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Riyazi fizika tanliklarinda tars masalalarin 6ziinamaxsus yeri var. Bu tars masalalor ara-
sinda tanliyin amsallarimin tapiimasi masalalari xtsusila farglonir. Belo masalalorda tanliyin
halli ilo yanasi amsallar da namalum olur [1,2].

Isda simin ragslar tanliyinin Kigik haddinin omsalinin tapimast masalasi arasdirilir. Bu
masalo optimal idaraetma masalasina gatirilir vo alinan masalaya optimal idaraetma nazariy-
Yasinin tisullart totbiq olunur. Baxilan maSaloda optimal idaraedicinin varligi, funksionalin
Frese manada diferensiallanan olmasi va optimalliq sarti aragdurilir.

Acar sozlar: rogs tonliyi, kicik hoddin omsali, tors mosolo, optimal idaroetmoa

1. Masoalonin qoyulusu

gt‘j - gX‘j +30,00,00u = f (60,060 Q=(0.0x(O.T), (1)
u(x,0)=u,(x), W=ul(x), 0<x<Y, 2)
u(0,t)=u(l,t)=0, 0<t<T, 3)
u(x,ty=g,(t), 0<t<T,i=1..n 4)
miinasibatlorindon (u(x,t),v(t))e W, (Q)x(L_(0,T))" ciitiiniin tapilmasi mosalosino
baxaq, burada /¢>0,T>0 — verilmis ododlor, feL,(Q),u,eW,(0,/),

u e L,(0,0),9,€L,(0T),helL_ (0,0),i=1..,n —verilmis funksiyalar, x € (0,/),
i=1,...,n - verilmis miixtolif noqtolordir; v(t)=(,(t),...,v,(t)) - vektor funksiyadir.
v(t) vektor-funksiyasi verildikda (1)-(3) masalasi Q oblastinda diiz mo-

salo olur. (1)-(4) mosalasi iso (1)-(3) masalosing tors masalo adlandirilir. (1)-(4)
tors masolosini asagidaki optimal idaroetmo mosalasinoe gatirok:
V ={ut)e (L0,T), vt)=0,t),...0,1):a, <v,t)< B i=1..n(0T)-do sanki
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har yerda} sinfindon elo u(t) vektor-funksiyasini tapmali ki, o
17 )
Jo(v)=Eb[i§[u(xiat;v)_gi(t)] dt (5)
funksionalina (1)-(3) mohdudiyyetlori daxilindo minimum qiymot versin,
burada u=u(xt;v) — (1)-(3) masalasinin v=wv(t) l¢iin hallidir, .8, <f,i=1...,n-
verilmis ododlordir. v=uv(t) vektor-funksiyasini idaroedici, V sinfini miimkiin

idaraedicilor sinfi adlandiraq. Qeyd edok ki, ogor minJ, (v) =0 olarsa, onda (4)
olava sortlori 6donir.

(1)-(3), (5) mosalasini requlyarlasdiraq: elo v(t)eV idaroedicisini tapmali
ki, o

J,) =%E§[U(Xi»t;v)— gi(t)]zdt+§l§|vi(t)—w.(t)|zdt (6)
funksionalilna ~ minimum  versin,  burada S >0—verilmis adad,
o) =(a1),...o,t)e (L,(0,T)" - verilmis vektor funksiyadir. Bu masoloni
asagida (1)-(3), (6) mosalosi adlandiracagiq.

(1)-(3) sorhad mosalosinin timumilogmis halline baxacagiq. Hor bir qeyd
olunmus v=wv(t)eV idarsedicisi ii¢lin (1)-(3) mosslosinin {imumilogmis holli
dedikdo W, (Q)-don olan elo u=u(x,t;v) funksiyasini basa diisocoyik ki, o t=0
—da u,(x)-o0 borabor olsun vo ixtiyari n=n(xt)eW, (Q),n(x,T)=0 funksiyasi
uguin
j[— a_ua_n+a_u 8_77+ S0 (Hh(X)u n}dxdt - (ju ()N (x,0)dx = | f(x,typdxdt  (7)
ol ot ot ox ox = T 0 Q
inteqral eyniliyini 6dasin.

[4, s.209-215]-in naticalorindon alinir ki, (1)-(3) mosalasinin verilonlori
tizorino yuxarida qoyulmus sortlor daxilindo bu masalonin W, (Q) fozasinda ye-
gand imumilogmis halli var vo homin hall iigiin

P | T Pl 1 Pl L1 (8)
qiymatlondirmosi dogrudur.
Burada vo sonralar ¢ ilo giymatlondirilon komiyyatlordon vo miimkiin idaro-
edicilordon asili olmayan miixtolif sabitlori isaro edocoyik.

Qeyd 1. Qeyd edok ki, (1)-(3) masoalasinin belo timumilogmis holli hoam do

U={uxt):ue C[O,T];V\(}Z'(O,é), g—ttje C([0, T L,[0,6])}

sinfino daxildir vo bu halli @ -do kosilmoz hesab etmok olar [5, s.307].

2. Optimal idarsedicinin varligi masalasi

Teorem 1. Tutaq ki, (1)-(3), (6) masolosinin verilonlori yuxarida qo-
yulmus sortlori 6doyir. Onda (L,(0,T))" fozasinin elo G six alt ¢oxlugu var ki,
ixtiyari we G l¢lin >0 oldugda (1)-(3), (6) optimal idaroetmo masalosinin
yegano hoalli var.



Isbati. J,(v) funksionalmin V coxlugunda (L,(0,T))" fozasinin normasi

monada kosilmozliyini isbat edok.
Tutaq ki, sv=2ov(t) vektor funksiyasi veV elementinin elo artimidir ki,

v+oveV . A(Xt)=u(xt;v+dv)-u(xt;v) isaro edok.
Aydindir ki, JU(X,t) funksiyast

028 028
atzu - axzu + Z?:l(vi + 6Ui)hi5u =-u Z?=1 6vihir (x, t) €Q, (9)
Oul=o = 0,@| =00<x<4, (10)
at l¢=0
&0, = (1) =0, 0<t<T (11)

sorhad masalasinin W, (Q)—daon olan imumilosmis hollidir.
(9)-(11) sorhod masalasinin W, (Q)—daon olan iimumilosmis halli t=0-da
sifra borabardir vo ixtiyari 7=7(x,t)e W, ,(Q), 7(x,T)=0 {iglin o,
A& dn A& an . .
gRn o9 9T = .+ 0v)h h 12
£|: ot o aX}dxdt g[é(v.ﬂm) ,&J+u§§v, ,}ndxdt (12)
inteqral eyniliyini 6dayir.
Gostorak ki, (9)-(11) masoalasinin halli li¢lin
l6ullu oy < cllévllw,om)m (13)
giymotlondirmasi dogrudur.

Faedo-Qalyorkin tisulunu totbiq edok. Tutaq ki, {¢ (x)};, sistemi V\(;Zl 0,0)—
do fundamental sistemdir vo j(/)k(x)(/)m(x)dx:@m , burada §" Kroneker simvolu-

dur.
(9)-(11) masalasinin toqribi hallorini
& (1) = X' (0, ()
kimi axtaraq, burada c,'(t) omsallar1
o ot o X dx 0i=1 (14)
- jui hove, (X)dx, m=1,..,N

N _ dcy (t) _ 15
Ce(0)=0, =2 0 (15)

miinasibatlortindon toyin olunur.
(14) borabarliklori ¢} (t), k =1,...,N namolum funksiyalari ii¢lin xatti ikitor-

tibli adi diferensial tonliklor sistemidir. Bu sistem ;:2“), k=1,...N —lora nozo-
ron holl olunmusdur. Qeyd edok ki, (14) sistemi (15) sortlori daxilindo birqiy-

moatli hoall olunandir va

%e L(0,T). (14) borabarliklorinin hor birini 6z



%c;‘ (t) funksiyasina vuraq vo onlart m-5 géro I-don N -0 godor comloyok.

Onda alariq
co*du o codu™ oo™
J‘ . X+J .

v o’ ot o OX otox

N

o4l dx.
t

:—[2(1) +0v,)hdu" ? dx — juz&)h

0 i=l i=1

Buradan verilonlor iizorino qoyulmus sortlordon ¢ixir ki,

j odu ol dx<c” aau
of | ot ox

Qeyd 1-o goro (1)-(3) masaloasinin u=u(x,t)=u(x,t;v) qeyd olunmus halli
U sinfino daxildir vo bu hall @ —do mohduddur. Onda sonuncu borabarsiz-

likdan alinir ki,
j[ﬁ }dxgc;j[

ot
W, (0,¢) -do normalarin ekvivalentliyina gbro buradan ¢ixir ki,

i[|& | anN odau" }dXS

ox
gcii{@ 4|22

Bu barabarsizliys Qronuol lemmasml totbiq etsok, alariq

j s +8&J B&J
0 ot ox

Buradan t—yo goro 0-dan T —yo godar inteqrallasaq

| < clo
Q)
giymatlondirmasini alariq.
Bu borabarsizliys asason {&"}, N =12,... ardicilligindan els alt ardicilliq

ayirmaq olar ki (onu da ovvolki kimi isaro edirik), o W)(Q)—do miioyyon
e W, (Q) elementina zoaif yigilsin. Norma hilbert fozasinda asagidan zoif ya-
rimkasilmaz oldugundan {&u"} ardicilliginin zaif limiti olan bu funksiyasi ti¢tin

A L e
giymatlondirmasi dogrudur. Beloaliklo, (13) giymatlondirmasi isbat olundu.
[4, s.70]-doki daxilolma teoremina gora W, (Q) fozast L,(0,T)-yo mohdud da-
xildir, ona gors (13) gqiymoatlondirmasindon ¢ixir ki,
D), o, <l o, <clov] i=1,..,n

(L)’

2

]dxds+c”u 2|§v| dxds.

e TR
+
oX

0 i=l

aaj }dxds +cjz|5v| dt.

+

85u“

}dxds + cj2|§v| dt.

0 i=1

N2

}dx <c[$|ov[ dt, Vte[0,T].

0 i=1

(L, (0.T)"

Ona géro [, 0 olduqda |0, — (16)



J,(v) funksionalinin artimini
AJ,(v)=J,(v+oV)-J, (V)=

=l§[u(xi,t;v)— g, (H)]du(x,, tdt +%l§|&1(xi,t)|zdt

soklindo gostorok. Buradan vo (16) miinasibotindon J,(v) funksionalinin Vv
coxlugunda (L,(0,T))" fozasinin normast monada kasilmozliyi alinir.

Beloliklo, J,(v) funksionali vV ¢oxlugunda kosilmoz vo asagidan moh-
duddur. v c¢oxlugu miintozom gabariq (L,(0,T))" banax fozasinda gapali vo
mohduddur. Onda teorem 1-in hokmii [5]-doki malum teoremdon alinir. Teo-
rem 1 isbat olundu.

3. (6) funksionalinin diferensiallanmasi

Indi (6) funksionalinin Frese monada diferensiallanan oldugunu gostorok.

Tutaq ki, y/—y/(x,t;v) funksiyasi

dly 8 1,//

pre [U(X.,,v) 9, (M16(x-x), (x,)eQ,  (17)

81//
ot |,
gosma sorhod masolasinin holhdlr.

(17), (18) sorhad masalasinin veV ii¢lin imumilogmis holli dedikds elo
v =y (xtv)eW, (Q) funksiyasi basa dusiiliir ki, o t=T olduqda sifra borabordir

=0,0< X</, p0,)=p(lt)=0,0<t<T (18)

l/flt .

vaixtiyarl = pu(x,t)e W, (Q), #(x,0)=0 {lglin
J|: 81//8;1 Ay ou
ol ot at oX oX

Z—EI[U(X” ’U) g (t)]/u(xnt)dt

i=l o

——+ Zv (Hh, (x)y/y]dxdt =
i=1 (1 9)

inteqral eyniliyini 6doyir.
Teorem 2. Tutaq ki, (1)-(3), (6) masalasinin verilonlori {izorino yuxarida
qoyulmus sortlori 6domir. Onda (17), (18) qosma mosalasinin W, (Q)—do ye-

gano Uimumilogmis halli var.
Isbati. Faedo-Qalyorkin iisulundan istifade edok. V\Z‘(O,/@) —do {p.(x)}r,

fundamental sistemi olaraq {\/% sin%x} sistemini gotiirok.

(17),(18) masalosinin toqribi hallini yx”(x,t):ic;‘(t)gok(x) soklindo axtaraq,
burada c} (t)—lor

292N Nodg, n
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¢V (T) =0, dcdiT) 0 21)

miinasibatlorindon tayin olunur.

(20) borabarliklari ;t () —yo nozoron holl olunmus ¢ (t),k =1,..,N namolum

funksiyalar ticlin ikitortibli adi diferensial tonliklor sistemidir, i[u(x‘,t;v)—gi(t)](pm(xi)
sorbast hodlori L,(0,T)—ys daxildir. Bu sistem (21) sortlori daxilinds birgiymatli
hall olunandir.

(20) barabarliklarinin har birini 6z % funksiyasina vurub m-o goro 1-

don N -0 godar comlasak, alariq:

jaw Iy dx+j8w Iy Iy (x,t)

ot o o G X Ut m 01—

Buradan t-yo gors t-don T -yo godor inteqrallasaq, yaza bilorik:

j 8;/: %_'/; ]dx ZIZ[U(X,,S v)— g(s)]wds (22)

(20) adi diferensial tonliklor sistemini (21) sortlori daxilinda ¢ (t),...,c) (t)
namolum funksiyalarina nozoron ardicil holl edorok vo trigonometrik funk-
siyalarin bazi malum xassoalorindon istifads edarak

D" (x.b)| Cj|aV’N(Xi’t)|zdx, i=12,..n
| 0| oX |

2

| ot
oldugunu alariq. Onda (22) borabarliyindon
I{ a;: ag// }dx<cj2|u(x $;0)—g,(s)| ds+
it A N EIACOl
+C{{|W(XS)| | P

oldugunu alariq. V\Z1 (0,/)—da normalarin ekvivalentliyina gora

j|: N2+ +‘al// dX<CJ.Z|U(X S;0) — g(S)| ds +
2 81//

ox
T/ N d d
+c{£[w + | E» :| xds
olar. Bu barabarsizliya Qronuol lemmasini tatbiq etsok,

‘ a Tn
N R

CiZ
ot

oy ’
ot

u(x,t;0)— g, dt, Vte[0,T]

Vo ya

<e[Sux.to) - g0 . (23)

Il

W)@

10



olar.
Buradan {y},} ardiciliginin W,'(Q)—do mohdudlugu alinir vo N — < olduqda

{w"(x,t)} ardicilliginin W, (Q)—ds zoif limiti olan w(x,t) funksiyasinin (17), (18)
masalasinin halli olundugu alinir. Hallin yeganaliyi standart iisulla isbat olunur.
Teorem 2 isbat olundu.
Qeyd edok ki, hilbert fozasinda norma asagidan zoif yarimkosilmoz
oldugundan (23)-don ¢ixir ki, w(x,t) funksiyasi iiglin
(177 S CG u(x,t;v) - gi(t)|2dt) (24)

n
=

giymotlondirmasi dogrudur.
Burada (8) giymotlondirmesini vo W,(Q)-niin L,(0,T)—yo mohdud daxil ol-

masini nozors alsaq, yaza bilorik:
||l//||W:‘(Q) < C["uouwz‘(o,m +||u1||L3(w) +|| f "LZ(Q) + E‘

Bundan slave yeU olur.

9L or)1- (25)

Teorem 3. Tutaq ki, teorem 1-in sortlori 6donir. Onda (6) funksionali v
do Frese monada kosilmoz diferensiallanandir vo onun veV ndqtesindo Sv
artimli diferensiali

(35(0), 69) = [ 3 (Ju(HY (D (0dX) S0, (Dt +

. - (26)
+ ﬂj < (vi (t) - (t))avi (t)dt
ifadasi ilo toyin olunur.
Isbati. (6) funksionalinin artimina baxagq:
AJ,(0) =3, (0+60) -, (V) = | S[U(X,. 1) — g, (DI, bt +
. (27)

T n 1Tn 5 Tn 5
+ ﬂ{%(vi(t)—a4(t))§vi(t)dt+5 £§|ci1(xi,t)| dt+§£i§:1‘,|6vi(t)| dt.
Ogor (12)-do n=y(xtv), (19)-da u=di(x,t)gotiriib, alinan miinasibatlori
toplasaq, yaza bilorik:
I3 U0, 50) - g, ()&, Dt = [uyS v, (O, (0dxdt +
1 Q i=l

+ [y 8v, (D, (x)dudxdt.
Bu boraborliyi (27)-do nozors alsaq
A3, )= [£(uyh (05, Odt+ B E 0,0 - 0 )Y Ot +R  (28)

olar, burada

R=] (jw&hi(x)dx)évi(t)dt+%}i|&1(xi,t)|2dt+§}i|5vi(t)|2dt (29)

qaliq hoddir.
Aydindir ki, (26)-nin sag torofindoki ifade verilmis veV liclin sv—don

11



asil1 xotti funksional toyin edir. Bundan slavo u,ye U oldugundan
JEE U0 DN 000 + B3 (0,0 - @, (D), (Dt

Buradan alinir ki, (26)-nin sag torofindoki funksional sv—yo géro mohduddur.
Indi (29) qaliq haddini giymotlondirak. ye U oldugundan Q-do sanki hor

yerda [y (x, t)| < c¢. Onda Kosi-Bunyakovski barabarsizliyino gors yaza bilorik:
R|< c}(iﬂ&hi (x)|dx)§vi (ofdt-+ TS o of +§]§|5vi ('t <

< C”é‘v"(uox i

i 2

i=1

<l Lol

1 n
v 2

Burada W, (Q) — L,(0,T) daxilolmasinin mohdudlugunu [3, s.70] va (13) giymat-

Su(x, b

L@ L(OT) LOT)

londirmasini nozars alsaq |R)| Sc~i"5vi”2 . Onda (28)-don ¢ixir ki, (6) funk-

L, (0.T)
sional1 V -do Frese manada diferensiallanandir vo (26) diisturu dogrudur. Indi
gostorak ki, (26) ilo toyin olunan »— Jj(v) inikast V -don (L,(0,T))" fozasina
kosilmoaz tosir edir.
Tutaq ki, Sy (x,t)=w(xtv+6v)-w(xt;v). (17), (18)-don ¢ixir ki, Sy (x.t)
funksiyasi

POV SO0y =-EAX000-X), (xDEQ (30)
Syl =0, ag—t'” =0, 0< X</, Sy (0,t)=p(L,t)=0,0<t<T  (31)

sorhad masalasinin W, (Q) -dan olan timumilosmis hollidir.

(24)-0 analoji olaraq

||5l//"w;(o> sc: E’"aj(xl ’t)"Ll(O,T)

giymatlondirmosi dogrudur.

W, (Q) — L,(0,T) daxilolmasinin mohdudluguna goéras sonuncu borabarsiz-
likdon ¢ixir ki,

[0, <l c, (32)

Onda (32) va (13)-don alinir ki,

||61/’||W21(Q) < C||577||(L2(0,T))" (33)
(26) diisturundan vo Kosi-Bunyakovski barabarsizliyindon ¢ixir ki,

L, +60) =3, o, Sl o, 10V, W0, 100,

el g, 6w o1+ 83
(13) vo (33) diisturlarindan almir ki, ||5U||Lz(o,n —0 oldugda bu borabor-

5vi "L:(O.T) :

sizliyin sag torofi sifira yaxinlasir.
Buradan almir ki, v — Jj(v) V -don (L,(0,T))"- o kosilmaz inikasdir.

Teorem 3 isbat edildi.

12



4. Optimalhq sorti
Teorem 4. Tutaq ki, teorem 3-iin sortlori 6donir. Onda v.(t)=(v/(t)....,v(t))eV

idaraedicisinin (1),(3), (6) masalasindo optimallig1 {i¢iin zoruri sort
}i[ju*(xnt)vf*(xﬁ)hi(X)dX+ﬁ(1):(t) —o M), O -y 1)t 20, VoeV (34)
baorabarsizliyinin 6donmasidir, burada u.(x,t)=u(x,t;n.), w.(xt)=w(xt;0.) funksi-
yalar1 uygun olaraq (1), (3) vo (17), (18) masalalorinin u(t) = v.(t) tiglin holloridir.
Isbati. v ¢oxlugu (L,(0,T))"—do qabariqdir. Sonra teorem 3-o goro J 5(V)

funksionali vV ¢oxlugunda Frese monada kosilmoz diferensiallanandir vo onun
veV —do diferensial1 (26) borabarsizliyi ils toyin olunur. Onda [7, s. 28]-doki
teorem 5-0 goro v, €V elementindo (J}(v.),v-v.)>0 YveV borabarsizliyi 6do-

nir. Buradan vo (26) diisturundan (34) berabarsizliyinin dogrulugu alinir. Teo-
rem 4 isbat olundu.
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3AJJAYA OINPEAEJEHUSA KOYOPUIMEHTA ITPU MJIAJINEM YJIEHE
B YPABHEHUU KOJIEBAHUI CTPYHBI

I'.®.KYJIHUEB, I' T . HCMAHNJIOBA
PE3IOME

OOpaTHBIC 3a1a4M 3aHUMAIOT 0COOYIO MECTO B MareMaTHdeckol (usuke. Cpeau 3Tux
00paTHBIX 3a/a4 omnpejaeicHue K03(Q(UIMEHTOB ypaBHEHHS OCOOCHHO OTIHYAOTCI. B 3THX
3aauax MOMUMO pemieHus, K03(h(OUITUCHTHI yPaBHCHUHN TOXKE SBIISIOTCS HCU3BECTHBIMHU.

B paGote uccrnenyercst onpeaeneHue K03QPUIMESHTH MIIAIIETO WieHa B ypaBHEHUS
KoJieOaHusl CTPYHBI. DTa 33/1a4a MPUBOAMTCS K 3a/[a4e ONTHMAIILHOTO YIIPABICHUS U MOJIY4CH-
HOM 3a/aue MPUMEHSIOTCS METO/Ibl ONTUMAIILHOTO yIpaBiieHus. B naHHOM 3a/1aue uccienyercs
CYIIECTBOBAHUE ONTUMAJBHOTO yIpaBieHue, AupdepeHuupyeMocTs GyHKIHOHATA B CMbICIE
Opeiiie U yCIOBUE ONTHMAIBHOCTH.

KioueBsble cioBa: ypaBHeHMs1 KosieOaHUH, KOI(D(UIMEHT MIIaJIIero wieHa, odpar-
Hasl 33j1a4a, ONTUMAaJIbHOE YIIpaBJICHHE
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THE PROBLEM OF DETERMINING THE COEFFICIENT
AT THE LOWEST TERM IN THE STRING OSCILLATIONS EQUATION

H.F.GULIYEYV, G.G. ISMAYILOVA
SUMMARY

Inverse problems have a special place in the equations of mathematical physics.
Among these inverse problems, the problem of finding the coefficients of the equation is
particularly differs. In such problems, along with the solution of the equation, the coefficients
are also unknown [1, 2, 3].

In this work the problem of finding the coefficient at the lowest term in the string
oscillations equation is investigated. This problem is reduced to the optimal control problem
and the methods of optimal control theory are applied to the obtained problem. In this problem
the existence of a control, differentiability of the functional in the Frechet sense and the
condition of optimality are investigated.

Keywords: equation of oscillations, coefficient at the lowest term, inverse problem,
optimal control
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BAKI UNIiVERSITETININ XOBORLORI
Nel Fizika-riyaziyyat elmlari seriyasi 2022

YK 515.14

CPABHEHHUE 'OMOJIOI'MH 1 KOITOMOJIOTUI
XOXIIWJIbJA I'PYIIIOBBIX AJITEBP

'B.A.TACBIMOB, *A.C.MUIIIEHKO
'Baxunckuii I ocyoapcmeeHHbll YHugepcumem
’Mockosckuii T' ocyoapcmeennstii Ynusepcumem um. M.Jlomonocosa
kavagif@mail.ru, asmish-prof@yandex.ru

Kozomonoauu Xoxwurwoa 2pynnosoil ancebpul, uzoMop@uvl KIACCULECKUM KO2OMO-
JO2UAM KIACCUDUYUpYyIoue20 RpOCmpancmed epynnoudd, HOCUMenu KOmopbix NPUHAOLCHCAM
cemelicmeam Hocumeneli 6 0CMoBax KIACCUGUyupyiowe20 nPoCmpancmed pynnoudd, nopo-
HCOEHHO20 NPUCOCOUHEHHBIM OCUCMEUEM SPYNNbL.

KaioueBbie cioBa: kiaccuduuupyromee MpoCTPaHCTBO, KOTOMOJIOTUH XOXIIMIb/A,
TpYIIONI, IPYIOBas ajreopa.

1. Bsenenme

Koromonoruu ¢ KOMIAKTHBIMU HOCUTENISIMH UMEIOT, KPOME MHOTOYHC-
JICHHBIX a0CTPAaKTHBIX MPHUMEPOB, O00OOIIAIONINX KOTOMOJOTHH C KOMIIAKT-
HBIMH HOCHUTEJSIMH, UMEET, MOXKaJlyil, €IMHCTBEHHbI KOHKPETHBIN MpUMEp B
MaTe€MaTHKe, KOTOPBIA IIPEACTABIISIET HETPUBUAIIBHBIE CEMENCTBA HOCHUTEIICH.
Takoil mpuMep IOCTaBJISIET HaM KOrOMOJIOTMH XOXIIWIbJla TPYHIOBOM all-
reopel R[G], koTopbie M30MOP(HBI KIACCHYECKUM KOTOMOJIOTHSM KilacCH(H-
LUPYIOLIET0 MpocTpaHcTBa BG, rpynnouna §, acCOUMUPOBAHHOIO C IpHCOE-
JTUHEHHBIM AeiicTBrueM rpynibl G (cM. [8], cTp. 18).

OTH KOroMoJIOTUU XOXIIWIbJa TPynmnoBoit anreopsl R[G], n3omopdHbI
KJIACCUYECKHM KOTOMOJIOTHSIM KIIacCHU(DUIUPYIOIIEro mpocTpancTsa BG rpyrm-
nouaa G, HOCUTENU KOTOPbIX NMPUHAANIEKAT CHEHU(PUIECKIM CeMelcTBaM HO-
cuteneit @, B n -ocrosax (BG)™ xnaccudumumpyromero npocrpancrea BG
rpynmnonja G, HopoxKIeHHOIO IPUCOEAMHEHHBIM I€HCTBUEM Ipynbl G:

£H"(R[G]) = HE (BG: R). (1)

B pa6ore E.I'.Cxnsapenko ([1]. ctp.136, u.1.5) noapoO6HO ommcaHO, Kak
BO3HUKAIOT KOI'OMOJIOTMHM HE TOJBKO C KOMIIAKTHBIMU HOCUTENISIMHU, HO U C
MIPOU3BOJIBHBIMU CEMENCTBAMU HOCUTEIICH:

«Hocurenem nienu (Kowemnu) Ha3bIBaeTCsl 00bEJMHEHUE BCEX CUMIUIEKCOB
KoMmIuiekca K, BXOASIIUX B LENb ¢ HEHYJIEBBIMH KO3 UIIMEHTaMH (Ha KOTO-

15



PBIX KOIleNb OTJIMYHA OT HyJs1). [loka Bbille HaMU OBLTU PACCMOTPEHBI TOMO-
JIOTUU U KOTOMOJIOTHH JIMOO ¢ KOMITAKTHBIMU, JTHOO C JTIOOBIMU 3aMKHYTHIMH
HOCHTEJISIMU.

Oxka3biBaeTcsi, BCTPEUAIOTCS TOMOJIOTHH (MM KOTOMOJIOTHH) U C JPYTH-
MU («IIPOMEXKYTOUYHBIMHUY) CeMeHCTBaMu Hocutesei. Takue rpymmbl ecTecT-
BEHHO TOSIBJISIFOTCS, HAIIPUMED, MPU UHTEPIPETAIUHA TOMOJIOTHH (MK KOTOMO-
JIOTHUI) Tap MPOCTPAHCTB (CM. B CBSI3M C 3THM Takxke § 4 ri. 3 u.§ 4 . 5 pabo-
ToI [1]).»

Ha ctp. 171 pa6orts! [1] naHo aGcTpakTHOE OMpeIesieHne ceMencTBa HO-
CUTEJICH:

"[Tox cemelicTBOM HOCUTENEH MOHUMAETCS MIPOU3BOJIbHOE cemeicTBo @
3aMKHYTBIX MHOKECTB B IPOCTpaHCTBE X, 00aaromiee CBOMCTBaMHU:

a) ecmu Fi, F, e D, Tou F; UF, € ®@;

b)ecou FE®uF' c Fto F'€ O.

Hpyrumu cioBamu, cemeiictBo @ sBiisieTe KOPUIBTPOM B IPOCTPAHCTBE
X. Ognako, B paborax E.CkisipeHKo, Kak, BIpo4eM, U B padoTax Ipyrux aBToO-
POB TOCTpOEHHE ceMeWCTBAa HOCUTENEH Uil CUMIUIMIMAIBHBIX KOILIeTIed He
OBUIO JETaIbHO PACCMOTPEHO. B 4acTHOCTH OCTanoCh HE BBISICHEHHBIM COOT-
HOILIEHHUE CEeMEMCTB HOCUTENIEH B Pa3lIMYHBIX Pa3MEpPHOCTAX, YTO TpedyeT /10-
MIOJIHUTEIBHOTO MTOCTPOCHHSI KOMOMHATOPHOTO CEMEHCTBA HOCHTENICH B HAIIEM
ciydae.

2. HocuTean B CUMILTHIIMATBHBIX MPOCTPAHCTBAX

Hac Gynyr unTepecoBaTh He MPOU3BOJIbHBIE TOMOJIOTUYECKUE TPOCTPaH-

CTBa, a BCETO JIHIIb (OECKOHEYHBIE) CUMILITUIMAILHBIC POCTPAHCTBA

k=] [x,
n

COCTABJICHHBIE U3 N -MEPHBIX OCTOBOB K;,. HynbMepHbIil 0ocTOB Ky - 3TO COBO-
KYIMHOCTh BEepIIUH a; € K B IUCKPETHOU TOIMOJOTHM, & N -MEPHBIA OCTOB K,
COCTOUT U3 00BEAMHEHUS
— a
K, = U g

a
N -MEPHBIX CHMIUIEKCOB O, TOPOKICHHBIX KaK BBIMTYKIIbIE O0OJOYKH

oy = oy(ag,af, ... ,ay), Habopom n + 1 Bepuus (ag, af, ... ,ay).

Ha cummnunuansHoM npocTtpancTBe K 3amgaem anredpanyeckuil KOMII-
nekc nenei, C,(K) =@, C,(K), C,(K) = R[K,].

JIBOMCTBEHHBIM 00pa30M, KOMIUIEKC KOILIETIeH OINpeAensieTcss Kak
C™"(K) = R(K,,) T.e. MHOX€eCTBO (DYHKIMI Ha JMCKPETHOM IIpOCTpaHCTBE K.
IIpoctpancTBO K), Ha3bIBaeTCs N -MEPHBIM OCTOBOM IpocTpaHcTBa K. Kaxnas
takas pynkuus [ € R(K,) umeer Hocutens suppf C K,

suppf = {oy € Ky : f(oy) # O}

B uvactHOCTH, TIOHATHE HOCUTENS BBIACISET CPEIu BCEX Kolemnel moi-

npoctpanctBo CJ(K) c C™(K) xomueneii ¢ KOHEYHBIMH (HJIH, YTO TOKE CaMOe,
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KOMITAKTHBIMH ) HOCUTEJISIMHU, T.€.
Co(K) ={f € R(Ky) : # suppf < +}.

B pab6orax E.I'.Cxmsipenko [1], [2] moka3aHO, 4TO MOHATHE KOHEYHBIX
HOCHTEJICH MOXXKHO 3aMEHHUTh Ha CeMcHCTBa HOCHUTENICH, HE 00s3aTelIbHO KO-
HEYHBIX, KOTOPBIC BBIPAXKAIOTCS Kak ceMercTBO (koduiabTp) HocuTene O, Ha
N -MEpHOM 0CTOBE K,

VF e ®, = F c K,,.

Torna npu nomomu cemelictBa Hocutenel @, BbIIEIACTCS MOAIPOCT-

pancto Cgy (K) © C™(K) xoueneii, HoCcuTeIM KOTOPBIX TIPUHAIEKAT cemeli-

cTBY Hocutene @,
n — .
Cp,(K) ={f € R(Ky) : suppf € @,}.
Ha cemetictBa @,, Hy)KHO HAJIOKHUTh YCIOBHS, YTOOBI IOTPAaHUIHBIN
orepaTop MepeBOAMII KOIEH C COXPaHEHUEM HOCHUTEICH:

COK) —> = —> C*"(K) —> C™IK) —> -

C3,(K) —> = — €2 (K) —> 3 (K) —> -

Juarpamma 2

[Moctpoum otoOpaxenue Dy, q A—> ®,,, KOTOPOE COIMOCTABISAET Kaxk-
nomy Hocutemo F € @, Hocutenb A F € @, mo cieayouemMy IpaBUily:
Hocurens F € K,4q1 - 3TO MHOXeCTBO M + 1 -MEpHBIX CUMIUIEKCOB F =
{Gﬂ#1 € Kﬁ+1}a-

Yepes A(0),,) 0003HAYNM MHOKECTBO BCEX N -MEPHBIX T'PaHEH CHM-
ieKca g, 1, a uepe3 A(F) oobennHeHne

A = | A,

TpeOyem, 4ToOBI
A, . ,)cd. 3)
W3 ycnoBust (3) crnemyer KOMMYTaTUBHOCTh JHMarpamMmbl 2, a, 3HAYHT,
KOPPEKTHOE ONpe/IesICHHE KOTOMOJIOTHIA C HOCUTEISIMU B ceMericTBe D:
Hy(K) = H(Coy(K) — -+ — €, (K) — Cry (K) — )

Dnt1
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3. KoromoJjoruy Xoxumujabaa 1 KOTOMOJIOTHH
C HOCUTEJISIMH KJIACCH(PUIUPYIOLIEro NPOCTPAHCTBA

3/1ech MBI pacCMOTPUM HpPUMEP TOMOJOTHYECKOr0 MPOCTPAHCTBA U HE-
TPUBHAIBHOTO cemeiicTBa HocuTeneld ® Ha HeM, KOTOMOJIOTUU C HOCUTENISIMU B
@ KOTOPBIX SBISIFOTCS WHTEPIPETAIMECH €CTECTBEHHBIX aIreOpanvecKux KOH-
cTpykuuii. Takoil mpuMep OCTaBIISIET HAM KOTOMOJIOTUM XOXIIHJIbAA TPYIIO-
Bol anredpsl R(G), KOTOpbIe N30MOP(HBI KJIACCHUYECKUM KOTOMOJIOTHSIM KJIac-
CUGUIUPYIONIETO MPOCTPAHCTBA BG rpynmona G, acCOMUPOBAHHOTO C TIPH-
coennuHEHHBIM JeficTBreM rpynmbl G (cMm. A.Epmos (2012) [8], ctp. 18). Ot
KOT'OMOJIOTHH SIBJISIFOTCSI KOTOMOJIOTUSIMU C HOCUTEJISIMH B HEKOTOPOM CeMeii-
ctBe HocuTenen @, 1 Kouenei pa3aMepHOCTH N.

HanomMuuMm, 4To rpynnouaoM G, acCOIMUPOBAHHBIM C MTPUCOCIUHEHHBIM
JefcTBUEM Tpymibl G Ha3bIBae€TCS Majlas KaTeropusi, y KOTOPOM MHOXECTBO
00beKTOB 0bj(G) = G, a MHOXecTBO MOp(hU3MOB Mor(a, b) COCTOMT U3 TaKUX
3JIEMEHTOB g € G, Ui KOTOpBIX b = gag™!. Kiaccupuuupyrommm npocTpan-
CTBOM B§ Ha3bIBaeTCsl CUMILIMIUAIBHBIA KOMIUIEKC, CUMIUIEKCHI 0, KOTOPBIX

HMEIOT BUL:

91 92 In
o, =(ag—a — .. —>a,),

a TpaHu TOJYYarOTCsl TIyTeM BBIYECPKHUBAHMS BEPIIUH W 3aMEHBI ABYX MOpP(U3-
MOB Ha UX KoMmmo3uiuio. Torga cemelictBo Hocutenel @, COCTOMT U3 MHO-

)KecTB F € @, KOTOPBIE YAOBJIETBOPAIOT YCIOBHUIO:

g1 g2 In
V(91,92 ,9n) #ag:(ap—a; — ... > ay) € F} < +ow

Teopema 1. Kocomonocuu Xoxwunvoa epynnosoi ancedopul R[G],
UBOMOPPHBL KNACCUYECKUM KO2OMON02UAM KIACCUDUYUPYIOuWe20 npocn-
paucmea BG epynnouoa G, nocumenu xomopulx npunaoiedcam cemeli-
cmeam nocumenen ®, ¢ n -ocmosax (BG)" knaccugpuyupyowezo npo-
cmpancmea BG epynnouda G, noposcoenno2o npucoeouHennvlmM 0etcm-
suem epynnui G

aH™ (R[G]) = Hg, (BG; R). (4)
Jloka3aTeIbCTBO TEOPEMBI

Koromonoruu Xoxmmnsaa yH™ (R[G]) rpynmnoBoii anredpst A = R[G] Ha
KAaTerOPHOM SI3BIKE OIPEACTSIOTCS KaK MPOW3BOAHBIE (DYHKTOPHI (PyHKTOpA
Hom B kareropumn Oumonynei Haa anredpoit A, cm. Benson (1991),[9], p.73,
T.€.

4H™ (R[G]) = Ext (A, A).

