS CIpaBa Pa3IWYHBIX dJIe-
MeHTOB U3 N. CrocoObl OIEHKH MEPCIEKTUBHOCTH YaCTUYHBIX IOCIIEI0Ba-
TETHHOCTEH B paccMaTpUBAaEMOM CiTydae BechbMa pa3HooOpa3Hbl. OHU OTIHMYa-
IOTCSI IPYT OT Apyra Kak MO CIOXHOCTH, TaK M 110 TOYHOCTH BBIYUCIICHUS OIIe-
HOK.

Mp&I poBeieM OMUCAaHUE OJTHOTO M3 METOJIOB BBIYMCICHUS OIICHOK ISt
ciaydast p > 3.

O6o3naunmM mponeccopsl yepes Py, P,,..., P,,. Kaxnoe 3ananne cua-

Yajia BBIIOJHACTCA IMPOLCCCOPOM pl B TCUCHHUU tlk CAUHUIT BPEMCHU, 3aTCM
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npoueccopom P, B TeueHuu 1, eAMHHII BPEeMECHH, HAKOHEI IPOLECCOPOM

P, B Teuenuu t  enuHUI BpeMeHH.
Eciu 3ananus muoskectea N C N Bemonusrores B mocienobaren-
Hoctu F=(ij,l,,...1.), T =‘N |,a OCTaJIbHBIC 3a/laHUs BBITOJIHSIOTCS B TOCIE-

noparensHoctH 7 = (i .1, ),T0 o0lee BpeMsl BBIOJIHEHHs BCEX 3aj1a-

r+1? r+21

HUI OyaeT paBHO
T(z,7)= max Ztl, +th, +.ot ztm,k (2.1)
1<ul<u2<..£n = k=u,4
[Ipoueccop pl 3aBeplIaeT BBIIOJHEHME 3a1aHuii MHOxecTBo N B

MOMCHT BpeMeHI/I
T, (D)=, (2.2)
k=1

[Ipoueccop p2 3aBepIIaeT BHIIOIHEHHUE 3a1anuii MHOkecTBa N B MoMeHT

Bpemenn T, (7) = max[Ztl, +Zt2,] (2.3)

1<us<r

U naxonen, npoueccop P, 3aBepiuaeT BHINOIHEHUE 331aHUIH MHOXKECTBA N B

MOMCHT BPCMCHHU

T, (7)=_ max . ztn +Zt2I +ot ztm, (2.4)

1<U U, <SU
Onpesienum oleHKy d,,(7) MOCIeI0BaTeNbHOCTD 7 , 110 TIPOIIECCOPaM ToJiarast

T @)+ Yty + mln(t2k+ A+t )
ke N\N

T, (7)+ z t2k+m|n(t3k+ A+t)
ke NAN

np(T) INAXL -+ v vevrereereeetertesteeteetaeeaetaenaeeaeananns

(2.5)

7
Ouesujno, uto d,,(7) <T(7,7)
AHaJIOTHYHO MOKHO OIPEAEIUTH OILEHKY asg () nocnenosarensrocTu 7 ( Mo

3aJIaHMsIM ), TI0JIaras, 4To
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T, (7) + max tl|+t2,+ A+ 2 min G t)

IEN\N KeNAN ki

9. (r) = maxd T® (T)’L.TN"’PN‘ t2-+t3'+ Ay +k§(N rrk1$|ln(t2k,mk)] o5

4

OueBujHO, uTO 0,4, (7) <T(7,7)
Takum 06pazom, B kauecTBe HikHeil ouenku 0(7)snavennit T(7,7")
IpU pa3IMuHBIX 7' MOXET ObITh BbIOpaHa Jr00as W3 BETUYHMH anp (7) nnu

asg (T ) ITpu BblUMCIEHUN 00EUX TUX BEIMYHH B Ka4eCTBE a(T ) €CTECTBCH-

HO BBIOpaTh HAaUOOJIBIITYIO U3 HUX.

JlocTaTo4yHbIe YCJOBHS CYyLIeCTBOBAHHSA
ONTUMAJILHOM MOC/1e10BATEIbLHOCTH
CoopmynupyeM 10CTaTOUHBIC YCIOBHUS, MPU KOTOPBIX BO3MOXKHO HC-
KJIIOUUTh M3 PACCMOTPEHHs BCE TOCIIE0BATEIILHOCTH BBIMOJHEHUS N 3aJaHuil
p mpoleccopaMu, HAYMHAIOMIMNCA C TaHHON YaCTUYHOM MOCIEI0BATEIbHOCTH
7. OcTaBiieecss MHOKECTBO MOCJIE0BATENbHOCTEN JOKHO, €ECTECTBEHHO CO-
JepKath X0Ts Obl OJJHY ONTUMabHYIO nocaenoBareabHOCTh. [Ilyctb N € N u

- - - 1 2
T=(Iy,0y,..01,), ® 7@ MIPOU3BOJIbHBIC TIEPECTAHOBKHU 3JIEMCHTOB MHOXKECTBA
N,r=

crenoBatenbHoCcTH 7, HaumHas ¢ mMomeHTta Bpemenn O =0, To mpomeccop
Le {1,2,..., L,...M }3aBepmaeT YX BBITIOJIHEHHE B MOMEHT BPEMEHHU

T (7)= max Zt, Lt Zt, y Fot Zt, . (3.1)

1<u; U, <.,
2= k=u, k=u,_4

N‘ Ecan 3aJaHus U3 MHOXKCCTBaA N BBIITOJIHAKOTCA MICPBBIMH B 110-

Mpeanonoxum, uro T, (T (1)) <T (t9)ana Beex L=1,M .Torna
ouesugno, T(z®,7°)<T(¢?,7") ,uTo ans Bcex mepecTaHoOBOK 7~ IIEMEHTOB

muoxkectsa N \ N .
1 2
Taxum obpazom, ecmu T, (7P)<T (z?) m1a Bce L=1,M, to mpu
MOMCKE ONTUMAIBHON MOCISI0BATEILHOCTH BBIMOTHECHHS 3aaHUIl MOXKHO OT-
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CCeHTh ‘N \'N ‘! [OCIIeIOBATENbHOCTEH, HAUMHAIONIIMXCSA C YACTHYHOM MOCIIEI0-

2
BatenbHocTH T\ . VKasaHHOe YCIIOBHE UCKIIIOYEHHE B pealbHBbIX 3ajadax
YIOPSAOYEHHSI BBIIOIHSETCS CPAaBHUTENBHO penko. Clienyromiee ycloBUE UC-

KJIFOYEHHUS ¢ TPAKTHYECKOM TOYKM 3peHust 6oiiee BBIroaHO. Bymem gepes {T }
0003HaYaTh MHOXECTBO DJIEMEHTOB B MEPECTAHOBKE 7, TO €CTh B PACCMATPH-
BA€MOM CIIy4ae {T}Z N .IMycts a,be N \{T}.

OGo3HaunM 4epe3 7,7 HEKOTOPHIE TNEPECTAHOBKU DIEMEHTOB W3
muoxectea N \{T , 4, b}. Ipennonaraercs, uro {7} {r"}=0 u
{z" }u {"}=N\{r,a,b}. Cpasuum 3nauenus T(z,a,b,7’,7")u T(z,b,7,a,7").
Eciu Ham yaercst chopMyITMpOBaTh YCIOBHS, TIPU KOTOPBIX

T(zr,a,b,7,7") <T(z,b,7,a,7")
3.2)
, y
JUTIA BCEX BO3MOXKHBIX 7,7, TO MHOKECTBO MOCIIEN0BATEILHOCTEN HAYNHALO-

IUXCA C YaCTHUHOM mocienosarensroctu (7,0), MoxuHO ymamurts u3 pac-

CMOTpEHHUSI.
O603Ha9nM

A, =T, (z,a,b) =T, (z,b) (3.3)
Teopema 1. Ecru A <A <t ,L=2M (3.4)

TO cOOTHOMIEHHE (3.2) CIIPABEIMBO JUIA BCEX BO3MOXHBIX 7' U T~ .
JlokaszatenncTso: ITycTs BemomHsercs cootHomenue A A u 7= (], jp. J)-

ITokaxxem uto

T (7,a,b,7)-T (z,b,7) <A, (3.5)
Cnauana paccMoTpuM cirydait q=1.
Nwmeem T,(7,a,b, j,)-T,(z,b, j,) =t =A, (3.6)

[Tycts cootHomenue(3.5) cnpaBemmuBo s mpoueccopos 1,2,...,L-1.
[Tokaxem, 4To OHO cHpaBeAIMBO U JJs mpoleccopa L(3nauenme ( mo-
peXHEMY paBHO 1).

HNmeem

T (z,a,b, p)-T.(z,b,p) = maX{TL—l(T! a,b, p),T (7,4, b)}+
+t, —max{T_ (5,0, p), T (1,b)}-t,,, <

< maX{TL—l(T’ a, b, pl) _TL—l(T’ b: pl)vTL (T’ a, b) _TL (71 b)}g
<max{A,_,, A }=A,

Takum o6pazom, ecnu =1, To cooTHOmIeHHE (3.5) BHIMOTHSAETCS IS

(3.7)

Bcex L=1,M . Ilycts =2 u cootHOmeHue (3.5) BBIMOTHSAETCS AJIT BCEX IMPO-

neccopoB 1,2,...,L-1. [Tokaxkem, 4T0 OHO CIIpaBeUTMBO W s mporieccopa L.
Hns L=1 cnpaBennuBocth(3.5) oueBuaHo. Mmeem
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T.(z,a,b, p, p,) =T, (7,0, p, p,) <
<max{T,(z,a,b, p,, p,) - T, 4(z.b, p,, p,). T (7.2, b, p,)-T, (z.b, p)}<  (3.8)
<max{A_,,A }=A,

AHaJOTUYHO MOXHO MOKa3aTh CIIPABEATUBOCTh COOTHOIICHUS(3.5) u Jyist
g>2.

Teneps MOKa)keM, YTO €CIIM YIOBJICTBOPSETCS YCIOBHE AL < '[aL , TO

crpaBeunBo cooTHourerue ( 3.2). Yuursisas yciaosue A, <t , momyuaem

T, (r,a,b,7)<T (7,b,7)+t,, L=1LM (3.9)
[To ompenenennio mpaBasi 4acTh cOOTHomIeHUsI(3.9) HEe TPEBOCXOIUT Be-
JINYUHBI
T, (z,b,7’,a). Takum o6pasom, s Bcex L=1,M
T, (z,a,b,7)<T, (z,b,7,a) (3.10)
I[J'I}I 3aBCPUICHUA JOKA3aTCIILCTBA TCOPEMBI, JOCTATOYHO ITOKA3aTb, YTO
€Clin 8, n 8” - pa3JIMYHBIC TOCIICAOBATCIBHOCTH BBINIOJIHCHUS OAHUX U TCX KC
3aI[aHHﬁ u3 N, a €- IMMPOU3BOJIbHAA TOCICAOBATCIIBHOCTD BBIIIOJIHCHUA OCTAJIb-
HbIX 3a1anuil MHOxkecTBa N, To u3 yenosust T, (€) <T, (") (3.11)
s Beex L=1L,M cruenyer T (€',")<T (", €), L=, M (3.12)
[yctb € =(P;, Pyses Py) s =1, ¥ yTBEpXKICHUE CTIPABETMBO ISl IPO-
neccopos 1,2,...,L-1.IIpu L=1 cnipaBeqiMBOCTh OUEBHIHA.
Nmeem

T.(¢,p)= maX{TL (). T (€, pl)}+tpll S

S maX{TL (&), TL.(€, pl)}+ LLsT, (", p)

Ecmu =2 To, nonaras £ pasubv (£, p,),a £ pasaom (€7, p,) MOKHO
IIOBTOPUTH MPEBLIYIINE PACCYKACHHS U B ciydae §>2. Teopema moka3aHa.

(3.13)
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COXPROSESSORLU MASINLARDA TAPSIRIQLAR
AXININ YERIN® YETILMOSININ OPTIMAL
ARDICILLIGININ QURULMASI ALQORITMI
C.K.KAZIMOV
XULASO
Bu isdo n tapsirigin p sayda prosessorda ardicil yerina yetirilmoasinin optimal codvalinin
stiroto goro qurulmasi alqoritmi verilmigdir. Optimal ardicilligin varligi {igin kafi gort

tapilmigdir.

Acar sozlar: optimal codvol, hisso-hisso ardicillig,tapsirigin yerino yetirilmosinin on
kicik vaxti.

THE ALGORITHM OF CONSTRUCTION OF OPTIMAL
SEQUENCE OF RUNNING OF A STREAM OF TASKS
ON A MULTIPROCESSOR MACHINE
J.K.KAZIMOV
SUMMARY

An algorithm of construction af an optimal by speed schedule of successive running of n
tasks on p processors is given in the paper. Sufficient conditions of existence of optimal se-
quence are found.

Key words: optimal schedule, partial sequence, the minimal time of running tasks.

Iocmynuna 6 pedaxyuio: 20.06.2017 2.
Ioonucano k nevamu: 28.09.2017 2.
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MAQNEZIUM SULFATIN SULU MOHLULUNUN XUSUSI ELEKTRIK
KECIRICILIYININ AKTIVLOSMO ENERJISININ TOYINI

E.9.MOSIMOV, H.S.HOSONOV, B.G.PASAYEV, N.H.HOSONOV
Baki Dovlat Universiteti
p.g.bakhtiyar@gmail.com

enerjisinin konsentrasiyadan asililigr tohlil edilmigdir. GOStorilmisdir ki, konsentrasiyanin
artmast ilo awoalca aktivlogsmoa enerjisi azalwr, minimumdan kegir va sonra artir. Aktivlagma
enerjisinin konsentrasiyadan asitliligi ionlarin hidratlasmasi ilo izah olunmugdur.

Acar sozlar: magnezium sulfat, sulu mohlul, xususi elektrik kegiricilik, aktivlogsmo
enerjisi

Molumdur ki, su muhitinds elektrolitlorin elektrik kegciriciliyi suyun
strukturu ilo six olagodardir [1,2]. Moahlullarin elektrik keciriciliyi halledicinin
molekullar1 arasindan ionlarin istigamoatlonmis aktiv kegidindan ibaratdir. Kim-
yavi reaksiyalarin miitlaq suratlot nazoriyyasina gors [3,4] ionlarin miqrasiyast
onlarin bir tarazliq halindan digor tarazliq halina kegmasilo yox, halledicinin
molekullarinin ionlarin harakati istigamatinin oksina kegmasilo tayin olunur.
Buradan aydin olur ki, halledicinin, masalon, suyun strukturunun temperatur,
hallolan maddanin névi vo tazyiqin hesabina doyismasi sulu mohlullarin elek-
trik kegiriciliyina tasir etmolidir.

Elektrolitlorin sulu mohlullarinin elektrik kegiriciliyinin aktivlosmoa
enerjisinin temperaturdan asili olaraq azalmasina osaslanaraq bir ¢cox maolliflor
[5-7] bela naticoya goliblor ki, 45—50°C temperatur intervalinda suyun kvazi-
kristallik tetraedrik strukturu dagilir vo six gablasmis strukturu yaranir ki, bu da
su molekullariin translyasiya harokatini asanlagdirir vo ionlarin harakoti tgiin
lazim olan "desiklar" amals galir.

Bir sira tadqiqat islorindo [8-10] gosterilmisdir ki, elektrolit mahlul-
larinda elektrik kegiriciliyinin aktivlosma enerjisi konsentrasiyanin artmasi ilo
avvalca azalir, minimumdan kegir, sonra isa artir. Aktivlosma enerjisinin qgiy-
moti vo onun konsentrasiyadan asililiq ayrisinin meyli ionlarin tobistindon va
onlarin hidratlagsma doaracasindan asilidir. Samoylovun nazariyyasine gors [1,6,
11-14] boazi ionlar misbat hidratlasma, digorlari iso monfi hidratlasma ilo Xa-
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rakterizo olunurlar. Misbot hidratlasmaya malik olan ionlarin hidrat Grtiiyiine
daxil olan su molekullar1, tomiz su molekullarina nazoron daha az muitoharrik
olmal1 vo onlarin miibadilasi yavas getmolidir. Nivo maqnit rezonans1 metodu
tocrubi yolla bunu tasdiq edir [15].

MgSO, duzu suda 20%-o kimi yaxsi hall olur, sonra mohlul doymus

hala kegir [16]. Mg*" vo SO’ ionlar1 miisbot hidratlasmaya malikdirlor. Lakin
SO;~ ionunun elektrik kegiriciliyinin limit giymoti Mg?" ionunun elektrik
keciriciliyinin limit giymotindon toxminan 1,5 dofo ¢oxdur. Bu onu gostarir ki,
Mg?*" ionunun hidratlasma ododi SO;~ ionunun hidratlasma ododindon béyuk-

dir. MgSO, duzunun sulu mohlulunun elektrik kegiriciliyino géro Mg** ionu-
nun hidratlagsma ododi Uglin 26 tapilmigdir [16]. Lakin bu ionun elektrik
keciriciliyinin aktivlosmo enerjisinin  konsentrasiyadan asililigi haqqinda
malumat yoxdur. Bununla slagadar olaraq, isde magsed MgSO, duzunun sulu
mohlulunun elektrik kegiriciliyinin temperaturdan vo konsentrasiyadan asilili-
gim todgiq edarok, aktivlosma enerjisinin konsentrasiyadan asililigini miioyyan
etmok olmusdur.

Moahlulun hazirlanmasinda kimyeavi tomiz MgSO, duzundan vo bi-

distillo edilmis sudan (o =4-10*0Om™m™, t=20 °C) istifado olunmusdur.
Mohlulu hazirladigda duzun torkibinds olan su boyuk daqgigliklo nozars alin-
misdir. Elektrik kegiriciliyinin 6zg¢llmosi tisulu [17] isindo atrafli sorh olun-
musdur. 5-25% (vo ya 0,44-2,67 mol/l) konsentrasiya intervalinda hazirlanan
mohlullarin elektrik kegiriciliyi 283,15-323,15 K temperatur intervalinda 6lgiil-
miisdiir. Olgii aparilan miiddotdo temperaturun sabit saxlanilmasindaki xota
+0,05%, elektrik kegiriciliyinin 8l¢tilmosindaki xota iso +0,02% olmusdur.
MgSO, duzunun sulu mahlulunun 283,15-323,15 K temperatur va 5-
25% konsentrasiya intervalinda xiisusi elektrik kegiriciliyi codvalda verilmis-
dir. Sokil 1-da iso ayanlik Uiclin 25°C temperaturda xiisusi elektrik kegiricili-
yinin konsentrasiyadan asililig1 verilmisdir. Elektrik keciriciliyinin konsentrasi-
yadan asililignnda maksimum miisahids olunur. Digar temperaturlarda alinan
ayrilar do sokil 1-do gdstarilon ayriys oxsardir. Malumdur [8,18] ki, elektrolit-
su sistemlarinin xususi elektrik kegiriciliyinde maksimum olmalidir. Bu bir-
birinin oksi olan iki amilin olmasi ilo izah olunur: bir tarafdon konsentrasiyanin
artmasi ilo ionlarin sayir artir, digor torofdon konsentrasiyanin artmasi ilo
mohlulun 6zliliyiiniin artmasi hesabina ionlarin yiirtikliiyii azalir. Samoylova
gora [1] elektrik keciriciliyinin konsentrasiyadan asililiginda miisahido olunan
maksimum mohlulun strukturunda bas veran struktur doyisikliklari ilo slage-
dardir. Mohlulun strukturu suyabonzor strukturdan elektrolitin maye kristal
strukturuna kegir. Duru mohlullarda bu miisahido olunmaya bilor. Sakil 2-da
ayanilik Gglin 5% mohlulun elektrik keciriciliyinin temperaturdan asililig
verimisdir. Sakildan gorindiyl kimi, mahlulun elektrik keciriciliyinin tempe-
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raturdan asililig artan xatlo tosvir olunur. Digar konsentrasiyalardaki ayrilor do
sokil 2-dakino oxsardir.

