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Abstract J
On the RY the Dunkl operators {Dx. j}j=1 are the differential-difference operators

associated with the reflection group Zg on R?. In this paper, in the setting R? we
find necessary and sufficient conditions for the boundedness of the fractional maximal
operator My x on Orlicz spaces L(p’k(Rd ). As an application of this result we show
thatb € BMOy (RY) if and only if the maximal commutator M}, x is bounded on Orlicz
spaces L i (RY).
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1 Introduction

It is well known that maximal operators play an important role in harmonic anal-
ysis (see [1]). Harmonic analysis associated to the Dunkl transform and the Dunkl
differential-difference operator gives rise to convolutions with a relevant generalized
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translation. In the setting R? the Dunkl operators { Dy, ; }?=1 , which are the differential-
difference operators introduced by Dunkl in [2]. These operators are very important
in pure mathematics and in physics. They provide useful tools in the study of special
functions with root systems.

Dunkl operators are differential reflection operators associated with finite reflection
groups which generalize the usual partial derivatives as well as the invariant differential
operators of Riemannian symmetric spaces. They play an important role in harmonic
analysis and the study of special functions of several variables. Among other applica-
tions, Dunkl operators are employed in the description of quantum integrable models
of Calogero-Moser type. Also, there are stochastic processes associated with Dunkl
Laplacians which generalize Dyson’s Brownian motion model. The Dunkl fractional
maximal operator is of particular interest for harmonic analysis associated with root
systems. However, the structure of the Dunkl translation makes the study difficult
to which the heavy machinery of real analysis cannot be applied, such as covering
methods, weighted inequalities, etc.

The harmonic analysis of the Dunkl operator and Dunkl transform was developed
in [3-8]. The fractional maximal function, the fractional integral and related topics
associated with the Dunkl differential-difference operator have been research areas
for many mathematicians such as Abdelkefi and Sifi [9], Deleaval [6], Guliyev and
Mammadov [3,4,10], Mammadov [11], Kamoun [12], Mourou [13], Soltani [14,15],
Trimeche [16] and others. Moreover, the resultson L (Rd)-boundedness of maximal
operators associated with Dy were obtained in [10,17].

Norm inequalities for several classical operators of harmonic analysis have been
widely studied in the context of Orlicz spaces. It is well known that many of such
operators fail to have continuity properties when they act between certain Lebesgue
spaces and, in some situations, the Orlicz spaces appear as adequate substitutes. For
example, the Hardy-Littlewood maximal operator is bounded on L, for 1 < p < oo,
but not on L1, but using Orlicz spaces, we can investigate the boundedness of the
maximal operator near p = 1, see [18,19] for more precise statements.

Let T be the classical singular integral operator, the commutator [b, T'] generated
by T and a suitable function b is given by

[b.T1f :=bT(f) = T(bf). (1.1)

A well-known result due to Coifman, Rochberg and Weiss [20] (see also [21]) states
that b € BM O(R") if and only if the commutator [b, T'] is bounded on L, (R") for
1 <p<oo.

It is well known that fractional maximal operators play an important role in har-
monic analysis (see [1]). Harmonic analysis associated to the Dunkl transform and the
Dunkl differential-difference operator gives rise to convolutions with a relevant gen-
eralized translation. In this paper, in the framework of this analysis in the setting R?,
we study the boundedness of the fractional maximal commutator M}, , x and the com-
mutator of the fractional maximal operator, [b, M ], on the Orlicz space Lo, (R4 ),
when b belongs to the space BM Oy (R%), by which some new characterizations of the
space BM Oy (RY) are given.
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By A < B we mean that A < C B with some positive constant C independent of
appropriate quantities. If A < B and B < A, we write A & B and say that A and B
are equivalent.

2 Preliminaries in the Dunkl setting on R
We consider R? with the Euclidean scalar product (-, -) and its associated norm

lx|| := /(x, x) for any x € R?. For any v € ]Rd\{O} let o, be the reflection in the
hyperplane H, C R? orthogonal to v:

oy(x) i=x — <2|<|);’”12)>> v, VxeR

A finite set R C R?\ {0} is called a root system, if 5, R = R forall v € R. We assume
that it is normalized by ||v||> = 2 forall v € R.