Paccmotpum rpymmoByro anredpy A = R[G], koTopas sBiseTcst 6umo-
nyneM Haj caMuM coboit. ITycts A® = A @y A°P. 3nech uepes A°P 0603Haue-
HO MPOTHUBOIOJIOXKHAA K A anredpa, aAAUTUBHAS TPYIIAa KOTOPOMl COBIMAJALT C
QUIMTUBHOM TpyHmnol anreOpbl A, a onepamus YMHOKEHHUS IPOU3BOIUTCS B
00paTHOM HOPSIKE OTHOCHTEILHO 3aIlMCH MHOMKHUTEIICH

Axu =u- A maBcex A, u € A.
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JleBoe u mpaBoe aeiictBue anreOpbl A Ha Oumomayne M 3amaeT JieBoe
neiicteue anredpsl A Ha Mozyne M 1o gpopmyie
AQum=A-m-u*, meM, LuUEA.
[Tonoxum

A A
Su(p) = 28Ol
n + 2 xonuu

KOTOPBIN SBIISICTCS CBO6OI[HI>IM N -Moz[yneM pu N > 0.Torma nuarpamma

AESH(A) 25, (A) & . & 5, (A) &

MOPOKJIaeT CBOOOIHYIO pCSOHBBeHTy I[JI;I JIEBOTO A MOJyJIst A:

S.(A): .. — 0<—So(A)<—S1(A) . S (A)

HS.(A) = H [ 0 So) 28, & L & 5,00 22 ) =

=i — () —A— Q-

ITycts M siBnsieTcst A -6uMotysieM uian (4To To ke camoe) npasbiM A° -
mozayieM. TenszopHo ymHoxkass Moayis M Ha pesonbBenty S,(A), moaydaem
MOCIIEIOBATENBLHOCTE M je ) AeS.(A), roMoOrHH KOTOPO# HA3BIBAIOTCSI TOMO-
JorusiMHA XOXIIWiIbaa Oumoayist A ¢ koaddunmentamu B Gumosymne M:

aH (A M) = H(MpegaeS.(A)) = Tor (A, M).

LlenHON KOMIUIEKC M yeg reS, (A) MOKHO YIIPOCTHTH:

MAE‘@AES*(A) =M ®[R S*(A),

71+1

rac
~ A A
S,(A) = M_
n + 2 xonui
TakK 4TO
A A A ~
S, (A) = M = A° Qg M = A® @g S, (A).
n + 2 xonuit 7 KOITHI

AHaNIOrM4HO, BMECTO (YHKTOpPA TEH30PHOTO MPOU3BEACHUS TPUMCHSS
¢bynkrop romomopduzMa u3 pe3onbBeHTH S.(A) B Oumoayns M, momydaem
nociuenoBarenbHOCT Hom e (S, (A), M), roMOJIOTUU KOTOPOH Ha3bIBAIOTCS KO-
rOMOJIOTHSIME XOXIIWIbAa OuMoayist A ¢ koaddunrenramu B oumoyne M:

qH* (A, M) = H (Hom ¢ (S, (A), M)) ~ Ext}* (M, A).

Konennoi komriekec Hom e (S, (A), M) TOXe MOXKHO yIIPOCTUTB:

Hom (S, (A), M) = Hompg(S,(A), M).
LlemHoi KOMILIEKC UMEET BU:
k+1

0—8p(A) 8, (M) o & §(a) 2§, (A) &2
I'pynmna nienei COCTOUT U3 TEH30PHBIX POU3BEACHUN
Si(AV=A®.QA
a TPaHWYHBIN OIlepaTop UMEET BU/T
d(Go® g1 ® . ® gi) = 9091 ® . @ Gk — go ® 9192 ® .. @ gp + -+ +
+(=D"g0 ® 91 ® 92 @ - @ Gk-19k + (1 grg0 ® 91 ® - @ -1,
JGo® g1 ® ... ® gx € Si(A).
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[enHO KOMITIIEKC KIaCCH(PUIIMPYIOIIETO MPOCTPAHCTBA rpyonia §

61 P Sk Sk+1 Sk+2
0 — Co(BG) «— C1(BG) «— ...« C(x(BG) «—— Ci41(BG) — ...
MOPOXKIACTCS TMHEHHBIMU KOMOMHAIIUSIMU CUMILJIEKCOB
Ik+1 gk Ik—j+2 k—-j+1 Ik-j g1
o= (a—a; — .. a; Ajy1 — > Ap11)€ Ciy1(BG)
TaKHMMH, YTO

Ik-j+145 = Ajr19k—j+1 -
['pannyHbIe oniepaToOpbl MOTYYAIOTCS MOCIEI0BATEIbHBIM BEIYEPKUBAHHU-
€M BEpIINH

_ Ik+1 gk k—j+2 Ik—j+1 Ik-j g1 _
Oi+1(0) = Og1(@p —a; — ... a; Ajp1 = . Apy1) =
_ Ik Ik—j+2 Ik—j+1 Ik-j g1
—_ (a1 > ... a] a]+1 > ak+1) -
Ik Gk+1 k-1 Ik—j+2 Ik—j+1 Ik-j g1
—lag a, a; Ajy1 — . Agy1 ) T+
; Ik+1 9k Ik-j+3 9k-j+1 Gk—j+2 Ik-j g1
+(—-1)/ (ao —a; — .. aj_q aj41 —— ak+1) + -
Ik+1 Ik Gk—-j+2 Ik-j+1 Gk-j 92
+(=1)k*? (ao —a;— ... aj_q Q1 e ak).

Ctpoum 0TOOpaKEHHE IETTHBIX KOMIUJICKCOB B CIEAYIOIIEM BHJIC
_ dy ~ d,
00— Sp(A) «— S; () «——
So S1

0 «—— Go(BG) «— C1(BG) «—
1 2

_ d _ d
ce—— §() = S <
Sk

Sk+1

- — Cx(BG) «— Cyy1(BG) «<—
k+1 Ok+2

Juarpamma 5
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[TonoxuM s;(go ® g1 ® 92 ® ... ® gx) =

Ik+1 Ik Ik-j+1 Gk-j Ik-j-1 91
=(ap—a; — ... a; Ajyg — o™ Agy1)
rae

Ao = 9oY1 - k-

B wacTHOCTH, eciu gg € So(A), 10 5¢(go) = go € Co(BG) .
Ecimu gy ® g1 € S1(A), TO

c1(go ® g1) = (ao g;’aﬂ € C1(BG), ap = gog1, a1 = G190
JlnarpamMmMa 5 KOMMyTaTHBHA ¥ HHAYITUPYET U30MOP(HU3M B TOMOJIOTHSIX:
Skt pHi(A) — Hy (BG).
PaccmoTpuM yvactHblii citydait, korqa M = A. Ilonaraem
S*(A) = Homg(S,(A),A).
I'eomeTpuyeckoe onrcaHre KOroMOJOTui XOXIIWIbAAa CTPOUTCS B BUIE
JIuarpaMMbl KOIIEITHBIX KOMILIEKCOB:

_ do - 01
0—> 35°%) —— §') ——

To T

0 — C°(BY) —— C'(BG) —
8o 81

3 O o O
. > Sk 5 S*"MT"ADHA ——>

Ty Tiqq

- ——— C*(BG) —— (B —
Ok O+1
[uarpamma 6
Juarpamma (6) KOMMyTaTHBHA U HHAYIUPYET U30MOP(HU3M B TOMOJIOTH-

X IIPH HEKOTOPOM YCIIOBUH HAa HOCUTEIIM KOLIECTICH:
Tk :
Skt wHi(CIG], C[G]) — H}/(BG).m
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QRUP COBRLORININ XOXSiLD HOMOLOGiYA
VO KOHOMOLOGIYALARININ MUQAYiSOSi

V.9.QASIMOV, A.S.MiSENKO
XULASO

Verilmis qrupunun qrup cobrinin Xoxsild kohomologiyalar1 hesablanmigdir. Gdostoril-

misdir ki, qrup cebrinin Xoxsild kohomologiyalar1 qrupunun birlogdirilmis tosiri ilo dogrulan
qruppoidinin tosnifedici fozasimmin tomollorindo verilon dastyicilar ailosine monsub olan
dastyicilarinin qruppoidinin tasnifedici fozasinin klassik kohomologiyalarina izomorfdur.

Acar sozlar: qruppoid, qrup cabri, tesnifedici foza, Xoxsild kohomologiyalar.

COMPRASION OF HOCHSCIiLD HOMOLOGY AND COHOMOLOGY
OF GROUP ALGEBRAS

V.A.GASIMOV, A.SSMISHCHENKO
SUMMARY

The Hochscild cohomology of group algebra are isomorphic to the classical coho-

mology of the classifying space of the groupoid whose supports belong to families of supports
in the skeletons of the classifying space of the groupoid generated by an attached group action.

Key words: groupoid, group algebras, classifying space, Hochscild cohomology.
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DIRAK OPERATORUNUN MOXSUSI apaDLaRiNiN
QARSILIQLI YERLOSMOSI
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?Baki Doviat Universiteti, ’AMEA Riyaziyyat vo Mexanika Institutu
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Maqalada ayrilmayan sarhad sartlarindan birina spektral parametrin Xatti funksiyast
daxil olan halda Dirak operatoruna baxilir. Bu operatorun maxsusi adadlaorinin takrarlanma
daracasi va mlxtalif hallarda onlarm ndvbalogmasi haqqinda teoremliar isbat edilir.

Acar sozlor: Dirak operatoru, ayrilmayan sorhod sortlori, moxsusi adodlorin ndvbologmosi.

1. Giris

Dirak tonliyi kosf edildiyi glindon miiasir fizika vo riyaziyyatin miixtolif
saholorindo mithiim rol oynamisdir. Relyativistik kvant mexanikas1 Dirak ton-
liyinin tarixi monbayi hesab edilir vo nozori fizikada genis todqiqat sahosidir.
Bu tonliyin alinmasi spini 1/2 olan zarraciklorin dyronilmasi vo naticads po-
zitronun kosfi ilo noticolonmigdir. Sorbost Dirak tonliyi xarici saholor vo ya
digor zorraciklor olmadig1 halda sorbost horokot edon relyativistik elektron vo
ya pozitronu tosvir edir. Bununla belo, bu tonlik qarsiligh tosir gdstoron zor-
rociklorin asimptotik tosviri {i¢lin vacibdir, ¢iinki genis zaman araliginda qar-
siligl tasir gostaran zorraciklorin bolunmasi artdigca, onlar ézlarini Sarbast
aparmaga meylli olurlar [1].

Kanonik sokli M.G.Qasimov [2] torofindon verilon birdlgiilii stasionar
Dirak sistemi asagidaki kimidir:

BY(x)+Q(0)Y (x)=2Y (x), (1)
(0 1 _(Pp(x)  a(x) A% _
burada B_(—l 0)’ Q(x)_[q(x) —p(x)]’ Y(X)_(yz(x))’ A — spektral parametr,

p(x), a(x)ew,[0,z], W, [0,7] iso [0,7] pargasinda toromasi kvadrati ilo comlonon
(yoni L,[0,7]-ya daxil olan) miitloq kesilmoz funksiyalardan ibarat olan Sobolev
fazasidir. [0, 7] pargasinda (1) Dirak tonliyinin vo

AY(0)+AY(r)=0 (2)
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ayrilmayan sorhod sortlorinin dogurdugu sorhod mosolosino baxaq, burada

A :(a/igb’ (1)), A :[:: (1)), a,B,y— haqiqi odadlor, @ — kompleks odaddir.
(1), (2) sarhad masalasini D(«, g) ilo isars edacayik.

®=0 olduqgda (2) sorhad sortlori ayrilan olur. Bu halda Dirak operatorunun
spektral xassolori [3-9] vo basqa elmi iglordo Oyronilmisdir. [10-19] islorindo
ayrilmayan (o ctimlodon periodik, antiperiodik, kvaziperiodik, limumilogmis
periodik) sorhad sortli Dirak sistemi iigiin spektral analizin diiz va tors mosolo-
lori hoall edilmisdir.

Bu mogqalods aw # 0 oldugda, yoni ayrilmayan sorhod sortlorindon birino
spektral parametrin xatti funksiyasi daxil olan halda D(e, ) serhod masalasine

baxilmisdir. Bu masolonin moxsusi adadlorinin tokrarlanma doracasi vo g = 4,,
o *aQ, Olduqda iki ciit D(a’ﬂl)’ D(a’ﬂz) va D(avﬁ)’ D(az’ﬂ) sorhad masalale-

rinin moaxsusi adadlorinin ndvbologsmasi haqqinda teoremlor isbat edilmisdir.
Molumdur [16] ki, <0 oldugda D(«, ) mosolosinin moxsusi adadlori ha-

qiqidir. Asagida hor yerdos forz edacoyik ki, a<0.

2. Moaxsusi adadlarin tokrarlanma daracasi haqqinda

Tutaq ki, C(x,ﬂ):(z‘(():i;} \6) S(x,ﬂ):(z‘g’g] vektor-funksiyalart (1)

tonliyinin

1 0
0.0, so-(]) g

baslangic sortlorini 6doyon hollaridir. Bu hollorin Vronski determinanti eyni-
likla 1-9 barabordir, yoni
¢, (X, A)s, (X, A)—C, (X, )s,(x, ) =1. 4)
(1) tonliyinin timumi holli
Y(x,4) =M ,C(x,A)+M,S(x,1)
soklindadir, burada m, vo M, istonilon sabitlordir. Buna goro do D(«, ) sor-
hod mosalasinin xarakteristik funksiyasi
d(A) =det(A + Ae(z, 1)) Q)
¢(m, 1) s(m,A)
c,(z, 1) s,(m,A)
D(«, ) masalosinin maxsusi adadloridir. (5) miinasibatinds determinanti hesab-
lasaq vo (4) eyniliyindon istifads etsok aliriq ki,
d(A)=2Rew—c,(7,1)-c (7, 4)+
+af's, (m, 1)+ (ed+ B)s, (. 1)+ 35, (m, A)] (6)
[17] moqalesinds D(e, 8) masalosinin moxsusi adadlorinin tokrarlanmasi
liclin zoruri vo kafi sortlor tapilmisdir. Xarakteristik funksiyanin sifrinin tok-

soklindo olacaqdir, burada e(n,ﬂ):( J Bu funksiyanin sifirlari
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rarlanma doracasi haqqinda asagidaki toklif dogrudur.
Teorem 1. d(1) xarakteristik funksiyasinin sifrimin tokrarlanma daracasi
ikidan boyuk ola bilmaz.
isbati. Tutaq ki, d(1,)=d(4,)=0. isbat edok ki, d(4,)#0. (4) eyniliyino
osason
¢, (x, A)s, (x,A)+ 7s,(x, A)]—s,(x, A)c, (x, 2)+ ¢, (x, A)| =1. (7)
Bu eyniliyi 4-ya gors iki dofo diferensiallasaq vo 21=24,, x=~ qobul etsok
¢ (. A,)s, (. A,)+ 98, (7, A, )|+ 2¢, (72, A, )8, (7, A, )+ 98, (. A4, )] -
=28, (. 4, )¢, (. 4, + 3¢, (. 4 )+ ¢, (.4, )5, (7, 4, )+ 95, (. 4, ) -
—s,(m,4,))E, (7, 4,)+ %, (7, 4,)] -5 (7. 4, )lc, (. A, )+ 3¢, (7, 4, )] = 0.
aliar. Sonuncu boraborlikds [17]-don bizo malum olan
s,(m,4,)+ys,(7,4,)=0, s (r,4,)=-1,
8)
c,(mA)+ye(mA)=0, wc(ri)=-al -
miinasibatlorindon istifado etmoklo tapiriq ki,
0’8, (m, 4,)+ (A, + B)S, (7, A,)+ 95, (. A, - €, (7, 4, ) - %6, (7, 4, ) =
=20[¢,(7,4,)8, (7, 2,)— ¢, (7, 4,8, (. 4, )]. 9
(6) xarakteristik funksiyasini A-ya goro iki dofo diferensiallayib 1=/, yazaq:
d(4,) =8 (7, 4,)+ (A, + B)S, (7, 4,)+ %, (7. 4, )] -
—&,(m, 4,)- 96 (., 4,)+ 208, (7, 2,)+ 35, (7, A,)]
Burada (9) boraborliyini nozors alaq:
d(2,)=20l¢ (7,48, (7, 4,)-¢, (7,4, )8, (7, 4, )|+ 28, (7, A, )+ 5, (7, 4,)]  (10)
Molumdur [20, s. 257] ki,
¢,(x,4)=R] (x,t,2) C(t,A)dt,
(11)

SCe—x ot—x

$,(x,2)=]S"(t,2) R, (x,t, ANt
burada R, (x,t,4)=s,(x,2)C(t.1)-c,(x,4)S(t,4). j=12. (10) baraberliyindo (11) mii-
nasibatlorini, (7) eyniliyini vo (8) barabarliklorini nozors almaqla tapiriq ki,

d'(/io):2m{TCT(t,ﬂo)C(t,/10)dt’j!ST(t,/lo)S(t,/io)dt—

_[TsT )t )dt]z s (040 4 )dt}. (12)

C(t,4,) voa S(t,4,) vektor-funksiyalar1 xotti asili olmadigindan vo w=0,

a <0 oldugundan Kosi-Bunyakovski barabaorsizliyindon istifado etmoklo gds-
tormak olar ki, (12) miinasibetinin sag torafi sifra borabar deyil, yoni d(4,)=0.
Teorem isbat olundu.
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3. Mboxsusi adadlorin novboalasmasi
D(e,B) vo D(a.B,) (B <pB,) sorhod mosalolorinin moxsusi ododlorinin
qarsiliglt yerlosmosi haqqinda asagidaki teoremi isbat edok.
Teorem 2. Imw= 0 oldugda D(e,B) va Dl(e,f,) sarhad masalalarinin »,
72 (k=021,42,...) maxsusi adadlari névbalagir, yani
< WK <P <P <V < v < (13)
Imw=0 oldugda isa
B A S Y Y RS T (14)
barabarsizliklari 6danir, belo ki, masalalardan b|r|n|n tokrarlanan moaxsusi
adaqli digar masalanin sada maxsusi adadidir.
Isbati. Aydindir ki,

9,(x, 1)
o(x,2)= O

¢,(x,2)
=[s.(r. )+ 75, (. A)C (¢ 2)+[-c.(r.2)- o, (z. )]s (x.2) (15)
vektor-funksiyasi (1) tonliyinin
s,(m,A)+ys, (7, 1)
?(0.4)= [a) c,(m,A)-7c, (7[,/1))' (16)

baslangic sortini 6doyon hollidir. (15) boraborliyindo x=7 yazsaq vo (4)
eyniliyindon istifads etsok

¢(M>=[§; “(’;(j)”;] (17
alariq.
Indi iso
Bo'(x.4)+Q(x)p(x.4)=10(x.4), (18)

By/(x.2)+Q(x)p(x.2)= 2¢(x,2)
borabarliklorinin  birincisinin har iki torafini soldan ¢'(x,1)-ya, ikincisini
@' (x,1)-ya vursaq va alinan barabarliklori toraf-torafa gixsaq, naticads alariq:

=T lo o +lo.caf |- Lt Do.x -0 0 0. )

Bu boraborliyi x-o gora [0, 7] pargasmda inteqrallasaq vo (16), (17)-ni nozors
alsaq, tapiriq ki,

2|Im/1juqo1 (x,A) +|o,(x,A) }i
=[s,(z,A)+ ys (7, 1)] [2Rea)—c2(7r,/’t)—7/cl (7, 2)+|df’s, (ﬂ,/l)J—

5@+ mmarew-c,(r.4)-ye (m ) of sz A} (19)
Aydindir ki, D(e,,) (j=1.2) serhad mosolosinin xarakteristik funksiyas1 (6)
xarakteristik funksiyasina uygun olaraq
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d,(A) =2Rew—c,(r,1)- 5 (7, 1)+

+|af's, (7, 4)+ (@2 + B, Js. (7, 4)+ 5, (. 2)] (20)
soklindo olacaqdir. (20)-yo osason
s (m )y m.0)= HEG, 1)

2Rew—c,(r,A)-yc, (ﬂ,/”t)+|a)|231 (7, 2)=
~BEBBI)oifs .20+ .2
Sonuncu baraboarlikdo (21)-1 nozars alaq:
2Rew—c,(m,A)-yc, (71',/1)+|a)|281 (7, 2)=
:ﬂldz(ﬂ)_ﬂzdl(ﬂ)_aﬂdl(ﬂ)_dz(l)' (22)
ﬂl _ﬁz ﬂl _ﬂz
(19), (21) va (22) miinasibatlorindon

2i Im}ﬂ(p] (xA) +|e, (x,/i)r}jx =

_ ld, () {dz(g)_m} 2iaimAld,(2)-d, (A)
ﬂz _ﬂ1 dl(ﬂ) dl(l) (ﬁz _ﬂl )2 .
Bu borabarliyin har torafini 2ild, (1) -a bolok:

Imﬂ{]r|¢l(x,/1)|2+|(pz(x,/1]2 4 dd.(2)-d () }: L)
o ld, (2)° (B.-B) ()| B-B  d)
<0 oldugundan sonuncu barabarliyin sol torofi sifirdan boylikdiir. Demali,
d,(4)
d,(4)
[21, s. 398]-doki teoremo goro d,(4) vo d,(4) funksiyalarmin iist-iisto diismo-
yan sifirlart novbolosir.

ImA=0 oldugda (18) borabarliyini A-ya goro diferensiallayib kompleks
qosmaya kecok:

yuxari yarimmiistovini 6ziino inikas etdiron meromorf funksiyadir. Onda

B¢ (xA)+Q(x)p(x. )= 29 (x.2)+9(x.2).
Bu borabarliyi soldan ¢ (x,2)=(p,(x, 1) ¢,(x,4))-ya, (18) miinasibatini iso

¢ (A,x)=\¢,(x, 1) ¢, (x,ﬂ)) -ya vurub bir-birinden ¢ixsaq, asagidakini alariq:

0 AF +o 0 2) =l (x 30028k Ao (. 2)]

Sonuncu boraborliyi [0,7] parc;asmda X -0 goro inteqrallayaq vo (16), (17)-ni
nozors alaq:

Tlatx 2y +jo.0c2) Jox=
=[5, (7, 1)+ 5, (7, A Rew—c, (7,2)- 16, (7, 2) |cu|2 A
~[s.(m.2)+ 55, (. A, (2. 2)- ¢ (. 2) f e.). (23)
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(21) vo (22) miinasibatlorindon asanliqla ahmr ki,.
g@ﬁﬁyﬂmM=i%§%ﬁl
—¢,(mA)-y¢, 7r1+|w| )=
:ﬂldz( )_:Bz 1( )—OM 1(/1) 2( )_ ( ) ( )

ﬂ] _ﬂz 161 ﬁz ﬁl 162
Bu boraborliklordon vo (21)-(23)-don

el ol dsior__1_la)
v d,(2) B.-B @A) B -B1d@)]

Indi iso Im@w#0 vo Imw=0 hallarini ayriliqda nozordon kegirak.

1) Tutaq ki, @ — hogqiqi adod deyil. <0 oldugundan (15)-don aydindir
ki, sonuncu boraborliyin sol torofi sifirdan forqlidir. Buradan ¢ixir ki, d, (1) vo
d,(4) funksiyalarmin yalniz sado sifirlar1 var va bu sifirlar ortaq deyil. Demali,
Imow#0 oldugda D(e, ) vo D(,,) masalalorinin moxsusi adadlori (13) bora-
barsizliklor sistemini 6dayir.

2) Indi iso @ -nin haqiqi oldugu hala baxaq. Malumdur ki,

s,(m, 71" )+ s, (. 7) =0,
o-c,(m. 1" )-ye @ n))=0
boraborliklori danir vo naticoda k -nin boazi giymatlorinds ¢(x,7”)=0 olur. Bu
halda (15) vo (21) miinasibotlorino asason D(a, ) vo D(e,f,) mosalolorinin

sonlu sayda iist-listo diison vo homg¢inin tokrarlanan moxsusi adadlari ola bilar.
Yuxarida gostordik ki, bu sorhod masalslorinin iist-listo diismoyon moxsusi
ododlori ndvbalesir. [17]-do verilon teorem 2-yo asason d (1) funksiyasiin tok-

4

rarlanan ¥, sifri

s,(m,A)+ys,(r,4)=0,
tonliyinin kokiidiir, yoni (1) tonliyinin vo y,(0)=y,(7)+,(7)=0 sorhod sortlo-
rinin dogurdugu sorhod masolosinin moxsusi adodidir. Onda (21) diisturundan
d,(3)=0 oldugunu aliriq. Molumdur [20, s. 241] ki, sonuncu mosalonin mox-
susi ododlori sadodir. Buna géro do (21)-0 asasan ¥, sift1 s, (7, 1)+, (7, 4) funk-

siyasinin tokrarlanan sifr1 ola bilmoz. Onda ¥, adodi d (1) funksiyasmin sado
sifridir. Demoli, Im@ =0 olduqda (14) borabarsizliyi ddonir, bu halda D(e, 3,)
mosalosinin tokrarlanan moxsusi odadlori D(e, 4, ;) mosolosinin sado moxsusi

odadlori olur. Teorem isbat olundu.

Indi iso D(e.8) Vo D(a,,8) mosalolorinin moxsusi ododlorinin qarsiliqlt
yerlosmo qaydasimi Oyronok. (6) xarakteristik funksiyasmma uygun olaraq
D(e,,) (j=12) serhod mosolosinin moxsusi adodlori

A,(1)=2Re w—c,(m,A)-x (7, 1)+
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+lal’s (7, 2)+ (e, A+ B)s. (. 2)+ 38, (7, )] (24)
xarakteristik funksiyasinin sifirlar1 olacaqdir.
Teorem 3. Imw=0 oldugda D(e,,) Vo D(e,.B) (e, <, <0) sarhad masa-

lalarinin 4" va u® (u!” #0) (k=40,+1,%2,...) maxsusi adadlari ndvbalasir, yani
O<ul) <ul) <p"<pf <pl <y <.,

(25)
0> g8 > u) > > 1 > pl) > >
Imw=0 olduqda isa asagidak: boraborsizliklaori 6dayir:
O<pl) sufsu’<pPspl<ul <.
(26)

0>uV>u? >4 >u?>p") >u? >,
belo ki, D(e,,) masalasinin tokrarlanan maxsusi adadi D(e,,3) masalasinin

sada maxsusi adadidir.
Isbati. (24) xarakteristik funksiyasina osason

_A(A)-4,(1)
sz(iz,/l)Jr ysl(ﬂ,l)—m,

2Rew—c,(7,4)-yc,(7,)+|d] s, (7, 1) =

(27)

— alAZ(ﬂ)_azAl(ﬂ) _ ﬂ[Al(;t)_Az (ﬂ')]
o -a, Mo —e,)

(28)

Bu boraborliklori 4 -ya gors diferensiallayaq:
: : _ Al(ﬂ)_Az(ﬂ’) _ Al (l)_Az(ﬂ)
SZ(ﬂ-’ﬂ)-i- 75 (ﬂ-’ﬂ)_ /1(0[1 —0!2) /12(0(] —0{2) ’
—(':2(71',/1)—7Cl(ﬂ,/1)+|a)|zs'l(7r,ﬂ):
alAZ(/l)_azAl(/l) Al(/l)_Az(/l)_i_ﬂA] (ﬂ’)_Az(ﬂ’)

B a -, - ﬁ /1(0!1 —-a, ) v (al_az ) .

Sonuncu iki miinasibati, (27) vo (28) barabarliklorini (23)-do nozors alaq:
T 2 2 a, A (ﬂ)'l'O(Az (/1)
A L (x,4) | dx——= L2 =
flo o2+l 2) Jox- 5500
A (AA,(1)=-A, (A, (4) (e +a,)A (A)A, (4)
= - 2 (29)
1(0{2 _a]) A (al —0!2)
Tutaq ki, Im@w#0. Onda (15) miinasibatindon vo ¢, <0, &, <0 borabarsiz-
liklorindon aydin olur ki, (29) boraborliyinin sol torofi sifirdan forglidir. Bura-

dan ¢ixir ki, A,(1) vo A,(4) funksiyalarmin yalmz sado sifirlar1 var vo onlarin

ortaq stfr1 yoxdur. A,(¢*')=0 oldugundan (29)-dan aliriq ki,

Tu(/’ (x ﬂ(z)]2+ S 2‘L iz)) —Al(’uliz))A.Z(lulEz))
1 >k
0

éZ))Z(al _0(2)2 - :uiZ)(az _al) .

(pz(x,,uf)r] dx — (/u
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Buradan
1 >0 oldugda A («?)A, (u®)>0,
1 <0 oldugda A («®)A, (u®')<0.
Demoali,
1 >0 oldugda signA, (1®')=signA, (1),
(30)
4 <0 olduqda signA, (1?)=—sign A, ().
A,(2) funksiyasinm yalniz sado sifirlart oldugundan
<ty <y <0<y <y <u? <.
[22] maqalosindoki lemma 1.3-0 géra A (1) xarakteristik funksiyasmi {u"}
maxsusi adadlar ardicilliginin kémaoyi ilo

A, (A) =z 1+ 77 (1) = 2) () - 2)
k

k=20

y“’—/l
Tk 31
. (31

sonsuz hasili soklinde gostormak olar, burada
2Rew

wlimk(ul) - pll), +1)°
(31) boraborliyindon aliriq ki, A,(0)<0. Onda yaza bilorik:
A (u?)>0, A,(u?)<0, A,(u?)>0,..,
A®)<0, A,(1®)>0, A, (u2)<o....
Buradan vo (30)-dan

A(u?)>0, A (u?)<0, A (u?)>0...,
A?)>0, A (u?)<0, A (u?)>0....

Homginin (31) sonsuz hasilinden alinir ki, A (0)<0. Buradan, A (1) funksiya-
sinin  kosilmoz olmasindan vo (32) borabarsizliklor sistemindon c¢ixir ki,

aJ1+y =

(32)

(4, 4”) intervalinda bu funksiyanin on az1 iki sifr1 var vo
| o G AL, G, ) 2, )
Intervallarinin har birinds bu funksiyanin on az1 bir sifr1 var.
Analoji olaraq bu prosesi 41=u" olduqda A, (4) funksiyasinim sifirlar ii¢iin

tokrar edorok aliriq ki, (/JS]), ﬂfo)) intervalinda bu funksiyanin on az1 iki sifri,

"t (ﬂEIZ)’ luEll))’ (/lfll)’ #EIO) )’ (}L(rl[))’ ﬂ](l))’ (/Lll(l)’ luil))’

intervallarinin  hor birindo is2 an azi1 bir sifr1 var.
Buradan belo bir noticoya golirik ki, A (1) funksiyasinin ardicil iki sifri

arasinda A, (1) funksiyasimin bir sifr1 var.
Beloliklo, o, <@, <0, Imw#0 olduqda D(«,3) Vo D(a,,B) serhod masalo-
lorinin miisbat vo moanfi moxsusi adadlori (25) berabarsizliklor sistemindo
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gostarildiyi kimi ndvbalasir.

Imw=0 oldugda teoremin isbati teorem 2-nin 2-ci hissosinin isbatina

uygun aparilir. Teorem isbat olundu.
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B3AVMMHOE PACIIOJIO)KEHUE COBCTBEHHBIX 3HAYEHUI
OIIEPATOPA JIUPAKA

A.T. ®AP3YJIVIASAIE, U.M. HABUEB
PE3IOME
B pabote paccmarpuBaercst oneparopa Jlupaka ¢ Hepa3aeneHHbBIMU IPaHUYHBIMU yC-
JIOBUSIMH, OJTHO U3 KOTOPBIX COAEPXKHT JMHEHHYI0 (QYHKIMIO CHEKTpajbHOrO Iapamerpa. [Jlo-
Ka3bIBAIOTCSI TEOPEMBI O KPaTHOCTH M TIEPEMEKaeMOCTH COOCTBEHHBIX 3HAYCHUIT 3TOTO orepa-

TOpa B pAa3HBIX ClIydyasX.

KuaroueBble ciaoBa: omepatop Jlupaka, HepasjeleHHbIe TPaHUYHBIC YCIOBUS, TIEpe-
MEXaeMOCTb COOCTBEHHBIX 3HAUECHUI.

MUTUAL ARRANGEMENT OF THE EIGENVALUES OF THE DIRAK OPERATOR
A.G. FERZULLAZADEH, I.M. NABIEV
SUMMARY
The paper considers the Dirac operator with nonseparated boundary conditions, one of
which contains a linear function of the spectral parameter. Theorems are proved on the

multiplicity and intermittency of the eigenvalues of this operator in different cases.

Key words: Dirac operator, nonseparated boundary conditions, intermittency of
eigenvalues.
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V]IK 517.91
O CIIEKTPE BO3MYIIEHHOT'O OIIEPATOPA JWPU

2AX.XAHMAMEJIOB, 'H.A.TA®APOBA, *JIzc. A.OCMAHJIBI
'Bakunckuii I' ocyoapcmeeHHblil YHusepcumem
Yuueepcumem Aszepoaiiorcan
3H)Ltcmumym Mamemamuxu u Mexanuxu HAH Azepoaiiorncana
agil_khanmamedov@yahoo.com

Paccmompen sosmywjennbviii onepamop Jupu Ha nOIYocu ¢ Kpaeguim ycrosuem [Jupuxie
6 nyne. Mzyuen cnexmp smozo onepamopa. Hatioena acumnmomuxa coOCmeeHHbIX 3HAYEHUL
Ha 6€CKOHeYHOCMU.

KaioueBble ci1oBa: BO3MyIEHHBIN onieparop DiipH, ypaBHeHHE DipH, GyHKIMN DHpH,
CaMOCOIPSKEHHBIN OTiepaTop, COOCTBEHHBIE 3HAUESHHUSI.

1. Benenue
Paccmorpum omeparop L, OmpelnesleHHbId B HPOCTPAHCTBE L, (0,+e)
Qg QepeHIaIbHBIM BEIPAKCHUEM
I(y)=~y"+xy+q(x).x e [0.+e0)

Ha 00J1aCTH D(L):{ye L,(0,400): y,y" e AC(0,+00),x2y,1(y)e L,(0,400), y(0)=0} , IpH-

Y4eM BEIIECTBEHHBIN KOIPPUIMEHT ¢(X) YIOBIETBOPSAET YCIOBHIO

Q. = [lalxjox <, (1.1)
rae depe3 AC(0,+e) 00O03HAYAETCA MHOXKECTBO aOCOJIOTHO HENPEPBIBHBIX
Gynk 1uit Ha (0,+0). [Ipy BBIIOIHEHUH YCIOBHsL Q, <o omepatop L camoco-
npsKeH B L (0,4e0) ¥ orpanudeH cuusy (cM. [1], . VI, Teopema 4.2). B padote

[2] JIaHO OnucaHue o0JacTy ompeeNeHus oneparopa L u HaliaeH Buj oOpat-

HOTO oneparopa. Paszmuunble crieKTpaibHbIe 3aaul Ul onepatopa L n3ydeHs
B paboTax MHOTMX aBTOpoB (cM. [1]-[9]).

B nacrosmieit pabore nokaszano, uro npu yciaosuu (1.1) cnextp omnepa-
Topa L nuckperen. bonee Toro, npu BBIIOJIHEHUH YCIOBUS

Q, =Zx“|q(x]dx<oo, (1.2)

HaleHa aCUMIITOTUKA COOCTBEHHBIX 3HAYCHUN.
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2. IlpeaBapuTe/ibHbIE CBEIEHUS
PaccmorpuMm ypaBHeHue
—yY +xy+q(x)=Ay,0< x<oeo, A€C. (2.1)
HM3BectHO, uto 1ipu q(x)=0 ypaBHenue (2.1) obiamaer pemieHUAME
f(0A)= 27 Ai(x=A), 9,(6A)=2"77Bi(x-2) | (2.2)
rae Ai(x) u Bi(x) sBistrorest ¢ QyHKUUSIME  DMpU IEPBOTO M BTOPOTO PoJia CO-

OTBETCTBEHHO. JTH (DYHKIHMH CIY)KaT JHHEHHO HE3aBUCHMBIMH PELICHUSIMU
ypaBHenus I(y)=0 npu q(x)=0. s BpoHckuana 5Tux QyHKIMI ClIPaBEIHBO

PaBEHCTBO

W{Ai(x), Bi(x)}= Ai(x)Bi’(x)- Ai'(x)Bi(x)= 7"
O06e >TuX (YHKIMU SBISIOTCS LEIBIMH QYHKUIMSAMH mopsiaka 3/2 u tuma 2/3.
Hnmetot mecto (em. [10]) acummrornuecknue pasescrsa mpu |z| > e

Ai2) - (4z) 2 te [+ 0(¢ )]

AV(2) ~ ~(az) > e [1+0(¢ ) arg ] < 7.
Bi(z)~ 7z e’fi+0(. )

Bi'(z) ~ ﬂ%zie‘[HO((" )],|arg 7 < %, ’

(2.3)

(2.4)

3

2

| S}

rae g“_

I[anee, KaK I10Ka3aHo B 9], mpu ycnoBun Q, < ISl K&KIOTO AEHCTBH-
TENBHOTO 3HaueHust A ypasHenue (2.1) umeer pemenus f(x,4), g(x,A4), ymoB-
JIETBOPSIOIIUE YCIOBUAM

f(x,4)=f,(x, A)1+0(1)), f(x,4)= f/(x,A)1+0(1))x = o, (2.5)
g(x.4)=g,(x, )1 +0(1).g'(x,2) = g} (x, )1 +0(1))x — e (2.6)
OueBuHO, uTO pemenus f(x,A) 1 g(x,A) TMHEHHO HE3aBUCUMBI, KOO B

cuiy (2.2)-(2.6) ux BpOHCKHAH PaBEeH CAMHUIIE.
Tak kak oneparop L orpaHuueH CHU3Y, TO CYILIECTBYET A, <0 Takoe,

uro f(0,4,)# 0. [Tomoxum

px)=1(x2), plx)=g(x.4).
Kaxk noka3zano B pabote [2] , oneparop R, = (L -4l ), OTIpeIeIICHHBII BO BCEM

MIPOCTPAHCTBE L, (0,420), neﬁCTByeT o popmyre

(1)) =y G plOn(t)dt + o) [y DN (oot 2.7)
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3. UccaenoBanue cnekrpa

peltie=x
LS R, G-

Torga B cuty dopmyinsr (2.7), omepatop R, =(L-4l)" MoxeT ObITb mpen-

IHonoxum

CTABJICH B BU/IC
R,h(x)=J@(x,t)h(t)dt . (3.2)

Teopema 1.0nepamop R, énonne nenpepuisen 6 npocmpancmee L,(0,+).
Hoxka3zareancTBo. B cuity (3.1), (3.2) umeem

%MMYM=WUﬁ¢®m+¢&iW@W-

i @’ (t)dt

PaccmoTpum npenen lim . Bocnonws3oBaBimce npasuiom Jlonurans

3

x ey (x)
HalieM, 9To
[@* (t)dt
; A ¢ (x)
lim = =lim—3— = ’
XA =D )=2x 2y ()
VYuuteiBas Toraa (2.2)- (2.6), monyuum
Jo ()t et
lim = = lim So1oar 33 1 23
x 2y (x) - X Ix2ed 4+2x x*e* x‘e’
i X 2 i 1
R r - Ty

—2x?42x2 T 2% 42
2 2

CJ'ICI[OB&TCJ'II)HO, IIpu A0CTaTOYHO OOJIBIINX 3HAYEHHUAX X HMEET MECTO HEpa-
BCHCTBO

v ()t < X

AHanoruyHo AOKa3bIBACTCA, YTO IIPpHU JOCTATOYHO OONBIINX 3HAYEHUAX X
HUMECT MECTO OLICHKAa

3
@' (x)fy (tdt < x>
[TocnemHue OIEHKH MOKA3bIBAIOT, YTO CHPABEIIUBO COOTHOIICHUE
deﬂ(l)(x,t)rdt <oo.
0 0
Orkyna crnemyer, 4To omeparop R, saBisercs oneparopoM I'muboepra-IImun-

Ta M, 3HAYUT, BIIOJIHE HETIPEPBIBEH.
Teopema oxaszaHa.
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W3 BromHe HEMpephIBHOCTH omepartopa R, =(L-A41) caenyer, 4ro
CIEKTp onepaTopa L—A | COCTOUT U3 COOCTBEHHBIX 3HAUEHUMH, KOTOPbIE CTpe-

MSTCS K +oo .
Teopema 2. [lycmov ewvinoansemcs yciosue (1.2). Toeoa cnexmp one-
pamopa L cocmoum uz npocmuix cobcmeennvix 3Havenuil A,n=12,.... Umeem

Mecmo acumMnmomudecKoe paseHcneo
2

A, :(WT +O(n3 }n — oo,

JokaszarenbcTBo. M3 BIoIHE HENPEPLIBHOCTU oOmepaTopa R, =(L-A41)"

CIIeIyeT, YTO CHEeKTp omeparopa L-A| u TeM cambiM omeparopa L, cocTout

13 COOCTBEHHBIX 3HAUECHUU, KOTOpBIE CTpeMsTCS K + . Tak kak omeparop L
CaMOCONIPSDKEH, TO 3TH COOCTBEHHBIC 3HAYCHUS SIBIISIOTCS JEHCTBUTEILHBIMH.
OueBHIHO, YTO COOCTBEHHBIC 3HAYCHHs Oomeparopa L COBMAgaloT C HYJISIMHU
byakuuu f(0,41).