Codval
MgSQO, duzunun sulu mehlulunun 283,15-323,15 K temperatur
Va 5-25% konsentrasiya intervalinda xiisusi elektrik kegciriciliyi
11
T.K o,0m™m
5% 10% 15% 20% 25%
283,15 1,355 1,935 2,668 2,813 2,001
288,15 1,515 2,178 2,992 3,301 2,465
293,15 1,685 2,418 3,298 3,752 2,905
298,15 1,845 2,658 3,610 4,165 3,312
303,15 2,035 2,398 3,910 4,531 3,681
308,15 2,235 3,143 4,199 4,848 4,018
313,15 2,422 3,381 4,483 5,126 4,308
318,15 2,595 3,615 4,754 5,362 4,569
323,15 2,765 3,849 4,998 5,551 4,788
3,0 7
o,0om™m™ o,0m™m™
4,0 A
2,5 1
3,0 1
2,0 1
2,0 1
1,5 1
0
1,0 . . . —C A) 1,0 . . . T.’ K
0 5 10 15 20 25 283 293 303 313 323
Sak. 1. MgSO, duzunun sulu mahlulunun Sak. 2. MgsO, duzunun sulu mohlulunun
xususi elektrik kegiriciliyinin xususi elektrik keciriciliyinin
konsentrasiyadan asililig1 (T=298,15 K). temperaturdan asililigi (¢=5 %).

Molumdur ki, mohlulun elektrik kegiriciliyinin temperaturdan asililig
suyun 6zlnun fundamental xassalarinin doyigsmasilo alagodardir [7,10,19]. Bir
torofdon, temperaturun artmasi ilo mohlulun 6zliiliiyli azalir vo ionlarin yiiriik-
luyii artir, digor torofdon, suyun dielektrik niifuzlugunun azalmasi hesabina
ionlarin assosiasiyasi artir. Samaylov [1] nozariyyasino goro temperaturun art-
mast ilo suyun buzabanzar kvazikristallik strukturu dagilir vo su molekullarinin
six yerlosdiyi struktura kegir. Elektrolitlorin sulu mohlullarinin xiisusi elektrik
kegiriciliyinin temperaturdan va konsentrasiyadan murakkob asililigi suyun iki
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strukturlu modeli [20-22] ilo izah olunur. Bu modelo gora su eyni zamanda
buzabanzor va molekullar1 aralarinda hidrogen rabitasi olmayan six gablasmis
struktura malikdir.

fonlarin dasinma prosesini analiz etmok Ugln elektrik kegiriciliyinin
aktivlogsmoa enerjisindon istifado etmok daha slverislidir. Aktivlosma enerjisini
elektrolit mohlullarinin xiisusi elektrik kegiriciliyinin temperaturdan asililigini
ifado edon Arrenius [3,10,14,23] tonliyindan istifads edarok hesablamaq olar:

o= Aexp[— E—_‘EJ @)

Burada A-temperaturdan zoif asili olan sabitdir, R -universal qaz sabiti,

E -aktivlosmo enerjisidir. Aktivlasmoa enerjisi Ino -nin Ti-den Xotti asilili-

gindan tapilir. Sokil 3-do Ino = f(%] asililigr 5% -li konsentrasiyada veril-

misdir.
124Inc 16—Eg,kic
mol
0,9 1
14 1
0,6 1
12 A s
0,3 1
11
K 9
0,0 T T T K 1 10 T T T T C, /?
0,003 0,0032 0,0034 0,0036 0 5 10 15 20 25
$ak.3. MgsO, duzunun c=5%-li sulu Sak. 4. MgSO, duzunun sulu mohlulunun
mahlulu G¢iin In o -nin 1/T -dan asililig:. xususi elektrik kegiriciliyinin aktivlogmo

enerjisinin konsentrasiyadan asililig1.

Odobiyyatdan [7,24,25] molumdur ki, bir sira elektrolitlorin sulu

mohlullarinin elektrik kegiriciliyindo Ino = f % asililiginda 50°C -yo yaxin

temperaturlarda ayilmo miisahido olunmusdur. Miolliflorin fikrinco bu suyun
strukturunun kvazikristallikdon maksimal sixlasmaya ke¢idi ilo olagodardir.

Biz 50°C -don asagi temperaturlarda ol¢ii apardigimizdan Ino = f[%)

asililiginda ayilmo miisahido olunmayib.
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Sakil 3-don har bir konsentrasiya t¢tin E7 -nin bir qiymati tapilir. Sonra

tapilan giymotlor osasinda E} -nin konsentrasiyadan asililigt qurulur (sokil 4).

Sakil 4-don gorundiyd kimi, konsentrasiyanin artmasi ilo avvalca aktivlosma
enerjisi azalir, minimumdan kegir vo sonra artir. Minimumun olmasi ionlarin
tosiri ilo suyun buzabonzor strukturunun dagilmasi ilo olagodar ola bilar.

Mahlulun mixtalif konsentrasiyalari ticiin E} -nin qiymatinin muxtalif olmasi

onu g0sterir ki, ionlarin miqrasiya siirati ionu shato edon su molekullarinin
qonsu tarazliq hala yerdoyismo slrati ilo toyin olunur. Duru mohlullarda
aktivlosma enerjisinin oyrisi ionun hidratlasma doracasindon asili olaraq
muxtalif ola bilor [8,10]. Magnezium sulfatin sulu mahlulunun xisusi elektrik
kegiriciliyinin aktivlosmo enerjisinin konsentrasiyadan asililigin1 asagidaki
emprik tonliklo vermak olar:
EJ =12819+45157¢ —65,296¢° + 2,105¢° (2)

Aktivlosma enerjisinin  doyismasini Samoylov nazariyyasi osasinda
miixtolif ndv hidratlasma ilo izah etmok olar. Ionlarm miisbot vo monfi hid-
ratlagsmaya malik olmalar1 ionlarin su molekullari ilo yaratdiglar: Ortiiyiin Kine-
tik dayaniqligi miilahizasine osaslanir. Kinetik dayaniqliq ionun hidratlasma
ortiyunds yerloson su molekullarinin ortilys daxil olmayan, lakin qonsulugda
yerlogon su molekullar1 ilo mibadilo prosesinin aktivlosmo enerjisi ilo toyin
olunur. Basqa sozlo desok, ionlarin tasiri ilo su molekullarinin qonsu tarazliq
vaziyyatlorini ayiran potensial goparin doyismasilo tayin olunur. Tabiidir ki,
ionun yaratdig1 Ortik kinetik baximdan no godar dayaniqlidirsa, bir o qadoar do
potensial ¢oparin hiindiirliiyii ¢ox olacaqdir vo su molekulunun bir tarazliq
vaziyyatindon digor tarazliq voziyyatino ke¢gmosi tglin daha boyik aktivlosmoa
enerjisi lazim olacaqdir.
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OIIPEJIEJIEHUE AKTUBAIIMOHHOI SHEPTUH YIEJLHOMI
JEKTPOIIPOBOJUMOCTH BOJAHBIX PACTBOPOB CYJIb®ATA MATHHUS

3. AMACUMOB, I''HII.I'ACAHOB, B.I' 'TTAIIAEB, HI.'ACAHOB
PE3IOME

B pabote mnpoaHanu3upoBaHa 3aBUCUMOCTb AaKTHBAIIMOHHOW OJHEPTUH YIEIbHON
AIEKTPOTIPOBOIUMOCTH BOJHBIX PACTBOPOB CyJib(aTa MarHus OT KOHIeHTpanuu. [lokazaHo,
YTO C YBCIMYCHUEC KOHICHTPAIIUN COJIM B paCTBOPC aKTUBAIIMOHHAA DHEPIryUsd CHavdalla YMCHb-
maeTcA, MpoxXoaAuT 4€pe€3 MUHUMYM, a 3aTEM YBCINYMUBACTCA. 3aBUCHMOCTD aKTHBaHHOHHOﬁ
OHCPTUU OT KOHICHTpAIIUH o6cy>K11eHa C TOYKU-3PCHUA ruapaTaliui NOHOB.

KioueBsie ciioBa: cyiabdaT Maraus, BOJHBIN pacTBOP, yeIHAs HJIEKTPOIIPOBOAHOCTD,
AKTHUBAILIMOHHAA SHEPTUA.

DETERMINATION OF ACTIVATION ENERGY OF ELECTRIC CONDUCTIVITY
OF WATER SOLUTIONS OF MAGNESIUM SULPHATE
E.A.MASIMOV, H.Sh.HASANOV, B.G.PASHAYEYV, N.H.HASANOV
SUMMARY

The paper analyzes dependence of the activation energy of the electrical conductivity of
the aqueous solutions of magnesium sulphate on concentration. It is shown that with an
increase in the salt concentration in the solution, the activation energy is first reduced, passes
through a minimum, and then increases. Dependence of activation energy on concentration is
discussed from the point of view of hydration of ions.

Key words: magnesium sulfate, aqueous solution, electrical conductivity, activation

energy.
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Cuy,S SISTEMI BIRLOSMOLORININ YUKSOK TEMPERATUR KUB
FAZALARINININ PARAMETRLORININ X-DON ASILILIGININ
RENTGENOQRAFIK TODQIQIi
(x=0.04; 0.10; 0.15; 0.20; 0.25 at%)

H.B.QASIMOV, N.E.HO9SONOV, R.M.RZAYEV
Azarbaycan Dovlat Igtisad Universiteti
rovnag.rzayev@mail.ru

Taqdim olunan magalada Bricmen metodu ila alinmis Cu,.,S sisteminin  x=0.04; 0.10;
0.15; 0.20; 0.25 at.% torkibli monokristallarimin rentgen-faza analizlori asasinda miiayyan
olunmugdur ki, homin kristallar iki fazanin garisigindan ibaratdir: bu fazalardan biri monoklin
qurulugda kristallagan yurlit - CUygsS fazasi, digori 1So ortorombik qurulusda kristallasan
anilit - Cuy 758 fazasidir. Otaq temperaturunda bu fazalarin tizdon markazlogmis yiiksak tempe-
ratur kub (UMKy) va (UMKy) fazalar: metastabil formada istirak edir. 293+473K temperatur
intervalinda Cu,.,S sisteminin otaq temperatur va yiiksok temperatur kub fazalarinin elementar
kristallik parametrlori mlayyan edilmis vo gbstorilmisdir ki, bu parametrior X-in artmasi ilo
Xatti artir. Todqiq olunan kristallarda bas veran faza kegidlarinin monokristal-monokristal tip
xarakterlidir. Cu,.,S sisteminda X-in artmasi ilo yurlit -Cuy ¢S fazas, anilit - Cuy 75S fazast ilo
miigayisada ustunlik taskil edir.

Acar sozlor: elementar kristal gofas, gofos parametrlori, Uzdan morkazlosmis kub,
faza kegidlori, difraksiya xatlori, polimorfizm

Cu-S sisteminin hal giagramina osasan mioyyan edilmisdir ki, bu
sistemdo asagidaki birlogsmoalor movcuddur: xalkozin - Cu,S, yurlit — Cuygs S,
digenit — Cuy.goS, anilit - Cuy 75S, kovellin — CusS [1].

293+793K temperatur intervalinda bu birlosmolor (kovellin istisna
olmagqla) geyri-stabildirlor vo bir necs faza kecgidine moruz qalirlar [2-5]. Cu-S
sistemi birlogmalori mirokkab qurulusa, polimorfizmo, coxfazaliliga malik
oldugundan, uzun illor goxsayli tadgiqatgilarin todqigat obyekti olmus va hal-
hazirda da 6z aktualligini saxlayir.

Planlagdirilmis elmi-todqiqat isini yerina yetirmok moagsadilo Cuj geS,
Cuy.90S, CuigsS, CuigoS, CuyzsS torkibli niimunalor eyni texnoloji soraitdo
sintez edilmis Vo onlarin monokristallar1 Bricmen tisulu ilo alinmisdir. Alinmis
monokristal nimunslor asanligla (111) atom miistovisi Uzrs ayrila bilirlor. Alin-
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mis monokristallarin niimunalarinin bircinsliliyinin miiayyan edilmasi mogsadila
onlar toz halina salinmig va pentgenfaza analizi aparilmisdir (codval 1).

Aparilmig pentgenfaza analizi naticasinde mioyyon edilmisdir ki, alinmis
kristal nimunalor iki fazanin garisigindan ibarstdir. Bu fazalardan biri orto-
ronbik qurulusda kristallasan a=7.841A, b=7.892A, ¢=11.02A, F.qr. Pnma,
Z=4 parametrli amilit - Cuy 75S fazasi, digari iso monoklin qurulusda kristalla-
san a=26.88 A, b=15.741A, c=13.557A F.qr.P2./n, p=90°13" parametrli yurlit
— Cuy96 S fazasidir. Uygun olaraq cadval 1-don CujgoS, CuigsS vo CuigoS
torkibli kristallar {i¢iin asagidaki parametrlor miioyyon edilmisdir: a=7.8467A,
b=7.9026A, c=11.0416 A - CuygS Uiciin; a=7.815A, b=7.9136A, c=11.0640A -
CuigsS lciin; a= 7.8563 A, b=7.9248A, c=11.0860A - CuygS liciin. Otaq
temperaturunda bu birlogsmolorin zdon morkozlosmis yiiksok temperatur kub
(UMK ;) va (UMKy) fazalar1 metastabil formada istirak edirlor. Bu fazalar {iciin
asagidak1 parametrlor miayyan edilmisdir: a=5.540A (UMKj), anilit - Cuy75S
iiciin, a=5.5460 A - CuygeS Uclin, a=5.5519A - CuygsS liciin, a=5.5578A-
Cuy oS Uciin, a=5.582A(UMK;) yiirlit - Cuy.g6S Gigiin.

Cadval 1
Cuy-xS kristallarinin porosoklarinin difraktoqraminin hesabati.
(x=0.25;0.20;0.15;0.10;0.04 at%). CuK,siialanma,A=5418A. T=293K

Cumss CUL%S (UMK);L (UMK)Z
Cuy75S | CugoS | CuygsS | CureoS | CuigeS | ortorombik faza| Monoklin faza faza faza
Ne
dtoc., |d,toc., |dtoc., |djtoc., |dtac., |d,noz.,A [hkl |dnoz.,A |hkl d,noz., A |hkl |dnaz., A|hkl
A A A A A
1 |3.3427 |3.3470 | 3.3551 |3.3635 |3.3718 [3.3427 |[121 - - -
2 |3.2204 - - - - - - - - - - 3.2242 |111
3 |3.1977 |3.2053 |3.2128 |3.2204 |3.20230|3.1932 |202 |3.1938 333 3.2070 |111 - -
4 |2.7687 |2.7712 |2.7743 | 2.7771 | 2.7797 |2.7679 |004 |2.7855 |234 - - -
5 12.6880 [2.6931 |2.6984 |2.7037 [2.7090 |2.6960 |203 |2.6897 |[10.0.0 - - -
6 |2.1366 (2.1398 |2.143 |2.1463 |2.1479 |2.1372 |321 |2.1349 |463 - - -
7 11.9825(1.9852 |{1.9880 |1.9907 [1.9935 [1.9606 |400 |1.9681 |- - - - -
8 |1.9676 [19.703 |1.9727 |1.9757 [1.9784 [1.9606 |332 |1.9672 |080 - - - -
9 7564 | .7586 |1.7607 |1.7628 |1.7649 |1.7568 |[332 |[1.7540 |437 - - - -

10 [1.6971 |1.6990 [1.7010 |1.7029 |1.7049 |1.6960 |413 |1.6956 |008

11 ]1.6113 |1.6130 |1.6148 |1.6165 |1.6182 |1.6130 |423 |1.6145 |675 - 1.6121 | 222

12 [1.5993 |1.6010 [1.6027 |1.6044 |1.6061 |[1.5966 |404 |1.6056 |393 1.6035 |222 |- -

13 1.3858 |1.3901 |1.3912 |1.3931 |1.3955 |1.3903 |440 |1.4005 |0.11.0

14 11.1350 [1.1371 |1.1391 [1.1414 |1.144 |1.1357 |624 |1.1376 |299 - - - -

15 [1.1207 |1.1210 |1.1217 |1.1223 |1.1230 |1.1188 |070 [1.1188 |4.12.6

16 |1.0717 |1.0792 |1.0810 [1.0832 |1.0857 |1.0721 455 |1.0723 |4.12.7 - 1.0747 |333

17 [1.0660 |1.0698 |1.0717 |1.0812 |1.0619 |1.0667 |606 |1.0661 |999 1.0690 |333 |- -

18 10.9807 |0.9816 | 0.9827 |0.9839 | 0.9849 ]0.9803 |800 |0.9841 |0.16.0 |- - - -

Anilit va yurlit fazalar tiglin codva I-o asason otaq temperturunda miisy-
yan edilmis parametrlarin X-don asililig1 sokil 1 va sokil 2-do gostorilmisdir. Bu
fazalar bir-biri ilo six bagl oldugundan, onlarin istonilon parametrlorinin doyis-
moasi do bir-birilo six baglidir. Sokildon gérundiyl kimi, X-in artmast ilo har iki
fazanin parametrlorinds artim miisahido olunur va bu artim xotti xarakterlidir.
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Bu zaman Cu,S sistemi monokristallarinda x-in istonilon giymatinds, yurlit
fazasmin elementar kristal qofos parametrlorinin anilit fazasinin parametrlorine
nisbaton forgli arttimini yurlit fazasinin mis metal ionlarin1 6zlinds daha ¢ox
hall etmasi ilo alagalondirmak olar. Ona goro do stexiometrik torkibo, yoni
Cu,S —xalkozin birlosmasine yaxinlasdiqca, yurlit fazasi anilit fazasina nisaton
daha gox ustinlik toskil edir.

Otaq temperaturunda metastail formada movcud olan (UMK); vo
(UMK), fazalarinin x-dan asililig1 sokil 3-do verilmisdir. 293+473K temperatur
intervalinda totdig olunan Cu,S monokristal nimunalords bas veran faza ke-
cidlori a«<>P<>y (a - ortoronbik, - monoklin, y - kub) {igiin asagidaki faza ke-
¢id temperaturlart miioyyan edilmisdir: T(a«<> B)=383K, T(B<>y)=463K yurlit
— Cu1.96 S Ugln; T(a<P)=377K, T(B>y)=430K Cui.gS Ugln; T(aP)=366K,
T(By)=393K CuygsS Ucln; T((l(—)B):311K, T(B<y)=391 digenit- CujgoS
ucun; T(a<p)=308K, T(B<>y)=389K anilit - Cuy 75S UgunN.

11.11
11.10
11.09
11.08
11.07; 7.98

11.06; 7.97
11.05; 7.96 ; 7.89

11.04;7.95; 7.88

11.03;7.94 ; 7.87
11.02; 7.93 ; 7.86

11.01;7.92 ; 7.85 L L L L L >
0,25 0,20 0,15 0,10 0,04 X

Sokil 1. Cuy7sS fazasmin elementar kristal gofos
parametrlorinin x-don asililig1.
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a, b, ¢ A
2699 |

15.84;26.98 |
15.83;26.97 |
13.58; 15.82 ; 26.96 |
1357;15.81;26.95 |
13.56; 15.80 ; 26.94 |
1355;15.79; 26.93 |
13.54;15.78;26.92 }
1353;15.77; 2691 |
1352;15.76; 26.90 |

13.51; 15.75; 26.89 |

13.50; 15.74 ; 26.88 |-

13.49: 15.73 : 26.87 : , . . .
0.25 0,20 0.15 0,10 004 X

Sokil 2. Cuy.96S fazasimin elementar kristal gofos
parametrlorinin x-don asililig1.