The finite group G generated by the reflections {ov }v < g is called the reflection group
(or the Coxeter-Weyl group) of the root system. Then, we fix a G-invariant function
k : R — C called the multiplicity function of the root system and we consider the
family of commuting operators Dy ; defined for any f € C'(R?) and any x € R? by

Z . L&) = flon))

b i 9 15 j Sd’
oy el /

0
Dy j f(x) = gf(x) +
J

VER

where C!(R?) denotes the set of all functions f : R? — R such that {{?Tf,_}?:] are

continuous on RY, {ei };1: | are the standard unit vectors of RY and R4 is a positive
subsystem. These operators, defined by Dunkl [2], are independent of the choice of
the positive subsystem Ry and are of fundamental importance in various areas of
mathematics and mathematical physics.

Throughout this paper, we assume that k, > 0 for all v € R and we denote by /j
the weight function on R? given by

hix) = [] e o), vxeR?

v€R+

The function /1 is G-invariant and homogeneous of degree yx, where yx := ) ", R, ky.

Closely related to them is the so-called intertwining operator V, (the subscript
means that the operator depends on the parameters k;, except in the rank-one case
where the subscript is then a single parameter). The intertwining operator V, is the

unique linear isomorphism of @,,>0 P, such that

d
V(Py) = Py, Vi(1) =1, D Vi =V T forany i € {1, ..., d}
Xi
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with P, being the subspace of homogeneous polynomials of degree n in d variables.
The explicit formula of Vj is not known in general (see [22]). For the group G := Zg

and Ay (x) := 1—[?1:1 |x; i for all x € R?, itis an integral transform

d

ki—1
Vif (x) = by / flan, ozt [Ta+(1-2)" dr, v e R
(=113 i=1

@2.1)

Let B(x,r) := {y € R? : |x — y| < r} denote the ball in R? that centered in x € R?
and having radius » > 0. Then having

Ak d+2
BONK= [ wax = () e,
B(0,r) k d+ 2y

where

-1
ay = (/ h%(x)da(x)) ,
Sd—l

§9=1 is the unit sphere on R? with the normalized surface measure do.
The fractional maximal operator My i, 0 < o < d+ 2y associated with the Dunkl
operator on RY is given by (see [6])

14+ %
Mef@i=sup (1Benlk) [ pmR oMy, xR
r>0 B(x,r)

and the fractional maximal commutator Mp o, 0 < o < d + 2y, associated with
the Dunkl operator on R? and with a locally integrable function b € Llloi (R =

LY (R?, h?(x)dx) is defined by (see [23])

T
My f ) i=swp (1BGrrle) 7
r>0

/B( )Ib(x)—b(y)llf(y)lh%(y)dy, VxeR?

If @ = 0, then My = M; o is the maximal operator associated by Dunkl operator
on R and Mp x = Mp 0 is the maximal commutator operator associated by Dunkl
operator on R?.

On the other hand, similar to (1.1), we can define the (nonlinear) commutator of
the fractional maximal operator M, ; with a locally integrable function b by

(b, Mok 1(f)(xX) f = b(xX) Mok (f)(x) — Mo ik (bf) (x).
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For more details about the operators M}, x and [b, M ], we refer to [10] and references
therein.
For a function b defined on R, we let, for any x € R4,

b () :0, %fb(x) >0,
Ib(x)|, ifb(x) <0

and b*(x) := |b(x)| — b~ (x). Obviously, for any x € R, b (x) — b~ (x) = b(x).
The following relations between [b, My k] and M}, 4  are valid:
Let b be any non-negative locally integrable function. Then

(b, Mo i1 ()] < Mp i (f)(x), Vx eR?

holds for all f € LI°(R?, h?(x)dx).
If b is any locally integrable function on R, then

|16, Mo g1 f ()] < Mp i (f)(x) +2b7 (x) Mo i f(x), ¥Yx € R? 2.2

holds for all f € Llloi (RY) (see, for example, [24]).

2.1 Orlicz spaces in the Dunkl setting on R¢

Recall that Orlicz space was first introduced by Orlicz in [25,26] as a generalizations
of Lebesgue spaces L. Since then this space has been one of important functional
frames in the mathematical analysis, and especially in real and harmonic analysis.
Orlicz space is also an appropriate substitute for L space when the space L does not
work.