JlokaskeM TpOoCTOTy cOOCTBeHHBIX 3HaueHUH. [IycTh A=A’ ecTh KpaTHOE
cobcTBeHHOE 3HaueHue. Torma mpu 5ToM A ecTh Bee perenus ypaBHeHus (2.1)
JOJKHBl UMETh MHTEIPUPYEMBIN KBaapaT Ha +oo. OpmHako pemeHue g(x,1)

HKCIIOHEHIIMAILHO PACTET Ha +oo , @ 3TO MPOTUBOPEUUT CKA3aHHOMY BBIIIIE.
Janee, nuist pemenus f(x,A) copasemmBo [3] ciemyroniee IpeicTaBIeHue

f(x,4)=f,(x,A)+ [K(x,t) f,(t ), (3.3)

npuyeM Aapo K(x,t) sBIIsSEeTCs HEMPEPhIBHON (YHKIUCH U YIOBICTBOPSIET ClIe-

K(x,t)=O(U(XT+tDX+t s oo, (3.4)

%K(xl,xz)%q(%]:o((xl+X2)zg(%n (3.5)

X, + X, > oo, i =12.
rae o(x)= T|q(t)|dt.

B cuny (3.3) umeem

AYHOIIHUM COOTHOIICHHUAM

£(0,4)= f,(0,4)+ [K(0,t) f,(t,A)dt, (3.6)
N3 (2.3), (2.6) cnexyer, uTo
f,(0,4)= o sin(%ﬂz +%Il +O(/1z )]/1 — oo, 3.7)

C ipyroii CTOPOHBI, Kak MOKa3aHo B paboTe [7], mpu BHINOJHEHUH YC-
noBuH (1.2) uMeeT MECTO COOTHOLLIEHUE
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- 3
TK(0.1) . (t, )t = o(;t ; )z e
0

N3 nocnegHux Tpex COOTHOLIEHU HAaUAEM, YTO

(0,4)= 2 sin[%ﬂ; +%J+ 0(2‘3‘ Jﬂ — +oo., (3.8)

o

Honoxum A, =(@) Torma npu  GONBIIKX 3HAYEHHSX N (QYHKIUS

5 Lot
f(O,/ln+ﬂ) B cuiy (3.8) mpUHUMAET Ha KOHIAX OTpe3Ka [— ﬂnz,ﬂnz] 3HAYECHUS

pa3Hbix 3HakoB. Clie10BaTENbHO, CYIIECTBYET Takas TOuYKa, MMPUHAJJIeKAIAs
3TOMY OTPE3KYy, B KOTOPOH (PYHKIIHS f(0,2n+l) oOparmaercsi B Hyib. Ilycthb

f (0,/72n + 5n): 0,6, ¢ (— A A2 ) Torna Ha ocHoBaHKH (3.8) 3aKII0YaEM, YTO
sin(%(ﬁ+5n)5+%)=0(ﬂ:2Jn—>oo. (3.9)

. 3 3 g 3 3
Tak kax g(/1n+5n)5=2/1§ 1+i ~£/1§ 1+ii =£/1§+/1§5n,neoo, to m3 (3.9)
3 3 il 3 24 ] 3

L oL 2
IOJIYYUM sin 423, = O(/lnz Jn — . OTKyZa cieayer, uTo &, = O[n ; }n — oo,

Teopema noka3aHa.
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HOYOCANLANMIS EYRI OPERATORUNUN SPEKTRi HAQQINDA
AX.XANMOMMODOV, N.F.QAFAROVA, C.9.0SMANLI
XULASO

Yarimoxda Dirixle sorhod sortli hoyacanlanmig Eyri operatoruna baxilmigdir. Bu ope-
ratorun spektri yronilmisdir. Maxsusi adadlarin sonsuzluqdak: asimptotikasi tapilmisdir.

Acar sozlor: hoyocanlanmis Eyri operatoru, Eyri tonliyi, Eyri funksiyalari, 6z-6zlino
gosma operator, moxsusi oadadlor.

ABOUT THE SPECTRUM OF THE PERURBED AIRY OPERATOR
A.Kh.KHANMAMMADOYV, N.G.GAFAROVA, C.A.OSMANLI
SUMMARY

A perturbed Airy operator on the semiaxis with the Dirichlet boundary condition at zero
is considered. The spectrum of this operator is studied. The asymptotics of the eigenvalues at

infinity is found.

Keywords: perturbed Airy operator, Airy equation, Airy functions, self-adjoint
operator, eigenvalues
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DINAMIK X9TTi PROQRAMLASDIRMANIN BOYUK
OLCULU BiR MOSOLOSI VO ONUN HOLLI

R.H.HBMiDOV, N.K.ALLAHVERDIYEVA, E.B.MOMMODOVA
Baki Doviat Universiteti
elnare-sultanova@ mail.ru

Isd> sahalorarast balans modeli asasinda qurulan xatti programlasdirmanmn boyuk
Olcult bir masalasing baxilir. Masalanin samarali yolla halli  tohlil olunur. Magsad 6lguniin
yarada bilacayi problemi aradan qaldirmaqdir. Masalonin 6zlina maxsus xususiyyatlarini na-
zar> almagla buna neca nail olmagin yolu géstorilir. Olgiiniin boyiik olmast iki sababdon bas
verir. Birinci sabab istehsal sahalarinin sayinin ¢ox olmasu, ikinci sabab isa masalaodaki n sayda
dayisanlorin zamanin funksiyasi olmasidir. Masalani diskret hala gatiron addimlarin say: r ol-
duqda nxr dayisonli Xotti programlasdirma masalasini hall etmali olurug. Taklif olunan hall
sxemi adadi misal Uzarinda niimayis etdirilir vo bununla da sxemin effektiv olmas: hagda miis-
bat fikir yaratmaga ¢alisiryg.

Acar sozlor: Leontyevin “giris-cixig” modeli, xotti proqramlagdirma, ikili mosalo,
ikili teoremlor, simpleks iisul, sads iterasiya.

1. Masalanin govulusu

fe) = Y (c,x") - max, (1

xt < Alxt+ BY(xt —x"Y) + b, xi<dl, x'=0,i=1r,

(1) mosalosi asagidaki sortlor daxilinds hall olunur:

1) (1-4i-B) " 20,

2) bt >0,

3) Bid! < b',

HCct=0 i=1r.

Burada I € R™™ —vahid matrisdir, A%, B' € R™™ vo A'+ B' >0, ¢',d',b" €
R™vactl, di, bt > 0.

(1) masalosino saholorarasi dinamik balans modeli osasinda qurulan xotti
programlagdirma masalasi kimi do baxila bilor. Statik halda bu masale [1]-do
togdim olunub (s.256). 1) sorti modelin mohsuldarliq sortini ifado edir, 2) sorti
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mohsula olan tolobi oks etdirir; 3) sorti intensivlik vektorunu mohdudlagdiran
sortdir; 4) sorti bir cox totbiqi masalalords tobii sort kimi qarsiya ¢ixir [2].
Onda (1) mosoalasino xi<dl, i=17r sortlari daxilinda
xt=Alxt + Bi(x' —x") +b', i=Tr,x% =
1) balans tonliklorini 6dayan “on yaxs1” hallin tapilmasi masalasi kimi baxmaq
olar. Burada “on yaxs1” ifadosi, masalon, an az corimo ddomoklo istehsalin ge-
nislondirilmasini tomin edon hollo aid ola bilor (statik halda oldugu kimi [2]).
2. (1) masalasinin holl sxeminin sarhi
(1)-0 gosma olan masaloys baxaq
yi(I-A"=BY)+z'>C, y'=0, z'>0, i=1r,
y'(b' — Bix'™1) + z'd" - min,
x°=0 (2)
(1) mosalosinin optimal holli x°P* = (%!,%2, ..., X") olsun. Asanligla yoxlamaq
olar ki, %> 0, i =1,r. Onda xotti programlasdirmanin ikinci ikili teore-
mino osason, (2) mosolosini ona ekvivalent gsokildo asagidaki kimi yaza
bilorik:
y'(I-A"—B)+z'=c', ¥y >0, z>0, i=1r,

r L} . . . .
Z yi(b' — Bix™1) + z'd" > min, x°=0. (3)
i=1

(3) miinasibatlorindon z* doyisenlorini kenarlasdirsaq alariq:
yi(I-A'—=BY) <cl, y'=0,i=1r, 4)

r

Z y'((I— A" = BY)d' — (b' — Bix"1) > max.

i=1

el = (I — A" — B")d' — b isars edok.

(4) mosalosinin holli agagidaki kimi ardicilligla qurulur:

A=A, B=B' c=c', e=e', x'1=x

olsun. Onda

y(l—A—-B)<cy=0, y(e+Bx)—- max , (5)

mosalasini hall edib onun optimal y?! hallini tapiriq.

Sonra J* = {i € [1;n]|y} > 0}, J* = [1;n]\J* coxluglarmi qurub, onlarmn

komayi ilo toyin olunan asagidaki xotti tonliklor sisteminin ¥ hollini aliriq:
(1—A*'-BYx)=(b—B*x%, je (6)

xt=di, ket

%! asagidaki moasalonin optimal hallidir.

x! < Axt+BY(xt —x%) + b, x!<dl, (¢! x')> max,

b) (5) mosolosinde x = %1, A =42, B=B"? c=c?, e=e? gobul edib

yeni alman (5) mosalosinin y? optimal hollini vo onun komayi ilo J2 va J?

coxluglarini qururuqg. Bu prosesi analoji qaydada tokrarlayib X1,%2, ..., X" opti-

mal hollorini toyin edirik. Noticads (1) mosalosi ligiin ¥ = (x1,%2,...,x") op-
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timal hallini tortib edirik.

Mosalo (5) -in hallini iki yolla tapa bilorik. Birinci yol simpleks iisul yoludur.
Bu tisulun (1) masalasi ii¢lin onun spesifikliyini nozors almaqla daha somorali
sokildo istifade olunmasi yollar1 [2]-do atrafli sorh edilmisdir. ikinci yol yeno
do [2]-do totbiq olunan iterativ yoldur. Bu yol sado iterasiyadan ¢ox da forg-
lonmir. Onun tatbiqi ilo verilon hall alqoritmi tolob olunan hesablamalarin pa-
ralel icra olunmasi iigiin daha olverislidir. Dayisonlorin sayi ilo yaranan 6lgii ilo
olagodar cotinliklori aradan qaldirmaq iiciin [3]-do taqdim olunan reduksiya
sxemindon istifado oluna bilor. Reduksiyanin kémaoyi ilo optimal bazis doyi-
sonlorinin bir hissosini (1) masalasi {igiin gabaqcadan toyin etmok miimkiindiir.
Noticodo ilkin masolonin strukturunu saxlamagla belo doyisonlorin say1 qodor
onun Ol¢listinli azaltmaq olar. Reduksiya hor addimda hall olunan masalo (5)
mosalasina do miivoffoqiyyatlo totbiq oluna bilor.

3. 9dadi misal

i = 1,2,3 olmagqgla (1) masalosi ii¢iin ilkin verilonlori agagidaki kimi gotiiriiriik:
0,25 0,25 02 0,2 i 10 ; 16

=055 02s) B =(o3s oss) ' =(g) @=(5)

cl=(02,1), ¢*=01,2), 2=(1,1)

Onda (1) mosoalasini belo yaza bilorik:

xt < Alxt+ B(x! —xY) + b, xi<dl,  x'=0, =123

clx® + c?x?+c3x3 > max

Ovvalca bazi isaromoalari daxil edok:

Ai — Ai + Bi, Ei — bi _ Bixi_l,

bOi — (I _ Ai _ Bi)di _ (bl _ Bixi—l)

olsun. Onda b%-ni b% = (I— A')d' — b’ kimi yaza bilorik.

Verilmis masaloya qosma olan masaloni quragq:

yii—-4AHY < ct, yi>0, i=123

yt(b°' + B1x%)+y2(b°% + B%x1)+y3 (b + B3x?) - max

i = 1 iigiin

yli—-ahH < ct, y'=0, y'»°! - max (7)
mosalasini hall edirik. Onun optimal y1 hollinin kémoayi ilo
d-ANHxt < b, x>0, cx! - max (8)

x! < d' mosalosinin optimal hallini qururug.
- _ (0.25 0.25 0.2 0.2Y\_ 045 045
A= ( )+( )= ( )

025 025/ " 025 505.25_O 080 050/
b = (1-ANd" - b = (0:50 0.50 )( 6 ) - ( 6 ) - (—1'1)’ .

Onda y'=(0,0)= y! (7)-nin optimal halli olacaqdir. Buradan asanhgla
aliriq ki, x! = (16; 6)= x! (8) -in optimal hallidir.
[ = 2 iclin

y2(i—A%) < ¢?, y2 >0, y?(b°% + B?bY) - max 9)
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02 271\_ (—3.9 0.2 02)\/16\_ (-39 44\ _( 05
(b + B0 (—11) + (0.25 0.25) ( 6 ) N (—11) + (5.5)_(—5.5)
Onda (9) - u asagidaki kimi yaza bilorik:
0.5y#-5.5y2 - max
0.55y7-0.50y% <1
-0.45y2 +0.50y% <2
y120, ¥, =20
y2 = (1 % ; O) masalonin optimal halli olacaqdir. Bu hallin kdmayils asanligla
(I-4%)x? <b? x?><d?x*>0, c’x? > max
moasalosinin optimal hollini  x? (15 6) =,%2 kimi tapiriq.

i = 3 olduqda
y3(I—A4%<c3 y3>0, y3(b° +B?x?%) > max
mosalasini hoall edirik.

1
= (05, T -0+ G% 83)(°m)-

6
-3.9 4.4 0.5
“(Cip)* (55)s )
Beloliklo, asagidaki mosoloni holl etmaliyik.
0.5y3-5.5y; - max
0.55y3-050y3 <1
-0.45y3 +0.50y3 <1,
y120, 3’2 = 0,
=3 _

y
halli 3 -iin kémaoyi ilo

(I-4%x3< b3, x3<d? x>0, c3x®->max
mosalosi {iciin ¥3 = (7; 6) oldugunu hdkm edirik.
Beloliklo, verilmis (7) masolosinin X optimal hallini

1
x =(16; 6; 15—;6; 7; 6
x = 11 )

(1 — 0) yeno do optimal hall kimi i = 3 olanda da qalir. 3 optimal

kimi tapiriq.
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Ob OJJHON TUHAMMYECKOM 3AJIAYE JIMHEHHOI' O
IPOIr'PAMMMUMPOBAHHUS BOJIBIION PASMEPHOCTU U EE PEHIEHUE

P.I. TAMUJIOB, H.K.AJNIAXBEPJTUEBA, 3. 6.MAME/IOBA
PE3IOME
PaccmaTpuBaeTcs 3ajada JIMHEHHOTO MPOrpaMMHPOBAHUS, COCTABJICHHAS HAa OCHOBE
JUHAMUYECKOW MOJETH MEeXOoTpacieBoro Oamanca. PazpaboTaHa anroputM pelIeHus 3a1adu
C TIOMOIIBI0 HEKOTOPOH yZaeTcs MPEeoJOoNeTh TPYAHOCTH, CBSI3aHHBIE C OONBIION pa3sMepHO-
cTbio. Pemraercss 4MCIOBOM IpHUMeEp WLTIOCTPUPYIOMIMK XOA IpOIEcca peann3aliii CXEMBbI

npeajmaracMoro ajaropurma.

KiroueBsie cioBa: DxoHOMHUECKHI Mozen JleoHTHeBa NHHEITHOE MPOrpaMMHPOBAHUE,
JBOWCTBEHHAs 337a4a, JBOWCTBEHHBIE TEOPEMBI, IIPOCTasi UTEPACHS.

ON ONE LARGE-SCALE DYNAMIC LINEAR PROGRAM
AND ITS SOLUTION

R.H.HAMIDOV, NNK.ALLAHVERDIYEVA, EBMAMEDOVA
SUMMARY
One linear programming problem formulated on the base of dynamic balance model is
considered. An algorithm is developed to solve the problem and to overcome the difficulties
connected with the large dimension of the problem. A numerical example is solved to illustrate

suggested way of solving.

Keywords: “Input-output” economical model, linear programming, dual problem, dual
theorems, simple iteration.
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BAKI UNIiVERSITETININ XOBORLORI
Al Fizika-riyaziyyat elmlari seriyasi 2022

YAK 517.977.56

OB OJIHOHN HA‘IA.JII)HO“I7I 3AJJAYE YIIPABJIEHUSA
JTUHAMUKOM NOMYJISILUN

A.MN.ATAMAJINEBA
bakunckuii I'ocyoapcmeennstii Ynueepcumem
agamaliyeva88@gmail.com

B smoii pabome paccmampusaemcs o0na 3a0aua ONMUMAILHO2O YRPAGILEHUs OUHA-
MUKOU NONYIAYUU YAPAGISeMAs NPU NOMOWU HAYATILHO20 YCA08UsL. JJOKa3anbl HeoOX0OuMble
YCIOBUSL ONMUMATGHOCMU MUNA ApuHyuna makcumyma IloHmpsacuna u JuHeapu308aHHO20
(OughpepenyuanvHoeo) npUHYUNG MaKcuMyma.

KaioueBble cjioBa: nUHaAMUKa MOMYJSIMN, HEOOXOIUMOE YCIOBHE ONTHMAaJIbHOCTH,
npuHouna MakcuMmyma [lonTpsruna, nuddepeHnnanbHbI IPUHIUIT MaKCUMyMa, JIOITyCTHMOE
ynpasiieHne, HHTeTpo-auddepeHnnaisHoe ypaBHEHHE.

1. Benenue

B pab6orax [1-3] uzyyena psii 3a1a4 ONTUMAJIBHOTO YIPABJICHUS JIMHA-
MUKOH TOMYJISAIUN OINKUChIBaEMasi CHUCTEMON HHTErpo-audQepeHIraIbHbIX
yYpaBHCHHU MPH MPEIIOKESHUH YTO YIIpaBIIsonias GyHKIUS BXOIUT B PABYIO
4yacTh ympasiieHus. B mpemiaraemoii pabore paccMarpuBaeTcs aHAJIOTHYHAS
3aj1aue Py TIPEANOI0KESHUH YTO YIPABISIONIas QyHKIHM BXOIUT B HAYaIbHOE
YCJIOBHE PacCMaTPUBACMOT'0 YIIPABJICHHUS.

Takum 00pa3oM u3yuyaeTcs HavaabHas 3a7a4a YIpaBICHHUS.

[lpy pa3smU4YHBIX MPEANONOKEHHUSIX YCTAHOBJICHBI PsII HEOOXOJUMBIX
YCJOBHI ONTUMAJILHOCTH TIEPBOTO MOPSIIKA.

2. IlocTaHoOBKA 3a1a4H

JlormycTuMm, 4TO YIpaBiseMbli mporecc B odmactu D = [ty, t1] X [Xq, X4]
OIMCBIBACTCS CUCTEMOM MHTETrpo-audepeHInanbHbIX YpaBHEHUH BHIA

ze = f(t,x,2,y), (t, x) € D = [to, t;] X [X0,X4], (1)
z(ty, x) = a(x),x € X = [Xq,X4], (2)
y(t,x) = f g(tx,5,2(t,5))ds, (t, %) € [0, %] X [to, t;] = D. (3)

3neck f(t,%,2,y) , (g(t, X, S, z)) — 3aJIlaHHas N — MEPHas BEKTOP — PYHK-
1Ms, HENPEPBIBHAS 110 COBOKYIIHOCTH IEPEMEHHBIX BMECTE C YACTHBIMH IIPO-
msBonueiMi 10 (Z,y) (z) to,ty,X0, Xy (to < ty;xo < Xq)- 3amasbl, a(x)
n —MepHas BeKTOp— QYHKIIMS, SABIIAIOIIALCS pelenreM 3anaun Komm
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a=F(xav),x€X 4)
a(XO) = dop,

rJe a, — 3aJaHHBINA MOCTOSHHBIA BeKTOp, F(X, a, v)-3a1anHas n —MepHasi BEK-
TOp — (DYHKIMS, HEPEPhIBHAS 110 COBOKYITHOCTH TIEPEMEHHBIX BMECTE C 4acT-
HOU IPOU3BOAHOMN 10 a, V = V(X) KYCOYHO HENPEPHIBHBIN (C KOHEYHBIM YKC-
JIOM TOYEK pa3pbiBa MEPBOTO POJIa) BEKTOP YIPABISIONIMX BO3ICHCTBUI CO

3HAYCHUSIMU M3 32JIaHHOTO HEIyCTOTO U OTPaHUYEHHOT0 MHOXecTBa V, T.e.
v(x) EVCc R, xEX (5)

Takue ynpasisonme GyHKIMH HA30BEM JTOITYCTUMBIMHU.

N3 nocTtaHOBKM MaTEMATHUYECKOW MOJEIM SICHO, YTO MPOLECC ONU-
CBIBAETCS C TIOMOIIBIO HAYaIbHON (DYHKIIMU KOTOPAst OMPEIEIIIETCs KaK peliie-
Hue 3amgaun Komm i1 0OBIKHOBEHHOTO HEIMHEHHOTro Iu(epeHIInaIbHOro
ypaBHCHHS.

[Ipeamonaraercst, YT0 KaXI0My JOIMYCTHMOMY YIIPaBJIEHHIO V(X) COOT-
BETCTBYET €IMHCTBCHHOE HENPEPHIBHOE U KYCOYHO-TJIAJKOE (B CMBICIIC HAIp.
[4-7] pemenue a(x) 3agaum (4). Pemenne 3anaum (1) - (3) noHnMaercs B Kiiac-
CHYECKOM CMBICIIE.

Ha pemenusx a(x),z(t, x), y(t,x) 3amaun (1) - (4), HOpPOKIEHHBIX BCE-
BO3MOKHBIMH JIOMTYCTHMBIMHU YIPABJICHUSIMHU V(X) onpeaeaumM GyHKIIHOHAI

S() = d(alxy)) + f;;l G(x, z(ty, x))dx. (6)
3nece ¢(a), G(x,z) —3amaHHble CKausApHbIE (YHKIUU HEIPEPHIBHBIE
Bmecte ¢ @, (a)G,(%,2).

JomyctuMoe ympaBienne v(X) JOCTaBISIONICE MHHUMAIbHOE 3HAYe-
Hue (yHKIHoHaANY (6) HA30BEM ONTHUMAJIbHBIM YIPABICHHEM, & COOTBETCT-
Bytomuii mporece (v(x),a(x), z(t, X, ), y(t, X))- ONTUMATBEHBIM MPOIECCOM.

Jlist mokazarenbCTBAa HEOOXOMMMBIX YCIOBUN ONTHMAIBHOCTH B pac-
cMaTpUBaeMOi 3a/aue OyaeM UCIOIb30BaTh OJMH BapHaHT METOJa IpHUpaliie-
HUH.

3. ®opmyaa aist npupamennsi GyHKIMOHAIA KayecTBa

IIycts v(Xx)dukcupoBannsiii, a 0(x) = v(X) + Av(X)Ipou3BOILHbIIM-
JOITYCTUMBIE YIIPABJICHHUS.

Yepes (a(x),z(t,x,),y(tx)) AKX) = ax) + Aa(x), z(t(x) = z(t,x) +
Az(t,x), y(t(X) = y(t,X) + Ay(t,X)) 0603HaYNM COOTBETCTBYIOIKE UM peIiie-
Hus cuctemsl (1) - (4) u 3anumem npupaimeHus GyHkiuonana kadectna (6).

HNmeem:
AS(v) = S(¥) = S(v) = $(a(x1)) — d(alxy)) +
+ f):l[G(X, Z(tl,x)) - G(X, z(tl,x))]dx. (7)
Jlanee scHO, 4TO (Aa(x), Az(t,x), Ay(t, x)) SBJISIETCS PELIEHUEM 3a/1a41
Aa = F(X, é(x),\'/(x)) — F(X, a(x),v(x)), (8)
Aa(xy) =0, 9)
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Az (t,x) = f(t, x,Z(t, %), y(, x)) — f(t, x,z(1,x),y(t, X)), (10)
Az(ty, x) = a(x), (11)

X —
Ay(t,x) = fxol[g(t, x,5,2(ts)) — g(t % s,2(t 5))|ds. (12)
[Mycts y(x), p(t,x),q(t,X) —1MOKa HEU3BECTHBIE N —MEPHBIE BEKTOP—
byakumu. YMHOXKas 00e gacTu cooTHOmeHus (8) cieBa ckaaspHO Ha Y (X), a

3aTeM MHTETpHUpys MO X 00€ YacTH MOJIyYEHHOTO TOXKJECTBA OT X, 110 X; UMe-
eM

f v (x) Aa(x)dx = f v (0[F(x a(x),5(x)) — F(x,a(x),0(x))]dx. (13)
Janee ymHoxas o6e gactu cootHonrenuit (10)-(12) cooTBeTCTBEHHO Ha
p(t, %), q(t, x) cieBa ckamsApHO, 3aTeM MPOUHTETPUPYIO 10 D momyunm:

t1 Xq
J- J. p (t, x) Az (t,x)dxdt =
to “Xo
= ftzl f):l p (6, x)[f(t % 2(tx),7(t,x)) — f(t % z(t,x),y(t,x))|dxdt,  (14)
ti rXq
J- J. q (t,x) Ay(t,x)dxdt =
to “Xo

= tzl fx)? q (t,x) [fx):[g(t, x,5,7(t,s)) — g(t. x5, 2(t, s))]ds] dxdt. (15)
BBenem 0003HaueHUA
H(t, X, z(t, %), y(t, %), p(t, x), q(t, x)) =p(t X)f(t, X, z(t,x), y(t, x)) +

+ fX1q'(t, $)g(t s, %, z(t, x) )ds.
M(x, a(x),vzx), v(x)) = v (®F(xax),v(x)).

Torna, ¢ yuerom Toxzaects (13) - (15), bopmyna npupamenus (7) kpu-
TepUsl Ka4ecTBa MOXKET IPE/CTABIATHCS B BUAE

AS(W) = d(a(x1)) — d(a(x)) + f [6(x 2ty ) — G(x,2(t1,20)]dx —
_ J’t1 le p;(t, x)Az(t, x)dxdt + f’ﬁ[p'(tl,X)Az(tl,x) — p'(to,X)Aa(x)]dx _

—f 1f 1[H(t»X,Z(t,X),}"(t,X),p(t,X),q(t,X))
S — H(t, X, z(t,x), y(t, %), p(t, x), q(t, x))]dxdt +
+f lf 1q'(t,X)Ay(t,x)dth+\|l'(x1)a(x1) —f 1\]/(X)Aa(x)dx—

- f):l[M(x, a(x),0(x), y(x)) — M(x,a(x), v(x), y(x))]dx. (16)
Hcnons3ys popmyny Teitnopa uz (16), mocine HEKOTOPBIX IpeoOpa3o-
BaHMH, ITOJIyIHM, YTO:
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AS() = b (alx))Aalxy) + f " 6 (3 260,90 Aty %) dx —

0

t]_ X1
— J- f pe(t, x)Az(t, x)dxdt
to X0
X1

+ J-Xl p (ty,X)Az(ty,x)dx — J- p (to, x)Aa(x)dx —

_ftlJ-X1[H'Z(t,x,z(t,x),Y(t,x),p(t,x),q(t,x))AZ(t’X) _
_I?I;,(t:)x, z(t,%), y(t, %), p(t, x), q(t, x) ) Ay (t, x) | dxdt +
+f 1 J.Xl q (t, x)Ay(t, x)dxdt + y'(x;)Aa(x;) — fX1\if'Aa(x)dx _

_ f :l[M(x,a(x),f)(X),\v(X)) — M(x,a(x), v(x), y(x))]dx —
_ f ’:M;(x, a(0), v(x), y())Aa(x)dx + 05 ([|AaGx)I) +
o ™ 0, Azt 1)

- f f :103(||Az<t,x)|| + llAy(6 )l dxd

- [ ouinaGolax -
_ fx’i)l[Ma(x,a(x),f)(x),\v(x)) — M,(x, a(x),v(x),\y(x))]'Aa(x)dx. (17)

[Mpenmonoxum, uro Bekrop-pyukiwu y(t, x), p(t,x), q(t, X) yaosierBo-
PSIFOT COOTHOIICHHSIM

V(x) = =M, (x,a(x), v(x), y(x)) + p(to, %), (18)
y(xq) = _¢a(a(x1)),
pe(t %) = —H,(t %, 2(t, %), y(t, %), p(t, x), q(t, %)),
q(tx) = Hy(t, X, z(t,x), y(t, %), p(t,x), q(t, x)), (19)
p(ty, ) = —Gy(x 2(ty, ¥)).
Torma popmyna npupamenus (17) npumer Bu

AS(v) = — f M(x, 300,500, w(0) — M(x a(), v, w(9))]dx +

+0, ([[Aa(x)|D) + f 102(”AZ(t17X)”)dX -

t
= J L 0s(lAz(e 0l + 1Ay (6 0 D dxde — [0, (lAaG) D dx. (20)
Cuctemy ypaBHenuit (18) - (19) Ha3zoBeM CONPSHKEHHOW CHCTEMOM
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ypaBHEHUH B 3a/1aue onTUMaIbHOTO yrpasieHus (1) - (6).
3. OueHka HOPMbI NPUPALIEHHUS COCTOSTHUSI
N3 (8) - (12) momy4aem 4to

Az(t,x) = Aa(x) + ftto [f(r, x,2(1,%),¥(1, %)) — f(1, %, 2(1, %), y (%, x))]dr, (21)

Ay(t,x) = f):l [g(t, x,5,2(t,s)) — g(t, x,5,2(t, s))]ds, (22)
Aa(x) = fX[F(s,é(s),f)(s)) — F(s,a(s),f)(s))]ds +
+ f;l[F(s,oa(s),f)(s)) — F(s,a(s),v(s))]ds. (23)

N3 cootHomenuit (21) - (23) nmepexoast K HOpME U UCIOJIBb3Ys YCIOBUIO
JIunmuia nocie HEeKOTOPBIX MPeoOpa30BaHUM MOTYyUHM

[Aa(x)|| < fx);||F(s,a(s),1')(s)) - F(s,a(s),u(s))”ds + L fx’:'ma(s)llds, (24)

142t Il < 4Gl + Ly [1Az(x, 01l + 1Ay (s )] dr, 25)
14y (e, 0l < Ly [, 'l1Az(t )l ds. (26)

3neck Lj = const > 0,i = 1,3 HEKOTOpPOE OCTOSTHHBIE.
[Ipumensst k HepaBeHcTBaM (24), (25), nemmy ['ponyomia — bemimana
[8] momyunM oneHKH BUa

[Aa(x)|| < L, fx):[F(s, a(s),0(s)) — F(s,a(s),v(s))] ds, (27)
L, = const > 0.
1Az(t, )| < [|Aa(x) | + Ls ftto”AY(T,X)” dr, (28)

Ls = const > 0.
VYuuteiBas (26) B (28) npuxoaum K OIICHKE

t rxq
1826 01| < 1Aa(oll + Lg f f 1A2(%, )] drds.
to Xo
CrnenoBareibHO
X1
1A2(t, )|l < Ly f [1f(s, a(s), 9(s)) — (s, a(s), u(s))|| ds +

t
Le i J o llAz(t,s)|| deds. 29)
OTcrozia ciieyer, 4ro

max ||Az(t,x)|| < L, J-Xluf(S,a(S);ﬁ(S)) — f(s,a(s),u(s))|| ds +

X0SXsXq

0

t X1
+L6f J. max ||Az(t,x)|| dtds <

to Xo

XoSXsXq

< L4f 1||f(s, a(s),f)(s)) — f(s, a(s),u(s))” ds +
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t
+Le(x; — X0) max ||Az(t,x)|| dt.
t <xX<X

OXo— =X1
CrenoBarteiabHO,
X1
max ||Az(t, x)|| < L4f ||F(s,a(s),1')(s)) — F(s, a(s),u(s))” ds +
X0 SXSXq Xo

t
+L6(x1 — Xo) [ X()rgg(lllAZ(t, x|l dt.

W3 nocneHero HepaBeHCTBA €llle pa3 MPUMEHSS aHAJIOT JIeMMbI ['poHyoJuia u3
[8] Oynem umeTh

Xorrsl)?s)illlAz(t,x)ll <L, f;;l”f(s, a(s),f)(s)) — f(s, a(s),u(s))” ds. (30)

rae L, = const > 0 HEeKOTOpOE MOCTOSTHHOE.
4. Heo0xoaumoe yc10BHE ONITUMAJIBLHOCTH
Jiis BBIBOJIa HEOOXOAMMOTO YCIIOBHUSI ONITUMAIBHOCTH, YYUTHIBAs yCTa-
HOBJICHHBIE OIICHKH, Oy/I€M UCIIOJIb30BaTh UIOJIbUAThIC BAPHALIUN YIIPABICHUS
«Bo3smytienHoe yrpasieHue» U (X) ormpeaeanm mo popmyJie
- _ U, XE[EE+¢€) 31
Oe(x) = {U(X),X € X\[§, € + ). (1)
3nech & € [Xg, X1) — MPOU3BOJIbHAS TOYKA HEMPEPHIBHOCTH YIIPABICHHUS
U(x), UV € V —pou3BOJILHBIA BEKTOp, a € > 0 —IPOM3BOJILHOE IOCTATOYHO
MaJioe 4Kcio, Takoe, uTo & + € < x4. Yepes (Aas(x),Azs(t, X), Ay (t, x)) 000-
3HAYMM CIICIHATILHOE MPHUPAIIECHUE COCTOSHUS (a(x),z(t, X),y(t, x)) COOTBET-
CTBYIOLIEE CIIEUAIbHOMY IpupamieHuo Avg(x) = 0.(x) — v(X) ynpasienus
v(x).
U3 onenok (27), (29), (30) cnexyer cupaBeUIMBOCTh OLIEHOK
llAa.(x)|l < Log,
1Az (t, )| < Log, (32)
lAye(t, )|l < Log,
rae Lo = const > 0, HekoTOpasi TOCTOSTHHAS.
YuuteiBas onenku (32), a taxxke (31), u3 (20) Ha OCHOBE TEOPEMBI O
CpEIHEM TTOTYIHM
S(Ve) = S(v) = ASe(v) = —

E+e
—J; [M(x,a(x),u,tp(x)) — M(X, a(x),v(x),tp(x))]dx +0(g) =
= —g[M(& a(®), v, Y(®) — M(§ a(®),v(®), W(®)] + 0(e).

N3 3TOro pasznoxeHus cienyer
Teopema 1. J[iiss ONTUMAIBHOCTH JAOIYCTUMOIO yIIpaBiaeHUs U(X) He-
00X0QHUMO, YTOOBI COOTHOIIECHHUE

maxM (g a(®), v, w(®) = M(§a®), v®), v(®). (33)

BBINOJIHSAJIOCH IS BCEX § € [X(, X1).
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CootHomenue (32) siBnseTcs HEOOXOAUMBIM YCIOBHEM ONTHMAJIbHOC-

TH B ¢opme npuHuuna makcumyma [lontpsiruna [4-7] s paccmaTpuBaemMoit
3azaye.
5. JluHeapu3zoBaHHOe HEOOXOAUMOE YCJIOBHE ONTHMAIBbHOCTH

[Ipennonoxum, 4YTO MHOXKECTBO V BBIMYKJIOE, a BEKTOP-(QYHKUHUS
F(x,a,Vv)- HenpepslBHA MO COBOKYITHOCTH MEPEMEHHBIX BMECTE C YaCTHBIMH
npousBoHbIME 110 (a,V). Torja, Mo aHaJOTHH C J0Ka3aTeIbCTBOM (HOPMYJIBI
npupatenus (20), MOKHO JT0OKa3aTh, 4TO

AS(v) = —f 1 My, (%, a(x), v(x), Y(x))Av(x)dx + 05 ([lAa(x,)1D)

X0

X1
+ f 0, (llAz(t,, %)) dx —

- f: f,:f 05([|Az(t, x) || + || Ay(t, x)|])dxdt —

f,:l Os[lAax) |l +
+ [|Av(x)|[]dx. (34)
Jasee, B CHITy YCJIOBHI IIaJKOCTH HaloKeHHbIe Ha F(X,a, V) momyda-
€M, 4TO

182GOIl < Ly [ TIASI + 1Av(s)II] ds, (35)

rae Lo = const > 0. HEKOTOpOE MOCTOSIHHOE.
[Tpumensist k HepaBeHCTBY (35) aHanor nemmsl ['ponyonna — bennmana
IIPUXOJHUM K OLICHKE

182Gl < Lyy [ lAv(S)Il ds, (36)

rae Ly; = const > 0 HEKOTOPOE MOCTOSIHHOE.
B aTom ciydyae ananorom HepaBeHCTBa (30) sIBISETCS HEPABEHCTBO

max [|Az(t, 0| < Ly, [ 1Av(s)]l ds, (37)

Xo<X<Xq
rae Ly, = const > 0 HekoTOpasi MOCTOSHHAS.