Sokil 4-do faza keg¢id temperaturlarinin sxemi verilmisdir. Sxemdon
gorundiyu kimi, Cuy«S sisteminin todqiq olunan kristallarinda mis metal
atomlarinin faizi artdiqca, yoni x artdiqca, onlarin faza ke¢id temperaturlar: da
bu faiz artimina miitonasib olaraq artir. Cu,S sistemi monokristallarinda faza
kecid temperaturlarinin toyini zamani, intensivliyi boylik olan difraksiya
xatlarinin hor bir faza t¢iin miayyan edilmis temperaturda itmasindan istifado
edilmisdir.
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02 |ortorombik )
© | monoklin a, p monoklin B, v OMK
3 | OMK), [« > (OMK), < >

383K 463 K
@ |ortorombik
% | monoklin a, p monoklin B, v OMK
3 | OMK),, [ > (UMK),  |e N

377 K 430K
») |ortorombik )
® | monoklin a, p monoklin B, v MK
3 | OMK), [< > (UMK), < >

366 K 303 K
»)  |ortorombik )
% | monoklin a, p monoklin B, v MK
3 | (OMK), [€ > (UMK), < >

311 K 391 K
) |ortorombik
E monoklin a, p monoklin B,y OMK
3 | OMK), < > (UMK), < >

308 K 389 K

Sakil 3. Cuy.4S kristallarinda qurulus kegidlorinin sxemi.
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293+473K temperatur intervalinda Cu,.S sistemi monokristallarinda bas
veron faza kecidlori monokristal-monokristal tip xarakterlidir. Cu,S sistemi
kristallarinin elementar kristal qofas parametrlorinin, hamginin kristal qurulu-
sun hassas vo boyuk intensivlikli difraksiya Xatlorinin intensivliyinin atmasi vo
azalmasina asason, demok olar ki, kristal qurulusda x-in artmasi ilo yurlit faza-
siin miqdar artir, anilit fazasinin miqdari ise azalir. Bu fazalarin mévcudlugu
bir-biri ilo six bagli olub birinin artmasi digerinin azalmasina vo ya oksino
birinin azalmasi o birinin artmasina sabab olur. 293+473K temperatur inter-
valinda har bir kristal G¢iin mulosyyan edilmis faza kegid temperaturundan
gorundiyi kimi, faza kecid temperaturu kristal qurulusda metal ionlarnin art-
masi ilo artir. Uygun olaraq, todgiq olunan kristallarin yliksok tempetatur kub
fazalarinin elementar kristal gofasinin parametrlori onlarda hall olan fazalarin
miqdarindan asilidir, daha dogrusu mis atomlarinin migdarinin artmasi ilo artir.

a, A
5610; 5573 |
5.605; 5.568 |
5.600; 5.563 |
5.595; 5.558 |-
5590; 5.553 |
5.585; 5548 | ;:g
5.580; 5.543 |
5.575; 5.538 L L L - - >

1,75 1,80 1,85 1,90 1,96

Sakil 4. Cuy,S sistemi kristallarinin yiiksok temperatur kub fazalarinin x-
don asililigl. T=293 K
1- (UMK)i; 2- (UMK),

Cu,S qeyri-stexiometrik torkibli (x=0.04; x=0.10; x=0.15; x=0.20;
x=0.25) kristallarinin tizdon markazlosmis yiiksok temperatur kub fazalar tiglin
T=473K temperaturda, asagidaki parametrlor miloyyon edilmisdir: a=5.5637A
anilit - Cuy7sS (iciin; a=5.5817A digenit — CuygoS Uclin; a=5.5997A Cuy gsS
liclin; a=5.6177A CuygS Uiclin; a=5.6359A yurlit— Cuy.e6S Ucin.
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Cuy«S sistemi birlosmoaloarinin Uzdon moarkazlosmis yiiksok temperatur
kub fazasinin parametrinin x-don asililg1 sokil 5-do tosvir edilmisdir. Sokildan
gorundiyd kimin mioayyan edilmis asililiq xotti xarakterlidir. Bu asililiq Cu,.xS
sisteminin birlosmalorinin son olaraq muxtalif temperaturlarda kecdiklori vo
onlar G¢lin Umumi olan, zdon moarkazlosmis yiiksok temperatur kub fazasinin
0zlinds hall etdiyi fazalarin miqdart ilo, yoni metal atomlarinin konsentrasiyasi
ilo alagelondirilir.

a, Al
5.64 |
5.63 |
562 [
561 |
5.60 [
559 [
558 |
557 [
556 |

\ 4

5.55 1 1 1 1 1
1,75 1,80 1,85 1,90 1,96

Sokil 5. Cu,«S sistemi kristallarinin yiiksok temperatur
fazasinin X-don asililigi. T=473 K

Cu,S geyri- stexiometrik torkibli kristallarinin tadqiqi zamani asagidaki
naticalor alinmisdir:

- CUypy S sistemi kristallariin 0.25; 0.20; 0.15; 0.10; 0.04 at%.torkibli
nimunoalari sintez edilmis vo onlarin monokristallart Brideman tisulu ilo alin-
musdir. Rentgen-faza analizi naticasinds miisyyan edilmisdir Ki, alinmis kristall
nimunoalar iki fazanin: anilit-Cu; 755 va yurlit-Cuj ¢S fazalarinin garisigindan
ibarotdir.

- otaq temperaturunda bu fazalarin tizdon morkozlogmis yiiksok tempe-
ratur kub(UMK); vo (UMK); fazalar1 metastabil formada istirak edir. Codvol
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1-0 asason Cu,S sistemi kristallar1 vo onlarin yiiksok temperatur kub fazalari-
nin elementar kristal qofos parametrlori tiglin hesablanmis parametrlorin x-don
asililigr xotii xarakterlidir.

- CuyxS sistemi kristallarinda, 293-473 k temperatur intervalinda, bas
veran faza kegidlori monokristal-monokristal tip xarakterlidir vo X-in artmasi
ilo faza kegid temperaturlari artir.

- X-in artmasi ilo Cu75S vo CuygsS birlosmolorinin faizlorinin bir-birino
nishaton doyigmasi onlarda hall olan mis metal atomlarinin konsentrasiyasi ilo
olagodardir. x-in artmasl ilo yurlit fazasi anilit fazasina nisboton daha c¢ox
ustinlik toskil edir.
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PEHTTEHOT'PA®HNYECKOE NCCJIIEJOBAHUE HAPAMETPOB
BBICOKOTEMIIEPATYPHBIX KYBUYECKUX ®A3 COEJJMHEHUUN CUCTEMbI
Cu,,S OT x (x=0.04; 0.10; 0.15; 0.20; 0.25ar1.%0)

I''b.'ACBIMOB, H.D.I'ACAHOB, P.M.P3AEB
PE3IOME

B npezacraBieHHOW cTaThe OBUTH YCTAaHOBJICHBI, YTO IOJIYYCHHBIC MOHOKPUCTAJUIBI
cucremsl Cu,,S ¢ x=0.04; 0.10; 0.15; 0.20; 0.25 ar.%, meromom BpumkMeHa ¥ Ha OCHOBE
MIPOBEIEHHOTO PEHTTeHO()Aa30BOTO aHAN3A SBILTIOTCS CMECHIO BYX (ha3: OJHO U3 HUX IOPIUT -
Cu; 96S, KPHCTAILIM3YIONIMIACSA B MOHOKJIIMHHOM PEIIeTKe, a Apyras aHwinT - CUg 755, KpHCTaI-
JMU3YIONINICS B OpTOpOMOMYECKO perreTrke. [Ipm KOMHAaTHOW TeMmmepaType CyIIeCTBYIOT
MeTacTabmiIbHEIE (POPMBI BRICOKOTEMIIEPATypHON TPaHEIEHTPHPOBAHHONW KyOMIeCKOH pemieT-
ku (I'HK); n (I'IK), aTux ¢a3. YcraHOBIEHBI dJIEMEHTapHBIE KPUCTANTHIECKUE MapaMeTphl
OpY KOMHATHOW TEMIIEPATYPHOW M BBICOKOTEMIICPATYPHOH (ha3el M TemIieparypbl (a3oBBIX
nepexo0B B uHTepBaisie Temneparyp 293-473K cucremsr Cuy.S. Pa3oBbie nepexoasl HUMEIOT
XapakTep THIIA MOHOKPHCTALI-MOHOKpHcTawl. C NoBbINICHHEM 3HaueHUs X B cucteMe Cu,.,S
nomuHupyeT (aza ropiut - CuygsS 1o oTHomeHuto (aszel anunuta - CuU; 758 U mapaMeTpsl
JJIEMEHTAPHON KPUCTAJUIMICCKON PEIIETKU U TEMIIEPATyPhI IEPEXOJIOB.

KiioueBble cioBa: 3JeMeHTapHas KPUCTAJUIMYECKAs peIIeTKa, IapaMeTpbl KpHcC-

TaJUIMYECKON PEIIeTKHU, IPAaHELICHTPUPOBAHHEIN Ky0, (ha3oBbIe MEPEeXOAbl, IMHHU IU(PPaKIUH,
noIIMOpHr3M
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X-RAYGRAPHIC INVESTIQATION OF THE X DEPENDENCE OF HIGH
TEMPERATURE CUBE PHASE PARAMETRES OF Cu,.,S SYSTEM
UNIFICATION
(x=0.04; 0.10; 0.15; 0.20; 0.25at%b)

H.B.GASIMOV, N.E.HASANOV, R.M.RZAYEV
SUMMARY

In the given article, based on the roentgenphaze analysis of x=0.04 , 0.025, 0. 20
,0.15 at. % containing sample crystals of the Cu,_, S system received by Bridjman method.
it has been established that the aforementioned crystals consist of the mixture of two phases :
djurleite — Cu 05°and Cu1.75 5.

At 293 — 473 K temperature range it has been determined the room temperature of
Cu ,_, S system crystals and elementary crystal cell parametres of high temperature cube
phases . The phase transitions occuring at the studied crystals are of monocrystallic type.

In the Cu ,_, S system, by an increase in X Cu 14> phase prevails in comparison
with anilite Cu 1.75 S.

Key words: elementary crystal cell, cell parameters, face centered cube (FCC), phase
transitions, diffraction lines, polymorphism.

Redaksiyaya daxil oldu: 05.06.2017-ci il
Capa imzalandi: 28.09.2017-ci il
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UOT 524.31.01-36
HD14662 (F7Ib) ULDUZUNUN ATMOSFERININ TODQIiQi

Z.A.SOMODOV*2 9.M.XOLILOV',
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'YAMEA N.Tusi adina Samaxt Astrofizika RaSadxanasi
’Baki Déviat Universiteti
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Bu isd> atmosfer modeli Gsulu ilo HD14662 (F7Ib) ulduzunun atmosferi tadgiq
edilmisdir. Ulduzun effektiv temperaturu va agwrliq qiivvasinin tacili, mikroturbulent harakat
siirati tayin edilmisdir: Teg=6250+200K, logg=1,5+0,2, £=5km/san.

Ulduzun atmosferinda elementlarin migdar: toyin edilmisdir. Oksar elementlorin migdar
Glnasda olan migdara yaxin alinmigdir. MUStasna olarag C elementini azligi, Na elementinin
artighig askar edilmisdir.

Acar sozlar: fundamental parametrlor, mikroturbulent horokat siirati, kKimyavi torkib.

1. Miisahido materiah

Model Gsulu ilo HD14662 (F71b) ulduzunun atmosferi todqgiq olun-
musdur. SAR 2m-lik teleskopunun Kude fokusunda 0,3 A ayirdetmo vo 8
A/mm dispersiya ilo AA3700-5000A oblastinda almmus spektrlordon istifado
olunmusdur. 4 spektroqram islonilmisdir. Atlas qurulmus xotlorin ekvivalent
enlori W, hesablanmigdir [1].

2. Atmosfer parametrlari: effektiv temperatur, agirhq qiivvasi tacili

Ulduzun effektiv temperaturu Teg Vo Sathinda agirliq qiivvasi tacili logg
atmosfer modeli Usulu ilo hesablanmisdir [2]. Bu zaman asagidaki meyarlara
baxilir:
1. P indeksinin miisahids Vo nazari hesablanmis giymatlarinin miigayisasi.
2. [c1] indeksinin miisahido Vo nozari hesablanmis qiymatlorinin migayisasi.
3. Q indeksinin miisahida Vo nazari hesablanmis giymatlarinin muigayisasi
Ter Vo logg — ni tayin edon diaqram sokil 1-do gostorilir. HD14662 (F71b)
ulduzunun atmosferi tiglin asagidaki parametrlor toyin edilir: Tes=6250+£200K,
logg=1,5+0,2.
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Lo, B

Sak. 1. Te-logg diaqram

3. Mikroturbulent harakat surati

Kimyavi torkibin analizi G¢lin mikroturbulent harakot sirati & moalum
olmalidir. [3]-doa gostarildiyi kimi mikroturbulent harakat silirati &-ni toyin etmok
ticlin genis ekvivalent enlor W, diapazonuna malik hor hansi atom vo iona
Moxsus Xatlorin olmast zaruridir. &-ya muxtalif giymatlor verilir va elementlorin
miqgdarmin xatlorin ekvivalent enlorindon W, asili olmadigi hala uygun mikro-
turbulent harakat surati & secilir. HD14662 (F71b) ulduzunun spektrinds an ¢ox
say1 olan xatlor Fel-in xatloridir.

Ter=6250K vo logg=1,5 bazis parametrli modeli totbiq edorak loge(Fel)
miqdarmi mikroturbulent harokat slratinin & — nin muxtalif qiymatlori Ggln
hesablayiriq. Sokil 2-do goriindiiyii kimi loge ilo W, arasinda korelyasiya
&=5km/san giymatindo olmur. HD14662 (F7Ib) ulduzunun atmosferinds
mikroturbulent hoarakat siirati Ggun &=5km/san giymati tayin edilir.

Fel, <=3 km/s HD14662
8.5
T 8 ™ *e
B ee o*° ° * .. °4 .
é; 7_5 " .................... PREERE .o . ........ | “JEEerEEY “ a ....................... -
-~ 9 ® . [
6:5 T T T T T T T T T T T T 1
10 30 50 70 90 110 130 150 170 190 210 230 250

Wy | mf&

Sak. 2. =5 km/san olduqda loge(Fel)-in W;-dan ashiligi.

4. Kimyavi tarkib
Ter=0250K, logg=1,5, &=5km/san parametrli atmosfer modeli asasinda
HD14662(F71b) ulduzunun atmosferinds elementlorin migdar: toyin edilmisdir.
Kimyovi torkibin analizi nisboton zaif xotlora asason aparilir. Bu xatlor atmos-
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ferin dorin gatlarinda yaranir, bu qatlar miistovi-paralel qatlardir vo LTT halin-
dadir. Zaif xatlor, hom¢inin mikroturbulent va sénmonin Xatalarina az hosasdir.
Toyin olunmus giymatlar cadval 1-ds gostorilir.

Cadval 1
HD14662 ulduzunun va Glnasin kimyavi tarkibinin miqgayisasi

Elementlor | N log e, Aloge

Cl 2 8,20+0,66 | -0,41

Nal 1 6,83 0,55

Cal 1 6,67 0,31

Scll 1 3,3 0,3

Mnl 3 5,31+0,27 | -0,24

Fel 37 7,50+0,28 | -0,1

Nil 7 6,26+0,31 | 0,18

Nill 3 6,34+0,40 | 0,13

Yl 3 2,44+0,26 | 0,2

Zrll 4 2,79+0,23 | -0,17

Lall 3 1,50+0,30 | 0,2

Cell 3 1,64+0,04 | 0,05

Smll 7 1,19+0,13 | 0,13

Migayisa Ug¢lin, homginin cadvalds baxilan osillyator giiclari sisteminds toyin
olunmus Giinosds elementlorin miqdart gostarilir [4-8].
Adston elementlorin migdari

N(X) +12

N(H)

logarifmik skalada toyin olunur. Bu skalada loge(H)=12 gobul edilir.

Sakil 3-ds tadqgiq olunan ulduzun va Gilinasin kimyavi torkibi ilo migayisasi
gostarilir: Aloge=loge-loge...

loge(X)=log

0.6 HD14662
Alog e L]
04
0.2 L] ]
. .
o -
¢ L]
02 .
04 .
0.6

C NacCa S¢ Mn Fe Ni Y fZt La Ce Sm
Elementlar

Sak. 3. HD14662 (F71b) ulduzunun kimyavi tarkibinin Giinesin kimyavi torkibi ilo migayisasi
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Gorundiyl kimi HD14662 (F71b) ulduzunun atmosferinds oksar elementlarin
miqdart Giinasde olan miqdara yaxindir. Miistasna olaraq C miqdarinin az, Na
miqdarinin artighg: askar edilmisdir.

5. 9sas naticalar

1. Model uUsulu ilo HD14662 (F7Ib) ulduzunun atmosferindo effektiv
temperatur vs agirliq qiivvasinin tocili toyin edilmisdir:

Te—6250+£200K, logg=1,5+0,2.
2. Fel xatlorino asason mikroturbulent harokat siirati toyin edilmisdir:

&=5km/san.

3. Ulduzun atmosferinda kimyavi elementlorin migdar1 toyin edilmisdir. ©ksar
elementlorin miqdar1 Giinagdo olan miqdara yaxin alinmigdir. C miqdarinin
azlig1, Na miqgdarinin iso artighig: askar edilmisdir.
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UCCJIEJOBAHUE ATMOC®EPHI CBEPXTUTAHTBI
HD 14662 (F71b)

3.A.CAMEJI0OB, A M.XAJ/ILJIOB, A.P.I'”ACAHOBA, 10.P.’TAIUPOBA
PE3IOME

Metomom wmopeneii atMocdep ucciemoBaHbl aTMocdepsl cBepxrurantel HD14662
(F71b). CpaBuuBas HabIOIaEMBIC W TEOPETHIECKHE 3HAYCHHS (POTOMETPHIESCKUX MHICKCOB 3,
[ci] u Q ompenenensr »ddexTHBHAS TemmepaTypa W YCKOPCHHE CHIIBI TSHKSCTH 3BE3IBL.
Haiinens! cnenyromye 3HaueHHus 3()GEKTUBHONH TeMIepaTypbl U YCKOPEHHS CHIIBI TSKECTH:
Te=6250+200 K, logg=1,5+0.2.

Teoperuyeckue 3HaueHUS HHACKCOB 3, [C1] 1 Q GBUTH BBICKCIICHBI C TOMOILBIO MOACICH
atMoctep Kypyua. ITo nmunnsm Fel nccnenosan napameTp (CKOpOCTh) MUKPOTYPOYJIEHTHOCTH
&. Haiineno, §=5km/c.

OmnpeneneHo cojepskaHue MHOXKECTBO JIEMEHTOB B aTMoc(epe 3Be3]] U COIOCTaBICHO
nx comepxkanussmu Ha CousHie. B armocdepe 3Be3npr HD 14662 comepxkanue OONBITMHCTBA
3JIEMEHTOB OJIM3KO K COMTHeUHOMY, HaiineH nepumut C, m30erTox Na.

KiaroueBble cioBa: 3Be3apl: (yHIAMEHTAIbHBIC IapaMeTPHI-3BE3[bl: XHMUYECKUH
COCTaB — 3BE3/bI.

INVESTIGATION OF THE ATMOSPHERE OF THE SUPERGIANT HD14662 (F71b)
Z.A.SAMADOV, AM.KHALILOV, A.R.HASANOVA, U.R.GADIROVA
SUMMARY

The atmosphere of the supergiant star HD14662 is investigaed by using the atmosphere
model method. By comparing the observed and theoretical values of the photometric indices B,
[c1] and Q the following values of parameters effective temperature and surfase gravity have
been determined: T.4=6250+200 K, logg=1,5+0.2. Theoretical values of the indices B, [c,] and
Q were calculated by using Kurucz models. On the lines Fel has been investigated the
parameter microturbulence (velocity). It is found that for HD14662 star &=5km/c. By using the
comparison there has been calculated and observed the values of equivalent widths of spectral
lines and the chemical composition of stars has been determined.