To introduce the notion of Orlicz spaces in the Dunkl setting on R?, we first recall
the definition of Young functions.

Definition 1 A function @ : [0, 00) — [0, 0o] is called a Young function if @ is
convex, left-continuous, li% d(r)=®(0)=0and lim @(r) = co.
r— r—>00

From the convexity and @ (0) = 0 it follows that any Young function is increasing. If
there exists s € (0, 00) such that @(s) = oo, then & (r) = oo for r > 5. The set of
Young functions such that

0<®(r)<oo for 0 <r <o0
is denoted by V. If @ € ), then @ is absolutely continuous on every closed interval
in [0, co) and bijective from [0, co) to itself.

For a Young function @ and 0 < s < o0, let

@ I(s) ;== inf{r >0: ®(r) > s).
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If @ € ), then @ ~! is the usual inverse function of @. It is well known that
r<® '@ '(r)<2r foranyr >0, (2.3)
where @ (r) is defined by

sup{rs — @(s) : s € [0, 00)}, r € [0, c0)
0, r = 00.

(r) = {
A Young function @ is said to satisfy the A;-condition, denoted also as @ € A, if
dR2ry<Cor), r>0

for some C > 1. If @ € Aj, then @ € ). A Young function @ is said to satisfy the
V»-condition, denoted also by @ € Va, if

1
D(r) < iq)(CV), r=0

for some C > 1. In what follows, for any subset E of R, we use x, to denote its
characteristic function.

Definition 2 (Orlicz space) For a Young function @, the set
Lo x(RY=Le (R, hZ(x)dx)= if € LY (RY) : f @ (| f(x)]) h2(x)dx < oo for some A > 0}
: e

is called the Orlicz space. If @(r) := rP forall r € [0,00), 1 < p < o0, then
Lo (RY) = Ly RY) = L,[R?, hi(x)dx). If @(r) := 0 for all r € [0, 1] and
@(r) := oo forall r € (1, 00), then Lo x(R?) = Log x(R?). The space L, (R?) is
defined as the set of all functions f such that fx, € L<p,k(Rd ) for all balls B C R?.

Lo (R?) is a Banach space with respect to the norm

| F )
1fllgy = mf{x >0:/qu>( PO k2w < 1}.

For a measurable function f on R? and r > 0, let

m(f, 0k = lx e RT | f(0)] > 1)k

Definition 3 The weak Orlicz space

WLo k@) := | f € LR B0d0) : 1flwe, < o)
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is defined by the norm

1F lweg, = inf|)\ >0 supCD(t)m(%, t)k < 1},

t>0

We note that || fllwLe, < IIfllLg

sup @ (m(f, 1) = suptm(f, &~ (1) = Sulgtm(¢(|f|), Dk
>

t>0 t>0

and

/dq> <M> Rdx <1, supd(ym (4 r) <1 Q4
R k

I fllLg 1>0 I flIwLe s
The following analogue of the Holder inequality is well known (see, for example, [27]).

Theorem 1 Let the functions f and g be measurable on R, For a Young function ®
and its complementary function @, the following inequality is valid

/Rd | £ ()@ hg(x)dx <2( Ly, llglLs,-

By elementary calculations we have the following property.
Lemma 1 Let @ be a Young function and B be a ball in R?. Then
1
xpllzor = Ixslwee = ————<-
o151
By Theorem 1, Lemma 1 and (2.3) we obtain the following estimate.

Lemma 2 Fora Young function @ and for the ball B the following inequality is valid:

[ 10w <2080~ (1B )15 2y

We begin with the boundedness of the maximal operator M} on Orlicz spaces
Lo 1 (R?), which were proved in [10,17], see also [28].

Theorem2 [10,17] Let @ be a Young function.
(1) The operator My, is bounded from Lé’k(Rd) to WL;b,k(Rd), and the inequality

IMk fllwee, = Coll fllLox (2.5)

holds with constant C independent of f.
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(ii) The operator My, is bounded on Lq&)k(Rd), and the inequality

Mk fllLg, = Coll fllLgy, (2.6)
holds with constant C independent of f if and only if @ € V.