B cuity BeImykiocTH MHO)eCTBa V CiEHAIBHOE MPUPALIEHUE JOITYC-

THUMOTO YIpaBieHust U(X) MOXHO OIPEAEIUTh 110 Gopmyiie

Av(x; ) = pw(x) —v(x)] (38)
rae W € [0,1] —mpousBonbHOE Ymcino, a W(X),X € X —IIPOM3BOJIBHOE JOIYC-
THMOE yITPaBJICHHUE.

Yepes (Aa(x; W), Az(t, x; w), Ay(t, x; u)) 0003HaYUM CIECHUAIBHOE MPH-
palieHue COCTOSHHS (a(x), z(t,x), y(t, x)) oTBevarolee npupamieHuo (38)
ypasienus v(x). U3 ouenok (27), (36), (37) cuemyer, uTo

lAa(x; W~ x € X,
1Az(t,x; wll~w (t,x) €D,
|Ay (t, ; Wl ~p, (t,x) € D. (39)

YuuteBas (38), (39) B hopmyne npuparieHus (34) nmpuxoauMm K pas-

JIO)KEHUIO
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AS(U(X) + Av(x; u)) — S(U(X)) =
= —u.f M, (X, a(x),u(x),tp(x))dx(w(x) — U(X))dx + 0(p).

X0

U3 3TOTO0 pa3noxeHus cieayet

Teopema 2. Eciu MHOXkecTBO V BBINYKJIOE, TO I ONTUMAIbHOCTH
JOIYCTHMOTO YIIpaBieHust U(X) HEOOX0AMMO, 4TOOBI HEPABEHCTBO

f;;l M, (x,a(x), v(x), P(x))(Ww(x) — v(x))dx < 0, (40)

BBIIIOJIHSIOCH I BeeX W(X), X € X.

Hepasenctso (40) ecTp aHaor MHTErPAJIbHOTO JIMHEAPU30BAHHOIO YC-
JIOBUsI MakcuMyMma B 3amade (1) - (6).

VYuursiBas nemmy u3 [9] npu nomonu (40) 1okaszbiBaeTcs

Teopema 3. Ilpu BbINOJHEHUM YCIOBUM TeopeMa 2 BIOJb OMNTH-
MmaisHOro mpouecca v(x),a(x),z(t, x), y(t,x) mwis Bcex § € [Xg,X;) BBITOIHS-
eTCsl CleAYIolee COOTHOIICHHE:

maxM; (8, a(®),v(®), W(®)w = My (2@, v®, yOE. @)

VYcnoBue ontumanbHOCTH THMA (41) HaszpBaercs nuddepeHnanTbHbIM
(cm. Hamp. [7]) ycioBueM MakCcUMyMa.
Cnenys nampumep [9] MOKHO MOKa3aTh, YTO HEOOXOIUMBIE YCIOBHUS
ontumanbHocTH (40) 1 (41) SKBUBAJICHTHBI ISl pACCMAaTPUBAEMOM 3a/1a4Hu.
Takum 00pa3oM MHpu pa3IUYHBIX HPEANOJOKEHUAX YIAIOCh MOTYyYUTh
JIBa TUIIa HEOOXOJUMBIX YCJIOBHUI ONTHMAaJIbHOCTU IEPBOrO MOpsAKa B pac-
cMaTpUBaeMoOil 3a1aue yrpaBiICHHUS.
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POPULYASIYANIN DiNAMIiKASININ BiR BASLANGIC
IDARO OLUNMASI MOSOLOSi HAQQINDA

A1 AGAMALIYEVA
XULASO
Mogqalods populyasiyanin dinamikasinin baslangic sortin vasitosilo idaro olunmasi
masaloasing baxilir.
Optimalliq iicin maksimum prinsipinin vo xottilogdirilmis maksimum prinsipinin
analoglari isbat edilmisdir.

Agar sozlor: populyasiyanin dinamikasi, optimalliq {igiin zoruri sort, Pontryaginin
maksimum prinsipi, diferensial maksimum prinsipi, miimmkiin idars, inteqro-diferensial tanlik.
ABOUT ONE UNITAL CONTROL PROBLEMSS
OF MANAGGING POPULATION DYNAMICS
A.IL.AGHAMALIYEVA
SUMMARY

The paper deals the problem optimal control population dynamics using unital
condition.

Analogues of the maximum principle and the linearized maximum principle have been
proven for optimality.

Keywords: population dynamics, necessary condition for optimality, Pontryagins

maximum principle, differential maximum principle, admissible control, integro-differential
equation.
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BAKI UNIiVERSITETININ XOBORLORI
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UOT 517.518
ON SOME PROPERTIES OF THE LORENTZ
— GEGENBAUER SPACES
G.A.DADASOVA

ANAS Institute of Mathematics and Mechanics
gdova@mail.ru

In the paper we introduce Lorentz type space associated with Gegenbauner differential
operator G,
l, d Z.+l d 1
G, =(x-1"—(¢-1)"=, xe(0,»), 1e|0,=]|.
b et e 0) aefo )

For this spaces the emedding theorems is proved. Moreover, is proved that this space is
a Banach space.

Keywords: Lorentz- Gegenbauner spaces, Gegenbauer differential operator, emedding
theorems, rearrangement function.

AMS subject Classification: 42B20; 42B25; 42B35; 47G10; 47B37

1. Introduction
For 1<p<wlet L (R.G)=L,,(R) be the space of functions mensurable on

R, =(0,00) with finite norm

If

. =[Rj|f(cht)|pshtdt)p, 1< p<eo,
[1]L, =[] =esssupifent). p==».

Suppose f is a measurable function defined on R, . For any measurable set
EeR,, let |E|, =[sh*tdt. The distribution function f., of the function f is given
E

by (see [3])

f..(s)= |{X€ R, :| f (chx) > S}L , for s>0.
The distribution function f,, is non-negative, decreasing, and continuous from
the right (see [3]).

With the distribution function we associate the decreasing rearrangement of f
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on R, defined by (see[3])
f**(cht) = inf{s 20:f,,(s)< Sh%}, fort>o0.
In the paper by analogy with [2] , we introduce the Lorentz-Gegenbauer space

which we denote L (R.G)=L, ,(R) p.qe(0,»] as the class of measurable
functions f on R such that the functional |f|  <e, where

q

1 q
« ty.. dt
![(sh;) f ,A(cht)] _shl Lif0<q<oo
2

1

sup[sh%]p f**(cht)

t>0

I*,... =
p.a.4

,|fq = oo

Remark 1.1 Note that if p=qthen L (R.G)=L_,(R,) (see[3], Proposition 3.5).
Remark 1.2 For the L, (R,)space, the case p=cwand 1<q<eis not if any
interest. The reason for this is that |

f|_,, <~implies f=0 a.eon R This can
be seen by using the following argument: Assume that L__,(R ) is a not trivial

space. Then there exists a nonzero function fe L__,(R,) which mean that there

00,0, A

exists ¢>0 and a set Ae R, of positive measure such that |f(chx)|>c for all

xe A.
Then
I, =7 F(entf 2= (7, ) chy-2
0.4 0 t 0 t
sh— sh—
2 2
ch- Lt
2“}‘qu —dt = 220“‘?)' 2
°  sh— 0 chish1
2 2 2

d(sht)

2ct AL 2 2ct t A

> | = log[sh—J 0‘ l

C A e WY |
2 2 2

2 2c* []0g($h|pz‘|lJ+oo]:oo
ch|A|24

Hence, we have a contradiction which implies that the only element in L__,(R,)

1s the zero functions.
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2. Some properties of L (R .G) space
Denote by WL,,(R,) the weak space defined as the set of locally integrable

functions on R, with the finite norm (see, for example [4])

[, =sut( fxe R :[fcho) >,
forall 1< p<eo.
Lemma 2.1. Let 1< p<e. Then the spaces L,_,(R,) and WL, (R,) coincide and

their norms are equivalent.
Proof. Suppose that fel, ,(R,). Then there exists C >0 such that

f”(cht)scl(sh%) "

Hence the distribution function f,, of f satisfies

f*(cht) = inf{s 20:f, (s)< Sh%} < C{Sh%) p (>0
and we obtain (see [2], Proposition 3(iv))

f, (cl(sh%)'?) < (f(cht) < sh% t>0.
Taking Cl(sh%)_F =s, we have
C P
f..(s) s(?) & s'lfte R:|f(cht) > s} <c’

esfter | flent)>s) "<C o fewl,,(R)

Conversely, let feWL,(R). Then there exists C,>0 such that for all s>0

f.(s)<C,s™.

Since f**is a decreasing function, again by the Proposition 3(iv) in [3], we get
f4c,s)< £74(f.,(s))<s.

Then taking C,s® =cht, we obtain

f**(cht) s(&Jp <&
cht

1

Thus f”(cht)(sh%)p <C;

And consequently fel  ,(R).
Lemma 2.2 For every te[0,A]c R, the inequality t<sht<e’t is true.
Proof. We consider the function f(t)=sht—t. From f'(t)=cht-1>0 is follows
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that f(t)a increasing on R, . Therefore, the function f(t) takes the smallest
value at t=0, f(0)=0, consequently f(t)>0 sht>t.
We prove the right-hand side of the inequality.

t —t

shtSe’*’u:»e <etoe*<2e”t-e' +1.

Find the minimum function ¢(t) = 2e"te' +1—e.
@ (t)=2e(e' +te') —2e" < 2e'(e" +e't—e')>0 < e*(t+1)>e', consequently ¢(t)have
minimum in the point t=0, ¢(0)=0.
Then ¢(t) >0 < 2e’te' >e < sht<e’t.
Lemma 2.3. Let p,qe (0,) Then the L (R.G) space is a linear and the
functional || . is a quasi-norm.
Proof. To prove that L (R.G) is a linear space we need to show that
f+gel, (R.G) and afeL, (R.,G) forany f and g be two arbitrary elements
in L, (R.,G). In fact, from the inequality (see [1], Lemma 2.2)

(f +9)"(cht, +cht,) < f**(cht, )+ g™ (cht,) t,t,>0
we have

(f +9)™(cht +cht,) < f“(%cht )+ g”(%cht) .

Taking into account that f** and g** are decreasing, we obtain

(f +g9)*(cht) < f”(ch%} g”(ch%) t>2

since chtzzch% for all t>2. Let E=[2,A) since (E,z,)c(R,u,) is a finite

measure space, then the distribution f., is bounded |E| by andso f.,(cht)=0
for all t>|E| . In this case, we may regard f.,as a function defend on the
interval [0,|E|4). Let [E[, =A and B=[2,A]
Using the inequality (see [2]), Proposition 3.3 (iii)).

(fro)™(cht) < f(cht)z, . »
and also Lemma 2.2, we will have since (f +g)™(e)=0, we can write

1 q d 1 q a
It +dl,,.= J{(shi)"(Hg)”mm)} LB T{ shi]"[f“[chi}g‘*(chi ﬂ A
e ot P 2 2))| ¢t
2
1 19
"(f”(chl}r f”(cht)) g
2 1 sh

q
t
2 | 2

™ |

1
_ougr

IN
VS
| o
>
—
=
o>
| —
—
< |-
VY
—
G
<
/N
o
=
N | —~+
N—
+
«
<
/N
o
=
N |~
N—
—
(2]
S |a
—_|
al
>
o—w|>
—
—
%,—J
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. 1 q q
<27 erd]| 2max| [ sh || £(cht) sh | (cht) d

q q
<2 el [sh | #4(eht)| +|[sht | g (ent)| |-
5 2 2 Sh1
2

]+lp+é % q q ! ip+%+l %I: q q ]l %+é+l
=2 er (6 ol F <20 et max([f ] ol JF <27

al—

")

Moreover, for any scalar o we clearly have that

o], =ledl 1.
Now, let 0< p<e and q=<.Then we have

If +g||p_oM =sup(sh J (f+9)" o, (cht) <e* supt’ {f”(chl]+ g”(ch%ﬂ
:zpe’*supt"[f*'ﬂ(cht)Jr g""( I| <e’ sup[sh ) [£*(cht)+ g"*(cht)]

O<t<A O<t<Al

<e’(f],.+lal,..)

Clearly, we also have in this case
el =ledlf]l,.

Hence, L, (R,.G) is a linear space for all 0<p<eand 0<q<e. Moreover,
from our proof above follows that the functional || _ isa quasi-norm.
Theorem 2.4. Let 0< psooand 0<q<r<eo.

Then L, (R,G)— L, (R.,G) and [f|  =|f|
Proof. If p=w, L, _{0} 1f g<oo;

hence we need only consider the case p<e and g<r. Since f’ is decreasing

p.a.4

we have forall 0<t< A<

. ’ ! 1 ‘ ! Oy
“Af LUV e du t uy .. du . o LUy
1], = g(shzj F{chu)] =t 2 i(shz) F*(chu)| —-p = ™ (cht {(shz) du | .
shE shE

From this by Lemma 2.2 we obtain
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a, \a L q 1
. (uy (2pY,- ty (2P Y[ t),.
||f||pMZf l(cht{{[g) duJ _(FJ f 1(cht{5) >e {F] (ShEJ f**(cht).

Thus

Il >[sh Jf*"(cht).

From this follows that
I, <If,.. (2.1)
ie. L,,(R.G)>L,_(R.G).

When r<o
11],.. = {(h)

Together with (2.1) this follows that

" f ||p,r‘/l f" f ||p,q7/1 °

For any measurable E <R, such that |E| <t the following inequality are valid
(see [3]. Proposition 3.6)
[E], t
[|f(chx)sh*xdx < [ f"(chu)du < | f(chu)du

0

1

r-gq+q
1 _ a
: ﬂ<cm>p] A
S

If we divide both sides with |E| =t we get

The right hand s1de is a function which is defined for all o<t<e . This
function is of great importance for the L, (R,.G) spaces and its application (see

[3D.

A formal definition is as follows.

Definition 2.5 The function f*:(0,00) —[0,c0] is defined as f””(cht):%jf*(cht)dt :

0

j|f chx)|sh”xdx< jf (chu)du

Theorem 2.6 Let f,g, f (n=1,2,.) measurable functions on R,. Then

(1) f*1is decrecising and continuous on R, .

(i1) f*(cht)< f™*(cht) for t>o0.

(iii)  If |f(chx)|<|g(cht] for xe R, - a.e, then f™*(cht)<f™*(cht) for all
te R, . and

(iv)  If {f} is a sequence such that | f (cht)|< f(cht)| for xe R, u- a.e. ,
lim| f, (chx} =| f (chx) for xeR, - a.e, then f(cht)< f™(cht) and
lim f,"*(cht)< f"*(cht) for all te R
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Proof. (i) The continuity of f'(cht) follow directly from the continuity of
the integral so the only thing left to prove is that f“*(cht) is decreasing.

Let o<t<s. Since f™* is decreasing so f(chv)< f”(chv—t).
s

Hence

£4(chs) =7 £ **(chv)dv <1 £ ch ™t by =11 £*4(chu)du = £ (cht),
S S t

S 0
and so f™* is a decreasing.
(i1) Since f"*is a decreasing function we get that

£=4(cht)= L1 £*(chu)du = £ (cht).
t

(i11) From the inequality (see [3], Proposition 3.1 (i1)) if | f(cht)|<| g(cht)| u -
a.e., then f.,(u)<g.,(u) for u>o, and the equality (see [3], Proposition 3.2),

f**(cht)= mfu(sh%) ,t=0,
where mis the Lebesgue measure, we have

f"*(cht)= %l f**(chs)ds < %i g™*(chs)ds = g™*(cht).

(iv)  We know by (2.2) that f (cht)< f*(cht),ne N ,
and by inequality (see [3] , Proposition 3.1 (iii))
If | f(cht)[< liminf |f (cht)| 4 - a.e. , then

f*_ﬁ(u)SIHiEEinf(f ).,(u) , u=o0 that lim f,(cht)= f"(cht) for t>0. Since
(cht)——jf *(chs)ds, t>0

and since f*(cht)< f"“(cht) by (iii) we get by the Monotone Convergence
theorem that
f“*(cht)— f*(cht) forall t>o0.

Definition 2.7 For any fe L, (R,.G) the functional |[|* we define by

q

q
T[(sh )f ﬂ(cht)} dtt 0<p<e, 0<g<eo
If =11 h

1

sup(sh%)p f*(cht), 0<ps<e, Q=eo

>0

In the ﬁiture we will need the following inequality (see [3], Lemma 2.3).
Theorem A. Let 1<p<g<e and v and w be two functions measurable

and positive a.e. on (0,e). Then there exists a constant C independent of
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the function ¢ such that
(]"(jgp(chu)du ) wicht)dt ] < C(T(p(cht)"v(cht)dt )

if and only if

B:m{w@mmf@wmo$)<w (2.3)

Taking w(cht):(sh%) and v(cht):(sh%) and p=q we have to

following statement.
Corollary 2.1 Let g be a positive decreasing function on (0,.), gq>1 and

r>1.Then

[I@(P(Chu)du )q(sh%]_r_l du T <C ;Jq(p(cht{sh%j_p1 dt ]q .

For the proof is enough to verif the consider (2.3).

1

(T oy e oo
[z(shgj*‘du] SEEEn 03

From (2.4) and (2.5) follows (2.3).
Theorem 2.9 Let 1< p<q<e. Then ||||'fq is anorm on L (R,,G) and hence

And also

(qu(RG)||||pAq) is a normed space. More precisely,

], <1 <l

that is , the quasi-norms || . and || are equivalent.

p.g.4

Proof. The first inequality follows from the fact that f"*(cht)< f**(cht) for

all t>o0 (by Theorem 2.2 (ii)). To the second inequality we start with the
case when 1< p<e and 1<g<e. Since f"*(=)=0, then naturally take

& 0<t<A
f*"(cht)z{(/’ (cht), O<t<A,

o} otherwise,
for big enough number A.

Then using Lemma 2.2 and Corollary 2.1 with r=q ~ 9 we will have
p
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1 q q q
. s ty.. dt At gt
||f||p,:,f {[(Shg) f 'l(Cht)} — = {[[ f'(cht)]t‘*_t

sh— 0 sh—
2 2

1

< {EB (p*‘*(cht)]q(sh%)_q_ldt}q < c{i«p“(cht{shapldtr

1 q a
= ty.. dt
<c £|:(sh5] f "(cht)} L],
sh—
2
Theorem 2.10 (Completeness ). The L, (R,.G) space with the quasi-norm
||-||pq is complete for all 0<p<e, 0<q<e. In particular, if 1<p<eo,
l<g<eor p=q=1, then the normed space L, (R,.G) is a Banach space .
Proof. Let {f } be on arbitrart Cauchy sequence in (qu(RG)||||p1q) . Then

|f,— 1] ., —0 as nm—e, and by Theorem 2.4
], <0l

Thus

=1l .= sg(y(sh%);(fn —f )*(cht) >0 as m,n — oo

and since

1

= sup(sh%)p( f —f )*(cht)=sup u|{x e R, :|f,(cht)- f (cht) > o}LE

this implies that
|{XE R, :|f,(cht)-f (cht) > u}|ﬂ —0 as m,n— oo
for any u>o0 , that is a Cauchy sequence in the measure uE =|E| . We can

therefore apply F.Riesz theorem and conclude that there exists a
measurable function f such that f, converges to f in the measure u . This

implies, again by a theorem of F.Riesz that is a subsequence{f, } which
convergeto f u-a.e.onR,.
Let £ >0 be arbitrary. Since {f } is Cauchy there exist a N such that

f,—f],,, <& forn>N
and f_ - f, convergeto f-f pu-aec.onR.
Then (see[3], Proposition 3.1 (iii))

(f - f,)"(cht)<liminf(f, - f, ] (cht)

for all t >0 and consequently we get by using Fatou Lemma that
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al—

1

||f - fN"pM = I{[sh%]p(f - f, )*=A(Cht)} d—tt < I

sh—
2

1

q
l:(sh%Jp lim(f, - f, )”(cht)} d—tt

al—

p.a.A

1 q
<liminf{ | (shi)p(fnk—fN)*(cht) d—tt =liminf| f, - f,
o 2 !

Hence
|f 1], =0 as N—e.
Since also f=f-f,+f,, fel (R.G) and this proves that L (R.G) is
complete for 0< p<eoand 0<q<eo.
For 1<p<e and 1<q<, L, (R,,G) can be considered a normed space by

Theorem 2.3. Since it also is complete by the first part of the proof it
follows that L  (R.G) is a Banach space. In case p=q=1 by Remark I,

L,.(R..G)=L,,(R,), which is a Banach space 1< p <<, (see [6], Proposition

5.1).
Theorem 2.11 The set of all simple integrable functions Sis dense in
L,.(R..G) for 0<p<e and 0<q<eo.

Proof. Let 0<q<e and let feL (R ,G) be arbitrary. To prove that the set
of all simple functions is dense in L (R,.G) we show that we can find a

sequence of simple intrgrable functions {s} such that |[f-S|[ ~—0 as

n — oo. We can without loss of generality, assume that f is positive and

therefore there exists a sequence of simple integrable functions such that
0<s,<f for all neN and s, > f as n— . Hence, by inequality (see

proof Lemma 2.3)
(f —s, ) (cht)< f*(chlJ+ s;(chl)szf*[chl)
2 2 2

and if we apply Lebesgue’s Dominated Convergence Theorem we obtain
that

1 q
. .= ty . dt
lim|f —s,[  =lim jl[shg)p(f -s,) (cht)} —=0

- o sh-
2

Since f was arbitrary this shows that S=L, (R,,G), that is S is dense in
L,.(R,.G).
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LORENTZ - GEGENBAUER FOZALARININ BOZi XASSOLORI HAQQINDA
G.A.DADASOVA
XULASO

Bu moqalodo Gegenbauner G, diferensial operatoru ilo alageli Lorentz tipli foza toqdim
olunur

dx

Bu fozalar ti¢iin daxiloma teoremlori isbat edilir. Bundan olava, bu fazanin Banax
oldugu siibut edilmisdir.

G, =(x2—1)5“%(x2—1)‘*5i, xe (0,), Ae (O,%].

Acar sozlor: Lorentz-Gegenbauner fozalari, Gegenbauer diferensial operatoru, da-
xiletmo teoremlari, yeniden qurulma funksiyasi.

O HEKOTOPBIX CBOMCTBAX ITPOCTPAHCTB JIOPEHIIA - TETEHBAYJPA
I'"A.JAJAIIOBA
PE3IOME

B crartee BBOMUTCA mpocTpaHcTBO Tuma JlopeHia, cBsizaHHOEe ¢ AuddepeHnnanbHbIM
onepatopom I'erenbayHepa

G, = (Xz _1)%-/1 %(Xz _1)/1%%, Xe (O,oo)’ Ae (0,%).

HJ'IH OTUX MPOCTPAHCTB JOKA3aHbI TCOPEMBI 3Me,H,HI/IHFa. bonee TOro, f0Ka3zaHoO, 4TO 3TO
MIPOCTPAHCTBO ABJISICTCS 0aHaXOBEIM.

KaroueBsie cioBa: npoctpancta Jlopenua-I'erendayaspa, nuddepeHnuaibHbpii ome-
parop ['erenbayspa, TeopeMbl DMEINHTA, TIEPECTAHOBOYHAS (DYHKIIHS.
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The main purpose of this paper is to find the explicit formules for holomorphic functions
in the associative commutative nilpotent algebra of order 4.

Keywords: Associative and commutative algebra; holomorphic functions; Cauchy-
Riemann conditions

Mathematics Subject Classification: 30G35, 53C15

1. Introduction
We consider a 4-dimensional associative and commutative algebra A, over R

with basis {e,, e,, e3,e,} = {1, ¢, 2,3}, €* = 0 and structure constants C’;B:
e ep = CZBeV ,o, B,y =1,234
This concept has lots of applications in many fields of fundamental sciences;

such, algebraic geometry, Riemannian geometry, theory of lifts in bundles, we
refer the reader to [1, 2, 3, 4].

Let z=x"e, € A, be an algebraic variable, where X“ € R (o =1,2,3,4)
are real variables. We introduce an algebraic function wW=w(z)e A, of va-
riable ze A, in the following form

w=y”(x)e,,
where y#(x) =y (x',x*,x,x*), B=1,2,3,4 are real-valued C~- functions.
Let dz=dx"e, and dw=dy“e, be the differentials of z and w(z), respec-
tively. We shall say that the function w=w(z) is an A -holomorphic function
if there exists a function W (z) such that

dw=w (z)dz.
We shall call w(z) the derivative of w(z).

We now construct a matrix of order 4 X 4 in the following form:

Co=(Cly) a=1234,
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where C/; are structure constants of algebra A, y denotes rows and /3
denotes columns of matrices C,. Since A, is associative, i.e.
(e,85)e, =¢,(ese,), we have

Cg,Cs, =C;Cs. . (1)
Using matrices C, =(C/;)=(C},), from (1) we find
C,C,=C;C,,

i.e. an algebra of matrices C(A)={x“C,, X” € R} is an isomorphic represen-
tation of algebra A, ={X"e,, X” € R} and is called the regular representation
of A,.

The function w=w(z) is A -holomorphic if and only if the generalized
Cauchy-Riemann conditions hold [1, 4]:

ayf o
C.D=DC, (:Bayy azﬁc"y>,a—1,2,3,4, )

yP
where C, = (C ) and D = (a B) is the Jacobian matrix of y*(x) .

2. A, -holomorphic functions
Letnow A, be an algebra of order 4 with a canonical basis
e, e0,e3,e,3 ={1, ¢ €2, €3}, e*=0
From
CHh=1C4=0C}=0C{,=0,C5=1C}=0C=0
Ci,=0,C%=0,C=1C3,=0,C%4=0,C3,=1C5=0
€14, =0C%=03,=1C3,=0,%=0,3,=0,C3, =0
€31=0,C%4=0,C3=0,C33=1,C%5=0,3;=0,C53=0
C33=0,C35=0,C33=0,3,=0,C3 =0,C3;,=0,C5,=0
Cih=1,C4=0,C3,=0,Ci,=1C4=0,C3,=0,Ci, =0

we see that the matrices C, = (CZB) ,0 =1,2,3,4 of regular representation

of algebra A, have the following forms

1.0 0 0 0000
[0 10 0 (100 0
“=loo0o10) ©“=\lo1o0 0f
00 0 1 0010
00 0 0 00 0 0
{0 0 0 o [0 0 0 0
“={1000) “=lo o0 o0 0
010 0 100 0
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If 0 =4, then from (2) we have
o YF _9y"
B oxy T gxB Y

or
oyt dy? oy3 oy*
a _ 7 a _ 7 a _7 a _Z
C416xY+C426 V+C438 V+C446 ”
_oy“ ay“® ay* ay“®
T Ox 1C4Y dx ZC4V Ox 3C4)/ dx 4C4V .
From here, using components of C,, for the case of y = 1, we obtain
oyl 0y? ay3 oy*  oy“
Cﬁﬁ”ﬁm”ﬁﬁ”ﬁﬁ= oxt
or
6y _ ay% _ — ) ¥ _ _
For the case of y = 2, we obtain
oyt dy? ay3 oy*
Cglﬁ_i_ Ci> Ox2 + Ci3 Ox2 + ng;ﬁ =0
or
ayt
o2 = 0 “)
Similarly, for cases of y =3,y =4, we have
W _ o 9 _
o0 = 0 5 =0 (3)
respectively. Thus from (4) and (5) we have
y=y(x). (6)
If 0 = 3, then from (2) we have
. 0P ay”®
3 97 = 9B O3
oy’ ay? day® ay*
gy tlag 0yt
Wy, ay“ ay“®
~ ox C a 32 C3V dx 343 C3V ax4 C';’L)’
For the case of y = 1, from here we obtain
oy’ dy* ay* 9yt _oy®
C316 1+C3za 1+C338 Tt 348x1 = 9.3
or
ay? oyl _ ay? ay? _ oyt
= 0@=1%=0@=2%=25 =% =L@=4 )
For the case of y = 2, we obtain
oyl dy? dy3 ay* oy“
C316 2+C326 2+C33a 2+C3462 ax4
or
oyt ay? oyl _ ay? ay? _ oyt
5=0(a=1)5=0@=2),75="2 (@=3),55=22 (@a=4) (8
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Similarly, for cases of y =3,y =4, we have
ol g 02
e 0 a0 ©)
respectively.
If 0 = 2, then the generalized Cauchy-Riemann conditions have the
following form
o 0P _0y"
2B 9xr ~ gxB %Y

or
ay! ay? ay? ay* _oy* 1 [ 0y% o | Oy* a3 OyY g
Coi gy T Coa gy ¥ (o5, + Cla gy = 55m Coy + 5,2 Coy + 553 Gy + 5,0 Gy
For the case of ¥y = 1, we obtain
ay! dy? ay3 ay* oy“
Grigatagatgat g i=g.a
Fora=1
a 1
9 _o.
0x?
Fora =2
oyl _ ay?
i ot (10)
For a =3
ay? _ oay?3
axi  axt (1)
For a =4
ay3 _ oy*
ot oxt (12)
For the case y = 2, we obtain
dy?! dy? ay3 ay* ay“*

Chgatlagathayattha; =57

For a =1
oy?! ~ o
ax3
For a =2
oyt _ oyt _
S = g7 = 0. (13)
For a =3
ay? _ay® _
S = g% = 0. (14)
For a =4
oy® _ ay*
priirrel (15)
For the case of y = 3, we obtain
oyl dy? ay3 ay* oy“
ChgatChagatlagstags=ga
For a =1
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oyt

ax*
For a =2

ayr  oay?

ﬁ = ﬁ = 0 . (16)
For a =3

dy?  09y3

a7 a0 (7
For a =4

ay?  oy*

% == ﬁ = O . (18)
For the case of y = 4, we obtain

ay! dy? ay3 oy*

CH ppwis cs, pywis Cc pywins Ccs, pyri 0.
For a = 1, we obtain the identity 0=0.

For a =2
oyt
m: 0
For a =3
dy?
Ox*
For a =4
dy3
Fwie 0.

Thus, from (3) — (18) we see that the A, - holomorphic function
w=w(z) =y (x', 2% 2% x") + ey?(xh, x?, 2%, x%) + 2y° (xF, 2%, %%, 1)
+ 3y*(xt, x2,x3,x),
where = x! + ex? + £2x3 + £3x* , the generalized Cauchy-Riemann
conditions reduces to the following equations:

[ ayl B ayZ ay3 ay4

axt  ox2  0x3  ox* @
ay? ay3 ay? ody?
) y _ y ' y _ y —0, (ii)
Jx1 0x? 0x3 ox*
ay* ay* oay® oay* oy’
= , = , =0. (iii)
dx1  0x2’ 0x2 o0x3 o0x*

From (6), (ii) and (iii) we have
[y =y,
! y? =y (xtx?),
y? =y3(xt,x%x%),
ly4 = y*(x?,x3, %3, x%).

Also from (i) we have
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dyt
yA(xt x?) = x* =+ G, (x1),

dx )
d
y3(x1,x?,x3) = x3dL + G,(x1, x?%),
40,1 02 03 4 L7 3
yH(xt x%,x%,x*) =x Il -+ G3(xt, x2,x3).
After substituting of y! and y? into equation (ii), we find
96z _ 2 @y’ | dGi
ax2 d(x1)2 = dx1’

1.e.
d2y1

1 daG,
G,(xt,x?) = 5 (x?)? +x 2 T+ Hi(xY),

(dx™)?
where G; = G;(x') and H,; = H,(x') are arbitrary functions. Thus
dyt 1 d?y?! dG,
y3 = %3 Txl + —(xz)2 @) + x2 T+ Hy(x1).

After substituting values of y3 and y* into (iii), we find
Gy, d*y! 1 d3y? , d?Gy  dHy(x")

2 (22
oz =X @ 2O Gy Y et T
1e.
d?y? 1 d3y?! 1 d?G, dH,
Gy (xt, x%,x3) = x2x3 i 1)2 ( 23 ——— (x 1)3 ( 2)2 (@2 + x? T
+ H,(x1,x3).
Therefore,
y4 =x4d_yl+x2 3 d2y1 ( 2)3 3y1 ( 2)2 del + x2 dH,
dxl (dx 1)2 (dx 1)3 (dx 1)2 dxl
+ H?(x1, x3).
3 4
We note that H, (x1,x3) = H,(x1). In fact, from the equation % = % of
(i) we have
{6y4 _ 2 d?y!  0H,(x',x3)
0x3 (dx1)2 0x3 ’
ayS 1 5 dzy1 5 d2y1
——==-2x =x ,
ox2 2 (dx1)? (dx1)?
. H,(xtx?) 1
from which follows that —5 =0 =H,=H (xh).

Thus the A, -holomorphic function w=w(z) has the following expression
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d 1
w(z) = yPe, = y'(x1) + & [ x2 o + @(xl))

dx
d d?y? dG,
+ &2 <x di —( 2)2 @ }1/)2 x2 +H1(x1)>
dy dzy1 3y1 1 del
3 &y 2.3 2 (+2)3 2 (x2)2
+¢€ <xd +xx(dx1)2 ( )(d DE 2(x) (dx1)?

dH
+ x2 d—x; + Hz(xl)) .

3. Generalization
Similarly, if
w(zh, ..., z™) =y, M) + ey?(al, L, x4 + 292 (x, L, xt)
+ 3y*(xl, ..., x*M)
where zt = x! + ex™ + g2x2MH 4 £3x3MH j = 1, . n is a multi-variable A, -
holomorphic function, then the function w = w(z?, ..., z") has the following
specific form:

w(zt, ..., z") =y, .., x™) + e(x™So5y + g(xt, .., x™))

oyt 1 9%yl dg

2| w2n+s 27 T .n+s.n+t n+s 9

te <x 0xs + 2! X 0xSoxt 0xs

+ G(x1, ...,x”))

ayl 1 a3y1
3(.3 2 ¢ t
d%g G (x1, ..., x™)
+ x™tS axsaxt+ pye + P(xt, ..., x™) .

If g(x%, ..., x™) = G(x%, ..., x™) = P(x1, ..., x™) = 0 and y*(x?, ..., x™) =
f(xt, ..., x™), then the function
of 1 9%f
W(Zl, "”Zn) — f(xl, "”xn) + an+sasf + 82 <x2n+s % + Exn+sxn+tm>
+

63
+S3( 3n+s 9 f_|_x2n+s n+s+ xn+sxn+txn+r f )

axS dxSoxtoxT
1s said to be natural extension of the real C°° - functions f = f(x',..,x") to A,.
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HOLOMORF FUNKSIYALAR HAQQINDA
T.T. SULTANOVA
XULASO

Bu isin osas moqsodi 4-cii doracoli assosiativ kommutativ nilpotent cobrdo holomorf
funksiyalarin aciq ifadesinin diisturlarini tapmaqdir.

Acar sozlor: Assosiativ vo kommutativ cobr, holomorf funksiyalar, Kosi-Riman
sortlori.

O rOJIOMOP®HBIX @ YHKIHUAX
T.T.CYJITAHOBA
PE3IOME

OcHOBHasl IeTb 3TOW CTaThH — HANUTH SIBHBIE (OPMYIIBI AT TOIOMOP(HBIX (GyHKIHI B
ACCOIMMATUBHON KOMMYTAaTHBHOW HIJIBIIOTEHTHOU anreOpe mopsiaka 4.

KuroueBble ciioBa: AccolluaTuBHAs U KOMMYTaTHBHAs anredpa, rosoMopdHbie QyHK-
umu, yciosust Komu-Pumana.
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HEOBXOJUMOE U JOCTATOYHOE YCJIOBUE
OINITUMAJIBHOCTH B JIMHEMHOM 3ATAYE
YIPABJIEHUS JUHAMUKHU HOIYJISILAU

A.MN.ATAMAJINEBA
bakunckuii I'ocyoapcmeennstii Ynueepcumem
agamaliyeva88@gmail.com

B pabome paccmampusaemcs nunetinas 3a0ava ONMuUMAaibHO20 YNPpagIeHus OuHaMu-
KO NONYAAYUU C MHOOMOUEYHBIM PYHKYUOHATOM Kadecmed. [Ipumensas 0OuH u3z 803MONMCHbIX
8apUAHmMo8 Memooa npupaweHuti (MoOUPUYUPOBAHHBIL APUAHN MemOo0d NPpUpaujeHuil) yc-
MAHOBNIEHO HeoOX00UuMOoe U OOCMAMOUHOe YCa08Ue ONMUMATLHOCHU MUNA NPUHYURA MAKCU-
myma [owmpseuna.

KinroueBble cioBa: AMHAMUKOW MOMYJISILUM, JUCKPETHBIA NPpUHLMI MakcuMmyma IloH-
TpSITMHA, HEOOXOIUMOE U JOCTATOYHOE YCIOBUE ONTHMAIBHOCTU, POPMYJIa PUPAIICHUSI.