The chemical compositions are defined on the basis of comparison of the calculated
and observable equivalent width of spectral lines. The calculations of equivalent widths of the
spectral lines were spent by means of program DASA developed in Kr.AO. The abundance of
elements in the atmosphere of HD114662 star is close to the Sun.

Key words: stars: fundamental parameters — stars: chemical composition — star.

Redaksiyaya daxil oldu: 14.06.2017-ci il
Capa imzalandy: 28.09.2017-ci il
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UMUMILOSMIS VUD-SAKSON POTENSIALI UCUN SREDINGER
TONLIYININ SUPERSIMMETRIK HOLLI

V.H.BODOLOV, R.R. HAXIYEVA
Baki Dévlat Universiteti
badalovvatan@yahoo.com

Isd> imumilasmis Vud-Sakson potensiali iiciin Pekeris yaxinlasmasimin komayila radial
Sredinger tanliyinin supersimmetrik hollori arasdirilmisdir. Ixtivari | -hali di¢iin Supersim-
metrik kvant mexanikast metodundan istifado etmaklo enerjinin maxsusi giymatlari va radial

dalga funksiyalari tapilmigdwr. Belo Ki, %Fe niiva sahasinda horakat edan neytronun alagali
hallarin enerjisi va uygun normalasmis dalga funksiyalari hesablanmisdir.

Acar sozlar: Supersimmetrik hall, Pekeris yaxinlagmasi, ©lagali hallar

Vud-Sakson potensiali ilk dofo R.D. Woods va D.S. Sakson torafindon
kegan asrin taxminon altimiginct illorinds 20 MeV enerjili protonun orta vo agir
nlvalordan elastiki sopilmasini izah etmok Ggln toklif edilmis oan muhim
yaxina tosir potensialidir [1]. Uzun illordir ki, Vud-Sakson potensiali niivanin
bir zarracikli enerji saviyyalarini vo nlivo—niiva garsiligl tasirini miayyan et-
mok tigtin an sarfoli modeldir. Vud-Sakson potensialinin modifikasiya formasi
hocmi (standart) Vud-Sakson potensiali ilo soth Vud-Sakson potensialin co-
mina barabardir:

I’—RO

V(r)=— Vo ~__We:® (a<<R,) 1)

r—Ro r—Ry 2

burada V, vo W uygun olarag hacmi va sath potensial guxurlarin darinliyi,

R, -potensialin eni va ya nlvanin radiusu, a - parametri iso sath tobogosinin

galinlig1 vo o, ionlagsma enerjisinin tacriibi giymati ilo miayyan olunur. Umu-
milosmis Vud-Sakson potensialinda sath hissasi asason sotho yaxin oblastda
olavo potensial ¢uxur yaradir ki, bu da niivo reaksiyalarinda elastiki sopil-
molorin izahinda ¢ox shomiyyatli yer tutur.

Molumdur ki, baxilan sistemin izahinda adadi hesablamadan alinan dalga
funksiyasina nisboton dalga tonliklorinin slagsli hallarin dalga funksiyalari,
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yani dagiq analitik halli daha sarfali vo gox shomiyyatlidir. Bels ki, dalga funk-
siyast kvant sisteminin tam tosvir olunmasi {igiin biitiin vacib informasiyani
6ziindo oks etdirir. Orbital kvant odadinin ixtiyari giymati tciin |#0 radial
Sredinger tonliyi Vud-Sakson potensiallari {igiin daqiq hall oluna bilmir. Belos
ki, S.Flugge |1 =0 halinda hacmi Vud-Sakson potensial1 sahasindo radial Sre-
dinger tonliyini analitik hall edorok dalga funksiyasi tigiin doqiq ifado almus,
lakin enerjinin maxsusi giymatlorini grafik isulla tapmisdir [2]. C.Berkdemir
va digorlori torafindon orbital kvant adadinin | =0 halinda {imumilogmis Vud-
Sakson potensiali ti¢iin radial Sredinger tonliyinin halli NU metodu [4] kdmo-
yilo aragdirilmigdir. Lakin bu isdo onlar NU metodunun tatbiginds sshva yol
vermis, bu da diizgiin olmayan naticalors gatirib ¢ixarmisdir [5].

Qeyd edok ki, | #0 halinda dalga tonliklarinin kvazi analitik hallini tap-
maq Uglin bir nego yaxinlagma var ki, onlardan on ¢ox genis istifads ediloni Pe-
keris torafindoan toklif olunan yaxinlagsmadir [6]. Pekeris yaxinlasmas1 morkazo-
gagma goparinin nivalor arasi masafosindon asili olub, ikinci tortiba godor
hoddlari nazars almagla eksponensiallara gors siraya ayrilmaya osaslanir.

[k dofo Pekeris yaxinlagsmasinda NU metodunun kdmayi ilo orbital kvant
odadinin ixtiyari giymotindo |#0 Vud-Sakson potensiali sahasinds radial
Sredinger vo radial Kleyn-Qordon tonliklori analitik hall olunmus, enerjinin
moxsusi giymatlari va dalga funksiyalar1 tapilmigdir [7-8]. Bu islordo ixtiyari |
721(1 +1)

halinda V,(r) = >— Morkozoqagma potensiali iigiin asagidaki approk-
r

simasiya sxemi — Pekeris yaxinlagsmasi toklif edilmisdir:

1 1 C, C,
2 B2 r— + 2
r R — r-Ro

° l+e @ (1 e ]

Burada R,, a spesifik potensial parametrlordon asili olan C,, C,, C, kamiy-
yatlori (2) munasibatinin hor iki torofini nivenin sothi yaxmliginda - r=R,

nogtasi otrafinda Teylor sirasina ayirmaqla miigayisadon toyin olunan para-
metrlordir. Amma, [9]-da ixtiyari | halinda effektiv V (r) potensialin r=r_

)

minimum noqtasi otrafinda miisyyan olunan C,, C,, C, approksimasiya para-
metrlori asasinda V,(r) morkozaqagma potensialina (2) Pekeris yaxinlagsmasini
totbig etmoklo Nikiforov-Uvarov vo Supersimmetrik kvant mexanikast metod-
larinin kémayilo Vud-Sakson potensiali tigiin D - 6lgiilii radial Sredinger ton-
liyi analitik holl edilmisdir. Burada molum oldu ki, D=3 vo D=4 oldugda
n,=0, =0 giymatindo sistemin olagoli hallarinin olmamasi standart Vud-
Sakson potensialinin sistemi tam tasvir edo bilmamasi ilo baglidir [9]. Bundan
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cixis yolu kimi ya standart Vud-Sakson potensialinin modifikasiya olunmusg
formasindan (masalon, Umumilosmis Vud-Sakson potensiali), ya da standart
Vud-Sakson potensialinda spin vo psevdospin simmetriyasindan istifado et-
moklo ola bilor. Ona goro do Umumilogmis Vud-Sakson potensiali {igiin radial
Sredinger tonliyinin hallarini tadqiq etmak aktualdir vo béyik maraq kasb edir.

Isdo imumilosmis Vud-Sakson potensiali iigiin radial Sredinger tonliyini
analitik holl edorak enerji spektri vo dalga funksiyasi tapilmisdir. Hesablamalar
ixtiyari | halinda (1) imumilogmis Vud-Sakson potensialin r =r_.minimum

nogtesi otrafinda miisyyon olunan C,, C,, C, approksimasiya parametrlori
osasinda V,(r) markezaqagma potensialina (2) Pekeris yaxinlagsmasini totbiq

etmokla Supersimmetrik kvant mexanikast metodunun kdmayilos aparilmigdir.
Sferik simmetrik V (r) potensiali sahosindo radial Sredinger tonliyi
asagidaki kimidir:

dzR(r)+ng(r)+2_ﬂ[E_V(r)_%]R(r):o. 3)

dr>  r dr 7’
Yeni u(r) =rR(r) funksiyasi {igiin (3) tonliyindon alariq:

d?u(r) 2
L0 2 v, (ko =0, @
burada V, (r) - effektiv potensialdir vo
A(1+1)
2

Ver (N =V (r) + ()

kimi toyin olunur. (5) ifadssindan gorinir ki, effektiv potensial eksponensial
Vo orbital markazagagma potensiallarinin kombinasiyasindan ibarstdir. Radial
Sredinger tonliyini bu potensial Ggln orbital kvant adodinin 120 giymatinds

dagiq hall etmak miimkiin deyil, buna sabab olan effektiv V; () potensialin

ifadasindoki orbital morkeazogagma V,(r) potensialidir. Ona gora do Pekeris
yaxinlagsmasindan istifado etsok, yeni effektiv potensial ii¢lin alariq:

Ve (f)=V(r)+\7|(r):&;0_Vo +Wo—&3l+ W, +&C, ©

I'*RO I'*RO 2 '
l+e @ [1+e a J

va C,, C,, C, - Pekeris yaxinlagmasinin parametrloridir.

RA1(1+1)
2UR?
Yeni \Zﬁ (r) effektiv potensiali {igiin radial Sredinger tonliyi asagidaki

burada & =

soklo diisar:
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CRCOINCT) g C

VotW -8,

W +&C,

rfRo

S dr? h2

1+e 2

r-Ro 2
[1+e a J

u(r)=0.

(7)

Supersimmetrik kvant mexanikasina goro osas halin u,(r) moxsusi

=Ry Y
uo(r)=NeA'(1+e a } :

ik g _V1t4y -1

funksiyas1 asagidaki kimidir:

burada N normallagsma sabiti vo A—i—

2a aL/1+4y —1)

(8)

sabitlordir. Osas halin radial u,(r) dalga funksiyasmnim u,(0) =0 vo u,(e) =0
sorhod sortlorini 6domasi Gglin A< 0, B >0 olmalidir. Osas halda sistemin

enerjisi iso

ﬂZ

2
|l
E, =&, |~
v 2#[23 aiw/1+4}/2—li]

2ua’ (E

olar, burada £°=- ) >0, 2=

- dir. Belaliklo, sistemin E, , enerji spektri tiglin

M2 2uR?

2
E —_V_°+M(CO+

C, +C, B
2

2 2 3
_n : . 8,ua22\N 4I(I+12aC —on -1+
2ua’|16 h R

2ua? Y A1 +1 ’
;lz )|:V0_ 2( 2)(C1+C2):|
+ HR
2
2
(\/1+8;42§\N 4|(|+R12)ac an_lJ

(9)

2ud’(V, +W - &) 07 = 2;1a(\N+&3) 20
h’

(10)

ifadosi alinmis vo osas halin dalga funksiyasinin (8) ifadoasindon istifads
etmoklo koherent hallar tosvirino oasason radial Sredinger tonliyinin hallinin
sabit vurug daqigliyi ilo Yakobi polinomu oldugu gostarilmisdir.

=0 oldugda (10) minasibatino osason enerjinin moxsusi giymotlori

liclin alanq:
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(Z,u a’V, ]2
i (1)

2
{Ju&‘azwhznr —1}
h

Qeyd edok ki, (11) ifadasi [5] - daki enerjinin maxsusi giymatlorinin ifadasi ilo
Ust-Usto distir. Enerjinin hor hans1 moxsusi giymeti — V- dan kigik, tmumi-
losmis Vud-Sakson potensialinin minimum qiymatindon bdyiik olmalidir, yani
Viin <E, <=V, olur. Perey vo basqalart [10] torofindon tapilmus tocriibi

2

2 2

N Vo h > L 1+M—2n,—1 +
' 2 2ua“|16 h

naticalora r, =1,285 fm, a=0,65 fm asason Vud-Sakson potensialinin darinliyi
V, parametri V,=(40.5+013A)MeV =47,78 MeV vo hadof *Fe nivasinin

radiusu R, = roA% =4,9162 fm kimi hesablanir, burada A niivenin atom kiitlo
odadidir. **Fe atom nlivaesindon m, =56 uva neytrondan m_ =1,00866 u ibarot
sistemin gotirilmis  kiitlosi = MMy 0,990814 u olar. Coadvalda
m, +m,
V,=47,78 MeV, R,=49162 fm, a=0,65 fm vo radial n, kvant ododi n =1
oldugda orbital | kvant adadinin, potensialin W darinliyinin miayyan giymat-
lorinds imumilosmis Vud-Sakson potensialinin r.. minimum noqtasi, bu mini-
mum nodqtasinds effektiv potensialin V,, qiymati, olagoli hallarin enerjisi vo
ona uygun normalasmis dalga funksiyalar1 verilmisdir. Enerjinin moaxsusi giy-

MI0+D ¢ ey bora-

2

motlori orbital | kvant odadininden asth v, <E  <-v, +

0

borsizliyini 6dayir, burada V., Umumilosmis Vud-Sakson potensialin r;,
minimum noqtasindas effektiv potensialin giymatidir.

Codvaldon gorunur ki, W =100 MeV vo W =200 MeV olduqgda orbital
kvant adadinin uygun olaraq 0<1<5 vo 0<I1<6 giymatlorinds olagali hallar
vardir, amma |>6 vo |>7 giymatlorinds isa alagali hallar yoxdur. Eloca do
ixtiyari | G¢lin n_>1 oldugda alagali hallar mdvcud deyildir. Qeyd edak ki, W
-nin giymati artdiqca, orbital | kvant adadinin daha boyik giymatlorinda
olagoali hallar olur. Radial n, kvant adadinin qeyd edilmis qiymatlorinds orbital
| kvant adadi artdiqca slagali hallarin E,; enerjisi do artir. Bu onunla baghidir

ki, V,(r) markezogagma potensiali hesabina sistemdo olave italoma qlivvasi

meydana ¢ixir. Ona gora do bu potensiali kompensasiya etmok Ugln olagoli
hallarin enerjisi artmalidir.
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I [w,Mev | r. , fm Vi, MeV E,i » Mev Upi(2)

0 | 100 14240031608 | -54,59732103 | -47,80412135 | 0,2654290888z° 776724 (1 _ 7)00219661475
1 100 14240031608 | -52,24664116 | -44,10044208 | 0,50614344387%%8025%4723 (1 _ 7)0.0728518354
2 100 4,240031608 | -47,54528142 | -37,26729879 0,815634713974008916222 (7 _ 7)0.1626007103
3 | 100 14240031608 | -40,49324182 | -27,03230468 | 1,16682418870%720153 (1 7)0.2764562078
4 100 14240031608 | -31,09052234 | -16,46401658 | 145562870720 %52553768 (1 _ 7)0.4032845358
5 | 100 14240031608 | -19,33712300 | -3,00613603 | 2,031457706719%259900 (1 _ 705366086544
6 | 100 14240031608 | -523304379 | 12,40489010 | 2,5881438427-2%9857253 (1 _ 7)0.6731168425
0 200 14509510648 | -76,74366047 | -59,04960487 | 1,75596346871085596753 (1 _ 704746954280
1| 200 14599510648 | -74,74606098 | -56,21001797 | 1,79310089371091444217 (1 _ ;)0.4862874478
2 200 14,509510648 | -70,7508619 | -50,61117817 |  1,87101763771101800350 (4 _ 7)0510256039

3 | 200 14599510648 | -64,75806351 | -42,39278162 |  1,9954804797H18763012 (1 _ 705475273550

4 200 14599510648 | -56,76766554 | -31,72137742 2,03299541 271018948454 (7 _ 705963963356

5 200 4,599510648 | -46,77966808 | -18,75894891 2,408652680717688622 (1 _ 7) 06621806199

6 200 14599510648 | -34,79407112 | -3,64144188 | 2,7098034367121929800 (] _ 7)0.7373684670
7 200 4599510648 | -20,81087467 | 13,53043692 3,08390802871270720907 (1 _ 7)0,8220592729
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CYIIEPCUMMETPUYECKHUE PEHIEHUSA YPABHEHUSA INIPEJUHI'EPA
JJIA OBOBHIEHHOTI'O ITOTEHITUAJIA BYICA-CAKCOHA

B.I''BAJTAJIOB, P.P.AXBIEBA
PE3IOME

B pabore uccienoBaHbl CyNepCHMMETPUYECKHE PEIICHUS! PaHalIbHOTO ypaBHEHHS
[peaunrepa st 0600meHHOT0 TIoTeHIMana Byaca - CakcoHa ¢ MOMOIIBIO alMpOKCHMAIAN
Iexepuca. bputi HaiifeHbl COOCTBEHHbIC 3HAUEHHS OHEPIMH U paJdalbHbIC BOJHOBBIC
(YHKLIUHK IS IIPOU3BONLHOIO | COCTOSHUSA ¢ MOMOIIBIO CYIEpCHMMETPHYECKOTO KBAHTOBOIO
MeToaa. Kpome Toro, ObUIM BBIYHCIICHBI SJHEPTUHU CBA3aHHBIX COCTOSIHUI U COOTBETCTBYIOIIUE
HOPMHPOBAHHBIC PaJHabHBIC BOJHOBBIC (DYHKIMM HEHTPOHOB, MEPEMEINAIOIIMXCS B IOJIE

aapa %Fe.

KiwueBble ciioBa: CynepcUMMETPUYECKHE PpeIleHHs, anmpokcumanus Ilekepuca,
CBSI3aHHBIE COCTOSHUS

SUPERSYMMETRIC SOLUTIONS OF THE SCHRODINGER EQUATION
FOR THE GENERALIZED WOODS-SAXON POTENTIAL

V.H.BADALOV, R.R.HAKHIYEVA
SUMMARY

In this work, have been researched the supersymmetric solutions of the radial
Schrddinger equation for the generalized Wood-Saxon potential by using the Pekeris

approximation. The energy eigenvalues and radial wavefunctions were found for any | - state
via the supersymmetric quantum mechanics methods. In addition, the bound state energies and

the corresponding normalized radial wavefunctions of the neutrons moving around a %Fe
nucleus are calculated.

Key words: Supersymmetric solutions, Pekeris approximation, bound states
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Moaqalada Fizika Sektorunun yaranmasi vo bundan sonra fizika tadqiqatlarimin inkisa-
findan bahs olunur. Géstarilir ki, Fizika Sektorunun yaranmasi ilo alimlorin yaradiciliq havasi
daha da artmisdir. Lakin bu dovrds yarimkesiricilor fizikasi iizra tadqiqatlar Sektorda yayila
bilmamig, miihariba dovrii basladigi iictin alimlar asason cobhaya kémaklik géstarmaklo masggul
olmuslar.

Acar sozlar: Fizika Sektoru, todqiqat, yarimkeciricilor.

1932-ci ildo SSRI EA-nin Zagafqaziya filialinin Azorbaycan sobosinin
torkibindo fizika iizro biitiin todgiqatlart 6ziinde birlosdiroan vo istiqamaot-
londiron Fizika Sektorunun yaranmasi ilo bu elmin inkisafinda yeni morhalo
baslandi [1]. Sektor Tacriiba Fizikas1 vo Geofizika olmagla iki s6bodon ibarot
yaradilmis vo onun direktoru vozifosino professor E.B.Lopuxin, elmi katibi
vazifosing isa azarbaycanl tadgiqatct alim A.A.Abaszads toyin edilmisdir.

Respublikada fizika elminin inkisaf morkozino ¢evrilmis Sektorun garsi-
sinda ali moktablarin vo fizika elmi sahasindo galisan laboratoriyalarin elmi-
todqiqat islorini olagolondirmok, yeni-yeni fizika laboratoriyalar1 yaratmaq vo
milli elmi kadrlar hazirlamaq kimi miithiim tarixi vozifalor qoyulmusdu. Bun-
lardan olavo Sektor sosialist besilliklorinin 6hdoliklorinin yerino yetirilmosi
zamani qarsiya ¢ixan masalolorin hollinds do istirak etmali idi.