The following theorems were proved in [10,17].

Theorem3 [10] Let b € BMOk(Rd) and @ € ). Then the condition @ € V, is
necessary and sufficient for the boundedness of My, i on Lq),k(Rd).

Theorem 4 [10] Let @ be a Young function with @ € V;. Then the condition b €
BM Oy (RY) is necessary and sufficient for the boundedness of My, y on Lq>,k(]Rd ).

From (2.2) and Theorem 4 we deduce the following conclusion.

Corollary 1 Let @ be a Young function with @ € V,. Then the conditions b €
BM Oy, (]Rd) and b~ € Loo’k(Rd) are sufficient for the boundedness of [b, My] on
Lo k(RY).

3 Fractional maximal operator M j in Orlicz spaces ch,k(Rd)
In this section, we shall give a necessary and sufficient condition for the boundedness

of My x on Orlicz spaces L¢,k(Rd) and weak Orlicz spaces WLq)’k(Rd).
In order to prove our main theorem, we also need the following lemma.

Lemma3 If By := B(xq, ro), then

|Bo |k“” < Mo x5y (x)
for every x € By.
Proof For x € By, we get

I+ 35
M i xBy(x) = sup | Byl B N Bolk
B>x

I+ 75 T
> | Bol *|BoN Bolk = |Bol, .

O

The following result completely characterizes the boundedness of M, x on Orlicz
spaces L i (RY).

Theorem5 Let0 < o < d+2yy, @, ¥ be Young functions and @ € Y. The condition

PR ol () < Cwl(r) (3.1)
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for all v > 0, where C > 0 does not depend on r, is necessary and sufficient for
the boundedness of My i from L(p’k(Rd) to WLq/,k(Rd). Moreover, if @ € Va, the
condition (3.1) is necessary and sufficient for the boundedness of My i from L (RY)
to Lq/’k(Rd).

Proof For arbitrary ball B = B(x, r) we represent f as
f=htr A =fOxs®). L0)=FO)Xc,, ). >0,
and have
Mo i f(x) = Mo i f1(X) + Mo i f2(x).

Let y be an arbitrary point in B. If B(y, t) N B(B(x, 2r)) # @, then ¢ > r. Indeed, if
z€ By, )N B(B(x,Zr)),thent >ly—zl>|lx—z|l—-|lx—y|>2r—r=r.
On the other hand, B(y,?) N B(B(x, 2r)) C B(x,2t). Indeed, if z € B(y,t) N

“(B(x, 2r)), then we get |x — 7] < |y —z| + |x — y| <t +r <2t.
Hence

1
Mo i fo(y) S sup ————— f . | f(2)| h3(2)dz
=0 B(y, 1)), T JBOONIB2)
1
S sup ——————— / |f(2)| hi(2)dz
t>r |B(x 2[)| d+2y;, B(x,2t)
1
— sup —f 1f @ K@)z
B(x,t)

>2r |B()C )|k d+2yy

< sup O NIBCG DD 1 g BGor)

r<t<oo

SUfllLgy, sup t* @ (B, Y.

r<t<oo

Consequently from Hedberg’s trick, see [29], and the last inequality, we have

Maif () SrOMef) + 1 fllLg, sup 1@ @ @=d7270),

r<t<oo
Thus, by (3.1) we obtain

71( —d— Zyk)

Mo i f(x) S Mi f (%) U lg, & a2,

@ 1(r—d=2n)



V. Guliyev et al.

Choose r > 0 so that @ 1 (r—4=2%) = M Then

o1/ TLe s

—1 My f(x)
w1 —d-2ny (P e gy, )
D—1(r—d-2wm) - My f(x)

CollfTig
Therefore, we get
_ My f(x)
M f06) = Cull Flla 0" 0 ) (2200,
Coll Sl Lo s

Let Cp be as in (2.5). Then by Theorem 2, we have

M,
sup¥ (r)m (B, M r)
r>0 C] ||f||L¢.'k k

M
=suprm (B, v (M) , r)
r>0 Cl”f”Lq)_k k

<suprm (B, )] (M) , r) <sup®(r)ym <M,r> <1,
r>0 CO”f”Lq;,k k r>0 ||Mf||WLq),k k

i.e.
Mok fllweg o) S W lLgy- (3.2)