1. IlocTaHoBKA 3a1a4u
ITycte D = [ty,t1] X [to, t1] — 3amansbli npsMoyronbHuK, a(X) 3agaH-
Has n — MepHas Bekrop-Gyukius, U € R' 3agaHHOEe HEMycToe M OrpaHHYCH-
HOE MHOXeCTBO, U(t, X) HempephIBHAS 10 X U KyCOYHO-HENpPEPhIBHAS 110 t (KO-
HEYHBIM YHUCJIOM TOYEK pa3pbhiBa MEPBOTO psifa) I' —MepHasi BEKTOP-pyHKIus
YIPaBIAIOUIMX BO3ACHCTBUI cO 3HaUeHUsIMU U3 U, T.e.
u(t,x) eUcCR,(t,x) ED (1)
Takue ynpapnsomue (QYHKIMHM HA30BeM JOIMYCTUMBIMH YIIpaBJe-
HUSIMU.
[Ipenmnonoxum, 4To TUHAMHUKA YIPaBIsSIEMOro HEMPEPHIBHOTO MIpoIiecca
OTMCBIBACTCSI CUCTEMOM JIMHEHHBIX MHTErpo-Iu(QepeHInaIbHbIX ypaBHEHUH
tuna OpeAroabma BuIa

X1
z.(t,x) = A(t, x)z(t, x) + f B(t,x,s)z(t,s)ds +
X0
+ f;;l C(t % s,u(t,s))ds + f(t, x u(t,x)), (t,x) € D, (2)
C HAYaJIBLHBIM YCIOBUEM
z(to,x) = a(x), X € [Xq,%4] 3)

3neck A(t,x), B(t,x), 3agannsie (n X n) HenpepsIBHBIE IO COBOKYITHOC-
TH TepeMeHHbIX Marpuunble (yHknuu, C(t x,s,u) u f(t x,u) — 3agaHHBIE
N —MepHbIE BEKTOP-(PYHKIUKM HENPEPHIBHLIE 110 COBOKYIIHOCTH II€EPEMEHHBIX,
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a(x) -3agaHHas N —MepHas HeNpepbIBHAS HAavadbHAs () YHKITHSL.
3ameTuM, 4TO ypaBHEHHUE TUIA (2) ONMUCHIBAIOT JAUHAMUKY MOMYJISLIHUMA
(cm. Hamp. [1, 2])

[Ipenmonaraercs, 4To, MPU CHCTAHHBIX MPEINOJIONKEHUAX, KaXKIOMY
JOIYCTUMOMY yripaBiieHHi0 U(t,X) COOTBETCTBYET €IMHCTBEHHOE KYCOYHO-
riajgKkoe 1o t U HenmpepbiBHOE 10 X pemenue Z(t, x) 3amxaun Komm (2) — (3).

[ycts T; € (to, t1],i = 1,k (tg < Ty < T, - < Ty < t;) 3aJaHHBIE TOUKH.

PaccMoTpuM 3aauy 0 HaXO0XkKJIEHUW MHUHUMAJIBHOTO 3HAYCHHSI JIMHEH-
HOTO MHOT'OTOYEYHOTr0 (pyHKIMOHAIIA

K

X1
s = [ Y et @ar, vax @
Yo =1
npu orpanndenusx (1) — (3).
3aeck c;(x),i =1,k —3amaHHble HENpephIBHBIC N —MEPHBIC BEKTOP-

GbyHKIMH.
Jonyctumoe yripasienue U(t, X) IOCTaBISIONas MUHIMAIBHOC 3HAYCHUE
¢bynkumonany (4) npu orpannyenusx (1) - (3) Ha30BeM ONTUMATBHBIM YIPABICHH-

€M, & COOTBETCTBYIOIIUI TIPOIIECC (u(t, x),z(t, x))- OITUMATLHBIM TTPOLIECCOM.

2. ®opmyiia npupameHuss QyHKIHOHAIA Ka4eCcTBAa U YCJIOBHUSA OII-
THMAJIBHOCTH

Cuuras (u(t, x),z(t, x)) HEKOTOPBIM JIONYCTUMBIM IPOIIECCOM Yepe3
@(t, x)=u(t,x)+Au(t,x), z(t,x) = z(t,x) + Az(t, x)) 0003HAYUM HPOM3BOJILHBII
JOIYCTHMBIN MTPOIIECC M 3aIMIIEM MpHUpalieHne GYHKIIMOHAIa KauecTBa COOT-
BETCTBYIOIIEE ATHM JOIYCTHMBIM IPOLIECCAM:

45w =S@ —Sw) = [' Tl ¢ (D2(Ty,x)dx (5)
Scno, uro npupaimenue Az(t, x) cocrostaue z(t, x) SBISETCSA PEIICHHU-
eM 3aj1a4u

z.(t,x) = A(t,x)Az(t,x) + fXIB(t, x,5)Az(t,s)ds +
+ fx)?[C(t, x, s, 0(t, s)) — C(t, x, s, u(t, s))]ods + f(t, x, u(t, x)) - f(t, x, u(t, X)), (6)

ITycts P (t, x) HEKOTOpAst N —MepHask BEKTOP-PYHKIIUSL.

N3 (6) nosmyyaeM crpaBeIMBOCTb TOXKIECTBA
th X1

t1 X1
f Y'(t, x)Az.(t, x)dxdt = f Y'(t, x)A(t, x)Az.(t, x)dxdt +
t

0o “Xo to “xo
+ f
to
X1 X

ty 1
+J- f Y'(t, x) [C(t, x, s, u(t, s)) — C(t, x, s, u(t, s))]dxdsdt +
to Yxo “Yxo

t1 rX1 X1
f Y'(t, x)B(t, x,5)Az(t, s)dsdxdt +
Xo YXo
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+ ftzl f;;l V', 0)[f (6 x,a(t, %)) — £(t,x,u(t,x))] dxdt. (7)
Ortcrona BBes 0003HAYEHUS
H(t, x,u(t,x), P(t, x)) ='(t, x)f(t, x, u(t, x)) +
+ f;ol Y'(t,5)C(t,s,x,u(t,x))ds,

Ay yH(t, x,¢) = H(t, x,u(t,x), Y(t, x)) - H(t, x,u(t,x), Y(t, x))

BBILLCIIPUBEACHHOE TOXKAECTBO (7) 3aIMCHIBACTCS B BUJIE
t1 X1

ty X1
f Y'(t, x)Az:(t, x)dxdt = f Y'(t, x)A(t, x)Az:(t, x)dxdt +
t

0 YXo to “Xo
+ fttol f;ol f;:l/)’(t, s)B(t, s, x)Az(t, x)dsdxdt + fttol f;olAﬂ(t,x)H[t, x, Pldxdt (8)
3ameruM, uto BBeaeHHas GyHkiwms H(t, x,u, ) sBisercs aHAIoroM QyHKIHN
I'amunbrona [IoHTpsArMHa 1JI paccMaTpUBAaEMOM 3a1a4u.
[Ipunumas Bo BHuMaHue (8) B hopmysie mpupaiieHus (5) moaydyuM, 9To
k

AS(u) = B ¢; (x)z(T;, x)dx +
[.2

Xo =1

t1 rXxq t1 rxq ,
+J;0 LO ll)’(t,X)AZt(t,x)dth— _];0 LO (A,(t,X)lll(t,x)) AZ(t,x)dxdt _

t , ! t

- tol f;ol (f;olB (t, s, x)y(t, s)) Az(t, x)dsdxdt — ftol f;ol Ay HIE, x,p]dxdt (9)

IMockonbky A(ty, x) = 0 T0, st Az, (t, X) moay4nM, 4TO
Az(t,x) = ftl; Az, (t, x)dt.
CrnenoBaTeibHO,
A72(T;, x) = ff;iAzt (t,x)dt. (10)

UYepes a;(t) 0603HAYNM XapaKTEPUCTUIECCKYIO (DYHKIMIO OTpe3Ka [to, T;].
C ydetoMm BBesieHHOTO 0003HaueHus u3 (10) criexyer, 4To

Az(T;, x) = ft

to
[TosTomy hopmyna npuparnienus (9) mpuHUMAET BUT

ty rxg K
AS(u) = f f Zai(t)c{(x)zt(t,x)dxdt—
to X0 =1

t1 rx1 ty !
—f f <f A'(t, x)Y(t, x)dr) Az (t, x)dxdt +
to Jxo \Jt

+ ttol f;ol [fttl f;ol (B'(r,s,0)y(z, s))’dsdr] Az, (t, x)dxdt —

Jo 12 Ao It x, ) dxdt (11)
JTo cux mop Y(t,X) CUMTANOCh HEM3BECTHON BEKTOP-(QyHKIMEN. Teneps eciu
IPEANON0KHUTE, 94TO P(t, X) ABJISIETCS PEHIEHHEM HHTErPAIbHOIO YpaBHEHUS
tuna Bonsreppa Buaa

1
a;(t)Az:(t, x)dt.
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Y(tx) = [ A @Y 0T + [ [7 B (@5, 0% (@, $)dsdt - i ai (O (x),  (12)
Torjaa ¢popmyna npupameHus (12) mpuMer crieayromnuid OKOHYaTeIbHBIA BU
AS(w) = — ffol [ Au oIt x, ldxdt. (13)
Cucremy MHTETpalbHBIX ypaBHeHHUH (12) Ha30BeM CONPSHKEHHOM CHCTEMOW B
paccMmaTpuBaeMoil 3a1aue ONTUMAIbHOIO YIIPABICHUS.
C nomomipto hopmyisl (13) mokasspiBaeTcs

Teopema 1. Ijis ONTUMAIBLHOCTH JOIYCTUMOro yrpasieHus u(t, x) B
3amaue (1) — (4) He0OX0IUMO U JOCTATOYHO, YTOOBI HEPABEHCTBO

f;‘olAv(x)H[e, x, Y] <0, (14)
BBIITOJIHSUIOCH JUIst BceX v(x) € U, x € [xg,x1],0 € [ty t1).
3nech v B gaibHeimeM v(x) MPOW3BOJIbHAS HEMPEPHIBHAS BEKTOP (YHKIIHS,
0 € [ty, t;) NpoM3BOJIbHAS TOYKA HENPEPHIBHOCTH AOIMYCTHMOIO YIPABJICHHS
u(t, x) mpu Bcex x € [xg, x4].
Jdoxa3aTenbCcTBO.
Heob6xoaumocts. ITycts u(t, X) onrumansHoe yrpasiaeHue. Toraa scHO, 94To
S(u+4u) — S(u) = 0, (15)
IUISL BCEX JOIYCTHMBIX mpupatienuit Au(t, x) ynpasnenus u(t, x).
[Mpenmnonoxum, uto, v(x) € U,x € [xy, X1] npon3BOIbHAsT HEMPEPHIBHAS BEK-
Top-pyHKIus, O € [ty, t;) NPOU3BOJILHAS TOUKA HENPEPHIBHOCTH IOIYCTUMOIO
ynpasienust U(t,x), a € > 0 IPOU3BOIBHOE JTOCTATOYHO MAJOC YHUCIIO TAKOE,
yto 6 + £ < t4.
CrenpanbHoe MpHpaieHde A0nycTuMoro yrupasienus u(t, x) ompemne-
UM 110 hopmyIie
Jult,x; €) = {v(x) —u(t, x),_(t, x) €1[6,0 + &) X [xg,x1] (16)
0,(t,x) €[6,0 + &) X [xg,x1]-
YuuteiBas (16) B (15) u npuMeHsist TEOpEMyY O CPEIHEM MOTYUHUM YTO

S(u(t, x) + Au(t, x; e)) — S(u(t, x)) = —¢ fxlAU(x)H[B,x, Yldx +0(e) =0

Orcrona cinenyet HepaBeHCTBO (14). Ilepeinem kK moka3aTeabCTBY J10C-
TATOYHOCTHU yCJIOBUSI MakcumymMa (14).

N3 ycnosust makcumyma (14) ciemyer, uto s Jroboro v(x) =
v(0,x) €U, x € [x9,x1],0 € [ty tq).

X1
| tuo.0HI0, 5 p1ax < 0
Xo
Orcrofa B CHTy MPOU3BOJIBHOCTH O € [t, t1) ClieayerT, 4To
ftf)l [7} Ao, HIO, x,Pldxd0 <0,
VYuuteiBasi, 3T0 HepaBeHCTBO U3 (2.1.13) momyvaem, 4ro
t
SW) =S =~ [ [ Ay0.0H[6,x,¥]dxd6 < 0,

st Beexv(0,x) € U, 0 € [ty, t1),x € [xg, X1].
DTHUM JI0CTATOYHOCTH yCJIOBUSI MakcuMyMa (14) nokazaHo.
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3. Cay4aii HeJIMHEHHOr0 BHIMYKJIOT0 (PYHKIIMOHAJIA LeJIH
IIycts ¢(aq,ay, ..., a;) —3aJaHHAs BBIIYKIas M HENOPEPLIBHO audde-
peHpyemas ckanspHas ¢yHkius. PaccMoTpuM 3ajady HaxO0KIEHHUS MUHU-
MaJIBHOT'O 3HAYCHUS HEIUHEHMHOTO MHOIOTOUYEYHOI'O Q)YHKL[I/IOHEUIa
S = [ ¢ (x,2(Ty, ), 2(T2, %), -+, 2(Ty, X)) dx, (17)
npu orpanndenusx (1) — (3).
JlokaxkeM, 4TO B cllydyae HEJIMHEHHOIr0 BBIMYKJIOro (PyHKIIMOHAJA Kaye-
CTBA IMPUHIMUII MAKCUMYMa ABJIACTCA JOCTATOYHBIM YCJIOBUEM OINTHMAJIBHOCTHU.
Boruncnum npupainenue GyHkunoHana kadectsa (17) cooTBETCTBYIO-
mee qonycTuMbiM ynpasienueM u(t, x) u u(t, x) + Au(t, x). Ilpumenss ana-
sor popmynel Teitopa nmeem:
AS(u) =S(u+4u)—Su)—=

6',(T,),(T,),~~~,(T,)
[ ¢ (oztTyx ZaZiZX “Te¥) £g (T, %) dx + Joh 01 (i l1Az(Ty, 0 l)dx. (18)

3necy u B panbHeiimem 0(a)/a — 0 — mpu a — 0, al|la|| Hopma BekTopa
a == (ay, ay, ..., a,)" onpenensemas hopmyioii |la|| = X, |a;l.
Brenewm ananor ¢hopmynsl 'amunsrona-IloHTpsruna B Buzie

M(t,x,u,p) =p'f(t,x,u) + f;olp’(t, s)C’(t, s, x,u(t, x))ds,
rae p(t, X) moka HeM3BeCTHAS N -MepHas BeKTop-(yHKiws. [1o aHanmoruu ¢ j1o-
Ka3aTelbCTBOM (opMyiibl ipupanieHus (13) moka3piBaeTcs, 4To

AS(u) —— ;601 ftt(.)l i(:l a; (t) a9 (x.Z(Tl,x).Z(Tl.X),'".Z(Tl'x)) AZt (t, x)dxdt +

aZi
+ftt01 fjolp’(t, x)Az, (i, x)dxdt — fttol f;col (f:lA’(T, x)p(z, x)dr) Az, (t, x)dxdt —
- fttol f;ol [ftt; f;ol(B’(T, s, x)p(z, s))dsdt] Az, (t, x)dxdt —
t
= Jo fi} BageaoMIt x pldxdt + [ 04 (ZiC 142(T;, )l )dx. (19)

ITycts p(t, X) sBISETCS pEHICHHUEM JTHHEHHOTO HHTEIPAIBHOTO YPABHECHHS

tl X1 tl
p(t,x) = f A'(t,x)p(t,x)dt +f f B'(t,s,x)P(t,x)dsdt —
xo Jt

t

k

_ Z a,(t) 6¢(x, z(Ty,x),2(Ty, %), , Z(Ty, x))

aai
i=1
Torna u3 popmynel npupamenus (19) nomyuaem, 4to
AS@) = = [0 [7 Aage oMt x, pldxde + [0y (B 1142(T, 1) dx (20)

Mo mpeamnosoxeHnto ckansipuas GyHkiwst ¢ (2, Z,, ..., Z) SABISIETCS BbI-
nykiao u muddepennupyemoit GpyHkiuend. B cuimy 3TOrO mpenrnonoKeHus,
YUUTBIBAsI ©3BECTHBIC CBOMCTBO BBIMYKIIBIX (DYHKIIUN TOTYyIHM, YTO

k
X1
| 0z 0l ax o,
*o i=1

[TosTomy u3 popmysbel npupamenus (20) caeayer, 4To
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AS(W) = = [ [X* Ay e Mt x, pldxdt 21)
0 0 !
C momoipio HepaBeHCTBa (21) MO aHAJIOTHM € JI0KAa3aTEIbCTBOM TEO-
pemel 1. goka3bIBaeTcs
Teopema 2. JIsi ONTUMAIBHOCTH JOIMYCTHMOTO yrpaBieHus u(t,X) B
3amade (1) — (3), (17) nocraTouHo YTOOBI HEPABEHCTBO
S ByoMI8, %, p] <0, (22)

BBIIIOJIHSUIOCH JUISI BCeX 6 € [tg, t;) uv(x) € U,x € [xg, X41].

TakuM 00pa3zoM, IPEIIOI0KEHUE O BBIIYKIOCTH HEJIMHEHHOrO (YHK-
[MOHAJIA KA4eCTBA MO3BOJIUI JI0KA3aTh JOCTATOYHOE YCIOBUE ONTHUMAIBHOCTH
B (hopme mpuHIHIIAa MakcuMyMa [loHTpsITrHHA.
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POPULYASIYANIN DINAMIKASININ X3TTi OPTIMAL iDARD OLUNMASI
MOSOLOSINDO OPTIMALLIQ UCUN ZORURI VO KAFIi SORT
AJd. AGAMALIYEVA
XULASO
Maogqalads populyasiyanin dinamikasini xatti, Fredholm tipli inteqro-diferensial tonliklor
sistemi ilo tosvir edon bir optimal idarsetma masalosine baxilir. Optimalliq ii¢iin Pontryaginin
maksimum prinsipi sokilindo zoruri vo kafi sort alinmigdir. Ayrica olaraq funksionalin geyri-

xotti vo qabariq oldugu hal 6yronilmisdir.

Acar sozlar: inteqro-diferensial tonlik, miimkiin idars, optimal idars, artim disturu,
qabariq funksional.

NECESSARY AND SUFFICIENT OPTIMALITY CONDITION
IN A LINER POPULATION DYNAMICS CONTROL PROBLEM

A.IL.LAGHAMALIYEVA
SUMMARY
Consider the one optimal control problem described by a system of linear integro-
diferencial equations of Fredholm type is considered in the population. The paper establishes
necessary and sufficient condition for the optimality of the Pontryagin maximum principle

type. The case of a convex nonlinear functionals studied separately.

Key words: integro-diferential equation, admissible control, optimal control, the
increment formula, convex functional.
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BAKI UNIiVERSITETININ XOBORLORI
Al Fizika-riyaziyyat elmlari seriyasi 2022

MEXANIKA

VJIK 539.3

O MATEMATHYECKOM MOJIEJINMPOBAHUUN
INOBPEXIAEMOCTH KOHCTPYKTUBHBIX 2JIEMEHTOB
CTEP’KHEBOI'O THUIIA ITPU PACTSKEHUN

C.A.IIUPUEB, I .5.I'YCEHHOBA
A3zepoaiioncanckuit Texnuueckuii Ynueepcumem
sahib.piriyev@aztu.edu.az
gulshan.huseynova@aztu.edu.az

Cospemennas mexuwuxa npedvasnienm NosvlueHHble mpedosanus K MOYHOCIU U mujd-
MeTbHOCMU pacyema 1eMeHMO8 KOHCIPYKYUL U CAMUX KOHCMPYKYUll, @ maxice K OYeHKe ux
pabouezo pecypca. Hccredosanue nosedenuss Mamepuanios u KOHCMpYKYuil 6 YCI08UAX CLONHC-
HO20 HANPSANCEHHO20 COCMOSHUA Npeocmagisiem cobol 00HO U3 8ANCHEUWUX HANPAGIeHUll
paseumus Mexanuxu degpopmupyemozo meepooeo mead. Illonumanue paspyuieHus Kax 6pemeH-
HO20 npoyecca, 80 83aAUMOCEA3U ¢ NPOYECCOM OeOPMUPOBAHUS, NPUBENO K NOABIEHUI) Meo-
puli nogpexcoaemMocmu, K020a 6 00béMe MAmepuala KOHCMpYKYUY 8 npoyecce HazpyrHceHus
06pazyemcs u HAKANIUSAIOMCA PA3IULHO20 pooa OegheKkmbl, 00veduHsembvle eOUHbIM MepMu-
HOoM — nospexcoaemocmy. [looobnas guszuueckas kapmuna pazeumus npoyecca paspyuieHus
0c0benno naznaono nposasisiem ceds O NOIUMEPHBIX U KOMROUMHBIX MATNEPUANO8, WUPOKOe
gHeOpeHle KOMOPLIX 6 MeXHUKe U 8 NPOMBIUTEHHOCU 00BACHAEMCA UX O0nbULON YOeTb Ol
NPOUHOCBIO U GA3KOCMBIO DA3PYUEHUS, U, COOMEEMCMBEHHO, 803MONCHOCIbBIO CHUNCEHUS
seca oemanell u KOHCMPYKYuil. IKCnePUMEeHMAIbHble OUASPAMMbL NOKA3BIBAIOM, YN0 ) IMUX
Mamepuanog degopmayus NOA3yyecmu He ce2dd odOpamuma — oCMamoyHas oeopmayus
onpedensemcs 06bEMOM HAKONIEHHBIX 8 NPOYecce HACPYIHCeHUsl 0eheKmos.

B cmamve paccmampusaemcst 60npoc 0 KUuHemuka HAKONJIEHUs NOBPENCOCHUT 8 KOHCNI-
PYKMUBHBIX 2NEMEHMAX CMEPICHe8020 muna npu pacmsicenuu. Mcxoos uz npunyunog mexa-
HUKU pa3pyuwleHus paccmMompensl HeKomopble npocmole MamemMamuyeckue MoOeau KUHemuKu
HAKONNEHUs. NOBPENCOCHUL YUemOoM dMUX 0COOEeHHOCMEII.

KitroueBble cj10Ba: OBPEKIAEMOCTb, Pa3pyIICHUE, HAMPSDKEHHUE, IT0JI3YYeCTb, Ae(opMarusi.

1. BBenenme
['maBHas 3ajadya MPOEKTUPOBAHUS JJIEMEHTOB KOHCTPYKIUNA M CaMHX
KOHCTPYKIIUA — 3TO HEAOIMYIICHUE Pa3pyIICHUs] MPOSKTHUPYEMBIX HIeTajed u
KOHCprKL[I/Iﬁ B TCUCHUU yCJIOBJIeHHOFO Hepuoua C-)KCHJIyaTaL[I/II/I. BOHLH_II/IHCT-
BO KOHCTPYKLIHHA paOOTaeT B YCIOBHSIX CIOKHOTO HAIPSHKEHHOTO COCTOSTHUSA,
KOT/JIa OLICHKA JTMTEeJIbHOW MPOYHOCTH 3aTPYAHUTENbHA, a KOT/1a MaTepuai 00-
JaJlaeT BA3KUMH CBOMCTBaMHU, TO TTOPO U IIPOOIeMaTHIHA.
[TpoGnema ompeneneHusi pabodero pecypca KOHCTPYKIIMM, B Marepuale
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KOTOPBIX B IIPOLECCE HATPY>KEHUS MOSBISAIOTCS 1e(EKThl Pa3InuyHON TPUPOIBI
U TEOMETPUH, HIPEJCTABISIET COOOM OJHY M3 aKTyaJbHBIX 3ajad Hay4yHO-
TEXHUYECKOro Iporpecca. B 4muCiio OCHOBHBIX BBIIBUTAaeTCs Ipodiiema B3a-
MMOJICHCTBHUS MPOLECCOB 1e(hOPMUPOBAHUSA M PA3PYLICHUS MATEPUATIOB C MX
CTPYKTYpoil u nedeKkTamu, KaKk HauaJbHBIMH, BOSHUKIIMMU B MPOLIECCE U3TO-
TOBJICHUS, TAaK U MOSBISIOMIMMUCS U Pa3BUBAIOIIMMUCS B MPOIECCE HATrpyKe-
Hus. CyllecTBEHHOE 3HA4YCHHE MOPOM MMEET BHEIIHSS Cpe/a, OKa3bIBaromias
3aMeTHOE BIMSHUE KaK Ha Je(opMallMOHHbIE, TAK U HA IPOYHOCTHBIC XapaKTe-
PUCTHKU MaTepHasioB. AJIEKBaTHOE OMKMCAHUE B 3TUX YCIOBHSIX JJISl CJIOKHOTO
HaNPSHKEHHOTO COCTOSIHUS IPOIIECCOB Je(OPMUPOBAHUS U PA3PYLICHHUS MaTe-
pHUalioB — BaXkHeilIas 3aqaya coBpeMeHHO MexaHuKu. C 3TUM KpYyroM 3ajad
TECHO CBs3aHa MpoOieMa IeOPMHUPOBAHUS WU TPOYHOCTH MOJUMEPHBIX U
KOMITO3UTHBIX MaTE€pPHAaJIOB, BayKHAsS JJIsl PallMOHATILHOTO MPOEKTUPOBAHUS OT-
BETCTBEHHBIX JIEMEHTOB KOHCTPYKIIUH, MAIlIMH U JIETATEIbHBIX aIlliapaTosB.

OtcyTcTBUE OAHO3HAYHOTO OINpEeNICHUsl IMapameTpa IMOBPEKICHHOCTU
00yCJIOBIMBAET PA3BUTHE IKCIIEPUMEHTAIBHBIX METOJOB OLEHKH 3TOW BENH-
YUHBI, OCHOBAHHBIX, KaK IMPaBWJIO, HAa PETUCTPALUd H3MEHEHUU (QU3UKO-
MEXaHUYECKHUX XapaKTePUCTUK MaTepHalia, Hau0o0Jiee UyBCTBUTEIIbHBIX K TOMY
BUJTy Harpy>KeHHUs, BbI3bIBAIOIINE STH MOBPEKICHUSI.

B kauecTBe XapaKTepUCTUK, N3MEHEHUE KOTOPHIX UIACHTU(DUIIUPYETCS KaK
HaKOIUICHHE MOBPEXACHUN NPU MOJI3Y4ECTH, UCIIONb3YIOTCS MPAKTUYECKU BCE
MeTtayorpagudeckre (IIOTHOCTh TUCIOKAIUNA, TIOPBI, TPEIIMHBI) U HEKOTO-
peie duznueckue (paccessHHasi SHEPrusi, dJIEKTPOCONPOTUBIICHUE, TUIOTHOCTH,
aKyCTHUYECKas 3MUCCHUsS) XapaKTEpUCTUKU MaTepHaja, OTpakarolllue MpoTeKa-
HUE B HEM IMPOIECCOB JIePEeKTOOOpa30BaHUSI.

2. AHAJIM3 JUTEPATYPHBIX JAHHBIX H MOCTAHOBKA MPO0J1eMbl

Kak moxasbIBaeT NMpakTHKa W OMNBIT, TBEPABIM TeJaM IMPUCYIIE SBICHUE
cTatudeckoil ycrajgoctu. Habmrogaemoe npu 3TOM pa3pylieHUe MpeCTaBIIseT
co0oli HeoOpaTUMBIM KWHETUYECKHM TMPOIECC HAKOIUICHHS TOBPEKICHUH,
MIPOUCXOJISIIINIA 110 BCeMy 00beMy Tena. TakoW TUI pa3pyIieHHs], CIeays yc-
TaHABJIMBAIONICHCS K HACTOSALIEMY BPEMEHHU Tpaauluu, OyaeM Ha3bIBaTh pac-
CESTHHBIM pa3pyLIECHUEM.

BooO1ie roBopsi mporecc ycTaloCcTHOTO pa3pylieHusi MOKET ObITh pasje-
JEeH Ha JBa IEepUOoJa: IEpPUOJ CKPBITOrO HAKOIUIEHHMSI PACCESIHHBIX IOB-
pexieHudt U mepuoa oOpa3oBaHUS M PAaCHpOCTPAaHEHHUs TpeuuH. Jnurens-
HOCTb IIEPBOIO Mepuoja Moxer cocTasisaTh oT 50% no 80% mosHOro cpoka
CITY»OBI UCTIBITHIBAEMOTO 00pa3Iia.

IMomxox k mpobGieme pa3pylieHUs] TBEPAbIX Tell, OCHOBAaHHBIA Ha KOH-
LENIUU HAKOTJICHUS! MOBPEXACHUN HMeeT JAaBHIO HcTopuio. CamMo MOHSTHE
"HaKoIJIeHHE MOBpEeXAeHUI" ObLJIO BBEACHO, MO BUAUMOMY, B 1924 rony
[Tanemrpenom [17]. Ero xoHueniusi mOBPEXJAECHHOCTH BO3HUKIA MPU HUHTEP-
MpeTalyy UCHBITAHUM MAPUKOMOAIIMITHUKOB Ha YCTAJIOCTHYIO MMPOYHOCTh, Ha
OCHOBE KOTOPBIX ObLIO MPEIOKEHO CIEAYIOIee YCIOBHE pa3pylIeHUS:
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D=1 (1)
rae BenuumHa D; =ni/N; moiydmia Ha3BaHHWE YCTAIOCTHOTO MOBPEKICHUS,
MPOU3BEJICHHOT0 32 N; IMKJIOB Harpy3ku ¢ ypoBHeM P; . B cBoro ouepens N; -
YUCJIO O0OpPOTOB /0 pa3pylleHUs] MPU MOCTOSHHBIX 3HAYEHUSX HArpy3ku Pj.
OpHako cepbe3HOe BHUMaHUE K ce0e ATOT MOAXO]I MIPUBJIEK JIUIIb TOCTIE TOSB-
nenus pabdor [18, 19]. A runoresa (1) mosyuusia U3BECTHOCTh KaK JIMHEHHBIN
3aKOH HAKOILJICHUS! MOBPEXACHUN MPHU YCTAJIOCTHOM pa3pylleHUU IMOA JEUCT-
BHEM Harpy3Kku MepeMEeHHON aMILTUTY/IbI.

st sBNeHUST MON3Yy4YecTH KOHIIEMIMS HAKOIUICHUS IMOBPEXKICHUI Oc-
HOBHOE CBOE pa3BHUTHE TOy4dmia B padore [7]. Poounconom [20] O6but0 mpeasio-
YKEHO OIIPeeTICHNEe MOBPEXKACHUN TIOJI3Y4eCTH, aHAJIOTMYHOE OMpEAEICHHIO,
nanHomy [amemrpenom. O6o3navas yepe3 T; Bpems pa3pyiieHus TpH MOJ3yde-
CTHM TIOJT ICUCTBUEM IOCTOSIHHOM Harpy3ku Pj, 171s onpesenenrs noBpexKICHUM,
BBI3BIBACMBIX JICHCTBUEM HArpy3Kku P; B TeueHUr BpeMeHH tj, OH Opaj OTHOIICHHUE:
D; =t/T; (2)
VYcnoBue pa3pyllieHus Npy MOJA3YYECTH MPU CTYIIEHYATOM HarpyKeHHH,
OTIpeAeNsIOCh OMATh Taku cornacHo (1). Ecnu uncno cryneHeil HarpykeHus
HEOIPAaHUYEHHO BO3pPACTAET, TO €CTh JUIs MepeMeHHOW Harpy3ku P=P(t), To
dhopmyisi (1), (2) npUHUMAIOT BU:

p ! G)

o T(P(1)
Onnako 3akoHbI (1) u (3) mpeacTaBisItOT cOO0H ompeeeHusT pa3pyiie-
HUS 33 THUM YHCIIOM, U0 BXOJIAIINE B HUX 3aBUCUMOCTH N; 1 T; JOKHBI OBITH
W3BECTHBI, UTO TPEOYET MPOBEACHUS UCTIBITAHUN MTPU HECKOJIBKUX MOCTOSIHHBIX
YPOBHSIX Harpy3ku. B MpOTHUBOMOJIOKHOCTh 3TOMY B KOHIICHIIUU MOBPEXKICH-
Hoctu KauaHoBa MCToONb3yeTcst TOJIBKO TEKYIEe MEXaHUYECKOE COCTOSHUE.
OCHOBBI TEOpUIl PACCESIHHOI'O pa3pylIEHUs WM, MO JIPYroMy, TEOpHUil
KOHTHUHYaJIbHOTO pa3pyllIeHHUs, TEOPUN MOBPEKIAEMOCTH, TEOPUN HAKOIUICHUS
NOBpeXIeHH, chopmynupoBansl B padote [14]. Teopun paccesHHOTO paspy-
IICHHs] OCHOBBIBAIOTCS HA MPEJCTaBICHUU O HAIMYMM B MaTepHalie paccesH-
HBIX JIe()eKTOB-MAJIBIX 110 Pa3MEPy U BCTPEUAIONIUXCS BO MHOXKECTBE B €IUHU-
ue oovema. Takumu nedekraMu MOTYT ObIThb, HallpUMeEp, MEXK3EPEHHBIE IO-
BPEXKJACHUS B MOJUKPUCTATTMYECKUX TEJIaX, MUKPOIIOPbI, MUKPOTpelnHbI. Bee,
MOJ00HOT0 U HMHOTO poaa NedeKTbl 0OBEIUHSIOTCS OJHUM TEPMHHOM- '"MO-
BpexAeHHOCTh". TOUHOE KOJIMYECTBEHHOE OIpEACNICHHEe TEepMHUHA "TOBPEK-
JEHHOCTB" B OOIIEM cily4yae OTCYTCTBYET, Jla U [0 BCEW BEPOATHOCTH, 3TO OII-
peneneHue TPYAHO WM JIaXe HEBO3MOXKHO CPOpMyIupoBaTh. Buammo oHO
MOXKET OBITh JTaHO B KOPPEKTHOH (opMe JHIlb NMPU KOHKPETH3ALUHU DPa3py-
[IAroIIeHcs cpeabl. B CBSI3M ¢ 3TUM MONY4HII pa3BUTHE (HEHOMEHOIOTHUCCKHIA
MyTh ONPEECHUS MOHATUS "TIOBPEKIACHHOCTH", I UICHTUYHOTO €My TTOHS-
THSI MEPBI MIOBPEXKICHHOCTH.
OcCHOBBI TEOpUH PACCETHHOTO PAa3pyLICHUS WU, TIO JPYTOMY, TEOpUN KOH-
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TUHYaJIbHOTO pa3pylIeHUsl, TEOPUH MOBPEKAAEMOCTH, TECOPUN HAKOILICHUS
MOBPEXICHMI, chopMynHpoBaHbl B padotax [3, 4, 13]. Teopuun paccessHHOTO
pa3pylLIeHUs] OCHOBBIBAIOTCS HA MPEACTABICHUH O HAJIMYMK B MaTepuale pac-
CeSTHHBIX JIe()eKTOB, MAJBIX [0 pa3Mepy M BCTPECUAIOIIUXCS BO MHOXKECTBE B
eauHuile oobema. TakuMu aedexTaMu MOTYT ObITh, HAIPUMEpP, MEK3epEeHHbIE
MOBPEXKICHHUS B TMOJIUKPUCTAIMUYECKUX TelaX, MUKPOMOPHI, MUKPOTPEIIUHBI.
Bce, mopo6Horo u uHoro poaa nedexkTsl 0OBEAMHSIOTCS OJHUM TEPMHHOM-
"moBpexaeHHOCTh". TOUHOE KOJIMYECTBEHHOE OIpe/iesieHne TepMUHA "TOBpe-
XKJCHHOCTH" B OOIIEeM ciy4yae OTCYTCTBYET, Ja U MO BCEH BEPOSTHOCTH, 3TO
oTpesesieHUue TPYIHO WU JaKe HEBO3MOXKHO cHOpMyIupoBaTh. Buaumo oHO
MOXKET OBITh JTaHO B KOPPEKTHOH (opMe JHIlb NMPU KOHKPETH3ALUHU DPa3py-
HIAroIIeHCs cpeabl. B CBSI3M ¢ 3TUM MONY4HII pa3BUTHE (HEHOMEHOIOTHUCCKHIA
MyTh ONpPEACICHUS MOHITUS "MOBPEKACHHOCTU" WIIM UJACHTUYHOTO €MY MOHS-
THS MEPBI IOBPEKIECHHOCTH.

BriepBeie moHsiTHE Mepbl MOBPEKICHHOCTH C IMOCTPOCHHEM COOTBETCT-
BYIOIIIMX KPUBBIX MPOYHOCTH ObLIM BBeneHHI B [7, 14]. KauanoBeim JI. M. [6,
7] B KauecTBe MEPbI NOBPEXKACHHOCTH BBEJIEH HEKOTOPBIN ckaysip 1=y >0. B
HAYaJIbHOM COCTOSIHMM TPU OTCYTCTBUHU MOBPEKACHHOCTH Y =1, ¢ TedeHHeM
BpeMeHU (QyHKIHUs y yObIBaeT. MOMEHT pa3pylIeHUs] ONpPEesieTcs YCIOBH-
eM Y =0. OyHKIUA Y HHTEPHPETUPYETCS B JIUTEPATYPE KAK '"CIUIONIHOCTB'.
Hezasucumo ot pabdot JI. M. Kayanoa Pa6orroBsiM FO.H. Oblna BBeieHa alib-
TEepHATHBHAs CKaJIsIpHas Mepa MOBPEXKICHHOCTH W =1—\, Ha3piBaemas '"mo-
BpeXJIeHHOCThI0". OHa paBHA HYJIO B HA4YaJbHOM COCTOSIHUM U €IMHHULIC B
MOMEHT pa3pylicHus. BBeIeHHBIM MOT00HBIM 00pa30M MepaM TOBPEKICHHO-
CTU MOKHO MPUAATh HEKOTOPBINA (u3nueckuil cMbIca. Tak B Tese, 0ciabIeHHOM
paccesiHHBIMU TI0 BceMy 00beMy JIe)eKTaMu, IIPH ONPEICIICHIH HAPSHKSHUS KaK
OTHOIICHUS CHUJIBI K COOTBETCTBYIOIIEH IUIOMIAH, CIeTyeT YUUThIBATh, YTO 3a UC-
TUHHYIO IJIOIIA/Ib CEYCHUS CIIEIYeT MPUHUMATH ILJIONIA/Ib HETTOBPEKIEHHON Yac-
™ ceyenus: S, = (1-w)S =S . Toraa UCTHHHOE HapshKEeHUe Oy IeT:

o.=—=——.
v l-w

[IpunuceiBas KaxjaoMy 3JIEMEHTY Tejla HEKOTOpPO€ 3HAYeHUE MEphl IO-
BPEXKJIEHHOCTH, TEM CaMbIM MPEBPAILAIOT 3TOT MapaMeTp B MEPEMEHHYIO COC-
tosinue. Torga HEOOX0IMMO MOCTYJIMPOBAHUE HEKOTOPHIX YpaBHEHUH, 3a]1at0-
LIMX 3aKOH €€ M3MEHEHUs, TaK Ha3bIBAEMbIX KMHETUYECKUX ypaBHeHUU. B [7,
14] nns onucaHus mMpolecca HAKOIUICHUS TOBPEXKICHUH CTPOMIIUCH MTOI00HBIE
KHMHETUYECKUE YPaBHEHHUS, YCTAHABIMBAIOIINE 3aBUCUMOCTH BBOJUMOW MeEpHI
MOBPEKJICHHOCTH OT BEIWYMHBI HanpsbkeHus. KadanoBeim JLLM. mocrtymnu-
POBaH 3aKOH POCTa MOBPEXKAAEMOCTH B popme:

dy o
Tl
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B yactHOCTM mpeyiaranock mpaByro YyacTh OpaTh B BUJE CTEIIEHHONW (QYHKIIUY.
Pab6otnoB 0. H. [13] mpeanoxusi BBOAUTH MOBPEKAAEMOCTh B KaueCTBE
rapamerpa B ypaBHEHHE MOI3Yy4ECTH:

de _p (o do_f o (5)
dt 1-w dt 1-w
WM xe npoBeieH aHau3 AJ1sl 3aBUCUMOCTH BU/JIA:
de _ do
—=aoc"(l-w)"; — =Co'(l-w) 6
“ aorli-0) Yocoli-o) ©)

JI71s1 SKCTIEpUMEHTANILHOTO OIpEIeNIeHUs] KOHCTAHT ypaBHEHUs (6) HeoOxo-
MO MMETh JIaHHBIE 10 MOJI3YYeCTH HAa YCTAaHOBHBIIMUXCS y4acTKax, KPUBYIO
JUTUTENIbHOW TPOYHOCTH JJIsi O0JIACTH XPYINKHUX Pa3pyLICHUH M 3aBHCUMOCTH
YIJIMHEHHUSI TIPU Pa3pbIBE OT HAPSIKEHUS.