Yarandig1 giindon Fizika Sektorynun Tocriiba Fizikas1 boliimii plan {izro
islomayo istiinliik vermis vo 4 morholodon ibarat besillik plan tortib etmisdir.
Birinci 5 illik ti¢iin nazords tutulmus elmi-tadqiqat islori asagidaki kimi miioy-
yan edilmisdir [2]:

1. Neft vo basqa faydali qazintilarin geoloji kosfiyyati iiclin dag sU-
xurlariin fiziki sabitlorinin tayin edilmasi.

2. Neft vo neft mohsullarinin fiziki xassoalorinin tadqiqi.

3. Mexaniki deformasiyanin cisimlorin fiziki, o climlodon elektrik vo
maqnit xassaloring tasirinin dyronilmasi.

4. Kaspi donizi suyunun fiziki xassalorinin tadqiqi.
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Birinci marholonin tolobine uygun olaraq H.I.Omirxanov Abseron yarim-
adasi orazisindon gotiiriilmiis suxur niimunslorinin elektrike¢irmasini [3] vo
istilikkegirmosini [4] tadqiq etmisdir. Bu tadqiqatlarin noticasi olaraq dielektrik
maddolorin istilik parametrlorini toyin etmok iigiin todqigatcilar yeni qurgu vo
tisul yaratmaq tizorindo ¢alismaga bagladilar. Dag suxurlarinin torkibindo
vanadium elementinin miqdarinin spektral analiz isulu ilo toyin edilmosi
istigamotindo miioyyan islar icra olunmusdur [5].

Elmi va totbiqi cohatdon on shamiyyatli naticalorden biri Y.B.Lopuxinin
rohborliyi ilo aparilmig todqgiqatlar zamani alinmisdir. Bu zaman Naftalan vo
Baki neftinin torkibinds radioaktiv radium atomlarinin miqdar1 dyronilmisdir.
E.B.Lopuxin Haftalan neftinin miixtolif quyulardan gotiiriilmiis 5 nlimunasini
Bakida todqiq etdikdon sonra Leninqrada aparmis, orada Kimya-texnologiya vo
Dévlot Radium Institutunun laboratoriyalarinda yeniden todqiq etmisdir. Mo-
lum olmusdur ki, Naftalan neftinds radioaktivlik tobii soviyys hoddi daxilindo-
dir [6].

Baki neftinin torkibinde radioaktiv radium elementinin nisbi migdarinin
toyini istiqgamotindo todqigatlar osason A.A.Abaszadonin vo N.P.Popovun isti-
raki ilo yerino yetirilmisdir. Todgiqatlar miixtolif madonlors moxsus quyular-
dan gotiiriilmiis 20 neft vo 5 neft mohsulu iizorinds aparilmisdir. Miioyyon edil-
misdir ki, Bakinin Sobail rayonuna moxsus neftinin radioaktivliyi okean suyu
tortibinds olub 3,5.10™ %-don boyiik deyildir [7]. Digor madanlardan olan neft
niimunalori ticiin bu roqom daha da kicik 3,1.10"2 %- olmusdur.Yeni 1q neftin
torkibindo radioaktiv radium elementinin miqdari 3,5-3,110 qram torti-
bindadir. Bu azarbaycanli todqiqat¢inin da istiraki ilo aparilmis ilk elmi tadqi-
qatin naticasidir.

Uciincii movzuya aid olan islor prof.Y.B.Lopuxin torofindon islonmis,
metallarin dartilmasi1 zamani onlarin elektrik vo maqnit xassalorinds [8] bas
veron doyisikliklor todqiq edilmisdir. Malum olmusdur ki, metallarin elastiklik
hoddini onun elektrik kegiriciliyino osason toyin etmok miimkiindiir.

Sektorun faaliyyot planinin 4-cii merhalasine uygun olaraq A.A.Abas-
zado, Y.M.Estirin vo M.H.Ramazanzado Xozor donizi suyunun fiziki parametr-
lorini, o climladon istilik tutumunu, istilik kegirmasini, elektrikke¢irmasini, xii-
susi buxarlanma istiliyini, sixligint vo sothi gorilmo omsalini, onlarin tempe-
raturadan suyun duzluluq deracasindon asililiginin tadqiqi kimi bdyiik hacmli
elmi-todqiqat tocriibolori hoyata kegirmislor.

M.Ramazanzads Xozaor donizi suyunun sixligiin temperaturadan asilili-
gim todqiq edorok onun 4,95C-do maksimum qiymot aldigini [9] miioyyan
etmigdir. Y.M.Estirin isa Xozor donizi suyunun sathi gorilme amsalinin onun
duzluluq daracasindan va temperaturundan asililigini tadqiq etmisdir [10].

A.A.Abaszado Xozor donizi suyunun dyronilmasine onun elektrikkegir-
mosinin duzluluq doracasindon asililigini tadqiq etmoklo baglamisdir. Bu maqg-
sadlo o, miixtolif cografi mokanlarda, donizin sothindon vo miixtolif dorinlik-
lorindon topladigi 17 niimuns iizorindo todqigat aparmisdir. Todqgiqat zamani
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tokmillosdirilmis Kolraus korpiisiine osaslanan elektrik kalorimetrindon istifads
edilmis elektrikkegiriciliyinin temperaturadan vo duzluluq daracasindan asilili-
g1 Oyronilmisdir [11].

Xozor donizi suyunun xtsusi istilik tutumunu todqiq etmok {igiin
A.A.Abaszads donizin miixtalif néqgtalorindon, miixtalif tarixlordo gotiiriilmiis
duzlulugu 12,66 % -don 31,16 %-o qodor doyison 9 niimunoni elektrrik ka-
lorimetri ilo todqiq etmigdir [12]. Doniz suyunun istilik tutumu onunla eyni
miqdarda gotiirilmiis vo eyni soraitdo Olgiilmiis destillo edilmis tomiz suyn
istilik tutumu ilo miiqayisoadon tapilmisdir.

A.A.Abaszado Xozor deonizi suyunun xiisusi buxarlanma istiliyini do
todqiq etmisdir [13]. Tocriibado elektrik kalorimetrindon istifado edilmis, Xo-
zarin miixtolif ndqtalerinden gotiiriilmiis duzlulugu 3,51-don 31,16 % -o qader
olan 17 niimuns todqiq edilmisdir. O, Xozor donizi suyunun sabit tempera-
turdak1 xiisusi buxarlanma istiliyinin duzluluq doracesindon asililig1 ifads edon
emprik diistur da vermisdir.

1936-c1 ildo Fizika Sektorunun bir qrup alimi ilo Leninqrad Fiz-Tex
Institutuna golmis H.I.Omirxanov Institutun direktoru, akademik A.F.loffe ilo
gorisiib dag-modon suxurlarmin todqiqine aid noticalorini onunla miizakirs
etmoya calismisdir. Lakin akademik A.F.Ioffe bu mdvzuya ohomiyyat vermo-
mis vo ona yarimkegiricilorin tadqiqi ilo mosgul olmagi tovsiyys etmisdir.
Hotta o, H.I.Omirxanova bir ne¢o mévzu da toklif edib gdzlonilon noticolori
haqqinda fikirlarini do bildimisdir.

1937-ci ildo “Neftin kosfiyyatinin geofiziki tisullar1” movzusunda todqi-
qatlarinin noaticaloring aid ¢ixisindan sonra Leningrad Senaye Institutunun Elmi
Suras1 H.I.Omirxanova texnika elmlori namizodi adinin verilmosi barado qorar
cixarmisdir. O, homin ildon SSRI EA-nin ayani doktoranturasina gobul olunub,
tohsil miiddatini Leninqradda kecirmis vo akademik A.F.loffenin rohborliyi
altinda yarimkegiricilorin tadqiqi tizerinds islomisdir.

Q1sa miiddotdo H.I.®mirxanovun todqiqat islorinin naticolorini elmi mat-
buatda dorc etdirmisgdir. Bunlardan “Cu,O diizlondiricisindo unipolyar istilik-
kegiriciliyin tadqiqi” [14], “Miixtalif temperaturlu iki 16vho arasinda yerlosdi-
rilmig elektron yarimkegiricisinin elektrikkeciriciliyindo asimmetriyanin miisa-
hido edilmosi” [15] vo “Mis-oksid diizlondiricisindo baglayic1 tabagonin tod-
gigi”nin [16] naticalorina hosr olunmus maqalalordir. Molumdur ki, H.1.Omir-
xanov bu todqigtlar1 Fiz-Tex-do aparmagi elmi rohbori A.F.loffedon xahis
edonds o, raziliq vermomis tocriibolorini Bakida reallagdirmagi tolob etmisdir.
Maraqlidir ki, bu irihocmli vaxtaparan isin 6hdosindon galmok ii¢iin 0, ikinci
bir kdmoakg¢i tadqiqatgini yaxia buraxmamisdir.

1940-c1 ildo H.I.Omirxanov aldig1 noticolorin osasinda, “Elektron yarim-
kegiricilordo yeni soth-kontakt vo hocm hadisalori” movzusunda doktorlug
dissertasiyasi yazmis vo onu Moskva Dovlot Universitetinin Fizika fakUltosinin
Elmi Surasinda miiveffoqiyyatlo miidafis edib fizika-riyaziyyat elmlori doktoru
ad1 almisdir .
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Ikinci Diinya miiharibosinin baslanmasi ilo olagodar olaraq 1941-ci ildo
Fizika Sektorunda miioyyon doyisikliklor edilmis, H.I.Omirxanov Sektorun
direktoru A.A.Abaszads elmi iglor {izro direktorun miiavini vazifasino toyin
olunmusdur. Miiharibonin baslanmasi ilo Azorbaycan alimlorinin qarsisina
goyulmus maosalalorin istigamoti do doyisdi. Alimlora cobho sifarislorini yerino
yetirmak, miidafis vo xalq tosarriifat shamiyyatli problemlor {izarinds islomok
barados yiiksak soviyyali gostariglor verilmisdir [17].

Miiharibs dévriinde H.I.Omirxanov vo E.B.Lopuxin termiki karottaji
totbiq etmoklo neft kosfiyyati iisulunu daha da tokmillosdirmis vo neftgilorin
istifadesine vermislor. Sektorda professor Y.Q.Dorfman vo Z.1.9lizadenin bit-
g0 islodiyi insan bodonindon yad cismi ayird etmoys imkan veron maqnit iisulu
tizorindo apardigi todqiqatlar boylik maraq dogurmusdur. Bu zaman ¢ox sado
vo ucuz basa golon, lakin rentgen kabinasini ovoz edobilon maqnit ferrolo-
kametr cihazi yaradilmigdir.

Miihariba dovriinde Z.1.8lizadonin rohberliyi ilo Baki neftinin emali pro-
sesindo yaranan neft koksundan rabito texnikasinda istifado edilmasi texnolo-
giyasi iglonib istifadoys verilmisdir. Bu sado texnologiya asasinda cobho {iciin
bOyiik shomiyyati olan, tez vo ucuz basa golon rabita cihazlari-mikrofon, mem-
bran va s. istehsal olunurdu.

1944-cii ilds Fizika Sektorunda yeni Elektromaqnit ragslori laboratoriyasi
yaradildi. Burada laboratoriyanin yaradicisi vo rohbari H.A.Muxtarov ifrat yik-
sok tezlikli elektromaqnit sahasinds neftin, neft mohsullarinin vo neft emulsi-
yasinin fiziki xassolorini onlara toxunmadan todqiqi tisulunu toklif etmisdir.

Optik tadqiqatlar sobasinin rohbari F.M.Ofandiyev liiminesensiya hadise-
sinod asaslanan neft kosfiyyati lisulu {izorinds islomis va isiqg manba Kimi yuk-
sok gorginlikli elektrik qovsiindon istifads edilmasina [18] iistiinliik vermisdir.

A.A.Abaszado miiharibo dévriindo cobhoyo ¢ox boyiik fayda veron ellmi
naticalor almisdir. O, rohbarlik etdiyi istilik fizikas1 laboratoriyasinda Baki nef-
tinin miixtolif modonlorden gétiiriilmiis niimunalorinin 6zliliytind, istilikke-
¢irmosini va istiliktutumunu tadqiq edarak onlarin neftin dorinliyindon asililiq
ganununu kosf etmis vo ondan neftin kosfiyyati isindo istifado {isulunu isle-
misdi. O, cobho sifariglorindon alavo golocokds elmi-todqiqat iglori {igiin lazim
olan, dovriin tolablorino cavab veron, yliksok doqigliye malik tocriibo qurgulari,
0 ciimlodon mikrodiferensial vo biroxlu silindrik kalorimetrlor yaratmaqla da
mosgul olmusdur. Bu dovrdo A.A.Abaszado nozori fizikanin “qazlarin istilik-
kecirmoa noazoriyyasi”, “Nernst teoremi” kimi bir ¢ox fundamental ganunlarina
dizslislor va alavalor etmis, yeni kosflorin, imumilogsmoalarin va tadgiqat tisul-
lariin misllifi olmusdur.

1944-cii il aprel aymin 5-do SSRI Elmlor Akademiyasinin Azorbaycan
filialinin Rayasat Heyotinin akademik H.N.Hiiseynovun sadrliyi ils, kegirilmis
iclasinda sektorun yaradiciliq ugurlarini nozors alaraq onun Fizika institutuna
cevrilmoasi barads qorar qobul edilmisdir. Qarardan dorhal sonra Fizika Sekto-
runun yerindo Fizika Institutu vo Riyaziyyat Sektoru olmagqla iki miistoqil elmi
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miiossiso yaradildi vo professor H.I.Bmirxanov institutun professoru, Z.I.Xo-
lilov isa sektorun direktoru kimi saxlanildilar. Fizika-riyaziyyat elmlori nami-
zodi Z.1.9lizads elmi islor iizro Fizika Institutu direktorunun miiavini vozifa-
sina tayin edildi.
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CO3JJAHHUE CEKTOPA ®U3UKHN U
PA3BUTHUE ®U3UUYECKHUX UCCJIEJTOBAHUN B ASEPBANI’KAHE

AAJKNJTOBIAPJIBI (ABBACOB)
PE3IOME
B craTbe peub uAeT 0 pa3BUTHU HCCleOBaHUH 1o ¢u3uke nocie cozpanus Cexropa
Ou3uky. YKa3pIBaeTcs, yTo co3nanueM Cekropa @U3MKH y yUEHBIX BO3POC TBOPUECKUH 3HTY-
3uazM. OJTHaKO B ATO BpeMsl HCCIICJOBaHUS B OOJIACTH MOJYNPOBOJHUKOBOM (DM3MKH HE MO-
JyqWIN IIUPOKOE PA3BUTHE, yUYEHBIE TOJHKO OMOTAIH (POHTY.

KuroueBbie caoBa: Cekrop Ou3MKH, TBOPUECKUH SHTY3UA3M, [TOJIYIPOBOIHUKH.

THE CREATION OF SECTOR OF PHYSICS AND DEVELOPMENT
OF RESEARCHES ON PHYSICS IN AZERBAIJAN

A.AJILOVDARLI (ABBASOV)
SUMMARY
The article deals with the development of researches on Physics after creation of Sector
of Physics. It is specified that, scientists’ creative enthusiasm grew up by creation of Sector of
Physics. However, at this time researches in the area of Semiconductor Physics did not get
wide development. In the period of wars the scientists helped the front.

Key words: Sector of Physics, creative enthusiasm, semiconductor
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MnGa,S; MONOKRISTALINDA OPTiK UDULMA
ZAMANI URBAX QAYDASI

N.N.NIiFTIYEV', FM.MOMMODOV? S.M.MUSAYEVA'
AM.ALLAHVERDIiYEV", S.N.NIiFTIiYEV®
' Azarbaycan Doviat Pedaqoji Universiteti
’AMEA Kataliz va Qeyri-iizvi Kimya Institutu
3Azorbaycan Texniki Universiteti
namiq7@bk.ru

MnGa,S, monokristalinda miixtalif temperaturlarda (77+293K) optik udulmanin diison
fotonun enerjisindon asililigindan Urbax qaydasi tadqiq edilmisdir. Miiayyan edilmisdir ki,
tadqiq olunan monokristalda fotonun enerjisin 2,05 +2,35 eV oblastinda optik udulmanin
uzundalgali kanart Urbax qaydasina tabe olur. MnGa,S4 monokristalinda giiclii elektron -
fonon garsiligh tasivinin movcud olmasi askara ¢ixarimugdur.

Acar sozlor: MnGa,S, monokristali, optik udulma, Urbax qaydasi, foton, elektron,
fonon.

Son illor miirokkob torkibli halkogenid birlogsmoalor qeyri-adi fiziki xasso-
lari vo praktiki tatbiqlori sayesindo genis todqiqatlarin obyektine ¢evrilmisdir.
Bu birlogsmolor igarisindo fotoelektronikanin yeni nasil cihazlarinin funksional
diapazonunu genislondirmak ti¢iin boytik potensiala malik olan fiziki proseslari
az Oyronilmis AB,X, (burada A-Mn, Fe, Co, Ni; B- Ga, In; X-S, Se, Te) tipli
birlogsmolor xiisusi praktiki vo nozori maraq kosb edir. Bu birlosmalor miixtolif
toyinatl elektron qurgularin yaradilmasi iiciin perspektivlidir. isdo MnGa,S,
monokristalinin miixtolif temperaturlarda (77+293K) optik udulmanin diison
fotonun enerjisindon asililigindan Urbax qaydasi tadqiq edilmisdir. Rentgeno-
grafik metodla miioyyon edilmisdir ki, kimyavi kdclirmo metodu ilo alinmis
MnGa,S; monokristali gofas parametrlori a=5,46, b=10,50 A, c/a=1,92 olan
4 foza qrupuna kristallasir. MnGayS4 monokristalinin bozi elektrik vo optik
xassalori [1-3] islorinds todqiq edilmisdir.

Yarimmkegiricilordo fotonun enerjisinin qadagan olunmus zonanin enerji-
sindon az (hv< E,) olan halda isigin udulmas iigiin ¢oxlu sobablor vardir.

Tobii olaraq fotonun enerjisinin ¢atismazhigimin (E -hv ) artmasi ilo udulma

omsalinin qiymati siirotlo azalir. Adston udulmanin bu oblastin1 fundamental
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udulma zolagmin quyrugu adlandirirlar. Udulma smsalmin E -hv enerjisi ¢a-

tismazligindan vo temperaturdan asililig kristaldan kristala doyisir. Lakin he-
misga tezliyin elo oblastini tapmagq olar ki, quyruq hissosindo udulma omsali
o ~ exp- (—(Eg —hv)/(KT)) 1)

adi aktivlogsmis eksponent ilo verilisin. Bunu belo deyirlor: enerjinin bu oblas-
tinda udulma timumilogmis Urbax qaydasina tabe olur [4-5]. Udulma quyru-
gunun temperatur asililig1 onu gostorir ki, udulmada bir vo ya bir ne¢o fonon is-
tirak edo bilor. Udulma quyrugunun oblast1 adston fotonun enerjisinin miioyyon
miqdarda ¢atismazlig1 zaman1 mdvcud olur.

Toadqiq olunan monokristalda, yoni MnGa,S4 do optik udulmanin uzundal-
gal1 konar1 Urbax qaydasina tabe olur [6]:

a=a,exp (0 (v -E,) @)
Burada « -optik udulma omsali, hv-madds tizorino diison fotonun enerjisi,

o, va E, yarimkecirici materialin sabitloridir. o(T)- Urbax parametri adlanir

va bels ifada olunur [5]:

o) =0, 2Ty, th hvy
hv, 2kT

Burada o, - elektron - fonon qarsiliqli tosiri (g) xarakterizo edon sabitdir.

3)

hv,- elektron ilo daha giiclii rabitads olan fononun effektiv enerjisidir.