By taking supremum over B in (3.2), we get
IMaic fllwLg e S W NLg s

since the constants in (3.2) don’t depend on x and r.
Let Cyp be as in (2.6). Since @ € V,, by Theorem 2, we have

/ w (—M"”‘f(x) ) h2(x)dx 5/ @ (—M"f(x) ) h? (x)dx
B Cill f Lo, B Coll fllzgx

5/ ¢<—Mf(x) )dxgl,
n | Mk f Lo

M fll Ly 8y S N llLg - (3.3)

i.e.

By taking supremum over B in (3.3), we get

IMai fllLy e SN ILgs

since the constants in (3.3) don’t depend on x and r.
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We shall now prove the necessity. Let By = B(xo, r9) and x € By. By Lemma 3,
we have r§ < C My« xB,(x). Therefore, by Lemma 1, we have

. -1 -1 -1
1o SY T (IBoly INIMakxBllwLy w(Bo) S W (I1Boly MMk xBollwiy i
lI/_l(I‘O_d_zyk)

S UBol D xso Lo, S ——F5—
~ k 0l Lok ~5 —d—2
D1 (ry )

and
-1 -1 —1 -1
1o SY T (Boly )Mok xBollLy xBo) S ¥ (1Boly Mok xByllLy
— —d—2yy
v, )
S Bl D xso e, S ———5—
~ k BollLe ik ~ —d— .
-1y
Since this is true for every ro > 0, we are done. O

We recover the following well known result by taking @ (1) = t” at Theorem 5.

Corollary2 Let 0 < o < d +2yr and 1 < p < (d + 2y)/a. Then the condition
1/qg = 1/p — a/(d + 2yy) is necessary and sufficient for the boundedness of My k
from Lp‘k(Rd) to WLq,k(]Rd) and for p > 1 from Lp,k(Rd) to Lq,k(Rd).

4 Fractional maximal commutator My, 4 i in Orlicz spaces Lq;,k(Rd)

In this section we investigate the boundedness of the fractional maximal commutator
My ok and the commutator of the fractional maximal operator, [b, My k], in Orlicz
spaces L(p,k(Rd).

We recall the definition of the space BM Oy (R9).

Definition 4 Suppose that b € L (R?), let

IbllBmoy = xes]lgiomfw’r) b(y) = bpir.r ()| hi()dy.
where
bacer) = / b(y) hi(y)dy.
|B(x, ")k JBx.r
Define

BMOy(RY) == {b e LY{(RY) : |bllzmo, < oo}.

Modulo constants, the space BM Oy (R9) is a Banach space with respect to the
norm || . ”BMO]((R‘])'
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We will need the following properties of B M O-functions (see [21]):
) 1
p
IbllBmo, = sup (—/ 1b(y) = bp(, I”hz(y)dy) . 4D
¢ verd =0 \B&, Pk JB.r Cent Tk

where 1 < p < oo and the positive equivalence constants are independent of b, and
t
bBx,r) — bB(x,l)| < Clbllmo, In - forany 0 <2r <1, “4.2)

where the positive constant C does not depend on b, x, r and 7.

Next, we recall the notion of weights. Let w be a locally integrable and positive
function on (RY, A7 (x)dx). The function w is called a Muckenhoupt A; x(RY) weight
if there exists a positive constant C such that for any ball B

1
—_— / w(x) h%(x)dx < Cess inf w(x).
|Blk JB xeB

Lemma4 [28,Chapter 1] Letw € A Lk(Rd), then the reverse Holder inequality holds,
that is, there exist ¢ > 1 and a positive constant C such that

1
<ﬁ-/3w(x)q h%(x)dx)q < &/Bw(x)h,%(x)dx

forall balls B.

Lemma5 [10] Ler @ be a Young function with ® € Ay, B be a ball in R? and
f € Lo x(B). Then we have

_1 — —
2|B|k /B |f(X)|hi(x)dx <@ 1(|B|k 1) ||f||L¢,k

< 1 5 5
=C\ 7% / If(x)l”hk(x)dX>
|Blk JB

for some 1 < p < oo, where the positive constant C does not depend on f and B.
We have the following result from (4.1) and Lemma 5.