[Tonxon Pabotnora FO. H. 6611 passur B paborax Illectepuxosa C.A., Jlo-
komeHko A. M. [3, 4, 8,9, 10, 11]. Jna onucanusi HEMOHOTOHHOM 3aBUCHUMO-
ctu AeopManuy pa3pymeHusi METaUIOB OT YPOBHS HAINPsDKEHUs ObLIO Mpej-
J105%k€HO B (3) CTENEeHHYIO0 3aBUCUMOCTb CKOPOCTH Je(OpMaIluu MOJI3YyYECTH P
OT HaNpsHKCHUs 3aMEHHUTH Ha (PyHKIHIO runepoonnyeckoro cunyca [117]:

dP __ sh(a/b) )
dt  (1-0)

Jlns onucaHus BTOPOM M TPEThEM CTaIUi KPUBBIX IIOJI3Y4ECTH METAJUIOB
MIPEIIOKEHBI ObUTH CeAyIoIHe Mo dukanuy 3akoHa (6) [23]:

i) d—“’:s( o ] ()
dt - dt l-w

B pabGore [10] cmemaHa mombITKa BBEICHUS JBYX CTPYKTYPHBIX TIa-
paMeTpoB, C LENbI0 XapaKTEPUCTHKH HAOII0JAaeMOr0 B HKCIEPUMEHTE Hapy-
LIEHUSI CTPYKTYPbl METAJUIOB JIBYX THIIOB: PACTPECKUMBAHUSA U HEOOpaTHMBIX
CIABHUTOBBIX JiehopManuii MOI3y4ecTH, KOTOPhIE MPOXOSAT TJIABHBIM 00pa3oM
0 TeJy 3epHa.

JInst ucnosib30BaHuUsl Pa3BUTHIX JJISI OJHOOCHOTO HAMPSIKEHHOTO COCTOSIHUS
TEOpUil MOBPEXKIEHHOCTH Ha CIy4yail CI0KHOTO HAMPSXKEHHOTO COCTOSHUS KaK
MPABUJIO MPUIEPKUBAIOTCS CIEAYIONIEH YIPOIIEHHON CXEMBbI, COTJIACHO KOTO-
poOIii IyTeM BBEICHUS SKBUBAJIEHTHOT'O HAIPSKEHUS IPUPABHUBACTCS JCHCTBHE
CJIO’KHOTO HAMNPSKEHHOTO COCTOSIHUS K JACHCTBUIO OJITHOOCHOTO HAIPSKEHHOTO
cocTosiHUS. BBIOOp AKBHUBANIEHTHOTO HAMPSIKEHUS OMPEIENIeTCS BO3MOXKHO-
CTBIO ONHUCAHUSI IKCIEPUMEHTAIbHBIX KPUBBIX UIMTEIBHONW MpoyHOCTH. Bo-
pocaM BbIOOpa APKBUBAJIEHTHOTO HATNPSIKEHHS MOCBSIIEHO OOJbIIOE KOJIUYe-
CTBO paboOT, OTMETUM 3/IECh JUIIL HEKOTOpbIEe U3 HUX [2, 7, 8, 12, 14, 15]. On-
Ha U3 (popM BBelIeHUS SKBUBAJICHTHOI'O HANPSKEHHs] B KUHETUYECKOE ypaBHe-
HUE U ypaBHEHHUE TOI3ydecTH, npenioxennsie PabornoseiM FO.H. nana B [1].

HenoctaToyHOCTh paccMOTpEHUsI B KaueCTBE MEPhl OBPEKICHHOCTH CKa-
TspHON (DYHKIIMM TpUBETa K U7 O BBEICHUU TCH30PHOW MEphI MOBPEXK/ICH-
Hoctu. OHa Obwia chopmynmupoBana MnpromuueiM A.A. B ero pabore [5]. B
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HEll MPemIokKEeHO MPOLECC HAKOIUICHHS MOBPEXKICHUH XapaKTepu3oBaTh HE
CKaJIIPOM, a TEH30pOM BTOPOTO MJIK 00JIee BHICOKOTO PAHTOB, (PYHKIIMOHAIBHO
3aBHUCSIIMX OT HCTOPUH HATPYKCHUS.

Pa6ornoBeM FO.H. [13, 16] mano o6o0mieHue MpeasioxKeHHOH UM OJTHO-
MepHO# Mozenu (4), (5) Ha cimydail CII0)KHOTO HaIpsKEHHOTO cocTosiHus. [Ipu
3TOM TNPHUHATO XapaKTEPU30BaTh MCTUHHBIC HANPSIKCHUS U TOBPEKIACHHOCTH

TEH30paMH BTOPOTO PaHTa, COOTBETCTBEHHO Oy M
1/ . .
o :E(Gikl//kj + o,V )a v, = 5ij -, (8)
[Ipeamnonaras CyIeCTBOBAHUE TIOTEHIMAIOB CKOPOCTEH TOJI3Yy4eCTH @ H
HOBPEKICHHOCTH \J, 3aBUCSIIAX OT TEH30pa UCTHHHBIX HANPSUKEHWH, ypaB-
HCHUC COCTOAHUA U KUHCTUYCCKOC YPABHCHUC 3alIMChIBAOTCA B BUIC!:
I L ©)

dt  "9o’  dt oo

ij ij

Ecmu TEH30PbI Wij u Gij HUMCEIOT OJJHU U TEC K€ I''TaBHBIC OCHU, TO

9., =2 =2 (10)
v, v, v,

IIpu o, >>o0,,0, npupaBHuBas Y, u Y, enunuue, u3 (10) ciegyer on-

o, =

HoNapameTpuyeckas Mojeib [16].

3. MaremaTuyeckasi IOCTAHOBKA M €€ peleHue

B pabote npuHATO, YTO HAKOIIJICHUE MOBPEXICHUN N3MEHSET J1e(hOPMHUPO-
BaHHOE COCTOSIHME IE€PBOHAYAIbHO H30TPOIHOIO MaTrepuana TOJIBKO dYepe3
s dexTuBHOE HampspkeHue. Takum oOpa3oM 1epOpMHUPOBAHHOE COCTOSIHHE
MOBPEXJCHHOI'O MaTepuana MpPeJCTaBICHO OINPEAeNIAIONMME YpaBHEHUAMU
JUI. HEMOBPEXKJICHHOTO MaTepHaja, B MOTEHIMAJIe KOTOPOTO HampsKeHUs 3a-
MEHEHb! F(PPEKTUBHBIM HAINPSUKEHUEM. DTO HAKOIUICHHWE TMOBPEXKICHUN Xapak-
TepHU3yeTCs MapaMeTpoM [3, 03HAYAIOIUM YMEHBILICHUE paanyca 3G eKTHBHOM

TUIOMIAIN ceueHust oopasia. Ecnu F, = 7R’ ecTh HadanbHas IJI0MIA]h, TO dPdek-
TUBHAs OyneT S(t)=(1-B(1))’S,, a addexTuBHOE HanpsbkeHue G(t,T) ecTb

try=_ 90 11
OO =y (b

JonycTtum, 4TO KMHETHYECKOE YpaBHEHUE HAKOIUJICHUS MOBPEXKICHUU OT
NEHCTBUS OTHOCUTEIBHON JeopMaliuu UMEET BU/I:
L ple) (12)

[Ipocreliiieit TUHEHHON TEOpUEH, B OCHOBE KOTOPOMW JICKUT MPUHIIUI Ha-
noxxeHus nedopmanmii, IBISICTCS THHEWHAS TEOPUST HACTIEACTBEHHOCTH, TIPE/I-
JI0KeHUs bosbIiMaHOM.

Jlomyctum, 4To B MOMEHT BpeMeHU T (OTCYET BPEMEHH Be/IeTCsl OT Hayalla Ha-
TPY)KEHHSI), B TCUCHHE MAJOro MPOMEXyTKa dT, HanpspkeHHE B PACTIHYTOM
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CTEp)KHE PaBHO G(T). DTO HANPSHKEHUE BBI3BAIO HEKOTOPYIO J1eOPMALIHIO, KOTO-
pasd BHOCICACTBUU HU3MCHSCTCS BO BPCMCHU. HpI/IMeM, 4YTO B MOMCHT BPEMCHU
t > T 9Ta AedopMays IPOHOPIMOHATIBHA HAMPSHKEHUIO G(T), UIMTEBHOCTH BO3-

neiictBust dT U HEKOTOPOW yObIBaromiel (PYHKIMH OTpe3Ka BPEMEHH t—7 , KOTO-
pyto 0003HauMM M (t—7), ¥ OOpPaTHO MPOMOPLUHOHAIIBHA MOAYIIO ynpyroctu E.

OyHkuus M(t—7) A0KHA ObITh yObIBarouiel (hyHKIMEH BpeMEHH t, TaK Kak C

TEUCHUEM BPEMECHHU MaTepHall «3a0bIBaeT» BO3JCHCTBUE HAMPSDKCHUS G. 3aBUCH-
MOCTb (PYHKIIMM M OT pa3HOCTU JIBYX apryMEHTOB t—7 CBUAETEIBbCTBYET O TOM,
910 9Ta (DYHKIMS HE HM3MEHSETCS NPH M3MEHEHHH Hadajda OTCUeTa BpPEMEHH—
WMHBApUAHTHA 110 OTHOIIEHHIO K HA4ally OTCYeTa BPEMEHHU.

HanpspkeHne B MOMEHT BpPEMEHH t BBI3BIBACT YIPYIylo JAedopmaiuio
¢/ E . CnenoBarensHo, momHasi qeopMaiiis B MOMEHT BPEMEHH t CKJIa/IbIBa-
eTcsl U3 3Tor Aedopmar U aeGopMaliK, BO3HUKIIEH 32 CUET HaIPSIKEHUH,
JEHUCTBOBABILMX O MOMEHTA BPEMEHH t ,

8=é(0‘+jM(t—T)O‘(T)dT). (13)

rJie € - MpoJoJbHAs AedopMals, G - MpoAobHOE HarnpsbkeHue, E — Moy FOura.
3areM BbIpaKeHHE, OTY4eHHOE (4), TOJICTAaBUTh B ypaBHEeHHUE (9) momydaeM,
apo _ 1 ! (O'O(t)+jM(t—r)0'0(T)dr). (14)
dt E (1-81)) 0
VYpasuenue (13) mo3BosieT Mo 3aJJaHHOMY 3aKOHY M3MEHEHHMs HaIlpshKe-
HUI BO BPEMEHHU OIPENIEIUTh 3aKOH U3MEHEHUs e(OpMaIi U, B YaCTHOCTH,
OMHKCATh SIBIICHUE IOJI3YYECTH (TOCIENSHCTBUS) NMPU TMOCTOSIHHOM HaIlpshKe-
Huu. B aToM ciiydae o, (t) = o, = const 1 u3 ypaBHenus (13) moixyqaem.
Gpn _1_ o, (1+j|v|(t—r)dr). (15)
it  E1-8m)yL o
IIpuBenéM sBHBIM BUJ U1 BPEMEHHM HAYaJIbHOIO PAa3pyILUEHUs UL TpeX
BHUJIOB sijiep M(t-7),(g=0,/E):

. Mt-7)=1: ﬂ(t):1—3,1—3g(t+%} l//(t)=3f1—3g(t+%}

2. M(t-7)=e"" : ﬂ(t)zl—s\/“z+39(1_(052+052)t—e“)’

o

2

W(t)zs\/a'+3g(l—(g+a)t—e ).

3. M(t-n)=(t-7)“: ﬁ(t)=1—3\/1—3g(t+tz—_a}

2-o)(l-a)
tz—zz
l//(t) = 3\/1—39(1: +m} .
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Ha pucynke npuBeneHa kpuBasi pacrnpocTpaHeHHs! (POHTA MOBPEKICHUS
JUISl YKa3aHHBIX BBILIE (DOPMYIIBL.

Ok

() 0.6 X
Moy :

U'_ ..... =

Puc.1. Kpusble 3aBUCUMOCTH OT Bpe-
MEHH MapaMeTpa MOBPEXKICHUS IIPU

M(t-7)=1, g=1958-10"

038 l"'\
() 0.6

b
ﬁ'{t} 04 "'
02
GG 20 40 60

Puc.3. KpuBsie 3aBUCIMOCTH OT
BpEMEHH IapamMeTpa HOBPEKACHUS IIPU

M(t-7)=e“"", =001,
g =1,958-10".
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Puc.S. Kpusble 3aBUCUMOCTH OT Bpe-
MEHU IIapaMeTpa MOBPEKICHUS [IPU

M(t-7)=(t-7)", a=0,01,
g=1958-10".
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Puc.2. KpuBast 3aBUCHMOCTH HAIPsDKCHHUS OT

Bpemenu mpu M (t—7)=1, ¢g=1958-10".

P
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Puc.4. KpruBas 3aBUCHMOCTH Hampsike-
HUs OT Bpemenu pu M (t—7) =e ™

=001, g=1958-10".
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Puc.6. KpuBas 3aBUCUMOCTH HanpsyKEHUs!
ot Bpemenu ipu M (t—7)=(t—-7)™,
a=0,01, g=1958-10".
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3aknawuenne. B Hacrosiiel paboTe cienaHa MOMBITKA PACCMOTPETh HEKOTOPHIS
O0COOCHHOCTU TIOBPEXKIAEMOCTH B U30TPOITHOM U IWJIMHAPHUYCCKU TIOJIOM IFIUHJIPE
pu pacTshkeHnd. [lomydeHpl KHHETHYeCKoe ypaBHEHUE ABIKEeHHE (DPOHTA TOBPEXK-
nenwst. [locTpoeHsl KpUBbIC ABMKEHUS (DPOHTA TOBPEKICHUS.
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CUBUQ TiPLi KONSTRUKSiYA ELEMENTININ DARTILMADA
ZODOLONMOSININ RiYAZiI MODELLESDIRILMOSI

S.A.PiRiYEV, G.B.HUSEYNOVA

XULASO

Miiasir konstruksiya texnologiyalarinin inkisafi, onun elementlorinin harterafli hesab-
lanmasinin diizglinliiylinii vo habelo onlarin istismar miiddotinin giymotlondirilmosino artan
toloblor qoyur. Miirokkeb gorginlik voziyyatindo olan materiallarin vo konstruksiyalarin davra-
nisinin dyranilmoasi bark cisim mexanikasinin inkisafinin on vacib istigamotlorindon biri hesab
edilir. Yiiklonmo zamani deformasiya prosesi ilo birlikdo, dagilmani zamana bagli proses kimi
gobul edoraok, konstruksiya materialinin hacminde miixtolif név defektlorin omoalo galmasini vo
y1gilmasint vahid terminls (zadslonms) birlagdirilorak zadslonme nozariyyalori yaradilmisdir.
Xiisusilo polimer vo kompozit materiallarin texnikada va sonayeds genis totbiq edildiyi {igiin,
onlarin dagilmasi dedikds, fiziki ndqteyi-nazorden onlarin xiisusi méhkemliyinin azalmasi,
ozliielastiki dagilmasi vo miivafiq olaraq ¢okisinin azamasi kimi basa diisiiliir. Eksperimental
diagqramlarin analizi gostorir ki, bu materiallarin siiriincoklik deformasiyas: homiso geridon-
moazdir va qaliq deformasiya yiiklonma zamani y1gilmis defektlorin hocmi ilo miiayyan edilir.

Mogqalads, ¢ubugq tipli konstruksiya elementlorinin dartilmasi zamani zadolorin toplan-
masinin kinetikasia baxilmisdir. Dagilma mexanikasinin prinsiplorino osaslanaraq, bu xiisu-
siyyotlor nozors alinmaqla zodolonmonin toplanmasi kinetikasinin bazi sado riyazi modellori
nozardon kegirilir.

Acar s6z: zodoalonma, dagilma, gorginlik, siiriincaklik, deformasiya.

ON MATHEMATICAL MODELING OF THE DAMAGE
OF ROD-TYPE STRUCTURAL ELEMENTS UNDER STRETCHING

S.A.PIRIEV, G.B.HUSEYNOVA
SUMMARY

Modern technology imposes increased requirements on the accuracy and thoroughness
of the calculation of structural elements and the structures themselves, as well as on the
assessment of their working life. The study of the behavior of materials and structures under
conditions of a complex stress state is one of the most important directions in the development
of solid mechanics. Understanding destruction as a temporary process, in conjunction with the
process of deformation, led to the emergence of theories of damage, when various kinds of
defects are formed and accumulate in the volume of the material of the structure during
loading, united by a single term - damage. Such a physical picture of the development of the
fracture process is especially evident for polymer and composite materials, the widespread use
of which in engineering and industry is explained by their high specific strength and fracture
toughness, and, accordingly, the possibility of reducing the weight of parts and structures.
Experimental diagrams show that the creep deformation of these materials is not always
reversible - the residual deformation is determined by the volume of defects accumulated
during loading.

The article deals with the issue of the kinetics of damage accumulation in rod-type
structural elements in tension. Based on the principles of fracture mechanics, some simple
mathematical models of the kinetics of damage accumulation are considered, taking into
account these features.

Key words: damageability, fracture, stress, creep, deformation.
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INVESTIGATION OF THE CONDITIONAL DISTRIBUTION
OF A SEMI-MARKOV RANDOM WALK PROCESS
USING THE MAPLE SOFTWARE PACKAGE
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This paper considers the sequence {&,ni{, &} vy of independent identically
distributed, positive, independent random variables and the sequence {7}y, of negative
random variables. On the basis of these random variables, a semi-Markov random walk
process with a delaying screen at zero is constructed, and an integral equation for the
conditional distribution R(t, x|z, h) of this process is found using the formula of total
probability. In the class of distributions decreasing exponentially fast, using the method of
successive Laplace integral transforms in time t and Laplace-Stiltes in phase x, this integral
equation is reduced to a partial differential equation — to the fourth-order Mangeron equation.
The resulting differential equation is solved in the Maple package for some special cases and
3D graphic images are obtained.

Keywords: Mangeron equations, Laplace-Stieltjes transform, independent random
variables, Semi-Markov random walk, Maple package

1. Introduction

To study the distribution of a semi-Markov random walk and its main
boundary functionals, some authors used asymptotic, factorization, and other
methods [3-7]. In this paper, narrowing the class of the random walk, the
integral equation for the Laplace transform in time, the Laplace-Stieltjes
transform in the phase of the conditional distribution of the semi-Markov
random walk process are reduced to the Mangeron equation [1-2, 8, 11-12].
Note that many problems of mathematical physics related to the phenomena of
vibration, and problems of automatic control, in which it is necessary to take
into account the dependencies not only between velocities, but also
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accelerations and even higher derivatives, are reduced to the Mangeron
equations. The resulting differential equation is solved in the Maple package
for some special cases and 3D graphic images are obtained.
2. Probabilistic problem statement

Suppose the sequence {&F, 07, & k=1 is given on the probability space
(2,F,P(-)) of independent identically distributed, positive, independent
random variables and the negative random variable n; < 0.k = 1, .

Using these random variables, we construct the following random processes

X*© =Xinf, if TG <t <ZE & k=T
We can write these processes in the following form:
XE() = 0O nE, where vE(t) = k,if S 6 <t < Bk, &F.

Let us call the process X,(t) = X*(t) — X (t) a complex semi-Markov
random walk process.

Denote

k
ot =Zfl¢, k=T
i=1

We arrange these random variables in ascending order
{tx}, k=1,0.

Denote
nt, if o =1,
Me = {nj_, if 7, =75
Construct the following process
X@) =g if 1 St <7tpy1, k=100,
So=12 ¢ =max(0,¢1 +m), 2>0
Let us call the process X(t) differential with a random walk and with a
delaying screen at zero. The aim of this paper is to study the distribution of this
semi-Markov process.
3. Solution
Note that neither the moments 77, nor the moments 7 are Markov
moments. If we know the value of the process X(t) at the moment t, then to
determine the further behavior of the process, we also need to know when a
positive jump will occur for the first time after 7. Therefore, when studying
the process X (t), it is natural to also consider two following processes.
§E(t) = min[rf — t]
We must investigate the distribution of the process X (t) in the following form
P{X(t) < x|X(0) = z,67(0) = h} = P{X(t) < x|X(0) = z, & = h}
or
P{X(t) < x|X(0) =267(0) = h} = P{X(t) < x|X(0) = z,&; = h}.
Denote
R(t, x|z, h) = P{X(t) < x|X(0) = z; & = h}.
In the case where the random variables have an exponential distribution
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with the parameters A, and g, respectively, for the double integral image of
the conditional distribution R(t,x|z,h) in [1], the 4th-order Mangeron
equation was obtained:

9*R(0, a|z, h) + 20 40) 93R(6, al|z, h) s 93R(6, alz, h)
9220h2 _ - 9220k H=""4z0n2
1401 1 6) 0%R(6,alz,h) 2 9?R(0,a|z, h) O+ 0) 0%R(6,a|z,h) N
- TR 00 ="z - 922
OR(6,alz, h OR(6,a|z,h
+2(A- + O)u? R, alz,h) + (A_+0)%u_ IR, alz,h) +[2A_(A_ +6) + 6?] x

oh_ 9z
X u2R(6,alz,h) = (a — u_)?(2A_ + 0)e~%%,
where

R(6,alz,h) = f e~axd { f e OtR(¢, x|z, h)dt} .
x=0 t=0
The solution of the resulting equation is found in the environment of the mathematical

package MAPLE [9-10]. A program is developed for constructing the solution surface
of the corresponding Cauchy problem for the case when the random variables §; and
1; have an exponential distribution with the parameter equal to one.

> restart;

> with(inttrans):assume(x>0,t>0,z>0,h>0);with(plots):

> mang:=diff(K(z,h),z$2,h$2)+al *diff(K(z,h),z$2,h)+a2*diff(K(z,h),
z,h$2)+a3*diff(K(z,h),z,h)+ad*diff(K(z,h),h$2)+a5*diff(K(z,h),z$2)+a6*diff
(K(z,h),h)+a7*diff(K(z,h),z)+a8*K(z,h)=a9*exp(-alpha*z);

4 3
mang = 2 5 K(z~, h~) +al ( 5 K(z~, h~)] + a2 [ 2 K(z~, h~)]
O0h~"0z~ Oh~0z~ O0h~"0z~
+ a3 [ — K(z~, h~)] + a4 & K(z~ h~) | +a5 & K(z~, h~)
Oh~0z~ -2 B2

0 0 SOz~
+ a6 [(‘Jh—N K(z~, h~)) + a7 (E K(z~, h~)] + a8 K(z~, h~)=a9 ¢
According to the form of the inhomogeneous part of equation (1), its solution is
sought in the form K(z,h)=f(h)-exp(-a-z)

> eq:=subs(K(z,h)=f(h)*exp(-alpha*z),mang);

3
R e““w>+(2x+29)[ L (f(h~)e'°‘zw)]
Oh~20z~ D0z~

eq ‘=

+2p ( (£~ e““ﬁj +4(h+0)p ( (f () e‘“”)]

+ [ 6222 (/(h~) e““ﬁ] +(1+0) [ E(fh e““w)] +2(1

Oz~

-0z~ Oh~0z~

+0) 1 (a,% (1t &) ) + G+ 0 [a—aN (st ) + (22,

+0) +6°) W ) e % = (0 —p) (21 +8) e %=
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with respect to A f(h) the following equation is obtained

> expand(eq/exp(-alpha*z));
2

& 2 d 2 d 2 d

[thZ f(h~))oc +2(m](/’l~)j0€ 7L+2(dh—~f(h~)j0( G—Z(thz
d d 2
f(h~)]au—4(—th 10 Jahn =4 (G 00 Jano+ |~

W f(h) 2N+ S () 620 +2 [ﬁt f(h~)) o’ 42 (i

£ () "

2 2

f(h~)j W20 —f(h~) oA W — 2 (h) A0 — f(h~) oLt 6 + 2. (h) X't

F2f () A0+ () )0 =20 A+ 0 —dopA—20u0+2 1 A
+u26
> eqs:=simplify(%);

2

egs = (~a+p)° [ dz 5 f(h~)] +2 (-0 +p)’ (A +6) [ﬁ f(h~)j +((2n

+200+0°) 1 — (A +08) wo+ (h+8) o) f(h-) = (- + 1) (21 +86)

We accept designations
> al:=2*(lambda-+theta);
al =2A+26
> a2:=2*mu;
a2 =2
> a3:=4*(lambda+theta)*mu;
a3 =4 (A+0)pu

> ad:=mu’2;
a4 = l.lz
> a5:=(lambda+theta);

as=A+0

> a6:=2*(lambda+theta)*mu”2;

a6 =2 (h+6) 1
> a7:=(lambda+theta)*2*mu;

a7 = (L+6)p
> a8:=(2*lambda*(lambda+theta)+theta*2)*mu”2;

a8 = (20 (L +6) +6°)
> a9:=(alpha-mu)”2*(2*lambda+theta);

a9 = (0. —p)* (2 +6)
Solving the Cauchy problem with conditions f(0)=1, D(f)(0)=1
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> eqss:=(-a2*alpha+alpha”2+a4)*diff(f(h),h$2)+(al*alpha”2-
a3*alpha+a6)*diff(f(h),h)+(a5*alpha”2-a7*alpha+a8)*f(h)=a9;

2

eqss = (0(2—2(xu+u2> 7.
h

f(h~)J+((2x+2e) oF—4(A+8)pa+2 (A

+0) ) [d%[f(m) +((v+0) = (+06)] po+ (22 (L +6)

+67) 1) f(h-) = (0 —p)* (21 +6)

> jes:=f(0)=1,D(f)(0)=1;
ics == f(0)=1,D(f) (0)=1

> w:=unapply(simplify(subs({mu=1,lJambda=1},dsolve({eqss,ics},
f(h)))),h,alpha,theta):
The solution of the Mangeron equation is obtained in the form

> Kzh:=unapply(w(h,alpha,theta)*exp(-alpha*z),z,h,theta,alpha);

Kzh = (2~ h~0,0) > ¢ *Z-f(h~) = [ ““N((((ez —1)a—6-6-1)(a—1)

2+0)-/-1+(+6) 0> —(0+1)a —(-1+(6°+6)-o> —(8+1)*a)

(P +(—3)a—6—0))

i (/0 (0+0) (04 1)+ (0+1)-(a—1))-h
e ol +(((=1)a—6—0

—1)(a—1)-(2+6) -/ -1+ (6> +6)-c’—(0+1)>a — (-1 + (6> +0) -0

0+ 1) a)(oP+ (6 —3)a—6—0))

7hw(/71+(62+9)-0<27(9+1)2»0< +(041)-(a—1))
e o=l +2-(-1+ (6" +0)-o

—(0+1)"a) (o — 1)2A(2+e)]]/(2-(1 +(0*+0) o’ —(0+1)a)-(6

+204+2— (04 1) 0+ (0+1)0))

Consider a special case {z=1, h=1} for the convenience of constructing the
surface of a double Laplace image, we introduce auxiliary functions

> g2:=unapply(2*(-1+(theta”2+theta)*alpha”2-
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(theta+1)”2*alpha)*(theta”2+2*theta+2-
(theta+1)”*2*alpha+(theta+1)*alpha”2),theta,alpha);

@2:=(08,0) > 2(-1+(6"+0)-a"—(0+1)0) (6" +2:0+2—(8+1)"0
+(8+1)-o)

> g:=unapply(-1+(theta”2+theta)*alpha”2-
(theta+1)"*2*alpha,theta,alpha);

g=(0,0) > -1+ (0" +0)-o’ —(0+1)"0
> g3:=unapply(-((theta”2-1)*alpha-theta”2-theta-1)*(2+theta)*(alpha-
1)*sqrt(g(theta,alpha)),theta,alpha);
g3=(0,0)— -((6°—1)a—0"—08—1)-(a—1)-(2+6)

Jor+ (0 +e) o —(0+1)a

> g4:=unapply(-g(theta,alpha)*(alpha”2+(theta”2-3)*alpha-theta”2-
theta),theta,alpha);

gt=(0,0) » —(-1+(6°+0)-a"— (6+1)a) (o’ +(6°=3) -0 —0" —0)

> g5:=unapply(exp((sqrt(g(theta,alpha))+(theta+1)*(1-alpha))/(alpha-
1)),theta,alpha);

S+ (0*+0)-02—(0+1)2

o—1

o +(0+1)-(1—a)

g5=(0,0) —e

> g6:=unapply(exp((-sqrt(g(theta,alpha))-(theta+1)*(alpha-1))/(alpha-
1)),theta,alpha);

ot (@0) o —(0+ 1) 0 —(041)-(a—1)

o—1

g6 = (6,0) — e

> gl:=unapply((-1+(theta”2+theta)*alpha”2-(theta+1)*2*alpha)*(alpha-
1)"2*exp(-alpha)*(theta+2)/((-1+(theta”2+theta)*alpha”2-
(theta+1)”*2*alpha)*((theta+1)*alpha”2-
(theta+1)"2*alpha+theta”2+2*theta+2)),theta,alpha);

(00— 1)%e % (2 +6)
0 +2:6+2— (6+ 1)2-0c+ (6+1)-o

gl = (0,0) — 5
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> Kzhs:=unapply(((g3(theta,alpha)+g4(theta,alpha))*gS(theta,alpha)
+(-g3(theta,alpha)+g4(theta,alpha))*g6(theta,alpha))*
exp(-alpha)/g2(theta,alpha)+gl(theta,alpha),theta,alpha);

Kehs = (8, 00) = L\ (~((82=1)-a—8 =0 —1)-(c—1)-(2 +8)

Jor+(@+e) e —0+1) 0 —(-1+(0*+0)-0”— (0+ 1)) (o

J o146 46).a = (84100 +(841)-(1 —0)
o—1

+(6°—3)a—0"—0))e

(P =1)-a—6—8—1)-(0—1)-(2 +0)

Jo1+(8+0) o —(0+1) 0 —(-1+(6°+8) o> — (0 +1)°a)-(c
(P +0) ot —(84+1) 2w —(841)-(—1)
oa—1

+(Bz—3j-u—ﬁz—ﬂ))-c

-c'“]/(2~{—l +(0*+0)-of —(0+1)70) (6 +2-0 42— (0 +1)"a
(00— 1) e (2 +8)
0 +26+2—(0+1) at+(0+1)d

> plot3d(Kzhs(theta,alpha),theta=1..5,alpha=1..5,title=
"PART OF THE KZHS(theta,alpha) SURFACE ABOVE THE AREA
{1<=theta<=5,1<=alpha<=5}");

+(8+1)-a)) +

i ]:'1-—.—1-' T

Fig. 1. We find one - dimensional inverse transformations
in tand in x for the g1 - component of the double Laplace image
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> glt:=unapply(invlaplace(gl(theta,alpha),theta,t),t,alpha);

0Pt — 202 — 2o+ 20 + 201
€

glt = (t~, o=) > - I 2:(e=—1)

\/a~4+4-a~—4

4
-sinh[ tN'\/;N(O:i'?)N —4 J'(OC~2 + 20~ —2)'(O£~ - 1)]

2 (0 —1)

4
B Cosh[ -y 0 + 40~ — 4

(oc~2—2~oc~+2>-t~
2-(a~—1) ] -

(o~—1)

> glx:=unapply(invlaplace(gl(theta,alpha),alpha,x),x,theta);

(041)-(x~—1)

glx == (x~ 0) > Heaviside(x~— 1) e ?

2-sinh[(xN_1)./(e+1)'<e3_92_5'9_7> (6 +2)
2-(0+1)
Jo+1)-(6°—6—50-7)
3 2
cosh[ (XN_I)./(G_;.I()éS_el;e ~5-0—7) (0+2)-(6—1)
- 0+1
: (9+1)2-<63_162—5-e—7> (o+2)-{¢" =5 ~s9-3)

Jo+n(6 -6 —s50-7)

ion| 7= 1-J(0+1)-(6°—6°—5.6—7) ]]]

2-(0+1)

> evalf(Kzhs(5,5));
0.01061314313

Solving the Cauchy problem with conditions f(0)=0, D(f)(0)=0
> jes0:=f(0)=0,D(f)(0)=0;
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ics0 == £(0) =0,D(f) (0) =0

> w:=unapply(simplify(subs({mu=1,lambda=1},dsolve({eqss,ics0},
f(h)))),h,alpha,theta):

> Kzh0:=unapply(w0(h,alpha,theta)*exp(-alpha*z),z,h,theta,alpha);

((0+1)-(o—1)

Kzh0 = (z~, h~, 0, o) — f(h~)-¢ 7 = —[e_a%'(a — 1)2.

S+ (@ re) o —(0+1) a—1+(0*+0)-*—(6+1) a)
(- 1+ (@ +0) P (041 a +(84+1)-(a—1)) -

o—1

e +(~e+1)-(0—1)

(0 re)dd—(0+1) a—1+(68+0)-o>—(0+1) )
) he ([ 1+ (4 0) 02— (64+1) %0 +(641)-(a—1))

o—1

e +2+4(-2:6"=2:0)-a

2

(2+9) /(2-(62+2-9+2—(6+1)2-0L+(6+1)-0c2)
(-1+(6°+0)- 0" —(6+1) )

+2-(6+1)2-0c

> Kzh0Os:=unapply(simplify(subs({z=1,h=1},Kzh0(z,h,theta,alpha))),
theta,alpha):

> g10:=unapply((alpha-1)"2*(2+theta)/((theta+1)"2*(1-

alpha)+(theta+1)*alpha”2+1)*exp(-alpha),theta,alpha);
(a—1)2(2+0)¢"

0+ 1) (1—a)+(0+1)0o +1

210 = (6,0) —

> g20:=unapply(2*g(theta,alpha)*((theta+1)"2*(1-
alpha)+(theta+1)*alpha”2+1),theta,alpha);

920:= (8,0) ~»2:(-1+ (6" +0) -’ — (0 +1)>a)-((0+1)*(1—a) + (6+1)-0
+1)

> g30:=unapply((theta+1)*(alpha-1)*sqrt(g(theta,alpha)), theta,alpha);
230 = (8,0) = (8+1)-(0—1)-/ -1+ (6> +8) 0>~ (8+1)*a
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> Kzh0s:=unapply(g10(theta,alpha)-exp(-alpha)*(alpha-1)"2
*(theta+2)*((g30(theta,alpha)+g(theta,alpha))*g5(theta,alpha)+
(-g30(theta,alpha)+g(theta,alpha))*g6(theta,alpha))/g20(theta,
alpha),theta,alpha);

(0—1)>(2+8)e®

—\le* (o — 2,
(9+1)2-(1—oc)+(6+1).a2+1 ( 1)*-(2+6)

KzhOs :== (6, ) —

L@+ (a=nS 1+ +0)d—(6+1) 0 —1+(6"+06)-0>— (0

J-1+(62+0)-2—(0+1)2a +(041)-(1—0)
1 1)%0) ol (o) (a—1)

S+ (@40 —(0+1) 0 —14 (6 +06)-02—(6+1)%0)

J14(210)-P—(641)%0 —(6+1)-(a—1) ]J
e ol (2:(-1+(6°+0) o

—+1) ") ((6+1)(1—a)+(0+1)c" +1))

> plot3d(KzhOs(theta,alpha),theta=1..5,alpha=1..5);

> evalf(Kzh0s(5,5));
0.0035525838
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4. Conclusion

It has been proven in the paper that after the double integral

transformation - the Laplace transform in time and the Laplace-Stieltjes
transformation in phase, a function has been obtained that depends on the
variables z and h and on the transformation parameters 6 and a, which
satisfies a certain fourth-order Mangeron equation in the variables z and h with

respect to R(6, a|z, h). An analytical solution to this equation is found, a part
of the solution surface is constructed, and a single inverse Laplace integral
transformation is performed for a specific one component. The latter shows the
possibility of applying a double inverse transformation, but this requires

additional investigation of the resulting analytical expression for R(6,a|z h).

10.
11.

12.