Sokil 1-don goriiniir ki, todqiq olunan MnGayS; monokristalinda
no(hv,T) diiz xotlorinin uzanmasi bir nogtays (E,,/ner,) gedib ¢ixir. o -

Urbax parametri iso

KT/n 5
o(T) ZM (4)

diisturundan hesablanmigdir. MnGa,S, monokristalt ii¢lin Urbax parametrinin
o(T) asililig1 sokil 2-do gostorilmigdir. Sokildon goriiniir ki, 0 temperaturdan
asili olaraq yavas-yavas azalir vo T = 0 —a ekstrapolyasiya olunur. Miioyyon
edilmisdir ki, yliksok konsentrasiyali yarimkegiricilordo udulma oblastinda fun-
damental udulma zolaginin konarmin Urbax qaydasina tabe olmasinin sabablo-

rindan biri elektron - fonon qarsiligl tosiridir [7]. Malumdur ki, o, ilo elektron

- fonon qarsiliql tasir (g) komiyyati arasindaki slage asagidaki kimidir [8]:

2
O'0=§g . (5)

Hesablamalarin naticosi olarag g > 1 olmasi onu gostorir ki, MnGa,S,; mono-
kristalinda giiclii elektron - fonon qarsiligli tesiri mévcuddur.
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Beloliklo, MnGa,S; monokristalinda miixtolif temperaturlarda (77+293K)
optik udulmanin diigan fotonun enerjisindon asililigindan Urbax qaydasi tadqiq
edilmisdir. Miioyyon edilmisdir ki, todqiq olunan monokristalda fotonun
enerjisi 2,05 +2,35 eV oblastinda optik udulmanin uzundalgali kenar1 Urbax
gaydasina tabe olur. MnGa,S, monokristalinda giiclii elektron - fonon qarsiligl
tosirinin movecud olmasi agkara ¢ixarilmigdir.
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IMPABHJIO YPBAXA B MOHOKPUCTAJIUIAX
MnGa,S, TP ONITUYECKUX INOT'VIOIEHUAX

H.HHUO®THUEB, ».M.MAMEJOB, C.M.MYCAEBA,
AM.AJIJIAXBEPJIUEB, CH. HU®TUEB

PE3IOME

HUccrnenosano IIpaBuno Ypbaxa npu U3ydeHHH 3aBUCUMOCTH ONTHYECKOTO MOTJIOIICHHUS
OT JHEPruM mnamarImux (HOTOHOB B MOHOKpHcTaimiax MnGa,S, B wHTepBajge Temmeparyp
77+293K. YcTaHOBIICHO, YTO B HCCIIEIOBAHHBIX MOHOKPHUCTAIUIAX B 001aCTH SHEPTHH (POTOHOB
2,05 +2,355B nAnMHHOBOJIHOBBIA XBOCT TIOTJIONICHHS IIOJUYHMHSAETCS TIpaBmiy YpOaxa.
ITokazaHo, uro B MOHOKpHcTaiiax MnGa,S, cymecTByeT CHIBHOE DJIEKTPOH — (POHOHHOE
B3aUMOJIEUCTBHE.

KuaroueBsbie ciioBa: moHokprctain MNGa,S,, onTuueckue moriomieHus, (GpoToH, 3ieK-
TPOH, )OHOH.
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URBACH RULE IN THE MnGa,S,; SINGLE CRYSTALS IN OPTICAL ABSORPTION

N.N.NiFTiYEV, FM.MAMMADOV, S.M.MUSAYEVA
AM.ALLAHVERDIYEYV, S.N.NiFTIYEV

SUMMARY
The Urbach rule was applied in studying the dependence of optical absorption on the
energy of incident photons in the MnGa,S, single crystals in the temperature range 77 + 293 K.
It is established that in the investigated single crystals in the 2.05 + 2.35 eV photon energy

regions, the long-wavelength absorption tail obeys Urbach's rule. It is shown that a strong
electron-phonon interaction exists in MnGa,S, single crystals.

Key words: MnGa,S, single crystal, optical absorption, photon, electron, phonon.
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VO ELEKTRIK SAHOLORINDO YUKLU ZORROCIK
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Bir-birina perpendikulyar yerlogmis bircins magnit va elektrik sahasinda spinsiz yukli
zarraciyin harakating baxilmis, bu masala iigiin Sredinger tonliyi hall edilmis, enerji spektri va
Maxsusi funksiyalar ¢oxlugu tapilmisdir.

Acar sozlar: magnit vo elektrik sahssi, enerji spektri, maxsusi funksiya

Kvant nozariyyasinda bircins magnit va elektik sahasinds zarraciyin ho-
rokatinin nazari tadqiqi boyuk shomiyyata malikdir. Bu tip mosalalorin tadgiqi
kvant nozariyyasinin asas prinsiplorini vo kvant formalizminin mahiyyatini
aydin niimayis etdirmays imkan verir.

Bir-birina perpendikulyar yerlosmis bircins magnit va elektrik sahalarin-
do yklU zarraciys baxag. Z oxunu magnit sahasi, y oxunu isa bircins elektrik
sahasi  boyunca yonaldok.

Bels sistemin Hamilton operatoru asagidaki kimi olur:

H=l (F+2A) +es 1)
2m c

Burada e- zarrociyin yuki, &- bircins elektrik sahasinin intensivliyinin odadi
giymoti, m-zarraciyin kitlasi, A- elektromagnit sahasinin vektor potensialidir.
(1) ifadossindon agkar goriiniir ki, sistemin Hamilton operatoru zamandan askar
sokilda asili deyil vo ona gora do stasionar Sredinger tonliyini hall etmaliyik:

Hy =Ey 2
Burada E- sistemin enerjisidir.
(1)-i (2)- do nozars alsaq, bels sistemin Sredinger tonliyini almis olurugq:

1 5 e~
—((P+=A)*+e =E
G (P+2A)? +eey)y = Ey

Vo ya
_~ 2 a2

1(:z2 2e -2 e - e“A
—|P? + = AP +=(PA) + +e =Ey 3
(Zm[ _ (PA) Cz] &)y =Ey (3)
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Bircins magnit sahasi z oxu boyunca yonaldiyindon H, =H  =0,H, = H olar
vo A vektor-potensial A =-yH,A, = A, =0kimi secilo bilor. Onda

PA = —indivA = 0 va (3) tonliyi
52  p? 52 - 2142,,2
(P_X+_y+P_Z+|heHyi+e H 2/
2m 2m 2m mc oJx  2mc
soklino diisor. P, vo P, operatorlart vo H operatorlart ilo kommutasiya

etdiyindan (3) tonliyinin hallini asagidak: sokildo axtara bilorik:

+egy)y =Ey (4)

%(PXX+PZZ)

vy, = e 1 (y) -

(5)-i (4) —da nozars alsaq,
P2

h? d*f P? eH e?H?y?
- X f ———yP f+—2 f +egyf =(E— f 6
2m dy®> 2m mc 2mc? at =( 2m) ©
alariq. Asagidaki ovazlomalor aparaq:
, P’ cP,
= :E_Zm'y:ﬂJreH '
Onda (6) tonliyi
n? d*f e’*H?%p? cPe
- f = (E' =225 f 7
2m dn? T ome? reert =( H ) ()
2
. , . m , &P, H .
soklino disiir. Yeni §:n+£2, E,=E'-—~, a)=e—9VQZ|9mQSI apar-
eH H mc
saq, (7) tonliyi
n? d?’f mo?
Tamagr 2 ¢ 5 ©

soklini alir. (8) tonliyi adi xatti harmonik ossilyatorun tonliyidir. Bu tonliyin
halli biza malumdur. Onun hallindan moxsusi giymatlar vo maxsusi funksiyalar
ucln

f({)=Ce " H,(£).&= %5,

E,=haw(n+1/2), n=012.... 9)
ifadalori alinir. Burada n-kvant adadi olub diskret dayisir, H, ({) -Ermit poli-

nomudur. Belaliklo, bir-birina perpendikulyar olan bircins magnit vo elektrik
sahalorinds yerlogsmis yiiklii zorraciyin enerjisi {igiin asagidaki ifadoni almig

oluruq:
2

P 2 .2
Eopr =ha)(n+1/2)+2Pz &P, mc’e
o m

H 2H? {10)
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(10) ifadasinda birinci hadd magnit sahasino perpendikilyar mistovido bas
veran ragsi harokat enerjisidir. P,, P, -kvant adadlori kasilmaz dayisdiyindan,

onlara uygun enerji kosilmaz spektr togkil edir.
(3) tanliyinin moxsusi funksiyalar tiglin

L(Px+P2) 22
Woop (6 y.2)=Ce" e H () (1)

ifadasi alinir. (14) ifadasindon alinir ki, bir-birina perpendikulyar olan bircins
elektrik vo maqnit sahasinds yerlosdirilmis zarraciyin dalga funksiyasi da ti¢
kvant adadindon asilidir, yani zarraciyin stasionar hallar1 cirlasmamis olur.
Bilirik Ki, tocribada zarraciyin enerjisini toyin etmok Ucgtn elektrik va
magnit sahosinin intensivlik vektorlari olan &, H vektorlarmi elo segirlor ki,

zarracik duiz xatt Uzra harokat etsin. Bu 0 zaman mumkdndur Ki, zarraciys tosir
edon elektrik vo magnit quvvalori modulca eyni, istigamotca oks olsun. Bu
zaman elektrik vo magnit saholorinin intensivliklori bir-birina perpendikulyar
olur. Biz z oxunu magnit sahasi, y oxunu isa bircins elektrik sahasi boyunca
yonoaltsak, onda zarracik x oxu boyunca duz xottli horokst edor. Baxdigimiz
halda

C
oldugundan, bu ifadadan zarraciyin suratini tapsaq
ce
vV=—
H
olar. Klassik halda geyri-relyativistik zarraciyin enejisi

borabor olar. Eyni sortlor daxilinds biz geyri-relyativistik halda kvant zarro-
ciyinin harakoatina baxdigda onun enerjisi (10) ifadasi ilo toyin olunmus olur.
Ogor baxdigimiz halda zorrocik X oxu boyunca horokot edirss, onda
P, = P, =0olur. Bunu (10)-da nazars alsaq, baxdigimiz hal iigiin kvant zarro-
ciyinin enerjisi Ugun
&P, mc’e’
2H?
ifadasini almis olariq. (12) va (13) ifadalarinin migayisasindan aliriq ki, onlar
bir-birindan kaskin farglonir.

E =ho(n+1/2)+ (13)
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3APAKEHHAS YACTUHA, HAXOAAIIASCS BO B3ANMHO
NEPHEHAUKYJISAPHBIX OJHOPOAHBIX MATHUTHOM
N QJEKTPUYECKOM MOJIAX
M.P.PAI’KABOB
PE3IOME
Pemreno ypasuenwue IIpeaunrepa, HailIcHbl SHEPTETHUCCKUC CIICKTPHI B COOCTBCHHBIC
GhyHKIMY 715 3apSKCHHOM YAaCTHIIBI, HAXOAIICHCS BO B3aUMHO MIEPIICHIUKYIISPHBIX OJHOPO/-

HBIX MAarouTHOM U DJICKTPHUUCCKOM IIOJIAX.

KaroueBble cji0oBa: MarHUTHBIE M DJCKTPUYECKUE OIS, DHEPrEeTHYECKUIl CIIEKTp,
coOCTBeHHAs! PYHKIIUA

CHARGED PARTICLES INTERPERPENDICULARLY ALIGNED IN
HOMOGENOUOS ELECTRIC AND MAGNETIC FIELDS

M.R.RAJABOV, S.G.RAHIMZADEH, S.M.ASLANOVA
SUMMARY
The Schrodinger equation has been solved for the charged particles interperpendicularly
aligned in homogenous electric and magnetic fields and the energy spectrum and special
functions have been found.

Key words: magnetic and electric fields, energy spectrum, special function

Redaksiyaya daxil oldu: 12.06.2017-ci il
Capa imzaland: 28.09.2017-ci il

168



BAKI UNIVERSITETININ XOBORLORI
No2 Fizika-riyaziyyat elmlari seriyast 2017

UOT 539.12
GUNOS KULOYINDO MAQNIT SAHOLORI

QULU HOZIYEV
AMEA Nax¢ivan Bolmasi
atccb5@mail.ru

Gunas kiilayi Glnagdon radial istigamatds yayilaraq, ~100 a.v. heliosentrik masafaya
godar Glinas sistemini ahata edon Glnas moansali fasilasiz plazma axuudir. Giinag kiilayi tac
magnit sahalarini 0zi ilo barabar planetloraras: miihito daspyrr. Bu magnit sahalarinin
plazmada qorarlasmis giivva Xatlori planetlorarast magnit sahalarini amala gatirir. Kilayin
sixligr Glnagdan olan masafanin kvadrati ilo mitanasib olaraq azalir. Sonda kilayin sixligi o
Qodar azalir ki, o digar inca dispersiyali qazlarin va zoif magnit sahalarinin tasiri ilo yox olur.
Protonlarin temperaturunun 100000 K, elektronlarin temperaturunun isa bir az artiq oldugu
Yerin orbiti bélgasinda kilayin stiratinin orta giymati 400-500 km/san.-ya catir.

Acar sozlor: Gunes kiiloyi, plazma, planetloraras1 foza, irimiqyasli maqnit sahalori,
planetlorarast magnit sahasi.

Gunos kiiloyi yiksok temperaturlu plazma selindon ibaratdir. Ginasds
fiziki sorait elodir ki, plazma axinlari maqnit sahasini do 6zU ilo dasiyir. Bu
sababdon Guinas kiilayinds yiiksok soviyyads ionlagmis gaz halindaki plazma
maqgnit saholarini, hatta Glinos sisiteminin hiidudlarindan konara belo dasiya
bilir. Glnoasdon uzaqlasdiqca Giinas kuloyi maddasinin temperaturu nazars
carpacaq doracods asagi diiso bilor. Ancaq plazma gazi hoddon artiq seyrok
oldugundan, proton vo elektronlarin birlogsma ehtimali ¢ox az olur. Bu sabob-
don Gunas kiilayi vasitasilo magnit sahalori Glinas sisteminin har torafins yayi-
laraq planetlorarasi maqnit sahalorini omala gatirirlor. Bas bu magnit sahalori-
nin tabisti necadir?

Arasdirmalar gostorir ki, bu magnit sahalorinin monbayinin Giinasdaki
irimiqyasli magnit sahslorinds (IMS) axtarmaq lazimdir. Glinos tacindan basla-
nan Glnas kiiloyi Glinas lokalorinin va foal sahalarin kifayst godar intensiv
olan lokal sahalorini dasiya bilmaz. Cunki onlar Gzvi suratds bir-biri ilo six
baghdir. IMS isa intensivliyi comi bir neco qausla dlgiilon va Giinasin biitiin
sathini ohato edan zoif sahalordir. Miigayiss U¢lin geyd edok ki, Yerin magnit
sahasinin intensivliyi togriban 0,5 qausdur [1].
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Ogor Gilnos firlanmasaydi, onda Giinas kiilayinin magnit sahasinin giivva
Xatlorinin istigamati radial istigamatds olardi. Magnit glvva Xatlori Giinaso
bagl oldugundan, Gunasin firlanmasi naticasindo magnit qlivva Xatlori buru-
laraq spiralvari forma alir [4]. Radial magnit sahasinin tasiri do gravitasiyada
oldugu kimi Giinagsdon olan mosafonin kvadrati ilo mitonasiib olaraq azalir.
Hesablamalar gostorir ki, Ginos kiilayinin yerotrafi fozada yaratdigi maqnit
sahasinin intensivliyi (3-4)-10”° gauss olmalidir.

Gunas sisteminin daxilindo Glinas kiilayinin tobiatini 0yronmak Ugiin kos-
mik aparatlardan genis istifado olunur. Kosmik aparatlarin ¢oxu yiiklii hissa-
ciklorin geyd olunmasi {igiin lazim olan zaruri avadanliglarla tachiz olunur. Bu
avadanliglarin, demok olar ki, aksariyyatinin islomo prinsipinin asasinda yikli
hissaciklarls togqusma zamani yaranan fiziki vo kimyavi effektlor durur. Qeyd
etmok lazimdir ki, Giinas kiiloyinin Giinas sisteminin har yerina sirayat etmasi
mohz kosmik aparartlarla aparilan todgigatlar naticasinds 0z tesdiqini tapmis-
dir. Giinas kiilayinin askara ¢ixarilmasi vo parametrlorinin 6lctilmasinds bir
cox kosmik qurgularla yanas1 amerikalilarin yaratdigi “Mariner I1” vo “Eksplo-
rer X kosmik aparatlarinin xiisusi rolu olmusdur. Biitiin bu aparatlarin oldugu
har yerda Glinas kiilayinin fasilosiz olaraq “asdiyi” isbat olunmusdur vo malum
olmusdur ki, Yerin yaxmliginda fasilosiz Gilinos kiilayinin sirati 400 km/san
otrafindadir [2].

Gunas kiilayinin intensivliyi va sirati bazon sabit, bozan iso doyiskon
olur. Turbulentliya mailli olan Gunas kiilayinin harokat slroati Giinas faalligi
dovrl yuksak olur. Kosmik aparatlar vasitssilo 6lgcmalar gostarir Ki, intensivliyi
bir kvadrat santimetrda hor saniyads orta hesabla 108 protondur. Sixligi ¢ox da
boylk deyildir. Yerotrafi fozada bir kub santimetr hacms 1-10 sayda proton
diistir [3]. Gunas kiilaino aid olan fiziki parametrlarin toyin olunmus giymatlori
Gunas taciin gabul olunmus modelino uygundur. Homin models géro Ginas
kilayindaki yuklu hissaciklarin harokati magnit sahalari torafindon istigamat-
lonir. Glnasdan Yera dogru bu harokatin necs bas verdiyini izlomak ¢un har
seydon ovval hissaciklorin horokot etdiyi mokanin — planetlorarasi fozanin
xususiyyatlarina diggst yetirmok lazimdir. Bu fazanin asas xUsusiyyati magnit
sahasino malik olmasidir. Planetlorarast maqnit sahslorinin formalagsmasinda
osas faktor Glinosdoki IMS-dir.

Gunagin magqnit sahasi Yerinkindon forglidir. Lokal va irimiqiash saho-
lorin xaotik vo nizamsiz strukturlarindan ibarat olan bu sahalor Yerdoki kimi
duizglin dipol sahalardon kaskin forglonir. Buna baxmayaraq Giinasin bir ulduz
kimi malik oldugu zoif IMS-in dipol komponenti do vardir. Ancaq bu dipol
komponenti planetlorarasi sahalorin amala golmasinds, demok olar ki, rol
oynamir. IMS-in digar bir komponenti neca deyorlor, agiq “birqiitblii” sahalor-
dir. Mahz bu saholorin Ustlinlik teskil etdiyi orazilorde bdyiik tac desiklori
omoalo galir ki, onlar da giiclii plazma axinina rovac verir. Ginasdon harakot
edon plazma (Ginas kiilayi) 6z ilo magnit sahasini do planetlorarasi fozaya
dasiyir. Plazma 6z-6zllyinds ideal elektrik kegiricisidir. Malumdur ki, yiiksok
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daracali naqillarde magnit sahasinin doyismasina garsi oks-tasir vardir. Maqnit
sahasi doyisdikdo nagildo yaranan elektrik corayaninin yaratdigi maqnit sahasi
bu doyismays mane olur. Giinas tacinda va planetlorarasi fazada plazma 6zuni
ideal naqil kimi apardigindan, magqnit selinin ixtiyari doyismasino mane olur.
Bu halda deyilir ki, magnit sahasinin plazmaya vo ya plazmadan diffuziyasi
mdovcud deyildir.