Lemma6 Let b € BM Oy (RY) and ® be a Young function with @ € Ay, then

Iblsmo, = sup @7 (1BC NI 6O = baenll L, sery . 43

xeR4 >0
where the positive equivalence constants are independent of b.

By Theorem 2 and Theorem 1.13 in [24] we obtain the following theorem.



Characterization of fractional maximal operator and its. ..

Theorem6 [10] Let b € BM Ok(Rd) and and @ be a Young function. Then the
condition @ € V, isnecessary and sufficient for the boundedness of Mp j on Lo i (RY),

i.e., the inequality
IMpifllLg, = CollbliBmoy 1f llLe

holds with constant Cq independent of f.

(4.4)

The following lemma is the analogue of the Hedberg’s trick for the commutator of

fractional integral (see [29]).

Lemma7 If0 < « < d + 2y and f,b € LY (R?), then for all x € R? and r > 0

we get
/B( ) |x_|§|+)2|yk—a|b(x) — bWy S ¥ My i f ().
Proof
/B<x,r> |x_|§j|(+)2|yk—a|b(x) — b h;(n)dy
=Zf2, eyl <2-) %lb@)—b(y)lhi(y)dy
j=0 I=lr<|x—y|<2=ir
SZ(Z—fr)a(z—jr)—lfl . | fOD)1b(x) = b(y)| ki (y)dy
Jj=0 x—y|<27/r

SroMp g f(x).

For proving our main results, we need the following estimate.

Lemma8 Ifb € L'% (R?) and By := B(xo, ro), then
rg1b(x) — bpy| < CMp ok xBy(x) forevery x € By.
Proof Tt is well known that

Mp o f(x) < 2052570 0 F (3,

whete My, (f)(3) = sup Bl ITEE L) — b ()] K2 (y)dy.

Now let x € By. By using (4.5), we get

Mp ok xBy(x) = CMp o f(x)

— Csup [B4" /B 1bCO) — bO)Ixs K20y

B>x

— Csup [BI" 2t /B b = b))y
NBy

B>x

4.5)
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> C|Bl 2t /; Ibw) = b By
0N Boy

> C| Byl | f (b(x) — b(y)) h2 (y)dy|
By
= Cr§ |b(x) — bpy|.
O

The following theorem gives necessary and sufficient conditions for the bounded-
ness of the operator Mp, 4 x from L¢,k(Rd) to Lq/’k(Rd).

Theorem7 Let0 <o <d+2y, b e BMOy (RYY and &, ¥ be Young functions and
D e).

1. If ® € Vo and W € Ay, then the condition

r@ = (r~?2) 4+ sup <1+ln 5)@”(#*2”);“ < Cu T (r ) (4.6)
r

r<t<oo

forallr > 0, where C > 0 does not depend on r, is sufficient for the boundedness
of Mp ok from Lo x(RY) to Ly (R?, hi (x)dx).

2. If U € Ay, then the condition (3.1) is necessary for the boundedness of My o k
from Lg 1 (RY) to Ly 1 (RY).

3. Let ® € Vyand ¥ € Ay. If the condition

t
sup (1410 =)o~ () < crto Tl (p ) (@)
r<t<oo r

holds for all r > 0, where C > 0 does not depend on r, then the condition (3.1) is
necessary and sufficient for the boundedness of My, o k from Lgb,k(Rd ) to Lq/,k(Rd).

Proof 1. For arbitrary xo € R, set B = B(xp, r) for the ball centered at xy and of
radius r. Write f = f1 + fo with fi = fx,z and fo = fx, .
@B)

Let x be an arbitrary point in B. If B(x, ) N {E(ZB)} # @, then t > r. Indeed, if
y€E B(x,t)ﬂ{C(ZB)}, thent > |x —y|>|xo—y|—|xo—x|>2r —r=r.

On the other hand, B(x, /)N { (2B)} C B(xo, 2¢). Indeed, if y € B(x, 1)N{ ‘(2B)},
then we get |[xg — y| < |x — y| 4+ |xo — x| <t +r < 2t.