REFERENCES
T.I.Nasirova, E.A.Hajiyev, G.R.Gasimov, U.D.Idrisova, T.A.Aliyev, Mangeron's equation
in the semi-Markov random walk process, journal Informatics and Control Problems, v.40,
no 2 (2020), pp.63-72, www.icp.az.
Easwaran S.E. A study on certain higher order partial differential equations of
Mangeron, University of Alberta, Canada, 1972, 147 p.
A.A. Borovkov, On the asymptotics of the distributions of the first passage moments (first
part), mat. zametki 75, No.1 (2004), pp. 24-39 [in russian].
A.A. Borovkov, On the asymptotics of the distributions of the first passage moments
(second part), mat. zametki 75, No.3 (2004), pp.350-359 [in russian].
V.1. Lotov, On the asymptotics of distributions in two-sided problems for random walks
specified on a Markov chain, Tr. In-ta matematiki SO AN SSSR No.13 (1989), pp.116-
136 [in russian].
T.I. Nasirova, Semi-Markov random walk processes, Baku, Elm, 1984, 161p. [in russian]
T.H. Nasirova, E.A. Ibayev and T.A. Aliyeva, The Laplace transform of ergodic
distribution of the process semi-Markovian random walk with negative drift, nonnegative
jumps, delays and delaying screen at zero, Theory of Stochastic Processes, 15(31) No.1
(2009), pp. 49-60.
T.H. Nasirova, E.A. Haciyev, Investigation of the distribution of semi- markov process
with difference walk with delaying screen in zero, International Conference ‘“Modern
Stochastics Theory and Aplications 11, Kyiv, Ukraine, September 7-11 (2010), p.50.
Dyakonov V.P., Maple 10/11/12/13/14, 800 p., Moscow, 2011.
Maplesoft Maple 2020.2, 1.67 Gb., Baguvix, 2020.
Oguztoreli M.N. Goursat problem for a high-order Mangeron equation, Rend.Acad.Naz.
Lincei, 1971,V.L.pp.322-325.
V.V Karachik, The Goursat problem for the high-order Mangeron equation, SUSU
science:materials of the 67th scientific conference, Chelyabinsk, 2015, pp.158-162 [in
russian].

98



MAPLE PROQRAM PAKETINDON iSTiIFADO ETMOKLO SEMi-MARKOV
DOLASAN PROSESININ SORTi PAYLANMASININ TODQIQi

T.i. NOSIROVA, Q.R. QASIMOYV, Y.i. RUSTOMOV,
S.B.BAXSIYEV, K.K.OMOROVA, U.D. iDRiSOVA

XULASO

Isdo asili olmayan eyni paylanmaya malik miisbot tosadiifi komiyyatlor ardicilliglarina
vo monfi tosadiifi komiyyotlordon ibarst ardicilliga baxilir. Bu toesadiifi komiyyotlorin osasinda
sifirda gecikdiron ekranli tosadiifi dolasan semi-markov prosesi vo bu prosesin sorti
paylanmasma aid inteqral tonlik qurulur. Eksponensialdan daha tez azalan paylanmalar
sinfinds, zamana goro Laplas va fazaya goro Laplas - Stiltes inteqral ¢evirmalorinden ibarat
ardicil inteqral ¢evirmolori tisulundan istifado etmoklo, alinmis inteqral tonlik xiisusi tdromoli
diferensial tonliys - 4-cii tortib Manjeron tonliyina gotirilir. Sonuncu tenlik, xiisusi tortib
edilmis proqram iizro Maple paketinde arasdirilir vo hallin 3D-qrafiki - sorti paylanmanin
ikiqat inteqral obrazinin praktiki vacib hallara aid sothlori qurulur.

Acar sozlar: Manjeron tonliyi, Laplas-Stiltes ¢cevirmosi, asili olmayan tosadiifi
komiyyatlor, semi-Markov prosesi, Maple paketi

HNCCIEJOBAHHUE YCJOBHOI'O PACIIPEJEJEHUA
MMOJYMAPKOBCKOI'O ITIPOLHECCA BJIYXJIAHUA
C UCITOJIB3OBAHUEM ITPOT'PAMMHOI'O ITAKETA MAILJIE

T.A. HACUPOBA, I'.P. TACBIMOB, A1.1. PYCTAMOB,
II.b. BAXIIINEB, K. K.OMAPOBA, V.. ©/IPUCOBA

PE3IOME

B crathe paccmaTpuBarOTCs IOCIEJOBATEIBHOCTH HE3aBHCHMBIX OJUHAKOBO pacmpesie-
JICHHBIX TIOJIOKHUTEIBHBIX CIyJalHBIX BEIWIMH U MOCIEA0BATENLHOCTh OTPULATEIBHBIX CIIy-
yaifHbpIX BeaMuuH. Ha 0CHOBe 3THX Ciy4yalHBIX BEJHMUYUH MOCTPOCH MOJTyMapKOBCKUH Mpolecc
CITy4aiiHOTo OJTy’>KAaHUs C 33/1ep’KMBAIOIINM SKPaHOM B HyJIE, lajiee MOCTPOCHO UHTETPAIbHOE
ypaBHEHHE JJIsl YCIOBHOTO paclpe/ielieHns: 3Toro npouecca. B kiacce pacnpenenenuii, yobl-
BaIOIIUX OBICTPEE HKCIOHEHIMAIBLHOTO, MCIOJIb3Ysl METOJI MHTETrPaJIbHBIX NpeoOpa3oBaHuil -
npeodpazoBanus Jlamiaca o Bpemenu u npeodpazosanus Jlamnaca - Ctunreeca no dase, 3To
HUHTETpajbHOE ypaBHEHUE CBOJAUTCA K YPAaBHEHMIO B YACTHBIX MPOMU3BOAHBIX - K yPaBHEHUIO
Mamxepona 4-ro mopsiaka. [locnennee ypaBHeHHE pemraeTcsl B MaTeMaTHIeCKOM Takete Mar-
JIe TI0 CTICIHATBHO COCTaBJICHHOW MPOTPaMMe M Ul HEKOTOPBIX MPAaKTHYECKN BAXKHBIX CITyda-
eB mocTpoeHsl 3J[ - TpauKH - MOBEPXHOCTH ABOWHBIX HHTETPAIHHBIX 0OPa30B YCIOBHOTO
pacrpeeneHus.

KuaroueBble cioBa: ypaBHeHHe Mamkepona, mpeodpasoBanus Jlamraca-CtunTeeca, He-
3aBHCUMBIE CITy4daiiHble BEJIMUUHBI, MOJYMapKOBCKUI cilyuaiiHbli mporece, maketT Marie
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ELEKTRIK SAHOSININ cu,In,s, MONOKRISTALININ
OPTIK SABITLORINO TOSIiRi

L.HH9SONOVA, 9.Z.MOHOMMoODOV
Bak: DOvlat Universtiteti
ludmilahasanova@mail.ru

Cu,In,S, monokristali layvari quruluslu oldugundan, onun optik xassalari anizotropi-

yaya malikdir. Ona gora optik xassalara elektrik sahasinin tasiri ilo bir sira maragli qanunauy-
gunluglar g6zlonilir. Isdo Cu,In.S, kristahnda kvadratik elektrooptik effekt (Kerr effekti)
todqiq olunmusdur.

Acar sozlor: dispersiya, elektrooptik effekt, ikiqatsinma

Son illor mis halkogenidlori 6z maraql fiziki xassolorino goro todqi-
qatcilarin diqqetini colb edir [1]. Ikigat birlosmolorlo yanasi onlarin sirasina
miirokkob iicqat birlosmolor do daxil olmusdur. CulnS, —In,S, sisteminin Oyro-
nilmoasi bu araliqda bir nego birlosmonin alindigini (Culn,S,, Culn,S,,, Cu,In,S,)
gostormisdir [2]. Onlardan Cu,In.S, fiziki xassolorino goro diggoti daha gox
colb edir [3]. Onun orimo temperaturu 1083 °C olub layvari qurulusa malikdir
vo asanligla giizgli sothino malik olan laylara ayrilir. Bu lay daxilinds dayaniql
kovalent rabitonin, laylar arasinda iso zoif Van-der-Vaals rabitosinin olmast ilo
izah edilir. Cu,In,S, birlosmosinin kristallik strukturu D/, —(P6/mmm) foza qru-
puna daxildir.

Biitiin layvari kristallar kimi, baxilan kristalda da optik vo elektrik
xassolorinin anizotropiyasi ilo olagadar elektrik sahasinin tosiri ilo udma sor-
hadinin otrafinda bir sira maraqli ganunauygunluglar miisahido etmok olar. Bu
mogsadls Cu,In,S, monokristalinda kvadratik elektrooptik effekt todqiq olun-
musdur. Miioyyon olunmusdur ki, udma sorhadindo eksiton xotti varsa, elektrik
sahosinin totbiqi eksiton xottinin doyismosino (onun geniglomosing vo siiriis-
mosing) sabab olur.

Kramers-Kroniq miinasibotino gora elektrik sahosinin tasiri ilo sindirma
omsal1 doyismolidir, bu doyismo do ¢ox zaman eksion mexanizmi ilo izah edilir.
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Sindirma omsalia asason E, qadagan olunmus zolagin enindon bdyiik olan zo-
nalararasi kegidlors tosir etdiyindon xarici elektrik sahasinds sindirma omsalinin
doyismosi ya yiiksokenerjili soviyyolora kecidlo, ya da eksiton mexanizmi ilo
izah oluna bilor. Sokil 1-don goriindiiyli kimi sindirma omsali udma sorhadine
(Eg=1,45 eV) yaxinlagdiqca artir, sonra iso kristalin {izoring diison fotonun ener-
jisi artdiqca azalir, basqa s6zlo sindirma amsalinin dispersiyast miisahide olunur.

Molumdur ki, sindirma amsal1 diison is18in dalga uzunlugu ilo Zelmeyer
miinasibati ilo slagadardir:

n?(2) - 1=— 2

burada Ay — ossilyatorun orta voziyyati, Sy — ossilyatorun orta giictidiir. Sy vo A9

(D,

parametrlorini tocriibi olaraq ~ f(i) asililigindan tapmagq olur (sokil 2).

n’— A
n 1
n’ -1
4o0r 0.15 Py
N
N
N
N
361 L i
N N
0,10 | AN
\\\ \\
3,2 B Ne AN
N
N
0,05 |
28F No No
Ne
1 1 1 1 1 0 1' 2' 3'
0,6 0,65 07 075 08 085 .
A, mkm 7 (mkm)
Sak. 1? Cl&lnSS9 monok.rlstahfun adll(l)'vg $ok.2. — 1 in - -dan asilib.
geyri-adi (2) stialarla dispersiya oyrilori. n-—1 A

Bir ¢ox biroxlu kristal ii¢lin (o climlodon Cu,In.S,) «C» optik oxuna per-

pendikulyar (0) vo paralel (e) istiqgamotinds sindirma omsalinin qiymati hesab-
lanir (cadval 1).

Cadval 1
n | S(sm') A (sm)
no | 0,92:10" | 3,07-107
n, | 0,83-10" | 2,84-10°

Niimunonin iizorino diigon is1g1 «C» oxu istiqgamotids yonoldildikdo
misahido olunan fazalar forqini asagidaki sokildo yazmagq olar:

_ 270An
A

r
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burada d — optik yolun uzunlugu, A — dalga uzunlugu, An — elektrik sahasinin
totbiqi zamani ikiqat slia stnmasinin doyismasidir.

Cu,In,S, monokristalinda macburi ikigatsinmanin totbiq olunan sahadon
asililig1 totbiq olunan saho intervalinda kvadratik olur. Macburi ikigatsinmanin
isarasi sahonin istigamoti doyisdikdo doyismir (sabit saho halinda). Bu iso bir
daha elektrooptik effektinin kvadratik oldugunu tostiq edir (sokil 3). Sokildo
An-in E*-dan asihlig1 verilmisdir.

An-1073

4 =

3 =

2 =

1F

0 10 20
E*(kV/sm)?

Sak. 3. An-in totbiq olunan sahaden asililigr (A=0,85 mkm).

Todqiq olunan kristal «C» oxu istiqgamotindo tobii ikiqatsindirmaya
malik oldugundan An koordinat baslangicindan kegmir (sokil 1).

Bundan basqa mocburi ikigatsindirmanin niimunonin {izorino diigon
is18m enerjisindon asilihig dyronilmisdir. Olgmolor gdstorir ki, fotonun enetjisi
artdigca vo osas udma sorhaddino yaxinlagdigca An artir (sokil 4). Homginin
miloyyon olunmusdur ki, sabit sahonin vo doyison elektrik sahasinin tosiri ilo
Olgiilon An-in qiymatlori bir-birinden forqlonir vo bu forq udma sorhaddine
yaxinlagdiqca artir. Bunu onunla izah etmok olar ki, sabit saho halinda elektrik
sahosi borabar paylanmir. Udma sorhoddindo fotoeffektin miisahido olunmasi
is1q stialariin sorhaddindo hocmi yiiklorin toplanmasini gostorir. Belo ki,
slianin tosiri ilo yaranan elektron-desik ciitlori stianin otrafinda hocmi yiiklor
yaradir ki, onlar da kristalda daxili sahoni azaldir.

An-10°

35r

3,0F

2,5F

0,85 0,90 0,95
A (mkm)

Sak.4. An-in is181n dalga uzunlugundan asililigi (E=3,5 kV/sm).
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BJIMAHHUE QJIEKTPHYECKOI'O ITOJISI HA OITUYECKHE
KOHCTAHTBI MOHOKPHUCTAJUIA Cu,In,S,

J.I'TACAHOBA, A.3.MAI'OMEJIOB
PE3IOME

Mounoxpuctann Cu,In,S, sBiseTCs CIOUCTHIM KPUCTAIIOM, II09TOMY, KaK M BO MHOTUX

CIOMCTBIX KPHUCTANIaX, MOKHO OXHJAATh DS HHTEPECHBIX 3aKOHOMEPHOCTEH, CBA3AHHBIX C
AHU30TPOIHEH ONTHYCCKUX U INCKTPUUCCKHX CBOMCTB, BIMSHHEM 3JCKTPHYCCKOTO MOJIS HA
ONTHYECKUE CBOICTBA M MOBEICHHE ONTHYCCKUX TTOCTOSHHBIX BONH3HM Kpas ONTHYECKOTO MO-
rioieHust. [103ToMy McclienoBaH KBaapaTUIHbIH 3JIEKTPOONTHICCKHI 3P dEeKT.

V3mepeHo HWHAYIHUPOBAHHOHN JBYIyYEIPEIOMIICHHE, a TAKKE €ro 3aBUCHMOCTh O Ha-
MPSDKSHHS AJIEKTPUYESCKOTO TIOJISI M OT HEPruu najaaronux ¢poronos. OoHapyxen ¢porodddexr
Ha rpaHuIle COOCTBEHHOTO MOTJIOICHHS. B KpucTamiax nuMeeT MeCTo KBaJApaTHUHBIN 3JIEKTPO-
orrtuaeckuit 3 dekr.

KaroueBblie ciioBa: mucriepcus, 31eKTpoonTrdeckuii 3¢ dexr, qBoitHoe npenoMienue

INFLUENCE OF ELECTRIC FIELD ON OPTICAL CONSTANTS
OF Cu,In.S, SINGLE CRYSTAL

L.G.HASANOVA, A.ZMAHAMMADOV
SUMMARY

The Cu,In,S, single crystal is a layered crystal; therefore, as in many layered crystals,

a number of interesting regularities can be expected related to the anisotropy of the optical and
electrical properties, the influence of the electric field on the optical properties and the
behavior of optical constants near the optical absorption edge. Therefore, the quadratic electro-
optical effect is investigated.

Measured induced birefringence, as well as its dependence on the voltage of the
electric field and on the energy of the incident photons. A photo effect was found at the
boundary of its own absorption. A quadratic electro-optical effect takes place in crystals.

Keywords: dispersion, electro-optical effect, double refraction
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BiOMOLEKULLARIN FOZA QURULUSUNUN TODQIiQINDO
ISTIFADO OLUNAN USULLAR
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Lala_Veliyeva@rambler.ru, ogulahmadov@bsu.edu.az,
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Isda biomolekullarin f>za qurulusunun tadgiginda istifada olunan tacribi va nazari
hesablama tisullarmmn bir sira aspektlori Nazordon kegirilmisdir.

Acar sozlor: spektroskopik iisullar, qurulusun tadqiqi, konformasiya, nazori konfor-
masiya analizi, struktur, molekulyar dinamika iisulu

Giris

Bioloji foal molekullar dedikdo, ziilal va kicik peptid molekullari, on-
larin togkil olunduglart amin tursulari nozords tutulur. Malumdur ki, bu mole-
kullarin funksional aktivliklorindoki miixtsalifliliklor onlarin foza quruluslarinin
miixtolifliyi ilo birbasa olagodardir. Bu da 6z ndvbasindo biomolekullarin
birinci qurulusundan, yoni ziilal vo kigik peptid molekullarinin toskil olundugu
amin tursular ardicilligindan asilidir.

Umumiyyatlo, amintursu qaliqlarindan ibarot molekullar otraf miihito
qarst ¢cox hossasdirlar. Buna goro do onlar fozada bir konformasiya voziyye-
tindo olmurlar vo miihitin tasiri noticosinds bir konformasiya halindan digorino
asanliqla kegirlor. Bagqa sozlo desak, biomolekullar kigikenerjili konformasiya
hallar1 toplusundan ibarat olur ki, bu kigikenerjili konformasiya hallarinin tapil-
mas1 onlarin bioloji aktivliyinin spesifikliyinin izah edilmesi yolunda atilan
osas addimdir.

Biomolekullariin faoza quruluslar osason iki ndv tisullarla - tocriibi vo
nozori usullarla todqiq olunur [3, 4]. Biz 6z hesablamalarimizda nozori hesab-
lama tisullarina xiisusi yer veririk vo onlarin biomolekullarin todqiginds rolunu
yiiksok giymatlondiririk. Onu geyd etmok lazimdir ki, tocriibi {isullarin ¢oxun-
da alinan noticolor ortalanmig, birqiymotli olmayan noticalor verir. Ciinki
tocriibado biomolekulun oldugu real miihiti yaranmaq homiso miimkiin olmur.

Bu baximdan son illor nozori hesablama iisullarina daha ¢ox {istiinliik
verilir.
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Tacriibi tadqigat iisullari

Biomolekullarin konformasiya hallarinin mihitds Oyronilmasi {igiin
istifado edilon tocriibi lisullara asagidakilart misal gostormok olar: infraqirmizi
spektroskopiya (IQ), niive maqnit rezonansi iisulu (NMR), elektron paramaqnit
rezonansi tsulu (EPR), rentgen qurulus analiz (RQA) iisulu vo firlanma di-
xroizmi (FD) tisulu.

Spektroskopik iisullar ilo biomolekullarin kimyavi qurulusu vo torkibi
haqqinda genis molumat oldo etmok miimkiindiir [9, 11]. Belo ki, miihitdo 1Q-
spektrlor vasitosilo 1) biitiin amid rabitolorinin sis- vo trans-konfiqurasiyalarini
tam aydmlhigi ilo bir-birindon ayirmaq miimkiin olur; 2) disulfid rabitolorinin
movcudlugunu miioyyonlogdirmok olur; 3) yan zoncirin hidrogen rabitolori ya-
ratmaq imkanlar1 haqqinda genis malumat almaq olur.

NMR iisulu ilo bir sira neyropeptid tobiotli molekullarin foza qurulusla-
r1, o ciimlodon temperaturun miixtolif qiymatlorinds onlarin asas v yan zancir-
larinin pH fizioloji torkibi miioyyon edilmis, dinamik xarakteristikalari, fozada
yerlogmolorinin miixtolif oriyentasiyalari barodo molumat oldo edilmisdir [1].

Biomolekullarin todqiqi tiglin istifado edilon iisullar igarisindo rentgen-
qurulus analiz (RQA) tisuluna daha ¢ox istiinliikk verilir. RQA-todqiq olunan
niimunadon sopilmis rentgen slialarinin fozada paylanmasina vo intensivliyino
osason maddolorin qurulusunu Oyronon tsuldur. Qeyd etmok lazimdir ki, bu
iisul ziilal molekullarinin todqiqindo bir sira naticolorin alinmasi iigiin effektiv
iisul hesab edilsa do, ziilallardan forqli olaraq peptid molekullarninin daha ¢ox
miitoharrikliyi hesabina, RQA tisulu ilo aydin fikso olunmus quruluslar1 almaq
miimkiin olmamigdir. Bu da 6z ndvbasinda, bioloji foal qurulusun se¢ilmasini,
yoni konkret bioloji funksiyani yerino yetirmoyo cavabdeh olan qurulusun
tapilmasini ¢otinlogdirir.

FD spektrlori vasitosilo iso kigik peptid tobiatli molekullarin konfor-
masiya doyisikliklorini, yoni bir konformasiya halindan digor hala ke¢cmaosini
tohlil etmok miimkiindiir.

Nazari hesablama iisullar:

Nozori hesablama tisullar1 dedikde son illor biomolekullarin tadqiginda
genis istifado olunan nozori konformasiya analizi iisulu vo molekulyar dina-
mika tisullarin1 misal ¢okmok olar [2, 5].

Nozari konformasiya analizi tisulunun asas1 XX osrin 50-ci illorinds qo-
yulmusdur. Burada istifads olunan yarimempirik potensial funksiyalar vo on-
larin parametrlori [6,7,8] islorindon gotiiriilmiisdiir, naticolori sorh etmok {iciin
iso standart identifikatorlar sistemindon istifado olunmusdur [10].

Nozori konformasiya analizi {isuluna osason ixtiyari biomolekul aomlar
sistemi kimi gotiiriiliir vo bu zaman onun niive-elektron qurulusu nozors alin-
mir. Hom nozori konformasiya analizi tisulunda, hom do molekulyar dinamika
iisulunda tam enerji asagidaki enerjilorin additiv comi goklindos ifado olunur:

Etam:Eq.v.+Ee1.st..+Etor.+Eh.r.
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Burada Eg, - qeyri-valent, vo ya Van —der-Vals qarsiliql tosir enerjisidir; onu
hesablamaq {i¢iin Lennard-Consun "6-12" — Eq‘v=-Aijrij'6+Bijrij'12 potensialin-
dan istifado edilir (potensialdaki A vo B parametrlori eksperimentdon tapilan
qiymatlordir. rj; - 1 vo j atomlar arasinda mosafadir); Ee s - elektrostatik qar-
siligh tosir enerjisini tomsil edir; onun giymoti Kulon ganunu ilo hesablanir:

Eel,f% (qi gj - noqtovi yiiklor, rjj- 1 vo j atomlar1 arasindaki mosafs, e-di-
ij

elektrik niifuzlugu adlanir vo H,O (su) miihiti {i¢iin =10 gotiirtildiikdo tocriibi
naticalor nozari hesablamalarin naticalori ilo ist-iisto diisiir); Ei,~ torsion vo ya
valent rabitolor otrafinda firlanma enerjisidir vo onu hesablamaq {igiin
Etor=§E0(1-cosn(p) diisturundan istifado edilir (E,- potensial c¢oparin hiindiir-
liyt, @-ikilizli bucaq, n-isa molekulun simmetriya elementina uygun olan pa-
rametrdir. Masalon, 3-cii tortib simmetriya oxuna malik molekul iiciin n=3
olur); Ep,- hidrogen rabitolorinin yaranma enerjisidir. Bu enerjini hesablamaq
figiin osason En,=D(1-¢™")*-D Morze potensialindan istifado olunur (D-dis-
sosiasiya enerjisidir vo onun qiymoti 1.5 kkal/mol tortibindadir, Ar=r-1¢, r-hid-
rogen rabitolori arasindaki masafs, r,=1.8 A°(NH...OC) - hidrogen rabitolorinin
tarazliq mosafosi, n iso empirik parametrdir (n=3(A°)™M).

Hesablamalar apararken ikiiizlii bucaqlarin qiymatlori standart nomen-
klaturaya uygun gotiirtliir.

Molekulyar dinamika t{isulu. Makmolekullarin daxili miitohorrikliyinin
modellosdirilmasindo genis istifado olunan nozari iisullardan biri do molekulyar
dinamika tisuludur [7, 12]. Bu tisulun asasini makromolekulu togkil edon atom-
larin koordinat vo impulslarinin faza fozasinda klassik (nyuton) horokot tra-
yektoriyasinin hesablanmasi togkil edir [13]. Molekulyar dinamika tisulunda
biomolekula qarsiligh tosirdo olan kigik hissociklor sistemi kimi baxilir vo
atomlarin klassik harokat trayektoriyalari empirik atom-atom potensialinin
qiivvo sahasindo hesablanir. Bu iisulla makromolekulun daxili mikroskopik is-
tilik horokati subnanodaqiqe intervalinda modellogdirilir. Otraf miihitlo enerji
mibadilosi effektlorini nozors almaq vo sistemin temperaturunu sabit saxlamaq
maogsadi ilo xiisusi alqoritmdon - Berendsen termostatindan istifade olunur.
Temperaturun tarazliq giymotindon konara ¢ixmalar1 Landau-Teller tonliyi
vasitasilo korreksiya edilir.

Molekulyar dinamika tisulunda todqiq edilon molekulun konformasiya
miitoharrikliyine otraf miihitin tesiri sistema su molekullarinin daxil edilmasi
va sorhad sortlorinin qoyulmasi ilo hoyata kegirilir. Bu iisulla ilk addimda biitiin
zarraciklarin koordinat va siiratlorini vermaklo, sonraki addimlarda zarraciklora
tosir edon biitiin qiivvolori, onlarin koordinatlarini vo siiratlorini hesablamaq
miimkiin olur.

Deyilonlori iimumilogdirarak o noticoyo golmok olar ki, nozori komfor-
masiya vo molekulyar dinamika iisullarinin tocriibi tisullarla miiqayisads bir
sira Ustlinliiklorine baxnayaraq, biomolekullarin foza quruluslarini todqiq etmok
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tiglin, hom tocriibi yolla tapilmis qiymatlordon, hom do nozori hesablamalardan
birgo istifado edilorso, todqiq edocoyimiz molekulun molekuldaxili garsiligl
tosir enerjisinin minimum qiymoatino uygun golon dayanigli halim1 — konfor-
masiyasini daha daqiq miioyyanlonlogdirmok miimkiin olar.
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METO/IbI UCTIOJIb3YEMBIE ITPU U3YUYEHUE MTPOCTPAHCTBEHHOM
CTPYKTYPbI BUOMOJIEKY.JI

JLA.BEJIMEBA, O.I' TYJEXMEJTOB, HM.AMAHOBA
PE3IOME

B pabore Obul paccMOTpEH HEKOTOPBIE ACMEKTHl IKCIIEPUMEHTAIbHBIX U TEOPETH-
YECKUX METOJIOB, UCTIOJIb3YEMBIX IIPH N3YYEHUH NTPOCTPAHCTBEHHOH CTPYKTYPHI OHOMOJICKYJI.

KioueBble c10Ba: CIIEKTPOCKOIIMYECKUE METOJbI, KOH(POpMAIMs, TEOPETHYECKUI
KOH(OPMALOHHBIH aHAIIN3, CTPYKTYPa, METOJ MOJIEKY ISPHON TMHAMUKH
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METHODS USED IN THE STUDY OF THE SPATIAL STRUCTURE
OF BIOMOLECULES

L.I. VELIYEVA, O.G.GULEXMEDOV, NM.AMANOVA
SUMMARY

In this paper, some aspects of experimental and theoretical methods used in the study of
the spatial structure of biomolecules were considered.

Keywords: spectroscopic methods, conformation, theoretical conformational analysis,
structure, molecular dynamics method
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MUXTOLIF NEYTRON SELININ TOSIRINO MORUZ QALMIS
NANO H-BN HiSSOCIKLORININ EPR TODQIQI

N.R.ABBASOV
Milli Nuva Tadgiqatlar: Markazi
nicat.rpi@gmail.com

Nanokristallik BN hissaciklarinda paramagnit markazlar va onlarin tobiati neytronlarla
stialanmadan dnca va sonra muqaisali 8yronilmisdir. Elektron Paramagqnit Rezonans (EPR)
spektroskopik analizlor magnit sahasinin 0.05 - 0.55 T (500 - 5500 Gauss) giymatlarinda
apardmigdir. Daha ¢ox paramaqnit markazlor miisahida olunan 0.3270 - 0.3370 T oblasti
alava olaraq nazordon kecirilmisdir. BN nanohissaciklarinda neytron selinin tasiri naticasinda
yaranmis yeni paramagnit markazlarin tabisti EPR spektrlori ilo izah edilmisdir. Vg va Vy
vakansiyalarinin yaranma mexanizmi neytron ¢evrilmalari il atrafli arasdurilmisdir.

Acar sozlor: Nanokristal h-BN, neytron siialanmasi, EPR &yronilmasi

1. Giris

Son zamnlar bor nitrid vo onun miixtalif tip kompozitlori diinya todqigat-
cilart torofindon genismiqyasli aragdirilmaqdadir [1-9]. Milkommal fiziki vo
kimyovi davamliliga malik BN ekstrenal miihitlordo genis totbiq sahosino
malikdir. Umumi yanasmada bor nitrid genis gadagan olunmus zolaq enino
malik yarimkegiricidir. Eyni zamanda BN yiiksok temperatur vo tozyiqdo do 6z
xiisusiyyatlorini qoruma xiisusiyyatino malikdir. Gliniimiizo qador bor nitridin
bir ne¢o politipi mévcuddur. Bunlardan heksaqonal, robohedral, amorf, kubik
va s. modifikasiyali bor nitrid birlogmalorini gdstarmak olar. Bor nitridin forqli
modifikasiyali birlogmolori igorisindo on genis yayilanm1 vo totbiq olunani
heksaqonal qurluslu (h-BN) politipidir. Mohz bu sobabdon todqigat obyekti
olaraq h-BN politipi se¢ilmisdir.

Digor materiallarda oldugu kimi, bor nitrid do nano o6lgiilorde 6ziine-
moxsus xusisiyyotloro malikdir. Nanomateriallar yiliksok temperaturlarda, ion-
lagdirict miihitlordo vo mexaniki tosirlordo forqli davranis nlimais etdirirlor.
Umumi yanasmada, digor sinifdon olan nanomateriallar iizorinds neytronlarla
stialanma effektlori miioyyon qodor Oyronilmisgdir [10-17]. Bor atomlarinin
yiiksok neytron adsorbsiya qabiliyyatino malik olmasi BN nanohissociklorinin
slialanmaya hassasligint artira bilor. Ola bilsin ki, digor naomateriallardan
forgli olarag BN nanohissaciklori neytron selino garst daha yiiksok hossasliga

109



malik olsun. Struktr yanasmasinda h-BN grafino oxsar olaraq layl qurlusa ma-
likdir. Bels ki, BN laylarinda heksaedrin topa ndqtalorinds bor vo azot atomlari
novbali sokildo bir-birini ovoz edir. B-N rabitosi zamani atomlararast mo-
safonin 1.446A kimi ¢ox az olmasi bu materialin yliksok davamliliginin asasini
toskil edir [12]. Lakin ionlasdirict miihitdo reflektor kimi istifadesi zamani
atomlararas1 mosafo neytron ¢evrilmolorinds ciddi rola malik olmur. Mohz bu
sobobdon h-BN nanohissaciklori iizorindo neytron selinin tosir effektrlorinin
Oyronilmasi son doraco aktual masoladir.

Bor nitrid nanohissaciklorindo sintez prosesindo vo ya xarici tosirlorlo
forgli tip defektlor yarana bilor. Yaranmis bu defektlorin asasin1 bor va azot
bosluglar1 togkil edir. Adoton, bozi ndv xarici tosirlorlo (mosalon, ionlasdirici
stialanma) yaranan defektlor digor defektlori dofslorlo {istoloyir. Belo olan
halda, neytronlarla slialanma zamani yaranmis defektlor vo ya paramagnit
morkozlor tobii haldan dofalarlo ¢ox olur vo aydin nozors ¢arpir. Toqdim olu-
nan isdo, neytron selinin tosiri altinda h-BN nanohissaciklorinds yeni yaranmis
defektlor vo forgli paramaqnit morkozlor EPR spektroskopiya iisulu ilo 0y-
ronilmisdir.

2. Tacriiba

Tocriibado istifado olunan nanomaterial 25-35 m?/q xiisusi soth sahosine,
70-80 nm 6lgiilii hissociklors vo 2.29 g/sm’ hagiqi sixliga malik heksaqonal
modifikasiyali BN nanohissocikloridir (US Research Nanomaterials, Inc., TX,
USA). Tacriibalor zamani istifado olunan niimunolor Sloveniyanin Lyublyana
sohorindo Jozef Stefan Institutunun “Reaktor Morkozindo” TRIGA Mark II
yiingiil su (light water pool type reactor) tipli todqigat reaktorunda F19 ka-
nalinda 3.66x10'* n/sm’san sel sixligia malik neytron seli ilo tam giic reji-
mindo (250kVt) siialandirilmisdir. Qeyd edok ki, iimumi halda tam giic reji-
mindo movcud neytron selinin maksimum parametrlori termal neytronlar {igiin
5.107x10" n/sm’san (1+0.0008, E, < 625¢V), epitermal neytronlar ii¢iin
6.502x10"% n/sm’san (1£0.0008, E, ~ 625¢V + 0.1MeV), siirotli neytronlar
ficiin 7.585x10" n/sm’san (1+0.0007, E, > 0.1 MeV) vo nohayat, biitiin ney-
tronlar {i¢iin maksimum sel sixligi 1.920x10" n/sm?san (1£0.0005) kimidir
[24-31]. Nano BN birlogsmasi toz halinda xiisusi soraitdo aliiminium kontey-
nerlora doldurularaq reaktorun kanallarina uygun sokilds hazirlandi. Hazirlan-
mis sinaq nimunosi ilk olaraq bes doqiqo siialandirildi vo aktivlik analizlori
aparildi. Sonra digor 4 niimuns 4 qrupa ayrildi vo 1,6E14, 8E14, 4E15 vo 2E16
n/sm” kimi miixtolif dozalarda, her biri ayri-ayriligda kesilmoz olaraq sel six-
ligmm 3.66x10' n/sm’san giymotindo F19 kanalinda tam giic (250kVt) reji-
mindo stialandirildi. Neytron selinin tosiri naticosinds niimunolorin aktivliyi ki-
fayot qodor godor artmisdir. Bu sobabdon biitiin 6lgmoalor neytron selinin to-
sirindon toqribon 30 sutqa sonra aparilmisdir. Hazirlanmis niimunolor hor biri
togribon 50 pl (1.5mg) olmagla hiindiirliiyli Smm, i¢ diametri 3mm olan silindir
formal1 yiiksok tomizliys malik kvars borucuglara (Wilmad) dolduruldu. Ilkin
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vo stialanmadan sonra niimunslorin EPR analizlori X-bandinda (9.85 GHz, A ~
3 sm) isloyon Bruker EMX II plus EPR spektrometrindo aparildi. Olgmolor
otaq temperaturunda aparilmigdir (tam siipiirmo analizi, siipiirma = 500 G-don
5500 G-ya godor olan morkozi saho ilo 3300 G = 0.33 T). Termal islonmo
tocriibalori 500 © C-don 800 ° C-o godor olan temperaturda bir sobada aparil-
migdir.

3. Natica va miizakiralar

[Ikin vo neytron siialanmaya maruz qalmis nanokristallik BN hissociklo-
rinin EPR spektrlori “genis araliqda”, “se¢ilmis araliqgda” vo “secilmis araliqda
doyma haddi” va sair kimi miixtolif hallarda miiqaisoli ¢okilmisdir. lk olaraq
genis diapozonda ¢okilmis vo boyiidiilmiis spektrlori nozordon kegirak (sokil 1).
Qeyd edok ki, bu diapozonda niimunslor 5000G genislikdo, morkozi maqnit
sahasinin 3300G vo giiciin 0.2mVt vo 20mVt qiymatlorinds ¢okilmisdir.

Tam EPR spektrlorindon goriindiiyi kimi, giiciin 0.2mVt vo 20mVt
qiymatlarinds yalniz 3540G otrafinda giiclii signal miisahids olunur (sakil 1 sol
torof). Digor araliglarda ya signal ¢ox zoifdir, ya da yoxdur. Tam spektrdo mii-
sahido olunan spektrlar bir-birini qapadig ii¢iin neytron selinin tosir miiddatini
spektrdon ayrid etmok miimkiin deyil. Belo olan halda, boytidiilmiis spektrlori
nozordon kecirmok daha mogsodouygundur (sokil 1 sag torof). Boyiidiilmiis
spektrlordo hom giiciin 0.2mVt, hom do 20mVt gqiymaetlordon do neytron selinin
nanokristallik BN hissociklorindo yaratdigi doyisikliklor agig-askar miisahido
olunur. Boytdiilmis spektrdon goriindiiyii kimi, neytron seli ilo siialanma do-
zasinda miitonasib olaraq nanokristallik BN hissaciklorinde iki tip paramaqnit
morkoz yaranur. Neytron selinin tosir miiddotinin artmasi ilo koskinlogon
spektrlari neytron ¢evrilmalori naticasinds yaranan yeni izotoplarla yaxsi izah
etmok olur. Belo ki, neytronlarla siialanma zamani nanokristallik BN hissocik-
lorini toskil edon B vo N atomlart izotop ¢evrilmalorine moaruz qalir. Tobii hal-
da B vo N atomlarinin har birinin iki stabil izotopu vardir. Bu stabil izotoplar
har biri neytron zopt edorak forqli izotop yarada bilor. Lakin burada N izotop-
larmin effektiv en kosiyinin vo uduculuq gabiliyyotinin B atomlar1 ilo miiqayi-
sodo dofalorlo azdir (N izotoplart tigiin udulmanin effektiv en kosiyi 1.8 barn)
[23].