Planetloraras1 fozan1 dolduran vo ideal naqgil olan Glinos plazmasi qar-
sisina ¢ixan magqnit sahasini dagidir vo planetloraras: foza, ancaq Glnos kiilayi
vasitasilo gatirilon magnit sahalori ilo dolur. Bas planetlorarasi magnit sahoa-
lorinin strukturu necadir? Pla-
netloraras1 fozanin har yerino
yayilan Gilinos plazmasinin
dasidigi magnit saholorinin
istigamati muxtalif olur. Sa-
hanin quvva Xatlori ya Glinaso
dogru, ya da oksina istiga-
motlonmis olur. Bizim {i¢iin
mihim ohamiyyat kasb edan
osas masola ondan ibaratdir ki,
planetlorarast maqnit sahalori
ekliptika mustovisi boyunca
necs yerlogsmisdir. Sado halda
bunu sokil 1-do g0storildiyi
Arximed spirallar1 kimi tosav-
vir etmok olar. Giinss plaz-
masmin fiziki parametrlorini
nazors alnmagla yerina yeti- Sok. 1. Giinos-planetlorarast magnit sahalorinin
rilon giymatlondirmalor gosto-  ekliptika miistovisindoki spiralvari formasi. Giinos
rir ki, yerotrafi fozada magnit kulayi suratinin 300 km/san oldugu gobul edilir.
sahosinin qivve Xotlori ilo Giinas radiusu istiqgamati arasindaki bucaq 45° ot-
rafindadir. Sokil 1-do planetlorarasi fazadaki maqnit sahasinin qlivva Xatlorinin
ancaq formasi 6z aksini tapmigdir. Onlarin istiqgamatlari iso mixtalif istigamotli
olaraq sektor qurulusu omalo gotirir. Sokil 2-do planetlorarasi sahoalorin qiivva
Xatlori istigamatinin Yerin orbiti boyunca yerlosmasi g0storilmisdir. Qtivva
xotlorinin istigamotlori Yerin siini peyki IMP-!-in 3 dolanma dovrii orzinda
muoayyan edilmisdir. Sektorlarin sarhadi Arximed spirallari kimi gostorilmisdir.
Planetloraras1 fozada maqgnit sahasinin sektor qurulusuna malik olmasi Yerdo
maqgnit firtinalariin amola golmasi va hotta iglimin formalagmasi baximindan
mahim shamiyyat dasiyir.

Kosmik aparatlar vasitssilo aparilan miisahidolor gostorir ki, Glinog
kllayinin sirati va sixligi mitomadi olaraq doayisir vo sektorlarin sarhadinds bu
parametrlor kaskin artir. Sektorlarin sarhadindan kegondon 2 giin sonra plaz-
manin sixlig1 sox stiratlo artir. Sonraki 2 vo ya 3 glin arzindos todricon azalmaga
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baslayir. Giinoas kiilayinin siirati maksimuma ¢atandan 2-3 giin sonra azalmaga
dogru gedir [3].

Planetloraras1 maqnit sahasinin sektor qurulusunun vo Glinos plazmasinin
sratinin vo sixliginin yuxarida gostorilon doyismasinin Yerin maqgnito-
sferasinda bas veran sarsintilarla six oalagesi vardir. Peyklor vasitasilo aparilan
Olcmoalar gostorir ki, magnit
firtinalar1 o vaxt baslayir ki,
yerotrafi fozada maqgnit sahasi
10 dofodon ¢ox artsin vo daha
COX Qeyri-sabit xarakter alsin.
Bu vaziyyat iso Gilinas kiilayi-
nin guclonmasi vaxti bas verir
ki, bu zaman plazma seli Gu-
nosin foal saholorindon daha
intensiv va geyri-sabit magnit
sahalorini planetloraras1 foza-
ya dasiyir.

Miisahidalor gostarir ki,
planetlorarasit maqgnit sahalori-
nin bir gox parametrlori, Xtsu-
son intensivliyi va geyri-sabit-
liyi ilo Glnos faallig1 arasinda
six alagalor vardir. Bu olagalorin xarakterinin vo mexanizminin otrafli suratdo
Oyranilmasi Glinas-Yer alagalori probleminin prioritet istigamatlorindan biridir.

Sak. 2. Planetlorarasi maqgnit sahasinin sektor
qurulusu
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MATHUTHBIE I10JI51 B COJITHEYHOM BETPE
I'TASUEB
PE3IOME

ConHe4HBIH BeTep, 3TO HENPEPHIBHBIA IMOTOK IJIa3MBI COMHEYHOTO ITPOMCXOKIACHUS,
pacnpoCTpaHIOMUKCS NPUOIU3UTENbHO paguansHo oT CoHIa U 3anonHsonmi codoit Con-
HEUYHYIO CHCTEMY JI0 TeluoleHTpudeckoil paccrossHuii ~100 a.e. ComHEeuHbIH BeTep YHOCHUT C
€000}l B MEXIIJIAHETHYIO Cpely KOPOHAJIIbHOE MarHUTHOE 1oJie. BMOpoKeHHbIE B MIa3My CH-
JIOBBIE JIMHUM 3TOTO IMOJS 0Opa3yloT MEXIUIAaHETHOe MarHuTHoe mose. ImoTHocTe BeTpa
majaeT MPONOPLHOHANBHO KBaJpaTy yBeJW4eHHs paccrosHus oT ConHma. B kKoHIE KOHIIOB,
BETEp JOJDKEH CTaTb CTOJb Pa3peKEHHBIM, YTO OH IPEKpAIacT CBOE CYIIECTBOBAHUE IO
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BO3JCUCTBHEM JPYTUX TOHKOJMCIICPCHBIX Ta30B M CIAa0bIX MarHUTHBIX Mojei. B paitone op-
OuTHI 3eMJI €r0 CKOPOCTh JocturaeT cpeanero sHaueHus 400-500 km/cek mpu Temmeparype
npoToHOB 100 000K 1 HECKONIBKO OOJBIIEH TEMIIEpaType IJICKTPOHOB.

KiaroueBbie cioBa: ColHEUHBIH BETCP, MCKIUIAHETHOC MPOCTPAHCTBO, prHHOMaCHITa6-
HBIC MAarHUTHBIC II0JIA, MECXKIIJIAHETHOC MArHuTHOC ITOJIC.

MAGNETIC FIELDS IN THE SOLAR WIND
G. HAZIYEV
SUMMARY

The solar wind is a continuous stream of plasma of solar origin, which propagates
approximately radially from the Sun and fills the solar system up to heliocentric distances of ~
100 AU. The solar wind carries with it to the interplanetary medium a coronal magnetic field.
The field lines of this field frozen into the plasma form an interplanetary magnetic field. The
density of the wind falls proportionally to the square of the increase in the distance from the
Sun. In the end, the wind should become so thin that it ceases to exist under the influence of
other fine gases and weak magnetic fields. In the area of the Earth's orbit, its velocity reaches
an average value of 400-500 km/sec at a proton temperature of 100 000 K and a slightly higher
electron temperature.

Key words: solar wind, interplanetary space, large-scale magnetic field, interplanetary
magnetic field.
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MEXANIKi DEFORMASIYANIN Caln,Se; YARIMKECIRICI
BIRLOSMOSININ ELEKTROFIZIiKi XASSOLORINO TOSIRI

V.Q.SOFOROV, M.N.AGAYEV, R.F.MEHDIYEV, L.i.NURIYEVA
Baki Dovlat Universiteti
bsu.edu.gov.az

Muasir elm va texnikamin miixtalif sahalarinda mexaniki garginliyi, statik va dinamik
toziglari eksperimental tayin etmok iigiin ol¢ii cihazlarmdan istifado olunmast genis ya-
yilmigdir. Bu tip qurgulara tenzocihazlar asasinda qurgular aiddir. Bu cihazlar surakliyi ila
yanasgt lazzmi masafodan tadgiq olunan mihitin parametrlarini dlgmaya imkan vermolidir.

Acar sozlar: deformasiya, yarimkegirici, tenzorezistor, tenzorezistor omsal

Tenzorezistorlarin komoayilo deformasiyanin 6l¢iilma prinsipinin asasini
deformasiya asasinda niimunanin aktiv migavimatinin doyismasino asaslanir.
Mdasir 6lgma qurgularinin konstruksiyasi tenzohasas materialdan hazirlanmig
elementin tadqiq olunan cismin sothino elo birlosdirilir ki, ondan gdtiiriilon
cixis naqil xattlori elektrik dovrasine birlogdirmok mimkin olsun.

Tenzoeffekt hadisosinin mixtalif materiallarda o ciimlodon yarimke-
ciricilords todqiqi yeni 6lgma qurgular1 yarimkegirici tenzorezistorlarin  hazir-
lanmasina imkan yaradir. Yarimkegirici tenzorezistorlar moftil vo ya folga
osasinda hazirlanmis rezistorlardan yiiksok tenzohosasliq omsalina malik
olmas ilo segilir ki, bu da yeni tenzometrik 6lgms todqiqatina genis imkan
yaradir. Yarimkegirici 6lgmoa elementlorin asas xisusiyyati asqarlar daxil et-
moklo onlarin elektrofiziki xassalorini genis intervalda doyimok mimkin
oldugu halda bunu moftil vo ya folqali tenzorezistorlarda hoyata kegirmoak
mimkun deyil. Eyni bir handasi 6lgllards 6lciicl 6zayin mugavimeti 10-dan
10° Om-a godor doyiso bilor. Tenzohosasliq emsali iss 100-200 intervalinda
doyiso bilar [1].

Si-silisium, Ge-germanium vo SmS-sulfid samarium ossasinda hazirlan-
mis tenzorezistorlardan genis istifado olunur. Onlar osasinda hazirlanmig
tenzohasas elementlor cox boyik tenzohasasliq amsalina malik olmagla yanasi
kicik deformasiyalar1 vo yerdoyismoni 6lcmays imkan verir. Yiikdasiyicilarin
yuksok yiyurakliys malik olmast mexaniki deformasiyanin tosiri altinda
yarimkegiricinin fiziki xarakteristikalarin doyismosini ani zamanda fikso
etmoays imkan verir.

Bu iso slrotlo doyison deformasiyani, dinamik tozyigi vo vibirasiyani
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6lcmays imkan verir.

Mexaniki deformasiya zamani yarimkegirici tenzorezistorun tosir noqtasi
otrafinda hacmi yiklor omalo golir. Bununla slagoadar olaraq yiikdasiyicilarin
yuyuarakliyi do artir. Homginin althigin kristallografik oriyentasiyasi vo qurulu-
sun miixtalif topoloji parametrlori oasas rol oynayir. Deformasiyanin digor
xarakteristikasina yiikdasiyicilarin konsentrasiyasi Vo qadagan zonasinin enind
kaskin tosiri var. Cirlasmamis yarimkegiricilords yiikdasiyicilarin konsentrasi-
yasi1 termodinamik tarazliq halinda

N=Ncexp[-(Ec-EF) /xT]

p=Nv exp[-(Ev-Er)/xT]
ifadasilo toyin olunur. Burada N¢, Ny-uygun olaraq kegirici vo valent zona-
sindaki effektiv hallarin sixlig1, Ec, Ey-kegirici zonanin dibinin va valent so-
nasinin tavanina uygun enerji, k-Bolsman sabiti, T-temperatur, Eg-Fermi enerji
Saviyyasidir.

Mixtolif kristallografik istigamotlordo deformasiyanin tosiri altinda
gadagan zonasinin doyigsmasi diizxatli ganun tizrs gedir [2]:

E(0)=E(0)-ao

Burada E(0)-deformasiya olmamis yarimkeciricinin qadagan zonasinin
eni, o- mexaniki goarginlik, a-mutonasiblik amsal1 olub kristallografik istiqga-
matdan asilidur.

Yiksok arima temperaturuna (1070K) va 5,5mkA/ImV hasasliga malik
Caln,Se; yarimkegirici birlosmo osasinda hazirlanmis niimunolords tenzo-
effektliyin agkar edilmoasi Vo onun asasinda tenzorezistorun hazirlanmasi 6z
perspektivliyilo vo aktualligi ilo nazora g¢arpir. Torcubalor naticasindo askar
olunmugdur ki, Caln,Se; osasinda hazirlanmig niimunalor tenzohasas ele-
mentlor olub tenzonasasliq amsali 80-100 araliginda doyisir vo qadagan zolagin
eni mexaniki mexaniki gorginlikdon Xxotti olmas1 askar edilmisdir. Mexaniki
gorginliyin giymati 0-5.10° Pa araliginda doyisdikdo gadagan zonasinin eni
2,1-1,5eV araliginda doyisir.
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BJIMSSTHUE MEXAHUYECKOM JJE®@OPMAIIMA HA SJIEKTPOPHU3INYECKHUE
CJYYAU NOJYIIPOBOJHUK KOMBUHAIIUU Caln,Se,

B.I'.CA®APOB, M.H.ATAEB, P.®.MEXJIUEB, 1.U.LHYPUEBA
PE3IOME

[Inpoko HMCHONB3YyeTCsl MCIOIB30BAHUE W3MEPHUTENBHBIX NPHOOPOB AT YCTaHOBKH
9KCTIIEPUMEHTAIBHOTO MEXaHHMYECKOTO HANpPSDKCHMS, CTaTHYEeCKOr0 U JIUHAMHYECKOTO
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JIaBJICHUSI B Pa3JIMUHBIX OOJIACTAX COBPEMEHHOM HayKHM M TEXHHKH, KOTOPHIE OCHOBaHBI Ha
YCTPOUCTBaX TEHOKO. OTH YCTPOICTBAa TaKXKe AOJDKHBI MO3BOJIATH HM3MEPSATh IMapaMeTpsl
U3y4aeMOol OKpYXKaIoIIeil cpeibl Ha PaCCTOSHUU.

KaoueBnle ciioBa: nedopmanusi, IOJYIPOBOAHUK, TEH30pe3UCTOp, KoddduimeHt
TEH30PE3UCTOpA.

THE EFFECTS OF MECHANICAL DEFORMATION ON ELECTROPHISIC
PROPERTIES OF THE Caln,Se, SEMICONDUCTOR COMBINATION

V.G.SAFAROV, M.N.AGAYEV, R.F.MEHDIYEV, L..LNURIYEVA
SUMMARY
The use of measuring devices for the experimental design of mechanical tension, static
and dynamic pressures in various fields of modern science and technology is widespread.
These devices are based on tenococyte devices. These devices should allow for measuring the
parameters of the environment studied at the required distance as well as the speed.

Key words: Deformation, semiconductor, tensoreisstor, tensoresistor coefficient
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FUNDAMENTAL UDMA OBLASTINDA (TIGaSe;)1x(T1INnS,)x SISTEMI
BORK MOHLULLARININ OPTiK XASSOLORI
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9.C.MIKAYILOVA, A.A.ORUCOVA,
G.EEMOMMODOVA, S.D.DADASOVA
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sardarli@yahoo.com

TIGaSe,-TIInS, sistemi bark mahlullarinin optik spektrlori 400-1100 nm diapazonda aks
olunma va buraxma spektriorinin dl¢iilmasindon almmisdir. Udma spektrlorinin analizindon
bark mahlul niimunalori UgUn dUziina va ¢apina kegidlorin enerjisi tapilmisdr. (TIGaSe,);.
«(THNS,), sistemi bark mohlullarinda 6l¢malor otaq temperaturunda Yerino yetirilimisdir va
bark mahlullarda qadagan olunmus zonanmin eni toyin edilmisdir. Miiayyan edilmisdir ki,
(TIGaSey)1 x(THINS,), sistemi bark mahlullarda konsentrasiyamin giymati (X) artdiqea qadagan
olunmus zonanin eni da artir.

Acar sozlor: udma spektri, diiziine va ¢opins kegid, gadagan olunmus zolagin eni, bark
mohlul.

TIINS; vo TlGaSe; kristallar1 spektrin goriinon oblastinda boyiik fotohas-
sashigin, soffafligin genis spektral diapazonu, seqnetoelektrik vo piroelektrik
xassalorino malik oldugundan optoelektron cihazlarin alinmasinda coalbedici
edir.

TlInS; vo TIGaSe; layli qurulusa malik Kristallart monoklin sinqoniyada
kristallasir vo qofasin periodlart TIGaSe, ciin a=b= 7,771A, ¢=15,636 A,
B=100.06, TIInS, iiciin iso a=b=10,94 A, c= 15,18A, p=100.21, z=16, foza
grupu C%;-C2/c [ 1, 2].

Qeyd edok ki, TIGaSe,, TIGaS,, TIInS,, TlIinSe; vo TlInTe, kristallart
mivafig olarag, Ga vo In kationlar1 arasinda vo Se, S vo Te anionlar1 arasinda
avazlonmo aparmaga imkan verir Vo buna goro bltun konsentrasiyalar interva-
linda (0 <x < 1) TlInyGa14Sz, THNxGa1Sez, TIINSy1Sezy, va s. qarisiq kristal-
larin (bork mohlullarinin) kosilmoz sirasin1 formalasdirir. Bu birlogmolords x-
don asili olaraq gofas parametrlorinin doyismasi miisahido olunur. Hom do si-
ranin birinci vo sonuncu Uzvu muxtslif simmetriyaya vo foza qrupuna (moso-
lon, monoklin TIGaSe, va tetraqonal TlInSe;) aid olsa da, monoklin fazadan
tetragonal fazaya kecid x-in bazi qiymatlorinds bas verir. Layli qarisiglar olan
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TIGa(S1xSex)2, TloxIna(1x)Se, kristallarinda qofas parametrlarinin torkibdon
asili olaraq doyismolori [3-6] islorindo Oyronilmisdir.

TIGaSe,~TIInS, birlosmalori osasinda yaranan (TIGaSe,)1x(TIINS;)x
bark mohlullarin kasilon sirasin1 amals gatirir. Fiziki—kimyavi analizin notice-
lorino goro sistemds holl olma 0<x<0.4 vo 0.6<x<1 konsentrasiya oblastinda
movcuddur.

[7] isda A""B"C,V nov birlogsmolorin energetik zonanin strukturunun,
elektrik vo rogsi spektrlorinin giiclii anizatropiyasinin olmasi gostorilmisdir.
[8,9] islorindo miislliflor TIGaSe, vo TlInS, optik vo fotoelektrik xassolori
aragdirtlmigdir.

[10] isdo TIGaSe, kristalinda iki forqli valent zonasmin oldugu forz
olunmusdur, bu zonalardan biri iki hissoys parcalanir. TlGaSe; birlosmonin
uzaq dalga oblastinda 6l¢iilon optik udulmasi, udulma omsalinin a=30 — 150
sm™ diapazonunda vo 4,2-293 K temperatur intervalinda Urbax ganununun
odonildiyi gostorilmisdir. Optik parametrlordo miisahido olunan anomaliya
TIGaSe; kristalinda basqa Olgiilordon (istilik tutumu vo dielektrik amsalinin
temperatur asililiglar) malum olan faza kegidlori ilo olagadardir. [5, 6] isinda
TIINS, vo TIGaSe, kristallarinda inkommensurate faza kegidlorin olmasi
gostorilmisdir.

Aragdirmalarin asas moagsadi izomorf, eyni zamanda kation-anion yerdo-
yismoasi zamani (T1GaSe;)1x(T1INS2)x sistemi bark mohlullarinin fundamental
udma oblastinda optik xassalorin 6yronilmasindon ibaratdir.

Kristallarin alinmasi va eksperiment

(TIGaSe,)1x(THNS,)y sistemi bark mohlul kristallar1 Brideman metodu
ilo yetisdirilmisdir. Stexometrik miqdarda cokilmis komponentlordon ibarst qa-
risiq ampulalara (10” torr) doldurulub. Kvars ampulalar daxildon karbon gati
ilo Ortiilmiisdiir, ampulalarin diametri 10 mm, uzunlugu 20 mm togkil edir.
Bork mohlulun alinmig niimunslarinin asas komponentlarinin kimyavi torkibi
S.E.M-in (skanedici elektron mikroskopu) kémoyilo yoxlanilmisdir (JSM-
6400). Hor bir tadqiq edilon torkib ii¢iin komponentlorin nisbati dyranilmigdir
(cadval 1).