Hence

1
Mpok(f2)(x) = sup b(y) = b1 ()] h; ()dy

.
>0 |B(X, t)|k d+2yy B(x,H)N"(2B)

B 1
< 2" up e [ )= beollF 0l BE)
t>r |B(x0,2t)|k d+2y; J B(x0,2t)
_ 1
=2 g ——— [ o) = bl RO
a2y J B(x0,1)

=2 | B(x, 1)1,
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Therefore, for all x € B we have

t>2r

My o (f2)(x) < sup 127472 /B ( )|b<y> — b fF W hE(y)dy
X0,t

< sup t“_d_z)”‘/ 1b(Y) = bpixo.nllf | BE(»)dy
B(xo,1)

t>2r

+ sup fa_d_zy"/ B0ty — ballf () hE(dy
B(xo,1)

t>2r
a—d—2y; 2
+supt / 1bs — b1 B2y
t>2r B(xq,1)

=Ji+h+ J5.

Applying Holder’s inequality, by (2.3), (4.2), (4.3) and Lemma 2 we get

I+ Jy < sup 194 / 15O — b |LF O 2 ()dy
B(xq,t)

t>2r
a—d—2y; 2
+sup BB — bacon| / Oy
t>2r B(xq.t)

—d-2y,
< sup t* % |b() = BB HLN(B(XO o I Lo k(Bo.0)
t>2r @ ’

+ sup 1% b o ) — BB 1RO (1B oy D ) I | o x (BGrout)
t>2r

— — t
< Iblaao, sup @~ (BGo. 0l 1 (1410 = )1f ooy

t>2r

t 1, —d—
S 1blgmoq g, sup (1+1n =) e &=l 0=,
t>2r r

A geometric observation shows 2B C B(x, 3r) for all x € B. Using Lemma 7, we
get

|b(y) — b(x)]

o e e f O hi (y)dy

o) = My ok (1)) < b, Tal(LfiD () = /2

- () — b(x)|

< | fD) hE(0)dy S ¥ Mp i f (x).
/B(x,3r) |x — y|d+2re—« k

Consequently for all x € B we get

Jo(x) + Ji + T2 S 1l B oy r® M, f (x)

t — —d—
+ 1600, 1, sup (141 )@~ ==2%),

t>2r

Thus, by (4.6) we obtain

l]fﬁl (r—d—zyk)

Jo(x) + Ji + J2 S bllBmoy (Mb,kf(x)®

o T wl(r“yk)ufuL@,k) :
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Choose r > 0 so that @ 1 (r—4=2%) = m. Then
k Dk

—1 Mp i f(x)
w12y O o) (e i, ;)

@~ L(r—d=2w) B Mp i f(x)
CollbllBmop 1Ly 4

Therefore, we get

M,
Jo@) + J1 + 02 = Cllbllmo, I fllg, ¥ 0 ) ( bk (*) ) ,

Collbl Moyl fllLg x

Let C¢ be as in (4.4). Consequently by Theorem 6 and (2.4) we have

M,
/ tp( o)+ i+ 712 ) h2(x)dx 5/ @ < bk S (x) ) h2(x)dx
B Cillbll Bmo N fllLg . B \Colbllsmo I fllLe,

My i f (x) ) 2
ol ———— ) h d 1,
S/Rn <||Mb,kf||L¢,k ei)dx <

1J0() + J1 + L2llLy o8) S NPIBMON fILg i - (4.8)
By (4.3), (2) and condition (4.6), we also get

i.e.

1
17311y 4 (B) = | sup ﬁ/ () — bpll f (V)] ki (y)dy
t>2r |B(X0, t)lk d+2y J B(xo,1) Ly 1 (B)
~ [Ib(-) = ballL, ,(5) sup 1“7 / | £ )] R (y)dy
t>2r B(xo,t)
bllBmo _ _
S —— = sup @7 (B o, DI DN f | Lo (B ro.r
w=I(|Bl; ") =2
61l By oy ~1 -1
S ————— I fllLe, sup t*@ 7 (|B(xo, )| )
I e ¢
S IblBmop 1 f e
Consequently, we have
150y ) S IbIBMO; 111 Lo s 4.9)