Bunun naticasinds hesab edirik ki, N izotoplarinda bas veron doyisik-
liklar spektra tosir etmoyacok qodor azdir. Baxmayaraq ki, niimuno daxilindo

(n,y) B decay
1_§N 19N 180

kimi ¢evrilmolor do miimkiindiir. Lakin bu ¢evrilmonin effektivliyinin B
izotoplar1 ilo miiqayisado ¢ox az olmasi, onun nozoro alinmamasi ilo naticolo-
nir. Borun tobii halda iki izotopu mévcuddur va har birinin effektiv en kosiklori
vo adsorbsiya qabiliyyati farglidir (tobii halda 2B 19.9% va 1B 80.1% izotop-
lar1). Hor bir izotopun neytronlara garsiliqh tosiri forqli izotoplarin yaranma-
sina sabab ola bilir.
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Sok. 1. Genis araligda (5500G) ilkin vo neytron siialanmaya moruz qalmis nano-

kristallik BN hissaciklorinin EPR spektrlori (a — 0.2mVt, b — 20mVt, solda tam spektrlor, sagda
boylidiilmiis (zoom) spektrlor)

9B izotopu digorlari ilo miigayisado 3890 barn kimi ¢ox bdyiik effektiv
en kosiyino malikdir vo bir neytron zopt edorok iB izotopuna cevrilir. Bu

halda termal neytronlarin tasiri ilo

ny) a decay
'sB— 3B iLi (1)

kimi cevrilmo bas vero bilor [18, 25]. Digar torafdon 1B stabil izotopu 760
barn kimi nisbaton asagi udulmanin effektiv en kosiyino (absorption crossec-
tion) malikdir vo neytron zopt edorok 2B izotopuna cevrilir ki, bu da diison
neytronun enerjisindon asilt olaraq iki tip izotopa cevrilo bilor. Ogor ney-

tronlarin enerjisi kifayyot qodor olarsa,

n,y) a decay B decay a decay
p 12p 8Li ®Be iHe  (2)

kimi niiva ¢evrilmasi bas vers bilor (1.6% ehtimalla). Digor torafdon
1lB my) 1ZB B decay 12C (3)

kimi niivo ¢evrilmasi do bas vero bilor (98.4% ehtimalla). Effektiv en
kosiyinin bdyiik olmasi vo neytron adsorbsiya qabiliyyatinin dofolotlo ¢ox
olmasi naticosindo B10 izotopu daha ¢ox neytron zopt edocokdir. Bu halda
baxmayaraq ki, nanokristallik BN hissociklorindo B10 izotopunun kiitlo pay1
azdir, belo demok olar ki, daha ¢ox ehtimalli proses (1) ifadesinoe uygun niivo
cevrilmoalari ilo Li7 izotoplarinin yaranmasidir. Bu zaman siialanma noticosindo
yaranan yeni signallar1 Li7 izotoplar1 ilo olagolondirmok olar. Lakin nozors
alamaq lazimdir ki, nanokristallik BN hissociklorindo B11 izotopunun kon-
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sentrasiyasi kifayyot qodor ¢oxdur (tobii borda 80.1%) va (3) ifadssi ilo C12
izotopunun alinma ehtimali da ¢coxdur (98.4%). Bu halda iicqat bor morkozlori
ilo alinmis yeni spektrlori izah etmok olur [23-26].
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Sok. 2. Morkazi sahonin 3500G giymatindo 1000G genislikda giiciin 0.2mVt (a) vo
20mVt (b) qiymatlorinds ilkin vo neytron siialanmaya moruz qalmis nanokristallik BN
hissociklorinin EPR spektrlori

Yeni yaranmig C atomlar1 N atomlar ilo giiclii qarsiligh tosiro girorok,
azot bosluglar1 (Vy) yaradir ki, bu da {iggat bor morkozlorinin yaranmasina
sobab olur. Yeni yaranmis azot bosluglarinda elektron yerlosorok paramagnit
markazi formalasdirir. Tabii olaraq neytron seli ilo tosir miiddatinin artmasi ne-
ticosindo C12 izotoplarinin konsentrasiyasinin artmasi birbasa azot boslug-
larinin artmasina imkan yaradir. Noticodo liggat bor mokozlorine uygun para-
maqnit markozlorinin say1 artir va spektrlordo bu agkar miisahids olunur. Miisa-
hido olunan bu siqnallar1 doqiq ayrid etmak vo yeni yaranmis morkozlorin da-
yaniqhigint yoxlamaq mogsadilo 3500G morkasi sahado 1000 G vo 100 G
genislikdo EPR spektrlori forqli giliclords ¢okilmisdir (sokil 2 ).

Sokil 2-don goriindiiyli kimi giiciin artirilmasi ilo miisahido olunan EPR
signal1 daha koskin hal alir (sokil 2b). Bu iso onu domoys osas verir ki, alinmis
signallar dayanigli paramaqnit morkozlordondir. Stialanma dozasinin asagi qiy-
motlorindo g; (g=2.003252) sigqnali zoif miisahidos edilso do g, (g=2.02397) siqg-
nal1, demok olar ki, miisahido edilmir. Hesablanmig g faktorun qiymatindon go-
riindiiyii kimi g1 siganli Vy bosluglar1 vo ya liggat bor morkozindondir. Bels ki,
ogor azot boslugu yaranarsa, orada bir elektron yerloso bilor. gl pikindo g fak-
torun sorbast elektrona uygun qiymoti miisahids edilir (g=2.003252). Buradan
bir daha molum olur ki, yaranmis yeni C12 stabil izotoplart mévcud paramag-
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nit morkozlorin asasini toskil edir.

4. Naticalor

Neytronlarla siialanma naticesindo BN nanohissociklorinin EPR spektr-
larindo g faktorun sorbost elektrona uygun qiymaetlorindo giiclii iki signal miisa-
hido edildi. Molum oldu ki, neytronlarla siialanma zamani niivo ¢evrilmolori
noticasindo C12 izotoplarinin konsentrasiyasi artir, C12 atomlar1 N atomlari ilo
giiclii qarsiligh tosiro girarok azot bosluglarinin omolo golmasine sabab olur.
Yaranmis azot bosluqlari iso ligqat bor morkozlorinin asasini togkil edir vo EPR
spektrindo sorbost elektrona uygun giiclii signal kimi miisahido edilmisdir.
Digor signal, neytron zopti noticosindo Bl1 izotopunun konsentrasiyasinin
artmasi ilo bir bor morkozindon olan signal kimi miioyyon edimisdir.
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BMP-UCCJIEJOBAHUE HAHOYACTHIL h-BN ITPA BO3JAEMCTBUA
PA3JIMYHBIX HEUTPOHHBIX IIOTOKOB

H.P.ABBACOB
PE3IOME

IIpoBeneHO CpaBHUTENBHOE HCCIEIOBAHUE MAapaMarHUTHBIX IIEHTPOB B HAHOKPUCTAJ-
nudyeckux yactuiax Hurpuaa 6opa (h-BN) mo u nocne HelitpoHHoro oGmyuyenusi. Crekrpo-
CKOMMYECKHEe aHaJIU3bl METOAOM 3JIEKTPOHHOI0 IapamarHuTHoro pesonanca (OI1P) nposoau-
JIUCh B MIMPOKOM JAMarnazoHe MarHuTHoro moJjst ot 0,05 mo 0,55 T (500-5500 T"aycc). Homomn-
HUTETbHO MpocMatpuBaics auamnazon 0,3270 - 0,3370 Tu, rae mHabmogamock Ooible mapa-
MarHUTHBIX LEHTPOB. [Iprposa HOBBIX MapaMarHUTHBIX LIEHTPOB, 00Pa3yIOINXCS B pe3yibTa-
T€ HEUTPOHHOM TpaHCMyTauuu B HaHoyacTHLax BN, uccienosana o cnexkrpam DI1P.

KiarueBble cnoBa: HaHOkpucrammmueckuii h-BN, HedrponHOoe oOmydenue, OIIP-
WCCIIEJOBaHMS.
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EPR STUDY OF NANO h-BN PARTICLES EXPOSED
TO VARIOUS NEUTRON FLUXES

N.R.ABBASOV
SUMMARY
Paramagnetic centers in the nanocrystalline boron nitride (h-BN) particles were
comparatively studied before and after neutron irradiation. Electron Paramagnetic Resonance
(EPR) spectroscopic analyzes were performed in the broad range of magnetic field from 0.05 -
0.55 T (500 - 5500 Gauss). The range of 0.3270 - 0.3370 T was additionally sweeped, where
more paramagnetic centers were observed. The nature of the new paramagnetic centers formed

as a result of neutron transmutation in the BN nanoparticles were examined by EPR spectra.

Keywords: Nanocrystalline h-BN, neutron irradiation, EPR studies
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The ¢ vector meson, lightest bound state of strange and anti-strange quarks, is
considered as a good probe for the study of QCD matter formed in heavy-ion collisions. We
have reported the transverse momentum (pr) and rapidity (y) distributions of  mesons in pp
collisions at SPS, LHC and RHIC energies in the kinematic interval of 0 < py < 1.5 GeV/c in
mid rapidity interval. The results of Monte Carlo Simulations using PYTHIA8 and CRMC
package event generator are compared to NA61/SHINE, ALICE and STAR experimental data.
The PYTHIA8 model is used with default tune CRO as well as with color reconnection tune
CR1. Some deviations are observed in py spectra. The observed deviations in the distributions
are due to the kinematics involved in the models. In case of CRO, the deviations are due to the
multiparton interactions and for CR1 tune, the non-perturbative QCD effects are more
dominant which are due to parton fragmentation as discussed in Lund string model used in
PYTHIAS. None of the models in CRMC package could explain the experimental data.

Keywords: ¢-meson, pr spectra, PYTHIAS.3 model, pp collisions, SPS, RHIC, LHC

1. Introduction

According to quantum chromodynamics (QCD) at very high temperature
(T) and high density, a deconfined phase of quarks and gluons is expected to be
present, while at low T and low density the quarks and gluons are known to be
confined inside hadrons [1, 2, 3]. The heavy-ion collisions (A + A) provide a
unique opportunity to study QCD matter in the laboratory experiments. The
detailed study of transverse momentum pr spectra provides an important
information about the dense medium of strongly intercating matter called as
quark-gluon plasma formed in heavy ion collisions [4, 5]. The evolution of this
medium is modeled by the relativistic hydrodynamics [6, 7]. Now a days a hot
debate is ongoing as to whether the strikingly similar signatures observed in
small collision systems (pp and pA) are also of hydrodynamical origin [8, 9].
By studying the production of ¢ mesons we can shed some light on hadron
production and QGP formation in the heavy ion production [10]. Strange
quarks are radioactive and decay by weak interactions to their light quarks at
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extremely long timescale compared with nuclear-collision time. By their decay
products it is relatively easy to detect strange particles [11]. ¢ mesons play an
important role in the studies of phase transition and helps to separate out the
confined hadrons and deconfined parton phase (QGP). Such phase transition is
occured in heavy ion collisions in lower CERN PS. Parton phase i.e QGP can
be observed by the medium effects. Doubly-strange hadrons are considered to
be sensitive to those medium effects. The double differential of ¢ mesons was
first time measured by NA61/SHINE experiment at LHC [12].
2. Methodology

The ¢ mesons have been studied by ¢ — K'K™ decay channel. For the
double differential study of ¢ mesons, the PYTHIAS8.3 model is used [14,
13].To get the pr spectra, the standard definition has been used within the
selected rapidity interval defined as? = 1/2 (#75) were E is the energy of
particles and pz is the momentum of particles along z direction. PYTHIAS.3 is
the general purpose event generator in heavy ion collision between elementary
particles. It consists of a set of physics models for the evolution from a few-
body hard-scattering process to a complex multiparticle final state. The physics
models used in PYTHIA8306 works within the energy of > 10 GeV for center
of mass systems and > 50 GeV for fixed target experiments. At energies below
10 GeV, the hadronic resonance region is reached and PYTHIA predictions are
not reliable [15]. CRMC package provides good description of main hadronic
particle production. It works on Parton model,Particle production and Cross
section using QCD inspired Theory, unified treatment of soft and hard
scattering Constrains frug'm Modeling (mainly Glauber+Gribov) [16]
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Fig. 1. prspectra of ¢ mesons in pp collisions at 40 GeV in rapidity interval of 0 <y < 1.5.
PYTHIAS simulation data is compared with NA61/SHINE data [12]

3. Results and Discussions

The Figure 1 shows the pt spectra of ¢ mesons produced in pp collisions
at 40 GeV energy, in rapidity interval of 0 <y < 1.5 and in the kinematic
region of 0 < pr< 1.2 GeV/c. It is obvious from the figure 1 that the CRO mode
explains the NA61/SHINE data very well. While CR1 gives very good des-
cription of experimental data. The deviations observed could be due to kine-
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matics involved in the model and possibily due to non purturbative QCD ef-
fects. In the lower panel of the figure 1, the ratio of Monte Carlo (MC) to expe-
rimental data is plotted, all data points are lying within the uncertainty limit.

The Figure 2 shows the pr spectra in rapidity interval of 0 <y < 0.3, the
deviation is observed between simulated distribution and the one obtained from
the NA61/SHINE experiment. The deviation observed is high in case of CRO
mode. The data points are lower than the experimental data except for pr= 0.5
GeV/c point. While the CR1 mode can explain the NA61/SHINE data very
well. Both curves are fitted with the Gaussian function.

It is seen from figure 3 that, non of the cosmic ray Monte Carlo models
explain the experimental data of NA61/shine. The pr spectra of ¢ meson in
rapidity interval of 0 <y < 0.3 is shown in figure 4. In this rapidity region,
there is deviation in thue wsimulation data using
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Fig. 2. prspectra of ¢ mesons in pp collisions at 80 GeV in rapidity interval of 0 <y < 1.5.
PYTHIAS simulation data is compared with NA61/SHINE data [12]

PYTHIAS from NA61/SHINE data. The deviation observed is high in
case of CR1 mode. While the CRO tune can explain the NA61/SHINE data
very well. CRO curve is fitted with the landau function and the distribution of
CRI tune is fitted with gaussian function.

Figure 5, shows that non of the CRMC models could explain the
experimental data.
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Fig. 3. prspectra of ¢ mesons in pp collisions at 80 GeV in rapidity interval of 0 <y < 1.5.
CRMC simulation data is compared with NA61/SHINE data [12]
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Fig. 4. pr spectra of ¢ mesons in pp collisions at 158 GeV in rapidity interval of 0 <y < 1.5.
PYTHIAS simulation data is compared with NA61/SHINE data [12] figures 6 and 7 are the
prspectra of RHIC and ALICE respectively.

Simulation data using PYTHIAS is compared to experimental data and it

is seen that PYTHIAS predictations well describes the experimental predic-
tations in case of ALICE.
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Fig. 5. prspectra of ¢ mesons in pp collisions at 40 GeV in rapidity interval of 0 <y < 1.5.
CRMC simulation data is compared with NA61/SHINE data [12]
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Fig. 6. prspectra of ¢ mesons in pp collisions at 200 GeV in rapidity interval of —0.5 <y < 0.5.
PYTHIAS simulation data is compared with RHIC data [12]

4. Conclusion

We have presented the results of transverse momentum (pr ) spectra of ¢
mesons in pp collisions at SPS, LHC and RHIC energies in the kinematic
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interval of 0 < pr < 1.5GeV/c in rapidity region. The results of Monte Carlo
simulations using PYTHIAS8.3 event generator and CRMC models are com-
pared to NA61/SHINE, ALICE and STAR experimental data. The simulation
results are fitted with Gaussian and Landau functions. The observed deviations
in the distributions are due to the kinematics involved in the model. In case of
CRO, the deviations are due to the multiparton interactions. And for CR1 tune,
the non-perturbative QCD effects are more dominant which are due to parton
fragmentation as discussed in Lund string model used in PYTHIAS. It is
observed that non of the Monte Carlo models in CRMC package could explain
the experimental data.
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Fig. 7. pr spectra of ¢ mesons in pp collisions at 7 TeV in rapidity interval of 0.5 <y < 0.5.
PYTHIAS simulation data is compared with ALICE data [12]
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SPS, RHIC VO LHC ENERJILORINDO ¢-MESONLARIN O9MOLO GOLMOSI
UZMA TOBOSSAM, MUCTOBA OLI
XULASO

Qoariba vo antigoriba kvarklarin on yiingiil bagl hali olan ¢-vektor mezonu agir ionlarin
toqqusmalarinda yaranan QCD maddasini dyronmok {igiin yaxsi bir zond hesab olunur. Biz orta
tezlik diapazonunda, 0 < pT < 1.5 GeV/c kinematik intervalinda SPS, LHC vo RHIC enerji-
lorindo aparilan pp toqqusmalarinda omolo golon ¢ mezonlarin perpendikulyar impulslarina
(pr) vo tezliklorine (y) gore paylanmalar1 hagqinda molumatlari toqdim edirik.

PYTHIAS vo CRMC Monte Karlo generatorlarindan istifado edorok simulyasiya no-
ticosindo alinmis molumatlar NA61/SHINE, ALICE vo STAR-dan oldo edilmis tocriibi mo-
lumatlarla miiqayiso edilir. Simulyasiyanin naticolori Gauss vo Landau funksiyalari ilo aprok-
simasiya edilmiglor. Miiqayiso zamani miisahido edilon forqlor modelin kinematikasi ilo
olagadardir. Hesab edilirki, CRO halinda, konara ¢ixmalar ¢oxpartonlu qarsiliql tesirlarle bag-
Iidirlar. CR1 halinda qeyri-perturbativ. QCD effektlori Ustiinliik toskil edir ki, onlarda
PYTHIAS-dos istifado edilon Lund siml modelinds istifado edilon, parton fragmentasiyasi he-
sabina omolo golirlor. Qeyd olunur ki, CRMC Monte Karlo modellorinin he¢ biri tocriibi
molumatlari tam izah edo bilmirlor.

Acar sozlar: ¢-mezon, pr spektrlori, PYTHIAS8.3 modeli, pp toqqusmalari, SPS, RHIC,
LHC

POXIEHHUE ¢ ME3OHOB ITPU DQHEPTUSX SPS, RHIC 1 LHC
Y3MA TABACCAM, MYIKTABA AJIN
PE3IOME

(-BEKTOPHBII ME30H, CaMOe JIETKOe CBSI3aHHOE COCTOSHHE CTPAHHBIX U aHTUCTPAHHBIX
KBapKOB, CUMTAETCS XOpOWIMM 30HAOM aist m3ydenust KXJI BemectBa, oOpasyromerocst B
CTOJIKHOBEHMSX TSDKEJIBIX MOHOB. MBI NMPUBOJMM JAHHBIC O PACTPEICICHUH ()-ME30HOB IO
MOTIePEYHOMY UMITYIBCY (pr) U ObIcTpOTE (Y) B pp-CTONKHOBeHUAX mpu dHeprusax SPS, LHC u
RHIC B xunemaTtnyeckoM mHTepBaie 0 < pr < 1,5 I'3B/c B cpemHeM OBICTPOTHOM HHTEpBAJeE.
Pesymbrater MonTte-Kapno MonmennpoBaHHsS ¢ HCHOib30BaHWEM TeHepaTopoB PYTHIAS n
CRMC cpaBHHBAIOTCSI C IKCIEPHUMEHTAIBHBIMU JaHHBIMH morydeHHBIME n3 NAG61/SHINE,
ALICE u STAR. PesynbraThl MOJETMpPOBAaHMS alPOKCUMHUPYIOTCS (QyHKuusMu [aycca u
Jlannay. HaOmoiaemble OTKIIOHEHHSI B pacIIpe/IesICHUsIX 00yCIIOBJICHbBI KHHEMATHKOW MOJICITH.
B cnyuyae CRO oTkioHeHuss 00yCJIOBIEHBI MHOT'ONAPTOHHBIMHM B3aUMOJEHCTBUSIMU. A JUIs
ciydass CR1 npeoGnanaror HeneprypOatuBHbie 3ddexrer KXJI, Bo3HHKaromue u3z-3a (par-
MEHTAI[UH MapTOHOB, Kak 00CYXAa0Cch B MOJIesid cTpyHBI JIyHna, ucnons3zyemoit B PYTHIAS.
OtMmeueHo, 4To HU ojHa M3 Mojeneil Monre-Kapno B makere CRMC He MOXeT 0OBSICHUTH
9KCTIEPUMEHTAIbHBIC TaHHBIE.

KuroueBnbie ciaoBa: @-me30H, pT-cnextprl, moaens PYTHIAS.3, pp-cTonkHOBeHUS,
SPS, RHIC , LHC
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IMPROVING PERFORMANCE OF TRIBOELECTRIC
NANOGENERATORS BY CREATING MICRO-STRUCTURES
ON THE SURFACE OF TRIBOELECTRIC FILMS
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In recent years, the development of energy sources for portable electronic devices is
very relevant. Therefore, the application of the triboelectric nanogenerators (TENG) in this
area is of great interest. It is very important to study the effect of the surface structures of
dielectric materials used in triboelectric nanogenerators on its output parameters. The study
examined how the porous structures created by crystalline salts on the surface of the
polysiloxane film and their size affect the performance of the triboelectric nanogenerator. It
was found that the output parameters of TENG increase due to the porous structure created on
the surface of the polysiloxane film.

Keywords: triboelectric generator, polysiloxane film, nylon, microstructure, dielectric
materials

1. Introduction

The global climate change and energy crisis are one of the most pressing
issues facing human society. The creation of new types of energy sources and the
study of their environmental friendliness are considered to be the main priorities
for solving such problems. At present, researchers are faced with the development
of new, efficient, green energy sources. In everyday life, collecting energy from
the environment (wind, water waves, mechanical movement, etc.) and using it
safely is a promising approach. In this case, the development of extremely
sustainable and environmentally friendly energy sources is urgent. An example of
this is the energy generated by people's movements in daily life. This energy is
used in the literature as a term for biomechanical energy, which we will use later.
The growing demand for the use of portable devices (mobile phones, GPS
systems, etc.), the convenience, safety and efficiency of their use, in parallel, form
new directions in the supply of electricity to such devices. One of such directions
is triboelectric nanogenerators [1-3].

Triboelectric nanogenerators (TENG) are an effective and safe system
for collecting electricity from various sources in everyday life - human
mechanical movements, water waves and wind [4]. TENGs are a system that

123



can generate mechanical energy into electrical energy and are based on two
physical processes, such as contact electrification and electrostatic induction.
Contact electrification is the phenomenon of positive charge on the surface of
one material and negative charge on the surface of another material when two
triboelectric materials come into contact with each other [3,4]. In detail, when
two dielectric materials with triboelectric properties come into contact, the
charge carriers accumulate on the surface as a result of the displacement of
electrons due to the difference between their electronic energy states. Because
the electrons collected on the surface are static charge carriers, they create a
static electric field around them. In accordance with the principle of operation
of a triboelectric generator, when materials are brought into contact and
separated, opposite electrodes are formed at the electrodes due to electrostatic
induction. A displacement current is generated at the electrodes to compensate
for the separation of charges. Given that the structure of the TENG is similar to
that of a capacitor, Figure 1 (a) schematically shows the formation of the
displacement current and its value according to Maxwell's equation. As can be
seen from Maxwell's equation, increasing the loads on the surface of the
materials or the dielectric constant of the material will lead to an increase in the
cost of the resulting electric field [5,6].

Micro and nano structures formed on the surface could affect the
surface load density of the material [6]. The resulting additional load centers
are proportional to the degree of roughness of the surface. Thus, the surface
structure of the materials used in the TENG could make large effect on its
output performance. The creation of such structures also increases their contact
areas. As a result, all these processes have a significant impact on the output
parameters of TENG (voltage, current, surface load density of the material,
output power, etc.) [6-8]. In order for the loads to accumulate on the surfaces
of the dielectric material, there must be large differences between the electronic
energy states of the materials. These features are taken into account in the
selected trioelectric material pairs [8]. It should be noted that for the transfer of
electrons, the contact distance of the materials must occur at the atomic level.
If we take into account that the occurrence of the triboelectricization process is
due to the influence of external mechanical forces, then the contact force must
be large to separate the loads on the surfaces when the electronic energy states
of the materials differ sharply from each other. Figure 1b shows the mechanism
of electron formation based on the electron cloud model. Even under the
influence of a large force, the lack of atomic contact in all parts of the
triboelectric layers prevents the charges accumulated on the surface from
receiving their maximum value. According to the electron cloud model in
Figure 1b, the transfer of electrons occurs as a result of the overlap of potential
wells under the influence of an external compressive force. Studies have shown
that during the actual contact of flat surfaces, only certain parts of the material
interact at the atomic level.
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This, in turn, leads to a reduction in the amount of cargo that
accumulates on the surfaces. To do this, the creation of structures of different
sizes and shapes on the surface of the material makes it easier for them to come
into contact with each other at the atomic level. Thus, it should be noted that
the effect of compressive force and surface structures plays an important role in
TENGs. The effect of an external compressive force acts as a passive factor
that cannot be controlled during the operation of the TENG. However, the
different shaped structures created on the surfaces can help reduce the cost of
the contact force required [6,9].

In this study, we developed a triboelectric nanogenerator based on
nylon and polysiloxane films with a triboelectric effect and investigated effect
of surface structures on the performance of TENGs. Different size of pores
were introduced onto the polysiloxane film by selective dissolution of different
sizes salt crystals which were sprinkled on the film. As a result, pores of
various micro-sizes with spherical and cubic shapes are formed on the surface
of polysiloxane film. A comparative analysis of the output parameters of
TENG based on nylon with ordinary polysiloxane and polysiloxane films with
a porous structure was performed. Studies have shown that the creation of
surface structures and their small size have a positive effect on the performance
of TENG and lead to an increase in its output parameters [10].

2. Experience and materials

2.1 Fabrication of materials
This research work consisted of two stages. In the first stage, 12.50 g of
polysiloxane is mixed with 1.3 g of cross-linking agent (Organic tin catalyst)
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for 15 minutes. The well mixed polysiloxane is applied to the prepared alu-
minum foil by drop casting. The prepared sample is

Mo saruture | [ amen | maltent | miture

a e
Fig. 2. (a) Description of unsalted polysiloxane (b) Description of salts of various sizes sprinkled on
polysiloxane (c) Descriptions of polysiloxane salts after washing with distilled water.

dried at room temperature for 24 hours. In the second stage, the experiment is
carried out in the same sequence, but after the polysiloxane is applied to the
aluminum foil, crystalline salts of different sizes are added to its surface. The
samples are also dried at room temperature for 24 hours. After the samples
prepared in the second stage are dried, their surface is washed with distilled
water until the surface salts are completely dissolved and separated. Because
polysiloxane itself is insoluble in water, the salt is easily removed from the
surface as a complete solution in distilled water, resulting in microstructural
pores of various sizes on polysiloxane. Nylon (nylon socks, nylon 90% and
other polymer 10%, 15D; thread diameter 43 pm) was used as another
triboelectric material. It is made of nylon material by cutting a square piece
measuring 5x5 cm. The resulting nylon layer is then glued on Al foil using
double-sided glue. Both materials are inexpensive and easy to obtain.
2.2 Fabrication of triboelectric generator

Nylon and polysiloxane sheets are used in the manufacture of
triboelectric generators. In the same way, the polysiloxane layers obtained on
Al foil measuring 5x5 cm are cut and a triboelectric generator is made together
with nylon as shown in Figure 3a[11]. Figure 3b shows a description of the
prepared TENG. Nylon and polysiloxane are considered good triboelectric
pairs because, in the triboelectric series shown in Figure 3c, they appear to be
located at points farther apart than each other [12].
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Fig. 3. (a) Obtaining triboelectric layers (b) Description of prepared triboelectric
generator (c) Triboelectric series containing nylon and polysiloxane.

2.3 Characterization

Surfaces of polysiloxane films were observed with an optical micros-
cope (Metallographic - biological microscope CARL ZEISS AXIO LAB Al).
To perform the electrical measurements of the triboelectric generator, a circuit
was assembled on the breadboard as shown in Figure 4a, using one current
rectifier, a series connection of 12 resistors with a resistance of 10 MOm each,
and connecting cables. As shown in Figure 4b, tests on a triboelectric generator
based on polysiloxane and nylon materials were performed using a digital
multimeter (DMM6500 6-1 / 2 digit multimeter, Keithley). Temperature and
relative humidity during the analysis were 28 ° C, 45%, respectively.

e : o b 1
Fig. 4. (a) Description of the circuit for electrical measurements of the triboelectric generator
(b) Tests on the triboelectric generator
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3. Results and discussion

Figure 5 shows how salts of different sizes affect the surface of
polysiloxane during the study. The salts sprinkled on the polysiloxane
penetrated it. As a result, when the surface is washed with distilled water, salts
are released from the surface, and thus pores of various shapes and sizes are
formed on the surface of polysiloxane. As shown in Figure 5b, the structure
formed on the surface of the polysiloxane film is cubic and spherical in shape,
with an average size of about 440 um. As shown in Figure 5c, the pores still
formed on the polysiloxane layer are close to spherical and cubic shapes and
have an average size of 250 pm. The pores created by the mixed-sized
crystalline salts have a spherical, cubic, and slightly mixed shape, as shown in
Figure 5d, and their average size can be estimated at about 580 pum. The
voltage-time graphs of a triboelectric generator created using nylon with
polysiloxane layers with a microstructure and also no structure on them were
obtained (Figure 6a). Experiments were carried out first on the polysiloxane
film with no structure on it, then on polysiloxane films with decreasing pore
sizes, and finally on TENG based on the mixed polysiloxane film with mixed
pore sizes. As a result of the experiment, the TENG voltage time graph is
shown in Figure 6a. In the experiment with unstructured polysiloxane, the
maximum voltage value was found to be 14V as shown in Figure 6a (I). As
shown in Figure 6a (II), this value increased to 16.5V due to the cubic and
spherical porous structure with an average size of about 440 um formed on the
polysiloxane film. As shown in Figure 6a (III), the voltage value increased
more to 18V as the average pore size decreased to 250 um. And the maximum
voltage value was around 18V with the mixed shape and the average pore size
of 580 um on the polysiloxane film as shown in Figure 6a (IV). Figure 6b
shows the current-time graphs based on experiments performed in the same
sequence. As seen from Figure 6b (I), the maximum current value in the
experiment with the unstructured polysiloxane film was 2.1 pA. As shown in
Figure 6b (II), the maximum current value increased to 2.4 pA due to the cubic
and spherical porous structure with an average size of about 440 um formed on
the polysiloxane layer. As shown in Figure 6b (III), the maximum current value
increased to 3.2 pA in an experiment with polysiloxane with an average pore
size of 250 um during shrinkage of the structure. As can be seen in Figure 6b
(IV), this value increased to 3.6 pA based on an experiment based on a mixed-
form porous polysiloxane with an average size of 580 pum. It can be concluded
from the graphs that the effect of the microstructure created on the surface of
the polysiloxane material gives better results than ordinary polysiloxane. Also,
as the size of the structure decreases, its voltage and current value increase.
This is explained by the fact that micro-structures formed by salts compared to
ordinary polysiloxane create additional load centers on the surface, as well as
an increase in contact areas due to the uneven structure on the surface, which in
turn has a positive effect on tribeelectric generator output parameters. shows.
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The effect of mixed salts can also be explained by the same physical approach.
In addition, it should be noted that the amount of salts used at this stage is
higher than others, which has led to an increase in the density of surface
structures.
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4. Conclusion

In this study, the performance enhancement of TENGs due to structures
on triboelectric films has been investigated. Structures were introduced by
sprinkling salt crystals of various sizes on viscous polysiloxane precursors and
selective dissolution of salt crystals after solidification of polysiloxane films. In
the experiment with unstructured polysiloxane film, the maximum value of the
voltage and current was 14 V and 2.1 pA, respectively. The average size of the
spherical and cubic pores formed on the surface of the polysiloxane film by the
action of crystalline salts was 440 um and 250 pm, respectively, and the
maximum voltage values were 16.5 V and 18 V, respectively, and the current
values were 2.4 pA and 3.2 pA. For spherical, cubic and mixed cases with an
average size of 580 um of pores formed on the surface of the polysiloxane film,
the maximum values of voltage and current were 18 V and 3.6 uA,
respectively. Summarizing all these results, it can be said that, when the salts
sprinkled on the polysiloxane layer are washed with distilled water, porous
structures are formed on the surface. Such a porous structure has been found to
be more effective than conventional polysiloxane. Thus, as can be seen from
the voltage and current graphs of the triboelectric generator, the reduction in
the size of the surface structures also has a positive effect on the performance
of the TENG. As a result, it should be noted that the application of micro
structured materials to triboelectric generators gives good results.
Acknowledgements
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TRIBOELEKTRIiK TOBOQOLORIN SOTHINDO MiKRO STRUKTURLARIN
YARADILMASI iLO TRIBOELEKTRIK NANOGENERATORLARIN
PERFORMANSININ YAXSILASDIRILMASI

0.G.GULOHMODOV
XULASO

Son illordo portativ elektronik cihazlar ii¢iin enerji monbolorinin inkisaf etdirilmosi
cox aktualdir. Buna gora dos triboelektrik nanogeneratorlarin (TENG) bu sahads totbiqi bdyiik
maraq dogurur. Triboelektrik nanogeneratorlarda istifado olunan dielektrik materiallarin sothi
strukturlarinin onun ¢ix1s parametrlorine tosirinin aragdirtlmasi olduqca vacibdir. Tadqiq
olunan igdo polisiloksan materialinin sothindo kristallik duzlar vasitasilo yaradilan mosamoli
strukturlarin vo onlarin 6lgiilorinin triboelektrik nanogeneratorun performansina neco tosir
etdiyi arasdirtlmisdir. Miloyyon olunmusdur ki, polisiloksan materialt sothindo yaradilan
mosamoali struktur hesabina TENG-in ¢ix1s parametrlori artir.

Agar sozlar: triboelektrik generator, polisiloksan, neylon, mikrostruktur, dielektrik
material

HOBBIINEHUE D®PEKTUBHOCTHU TPUBOJJEKTPUYECKUX
HAHOTEHEPATOPOB TIYTEM CO3JAHUA MUKPOCTPYKTYP
HA MOBEPXHOCTHU TPUBOJJEKTPUYECKHUX IIJIEHOK

O.I' TYJIAXMD 0B
PE3IOME

B nocnennue roapl pa3paboTKa HCTOYHUKOB SHEPTHHU VISl TOPTATHBHBIX AJIEKTPOHHBIX
YCTPOMCTB BecbMa akTyanbHa. [103TOMy IpHUMEHEHHE TPHOOIIEKTPHUECKUX HAHOT€HEPaTOPOB
(TOHT') B aT0i#t obmacTu mpeacTaBisieT Oonbiiold uHTepec. OUeHb BaXKHO M3YUYUTHh BIIUSHUC
CTPYKTYPbI TIOBEPXHOCTH JHAJNIEKTPUUECKHX MATEPHATIOB, HCIOJb3YEMbIX B TPHOOAIIEKTpUUE-
CKUX HaHOTeHepaTopax, Ha ero BBIXOJHbIE MapamMeTpbl. B HcClieoBaHUH U3y4asioch, KaK I10-
PHUCTBIE CTPYKTYPBI, CO3JJaHHBIC KPUCTAJLTHUYCCKUMH COJISIMH Ha TOBEPXHOCTH MOJHCHUIOKCA-
HOBOI1 TUICHKHU, U MX Pa3Mep BIUSIOT Ha MPOU3BOIUTEIHHOCTh TPUOOIICKTPUIESCKOTO HAHOTE-
HepaTopa. Y CTaHOBJICHO, YTO BBIXOJHBIC mapaMmeTpbl TOH yBennumBaroTcs 3a c4eT MOPUCTOU
CTPYKTYPBI, CO3/I1aBacMOY Ha MOBEPXHOCTH TOJIUCUIOKCAHOBOM TIICHKH.

KoaioueBble ciioBa: TpuOOIIEKTPUUECKHH TeHEPaTOp, MOJNCHIOKCAH, HEIMJIOH, MUKPO-
CTPYKTYpa, TU3IEKTPUIECKUH MaTepuail.
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2. Har bir meqalonin miiallifinin (miislliflorinin) ad1 ve soyad: tam sokilde yazilmal,
elektron pogt tinvani, ¢alisdig1 miiossisonin (togkilatin) adi géstorilmolidir.

3. Hor bir moaqgalodo UOT indekslor vo ya PACS tipli kodlar vo agar sozlor ve-
rilmalidir (agar s6zlor maqalenin va xiilaselerin yazildig1 dilds olmalidir).

Magqalalor vo xiilasolor (ii¢ dildo) kompiiterde ¢ap olunmus sokildo disklo birlikdo
togdim olunur, disklor geri qaytarilmir!

Olyazmalar kvartalin avvalindon bir ay kegmomis verilmolidir.

4. Hor bir maqalonin sonunda verilmis adabiyyat siyahist Azarbaycan Respubli-
kasmin Prezidenti yaninda Ali Attestasiya Komissiyasinin «Dissertasiyalarin tortibi qay-
dalar» barada qiivvade olan Tolimatmin «istifads edilmis adobiyyat» bdlmosinin 10.2-
10.4.6 tolabloari osas gotiiriilmalidir.

Kitablarin (monoqrafiyalarin, darsliklorin va s.) bibliografik tasviri kitabin adi
ilo tartib edilir. Mos.: Qeybullayev Q.O. Azarbaycan tiirklorinin togokkiilii tarixindon. Baka:
Azornasr, 1994, 284 s.

Miiollifi gostorilmoyon vo ya dorddon c¢ox miidllifi olan Kkitablar (kollektiv
monoqrafiyalar va ya darsliklar) kitabin adi ilo verilir. Mos.: Kriminalistika: Ali moktoblor
tiglin dorslik / K.Q.Saricalinskayanin redaktosi ilo. Baki: Hiiquq odobiyyati, 1999, 715 s.

Coxcildli nosra asagidaki kimi istinad edilir. Mos.: Azorbaycan tarixi: 7 cilddo,
IV c., Baki: Elm, 2000, 456 s.

Magqaldlorin tosviri asagidaka sakilds olmahdir. Mas.: Volixanlit N.M. X osrin ikin-
ci yarist — XI asrde Azarbaycan feodal dovlatlerinin qarsiliqli miinasibatlori vo bir daha
«Naxg¢ivangahlig» haqqinda / AMEA-nin Xoborlori. Tarix, falsofo, hiiquq seriyasi, 2001,
Ne 3, 5. 120-129.

Magqalalor toplusundaki vo konfrans materiallarindaki manbalor belo gostori-
lir. Moas.: Mommodova G.H. Azarbaycan memarliginin inkisafinda Heydor ©Oliyevin rolu /
Azorbaycan Respublikasinin Prezidenti H.©.Oliyevin 80 illik yubileyino hosr olunmus
elmi-praktik konfransinin materiallart. Baki: Nurlan, 2003, s.3-10.

Dissertasiyaya istinad beld olmalidir. Mas.: Siileymanov S.Y. Xlorofill-ziilal kom-
plekslori, xlorplastlarin tilakoid membraninda onlarin struktur-molekulyar toskili vo forma-
lasmasmin tonzimlonmasi: Biol. elm. dok. ... dis. Baki, 2003, 222 s.

Dissertasiyanin avtoreferatina da eyni qaydalarla istinad edilir, yalmiz «avtore-
ferat» sozii alava olunur.

Qazet materiallarina istinad belo olmahdir. Mas.: Mommadov M.A. Facio jan-
rinin tadqiqi. «9dabiyyat ve incasenat» qaz., Baki, 1966, 14 may.

Arxiv materiallarina asagidaki kimi istinad edilir. Mos.: Azorbaycan Respubli-
kast MDTA: f.44, siy.2, is 26, vv.3-5.

Istifado edilmis adebiyyat siyahisinda son 5-10 ilin adebiyyatina {istiinliik verilmolidir.
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