Tadqiq edilon niimunalor ampulanin orta hissasinden gétiiriilmiisdiir. ©ks
olunma spektrlarin 6l¢iilmasi (001) miistovisi iizra kasilmis sothds hoyata kegi-
rilmigdir. Normal bucaq altinda diison isigin 6l¢molori “specord 210 plus”
spektrofotometrinin komayilo 400-1100 nm spektral diapazonda vo ELC pol-
yarizasiyasinda yerino yetirilmisdir. Ol¢gmolor otaq temperaturunda yerino ye-
tirilmisdir. Spektrometrin 6l¢gmo doqiqliyi #3 nm-dir. Buna gors do Eq4 +0,0004
eV qgodor daha yaxs1 doqiqliklo hesablanir.
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TI Ga In Se S

TIGaSe, (x=0) 25.4 25.3 0 49.3 0

TIGagglng1Se18S02 (x=0.1) 25.6 22.6 2.7 44.6 45
TIGagglng,Se;1 6504 (x=0.2) 25.6 20.8 55 39.2 8.9
TIGag71Ng3Se14S0s (x=0.3) 25.7 17.9 7.7 345 14.2
TIGagslng4Se;,Sos (x=0.4) 25.5 15.5 10.3 29.5 19.2
TIGag4IngeSepsS12 (x=0.6) 25.6 10.9 15.8 19.4 28.3
TIGag 31Ny 7Se06S1.4 (x=0.7) 25.3 7.8 17.7 14.2 35.0
TIGag 1Ny sSe04S16 (x=0.8) 25.4 5.6 20.2 9.5 39.3
TIGag11NpeSe0,S18 (x=0.9) 25.6 2.7 22.8 4.8 441
TIINS, (x=1) 25.5 0 25.4 0 49.1

Alimmis naticalor vo miizakira

[11] adabiyyatdan istifado edorok udma amsalini asagidaki kimi yazmaq
olar

oo L] =R +[a-R) +arT?] (1)
d 21

Burada R oksolunma (0,2605 #?), A — optik sixliq , o — optik udma omsali, d
iso niimunanin qalmligidir. Optik udma oamsalin1 R-in otagq temperaturundaki
gqiymatindon istifade edorok miisyyon edilmisdir. ©ks olunma olgiilori tobii
laylardan golpalonma yolu ilo alinan niimunslords aparilmisdir vo niimunoslorin
qalmhigr od>>1 sortini ddoyir. Coxsayli oksolunma va interferensiyani aradan
qaldirmaqdan otrii kristala diison is1g1 kigik bucaq altinda kristala daxil edirik.
Tacriibado istifado olunan niimunolorin qalinligt d = 300 pum civarinda
gOtUrilmiisdiir.

Yuxarida qeyd olunan kimi, fundamental udma omsali oksor
yarimkegiricilords asagidaki tonliys tabe olur [12]

ahw=B(hw-E,)" (2)

burada ofiw udma amsali, @ = 2zv -bucaq tezliyi, n-sabitdir vo n indeksi 1/2,
3/2, 2 va 3 qiymatlori ala biloar, asilligin tobioati elektron kegidinin udma spek-
trindon asilidir. Spektrin yiiksok enerji oblastinda n=1/2 diiziins icazo verilmis
kecidi gostorir, n=3/2 qadagan olunmus diiziino kegidi, Spektrin asagi enerji
hissasindo n=2 copino icazo verilmis kecidi, n=3 gadagan olunmus copina
kegidi gostarir [12].

Naticalorin miizakirasi
Sakil 1 (a va b-do) (TIGaSe,)1.x(TlINS,)xa -(x=0; 0,1; 0,2; 0,3; 0,4) vo b-

(0,6; 0,7; 0,8; 0,9; 1,0) sistemi bork mohlullarin otaq temperaturlarda udma
spektri gostorilmisdir.
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Sok. 1. (TIGaSe,);«(TIINS,), sistemi bark mohlullarin 300K temperaturlarda (1) ifadosi

ilo hesablanmis (o) udma amsalinin fotonun enerjisindon asililigr verilmigdir. Burada gokil a —
x=0; 0,1; 0,2; 0,3; 0,4, sokil b — x=0,6; 0,7; 0,8; 0,9; 1,0.

a (smh)
a (sml)

\\H‘
—

th
=

Tocriibi naticoloras asason uygun olaraq 300K temperaturda udma omsali
(TIGaSe,)1x(THINS,)x (x= 05 0,1; 0,2; 0,3; 0,4;) sistemli bark mohlullarda 5 smt
vo 65 sm’?, (TIGaSey)1x(THNS,)x (x= 0,6; 0,7; 0,8; 0,9; 1,0) sistemi bark
mohlullarda ise 5 sm™ vo 110 sm™.

(T1GaSe,)1x(TlINSy)x niimunalari ii¢lin gadagan olunmus zonanin diiziina
vo copind optik udma enerji ke¢idi miivafiq olaraq (Ocllz-ha)) Vo (ocz-ha))
asililiglarindan istifado edorok a?=0 vo 0?=0 giymotlorino kimi diiz xottin
asag1 qiriq-qiriq hissosinin ekspolyasiyasindan aldo edilir (sok.2 vo 3).

Udma omsalinin foton enerjisindon asililigindan goriindiiyli kimi xatti
udma todqiq olunan bork mohlullarda konar torkiblo miigayisodo qarisiglarda
ohomiyyatli doeracada doyisir.

(TIGaSe,)1x(TlINS,)x (x= 0; 0,1; 0,2; 0,3; 0,4; 0,6; 0,7; 0,8; 0,9; 1,0)
niimunaloari {iglin diiziino vo ¢opino qadagan olunmus zolagin eni codval 1-do
verilmisdir. Naticolor odabiyyat malumatlari ilo yaxsi uzlasir [13-17].

1.2 r 85 1
10,2 |
7.5 1
921 a "
& 821r 4 & 65
I ~
g 72r =
e & 551
ga 611 gﬁ
52F 45
42}
3.5
a2t
22 n : o/ 25 :
1.8 19 2 21 22 23 2,18 222 226 23 234 238
hv (eV) hv (eV)

Sak. 2. (TIGaSe,)1.«(THNS,), sistemi bork mohlullarin 300K temperaturlarda copina
udma spektrinin fotonun enerjisindon asililigi. Burada sokil a — x=0; 0,1; 0,2; 0,3; 0,4, sokil b —
x=0,6; 0,7; 0,8; 0,9; 1,0.
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Sok. 3. (TIGaSe,)14(THnS,), sistemi bork mohlullarin 300K temperaturlarda diiziino
udma spektrinin fotonun enerjisindon asililigi. Burada sokil a — x=0; 0,1; 0,2; 0,3; 0,4, sokil b —
x=0,6; 0,7; 0,8; 0,9; 1,0.
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Sak. 4. (TIGaSe,)1(TIINS,), sistemi bark mohlullarin buraxma (transmition) spektrinin fotonun
enerjisindon asihligi. Burada sokil a — x=0; 0,1; 0,2; 0,3; 0,4, sokil b —x=0,6; 0,7; 0,8; 0,9; 1,0.

(TIGaSey)1x(THNS,)« (x=0; 0,1; 0,2; 0,3; 0,4; 0,6; 0,7; 0,8; 0,9; 1,0)
nlimunolori {igiin diiziino vo copino gadagan olunmus zolagin eni codval 1-do
verilmigdir.

Cadval 1
Eud =
TIGaSe, 2,02 1,95
(T|G&S€2)90(T“n82)10 2,07 2,05
(T'Gasez)go(Tl |n82)20 2,15 2,13
(T|G&S€2)70(T“n82)30 2,17 2,12
(T'Gasez)eo(T| |n82)40 2,17 2,15
(T|G&S€2)40(T“n82)60 2,32 2,27
(TIGaSe,)a(T1INS,) 70 2,29 2,25
(TIGaSe,)so(T1INS,)s0 2,332 2,313
(T|G&S€2)10(T”n82)90 2,334 2,316
TIINS, 2,34 2,318
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Sak. 5. (T1GaSe,)14(TIINS,) (x= 0; 0,1; 0,2; 0,3; 0,4; 0,6; 0,7; 0,8; 0,9; 1,0) niimunalari ti¢iin
diizline vo copins qadagan olunmus zolagin eninin konsentrasiyadan asililigi.

Olavo olaraq (T1GaSe,)1«(TlINSy)x (x= 0; 0,1; 0,2; 0,3; 0,4; 0,6; 0,7; 0,8;
0,9; 1,0) niimunalari ii¢lin qadagan olunmus zolagin eninin konsentrasiyadan
asililiq ayrisi qurulmusdur vo sokil 5-0 verilmisdir.

Noatico
(TIGaSey)1x(THNS,), sistemi bork mohlullarinda otaq temperaturunda 400—
1100 nm spektral diapazonunda oksolunma vo buraxma spektrlorindon diiziine vo
copino qadagan olunmus zolagin eninin konsentrasiyadan asihiligi toyin
olunmusdur. Miioyyan edilmisdir ki, (T1GaSe;);x(TIINS;)x sistemi bark mahlul-
larda konsentrasiyanin qiymati artdigca gadagan olunmus zonanin eni do artir.
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ONTUYECKHUE CBOMCTBA TBEPJIbIX PACTBOPOB
(T1GaSe,):«(TlINS,)x B OBJACTU ®YHAAMEHTAJIBHOI'O TOTJIOLEHUS

P.M.CAPJIAPJIBL, ®.T.CAJIMAHOB, H.A.AJTHEBA, A.CMUKAHUJIOBA,
A.A.OPYJUKEBA, I.E.MAMEJIOBA, C.1.JAJAIIIEBA

PE3IOME

B cnekrpansHOii obOmactu 400-1100 nm wuccrnenoBaHbl MPOIMYCKAHHE M OTPaXKCHHE
cucteMbl TBepAbiX pacTBopoB (T1GaSe,)1«(TIINS,)y. B  obmacti  dyHIaMeHTaIbHOTO
OITHUYECKOr0 MOTJIOIICHHUS] PACCUUTAHBI SHEPIHH MPSIMBIX U HEMPSAMBIX EPEXOJ0B A BCEX
COCTaBOB TBEPJOr0 PAcTBOpAa. YCTAHOBICHO, YTO C POCTOM X, B OOJACTH PacTBOPUMOCTH
TBEPIOT0 PACTBOPA, PACTET U LIMPHHA 3aNPELICHHOM 30HbI KPUCTAILIOB.

KnaroueBble cjI0Ba: CIIEKTPHI MOIJIOLICHUS, NPSIMBIE W HENPSIMbBIE TIEPEXOBI, MIMPHHA
3alpelIeHHON 30HbI, TBEPABIA PacTBOp.

OPTICAL PROPERTIES OF SOLID SOLUTIONS (TIGaSe,);«(TIINS,)x
IN THE FIELD OF FUNDAMENTAL ABSORPTION

R.M.SARDARLLI, F.T.SALMANOV, N.A ALIYEVA, A.JMIKAYILOVA,
A.A.ORUDJOVA, G.EEMAMMADOVA, S.D.DADASHEVA

SUMMARY

In spectral area 400-1100 nm for (T1GaSe,)14(TIInS,),solid solution system transmition
and reflection spectra are investigated. In the field of fundamental optical absorption spectra
the energy of direct and indirect transitions for all crystals of solid solutions are calculated.lt is
established that with an increase in x in the field of solubility of a solid solution, the width of
the forbidden zone of crystals grows as well.

Key words: absorption spectra, direct and indirect transitions, forbidden zone, solid
solution.

Redaksiyaya daxil oldu: 09.03.2017-ci il
Capa imzalandy: 28.09.2017-ci il
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BAKI UNIVERSITETININ XOBORLORI
Ne2 Fizika-riyaziyyat elmlori seriyasi 2017

“FIZIKAYA MUASIR BAXIS” (“Modern Trends in Physics™)
adh Beynolxalq Elmi konfrans

20-22 aprel 2017-ci il tarixindo Azorbaycan Respublikast Tohsil Na-
zirliyi, Bak1 Dovlat Universiteti, Birlosmis Niivo Todgigatlar: institutu (Dubna,
Rusiya), STAR-NET-NUva texologiyalar: sahasinds tohsil vo mutaxassislarin
hazirligi Regional soboko (Avstriya) vo Roma Sapienza Universitetinin (Ita-
liya) birge toskilatcihigr ilo Baki Dovlot Universitetindo “FIZIKAYA MUA-
SIR BAXIS” (“Modern Trends in Physics”) adh Beynalxalg Elmi konfrans
kecirilmisdir.

Konfransin isindo Rusiya, Italiya, Yaponiya, Tiirkiys, Pakistan, Iran,
Braziliya, Giirciistan, Malaziya, Polsa, Rusiya, Pakistan vo digor Olkolorin
gabaqcil Universitetlorinin vo Elmi-Todgigat Institutlarinin alimlori istirak
etmiglor. Xarici alimlorlo yanasi Azarbaycanin biitiin bolgalorinin elm ocagq-
larindan vo Universitetlorindon yerli alimlor 6z elmi islorini konfrans istirak-
¢ilarinin miizakirasina ¢ixarmiglar. Konfransda istirak etmok ti¢iin 140-dan ¢ox
alim qeydiyyatdan ke¢misdir. Konfransa toqdim olunan moagqalolor togkilat
komitasi terafindon miizakirs olunmugdur. Konfransin programi vo maruzalarin
xtilasalori ¢cap olunmus, toqdim olunan mogqalslor iso disklordo biitiin istirak-
cilara toqdim olunmusdur. Konfransin isi, plenar iclasda akademik A.Mahor-
romovun giris nitqi ilo baslayaraq, miasir dovriin boyilik alimlorinin ¢ixist ilo
davam etmisdir. Rusiyanin Birlogmis Niive Todgiqatlar1 institutunun direktor
miiavini Aleksandir Ruzayev, Ankara Universiteti Fizika fakiiltosinin dekani,
professor iman Osgorzads, Yaponiyanin Hirosima Universitetinin professoru
Tomohiro Inagaki, Polsanin Lyublin Universitetinin professoru Miroslav
Kulik, Ali Attestasiya Komitasinin sadr avozi, AMEA-nin miixbir tizvii Vali
Hiiseynov, Pakistanin Komsats Institutunun professoru Arsad Salim Bhatti
cixislarinda konfransin isino ugurlar arzulamislar. Acilis morasimindon sonra
Rusiyanin Birlosmis Niive Todgiqatlar1 Institutunun professoru A.Arbuzovun
sadrliyi ilo konfrans igini davam etmisdir. Konfransin ilk giiniindo 10-dan ¢ox
maraqli elmi moruzo dinlonilmis vo genis miizakiro olunmusdur.

Novbati giin konfransin isi asagidaki bolmalordo davam etdirilmisdir:

1. Nanotexnologiyalar vo materialsiinasliq, opto-nanoelektronika

2. Nozari, riyazi va yiiksak enerjilor fizikasi

3. Bioloji va tibbi fizika

4. Kondenslogmis miihitlor fizikasi
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5. Astrofizika

Bolmolordo miizakiro olunan moruzolorlo yanasi stend moruzolor do
kecirilmisdir.

Konfransin naticalorine gora Azarbaycan dilindo olan magqalalor “Baki
Dovlot Universitetinin xoborlori” elmi jurnallarinda ¢ap olunur.

Redaksiyadan
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MUOLLIFLORIN NOZORINO!

Azarbaycan Respublikasinin Prezidenti yaninda Ali Attestasiya Komissiyasinin sadrinin
20 dekabr 2010-cu il tarixli 48-01-947/16 sayli maktubunu ssas tutaraq «Baki Universitetinin
Xabarlori» jurnalinin redaksiya heyasti bildirir ki, nasr etdirmok Ugun taqdim edilon moeqalslor
agagidaki qaydalar asasinda tortib edilmalidir:

1. Togdim olunan magalonin motni — A4 formatinda, sotirlorarasi — 1 intervalla, yu-
xaridan — 4 sm, agagidan — 4,75 sm, soldan — 4 sm, sagdan — 3,5 sm, Times New Roman — 12
(Azorbaycan dilinds — latin alifbast, rus dilinds — Kiril olifbasi, ingilis dilinds — ingilis slifbasi
ilo) srifti ilo y1g1lmalidir.

2. Hor bir mogalonin miisllifinin (miislliflorinin) adi vo soyadi tam sokildo yazilmal,
elektron poct iinvani, ¢aligdigr miisssisonin (toskilatin) adi gostorilmalidir.

3. Har bir maqalode UOT indekslor va ya PACS tipli kodlar va acar sozler verilmolidir
(acar sozlor maqalanin vs xiilasalorin yazildig: dilde olmalidir).

Maqalslar veo xiilasalor (li¢ dilde) kompyuterds ¢ap olunmus sokilds disketlo (disklo)
birlikds taqdim olunur, disketlor geri gaytarilmur!

Olyazmalar kvartalin ovvalindon bir ay kegmomis verilmolidir.

4. Hor bir mogalonin sonunda verilmis adobiyyat siyahist Azerbaycan Respublikasinin
Prezidenti yaninda Ali Attestasiya Komissiyasinin «Dissertasiyalarin tortibi gaydalari» barado
giivvados olan Tolimatinin «istifado edilmis adobiyyat» bdlmasinin 10.2-10.4.6 taloblori osas
goturilmolidir.

Kitablarin (monoqrafiyalarin, darsliklorin va s.) bibliografik tasviri kitabin adi ilo
tortib edilir. Mos.: Qeybullayev Q.O. Azorbaycan tiirklorinin togokkiilii tarixinden. Baka:
Azornagr, 1994, 284 s,

Miiollifi gostorilmayan va ya dorddon ¢ox miidllifi olan kitablar (kollektiv
monografiyalar va ya darsliklor) kitabin adi ils verilir. Mos.: Kriminalistika: Ali moktablor
Ucuin derslik / K.Q.Saricalinskayanin redaktosi ilo. Baki: Huquq adobiyyati, 1999, 715 s.

Coxcildli nasra asagidaka kimi istinad edilir. Mas.: Azarbaycan tarixi: 7 cildds, 1V c.,
Baki: EIm, 2000, 456 s.

Moqaldlorin tosviri agagidaki sokildo olmalidir. Mas.: Valixanlt N.M. X asrin ikinci ya-
rist — XI| asrde Azorbaycan feodal dovlstlorinin qarsiliqli minasibatlori vo bir daha «Nax-
civangahlig» haqqinda // AMEA-nin Xoborlori. Tarix, folsofs, hliquq seriyasi, 2001, Ne 3, s.
120-129.

Moaqalalor toplusundaki vo konfrans materiallarindaki monbalar belo gostarilir.
Mos.: Mammodova G.H. Azorbaycan memarliginin inkigsafinda Heydor Oliyevin rolu / Azor-
baycan Respublikasmin Prezidenti H.©.9liyevin 80 illik yubileyine hosr olunmus elmi-praktik
konfransinin materiallari. Baki: Nurlan, 2003, s.3-10.

Dissertasiyaya istinad bels olmalidir. Mos.: Suleymanov S.Y. Xlorofill-ziilal kom-
plekslori, xlorplastlarin tilakoid membraninda onlarin struktur-molekulyar toskili vo forma-
lasmasinin tanzimlonmasi: Biol. elm. dok. ... dis. Baki, 2003, 222 s.

Dissertasiyanin  avtoreferatina da eyni qaydalarla istinad edilir, yalmz
«avtoreferat» s6zl alava olunur.

Qozet materiallarina istinad bels olmahdir. Mos.: Mommadov M.A. Facis janrinin
tadqiqi. «9dabiyyat vo incosonat» qoz., Baki, 1966, 14 may.

Arxiv materiallarnna asagidaki kimi istinad edilir. Mas.: Azorbaycan Respublikasi
MDTA: f.44, siy.2, is 26, vv.3-5.

Istifado edilmis odebiyyat siyahisinda son 5-10 ilin odobiyyatina iistinliik verilmoalidir.

PS: Rahbarliyin biza verdiyi géstorisa asasan novbati saylarda bu taloblorin har hansi
birina cavab vermayan maqalalor nagriyyat tarafindon qabul edilmayacak.
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