Combining (4.8) and (4.9), we get

Mp ok fllLg 8y S NPIBMol fll Loy (4.10)
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By taking supremum over B in (4.10), we get

IMpak fllLg s S IPIBMON S Lo

since the constants in (4.10) don’t depend on xp and r.
2. We shall now prove the second part. Let By = B(xg,rp) and x € By. By
Lemma 8, we have r(‘;‘ [b(x) —bpy| < CMp,a.kxB,(x). Therefore, by Lemmas 1 and 6

| Mp.o.k XBo Ly (B - -
1 S e P L0 g B )| Mk 2 10
16C:) = byl Ly 4 (Bo)

lp—l (ro_d_2yk)

-1 -1 -1 -1
ST UBoly IIMpaixsollLe, S UBoly Mixsollioy S ———5=,—
-1 Vi
D~ (r, )
Since this is true for every ry > 0, we are done.
3. The third statement of the theorem follows from the first and second parts of the
theorem. o

If we take @ (1) = t” and ¥ (¢t) = t9 in Theorem 7 we get the following corollary.

Corollary3 Let 1 < p < 00,0 < @ < (d+2w)/pand b € BM O (R?). Then

My o i is bounded from Lp,k(IRd) to Lq,k(Rd) if and only lfé = % - d+a2yk'

By (2.2) and Theorems 7 and 5 we get the following corollary.

Corollary4 Let 0 < o < d + 2y, b € BMOy(R?), b~ € Loo(R?, hi(x)dx) and
@D, W be Young functions with @ € Vo N Y and ¥ € A,. Let also the condition (4.6)
is satisfied. Then the operator [b, My i lis bounded from L(p,k(Rd) to Llp’k(Rd).

The following theorem is valid.

Theorem8 Let 0 <o <d+ 2y, b € Llloi(Rd) and @,V be Young functions with
D e

1.If @ € Vo, ¥ € Ay and the condition (4.6) holds, then the condition
b € BMORY) is sufficient for the boundedness of My, ok from Le (RY) 1o
Ly ((RY).

2. If 1) < @1 (t)t =/ @20 then the condition b € BM O (R?) is necessary
Sfor the boundedness of My, o k from sz’k(Rd) to Lq/’k(Rd).

3.If P € Vo, W € Ay, W LH(1t) = @71 (1)1 =%/ 4+2V0) and the condition (4.7) holds,
then the condition b € BM Oy (R?) is necessary and sufficient for the boundedness
of Mpa i from Lo 1 (R?) 10 Ly (RY).

Proof

1. The first statement of the theorem follows from the first part of the Theorem 7.
2. We shall now prove the second part. Suppose that M}, o x is bounded from L (RY)
to Ly x(R?). Choose any ball B = B(x, r) in R?, by (2.3)
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o / 1b(y) — ba] E2()dy

- |B|k/ ‘lBlk/(b(y)_b(Z)) hk(Z)dZ‘ hk(y)dy

/ / () — b()] K2(2)dz 2 ()dy
1B

i / / 1b(y) — b(2)|x; (2) hi(2)dz hi(y)dy
d+2yk B d+2yk
|Bly IBI

! M hZ(y)d
e W h,a,k(XB)(J’) k(y) y
d+2yy B
|Bl,
2
S I Mp.ok (x5) 2o B 111l 25 (B)
d+2yy
|Bl,

l]/_l 371
c_c_vramph
|B|Ij+21’k S~ (IBl; )

Thus b € BM Oy (RY).
3. The third statement of the theorem follows from the first and second parts of the
theorem.

O

If we take @ (1) = t” and ¥ (¢t) = t9 in Theorem 8 we get the following corollary.

Corollary5 Let1l < p < 00,0 < < (d+2yv)/p and% = % d+2)/k Then Mp ok
is bounded from L, x(R?) to L, (R?) if and only if b € BM Ox(R).
Corollary6 Let1 < p < 00,0 <o < (d+2y1)/p, 5 = %—Myk b € BMOy(RY)

and b~ € Loo,k(Rd). Then [b, My k] is bounded from Lp,k(Rd) to Lq,k(Rd).
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